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Higher genus Gromov-Witten invariants as
genus zero invariants of symmetric products

By KEVIN COSTELLO

Abstract

I prove a formula expressing the descendent genus g Gromov-Witten in-
variants of a projective variety X in terms of genus 0 invariants of its symmetric
product stack S97!(X). When X is a point, the latter are structure constants
of the symmetric group, and we obtain a new way of calculating the Gromov-
Witten invariants of a point.

1. Introduction

Let X be a smooth projective variety. The genus 0 Gromov-Witten invari-
ants of X satisfy relations which imply that they can be completely encoded
in the structure of a Frobenius manifold on the cohomology H*(X,C). In
this paper I prove a formula which expresses the descendent genus g Gromov-
Witten invariants of a smooth projective variety X in terms of the descendent
genus 0 invariants of the symmetric product stack S9T'X. The latter are en-
coded in a Frobenius manifold structure on the orbifold cohomology group
H*, (S971(X),C). This implies that the Gromov-Witten invariants of X at
all genera are described by a sequence of Frobenius manifold structures on the
homogeneous components of the Fock space

F = Sym* (H*(X,C) ®c tC[t]) = Ga>oH;

b (57(X), C).
Standard properties of genus 0 invariants, such as associativity, when applied
to the symmetric product stacks S?X, yield implicit relations among higher-
genus Gromov-Witten invariants of X.

When X = x is a point, the symmetric product is the classifying stack
BS, of the symmetric group. The Frobenius manifold associated to the genus
0 invariants of BSy is in fact a Frobenius algebra, which is the center of the
group algebra of the symmetric group, C[S4]%¢. Our result therefore gives a
new way of expressing the integrals of tautological classes on Mg,n in terms of
structure constants of C[Sy].
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More generally, the associativity constraints, together with some other
simple properties, are sufficient to determine the small quantum cohomology
of the symmetric product stack S?X in terms of the small quantum cohomology
of X. The construction of Lehn-Sorger [26] (see also Fantechi-Gottsche [15]),
which calculates the orbifold cohomology of S¢X in terms of the ordinary
cohomology of X, applies verbatim to calculate the small quantum cohomology
of S%X in terms of that of X. In general, the large quantum cohomology of
S?X is not determined by that of X.

Let me sketch the geometric relation between Gromov-Witten invariants
of X and S¢X. Stacks of stable maps to the symmetric product stack S?X
are identified with stacks of certain correspondences C < C' — X, where C
and C' are twisted balanced nodal curves, and C' — C is étale of degree d.
We introduce stacks Mn(X ), parametrizing such correspondences with certain
markings on C’' and C, where g(C) = 0. ! Here 7 is some label remembering
the genera of C’ and C, the stack structure at the marked points, the homology
class of the map ¢’ — X, and so forth. There is a finite group G acting
without fixed points on M, (X), by reordering marked points of C’, such that
M, (X)/G is a stack of stable maps from genus 0 curves to S?X. This implies
that integrals on M, (X) are Gromov-Witten invariants of S¢X.

There is a map p : M,(X) — M, 3(X), for some g,r and 3 € Ha(X),
defined by taking the coarse moduli space C’ of C’, with its natural map
C'" — X, and forgetting some marked points. We show that p is finite of
degree k € Q*, in the virtual sense. By this we mean

(1.0.1) D [MU(X)]virt = k[mgﬂ"(X)]virt

We then express the pull back p*i; of the tautological ¢ classes on ﬂg,r (X),
in terms of 9 classes and boundary divisors of M _,(X). The boundary
cycles of ﬂn(X ) are again products of similar stacks of étale correspondences.
Further, there is a commutative diagram of evaluation maps

My(X) ——= X7

|

M, (X).

This allows us to translate integrals on M, (X) of ¢ classes, and coho-
mology classes pulled back from X", into sums of products of similar integrals
on My ,(S™X) for varying m and n.

The most technically difficult part of this procedure is proving the push-
forward formula (1.0.1). We do this by working in a “universal” setting, where
all the moduli stacks are smooth; and deduce it for arbitrary X by base change,

!We identify the genus of a twisted curve with that of its coarse moduli space.
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in the virtual sense, by the stack M, 3(X) of curves in X with no markings.
We need to introduce moduli stacks of curves with markings in a semigroup.
Let A be a semigroup with indecomposable zero; for each a € A we define a
moduli stack My p q of all (possibly unstable) connected nodal curves of genus
g, with n marked points, and certain A-valued marking on the irreducible
components. These curves must satisfy some stability conditions; for example
when a = 0, but not otherwise, M, ,, 0 = M, is the usual Deligne-Mumford
moduli stack of stable curves. In general, 9, , , is smooth, proper, locally
of finite type, but nonseparated. The advantage of these moduli stacks over
the more familiar stacks 9, , of all nodal curves, is that there are (proper,
separated) contraction maps Mg, o — My n—1,4, Which identify M, , with
the universal curve over My ,_1,,. This is not the case for M, .

Let C'(X) be the cone of effective 1-cycles on X modulo numerical equiva-
lence. For each 8 € C(X) we have the associated smooth moduli stacks 9, ,, 3,
and the stacks of stable maps M, 5(X). Now,

Mgﬂ%ﬁ(X) = mg7n7ﬁ Xms],ﬂ MQ?B(X)'

More generally, for any connected modular graph « with labellings in C(X),
so that v defines a stratum of Mgm,g(X),

M’Y(X) =My Xom, , M91,6’(X)-

Further, these fibre products are compatible with virtual fundamental classes.
That is, the system of stacks of stable maps to X, together with their natural
morphisms and virtual classes, is pulled back, via the map M, 3(X) — M, g,
from the stacks My ;, o with their natural morphisms.

We can extend this observation to stacks of étale correspondences to X:

My (X) =M, xom, , My (X)

9,8

where 91, is some stack of étale maps of curves C' — C. This fibre product is
also compatible with virtual fundamental classes.

Since all of these fibre products are in the virtual sense, they behave quite
like flat base changes for the purposes of intersection theory. We show that to
prove the map M, (X) — M, 3(X) is finite in the virtual sense as in formula
(1.0.1), it is sufficient to show that 9, — M, , 3 is actually finite. With the
correct choices of 7, this is not difficult.

1.1.  Relation to previous work. Intersection numbers on moduli stacks of
curves. The Gromov-Witten theory of a point has been known since
Kontsevich’s proof [21] of Witten’s conjecture [33]. There are two parts to
Kontsevich’s proof. Firstly, he reduces the geometric problem to a combina-
torial problem, using a topological cell decomposition of the moduli stack of
curves to derive formulae for integrals of tautological classes. Then he derives
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a matrix integral formula for these expressions, and uses this to prove Witten’s
conjecture.

The results of this paper, applied to a point, give a new way to do the first
part of this procedure; that is we find a combinatorial expression for integrals
of tautological classes on the moduli stack. The techniques are purely algebro-
geometric, and thus have a very different flavour from Kontsevich’s topological
model.

More recently, another proof of the Kontsevich-Witten theorem has ap-
peared. A combinatorial expression for intersection numbers on the moduli
stack of curves in terms of Hurwitz numbers was announced by Ekedahl, Lando,
Shapiro and Vainshtein in [13] and proved in [14]. Another proof of this for-
mula was obtained by Graber and Vakil [18], building on a special case proved
by Fantechi and Pandharipande [16]. This result was used by Okounkov and
Pandharipande [29] to give another proof of the Kontsevich-Witten theorem.

The geometric part of this proof relies on spaces of ramified covers of P!
to relate intersection numbers on MW to Hurwitz numbers. Spaces of covers
of genus 0 curves also play a central role in this work. However, the compact-
ifications we use are different, as are the methods for obtaining formulae for
integrals on ﬂgm- For example, in [18], Graber and Vakil calculate certain
Gromov-Witten invariants of P! in two different ways: firstly, using virtual
localization, and secondly, by using a “branching map” to configuration spaces
of points on P!. Equating these yields the desired formula. On the other
hand,the techniques used here can be viewed, in the case of a point, as firstly
constructing a correspondence M, < ﬂn — Mg,m, which is finite over both
Mo,n and Mg,m, and then calculating the pullbacks of tautological classes from
ﬂgym. The expressions we end up with are different from those obtained by
the authors cited above.

The results presented here work for arbitrary target space, and not just a
point; it does not seem to be clear how to generalize the results of [13], [14],
[16], [18], [21] to arbitrary target X.

Orbifold Gromov- Witten theory. Gromov-Witten invariants for orb-
ifolds were defined by Chen and Ruan [7], [8], [9] in symplectic topology and
Abramovich, Graber, Vistoli [3], [2] in algebraic geometry. Chen and Ruan’s
work introduced the orbifold cohomology groups H,, as the ordinary coho-
mology of the space of twisted sectors of an orbifold. In orbifold Gromov-
Witten theory the orbifold cohomology group H; , plays the same role as the
ordinary cohomology group plays in standard Gromov-Witten theory. In par-
ticular, orbifold quantum cohomology (g = 0 orbifold Gromov-Witten theory)
gives H} , the structure of a Frobenius manifold.

In this paper the algebraic approach to orbifold Gromov-Witten theory
developed by Abramovich, Graber and Vistoli [2] is used. Their construction is
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based on the foundational work of Abramovich and Vistoli [3], who introduced
stable maps to Deligne-Mumford stacks, and proved that there are reasonable
stacks parametrizing these stable maps. Stacks of stable maps to the classifying
stack BG of a finite group G play an important role in this work. These stacks
were studied by Abramovich, Corti and Vistoli [1], where they are related to
more classical spaces of admissible covers.

The Gromov-Witten theory of the classifying stack BG of a finite group G
was studied by Jarvis and Kimura [20]. In a recent preprint, Jarvis, Kaufmann
and Kimura [19] study the algebraic structure defined by G-equivariant quan-
tum cohomology for a finite group G. The reader should refer to these works
for more details on the structure of the genus 0 Gromov-Witten invariants of
BS,, and of S"X. Note, however, that the notation for tautological classes,
etc., used here, differs from their notation by constants.

1.2.  Plan of the paper. We define some of the basic moduli stacks we
need in Section 2. These are certain stacks of nodal curves with markings
in a semigroup; we show they are smooth Artin algebraic stacks and describe
certain maps between them, as well as tautological classes. Section 3 is devoted
to setting up various categories of labelled graphs, together with functors which
associate to a graph a certain moduli stack of curves. In Section 4 we calculate
how tautological classes and cycles pull back under morphisms of moduli stacks,
coming from morphisms of graphs. These pull backs are expressed as sums over
graphs, weighted by tautological classes.

Section 5 contains the main technical theorem, which says roughly that a
map of finite degree remains of finite degree in the virtual sense, after a virtual
base change. We use Behrend-Fantechi’s virtual fundamental class technology,
and this result follows from an analysis of their “relative intrinsic normal cone
stacks”. In Section 6, we construct, for each g, r, 3, a label n for a moduli stack
of étale covers M, with a finite map M, — M, . 5.

In Section 7, we base change by mgﬁ(X ), to get stacks of stable maps and
étale correspondences to X. In Section 8, we put these results together to give
a formula for all descendent Gromov-Witten invariants of X in terms of genus
0 invariants of symmetric products S?X. Finally, in Section 9, I illustrate the
general result by calculating some low-genus Gromov-Witten invariants of a
point.

1.3.  Future work. The results presented here provide implicit constraints
on the Gromov-Witten invariants of an arbitrary variety, coming from asso-
ciativity properties of quantum cohomology of symmetric products. It would
be interesting to see what relation these constraints have with the conjectural
Virasoro constraints, first proposed by Eguchi, Hori and Xiong [12]. A first step
in this direction would be to use the results of this paper to give a new proof
of Witten’s conjecture. I imagine this is far from easy; in the two proofs of
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the Kontsevich-Witten theorem of which I am aware, even once the geometric
work has been done, significant insight is required to prove the theorem.

In another direction, I think that one can prove a reconstruction theo-
rem, analogous to the first reconstruction theorem of Kontsevich and Manin
[22], which would imply that for certain Fano manifolds X, the quantum coho-
mology of S?X is determined by the quantum cohomology of X. This would
imply that all Gromov-Witten invariants of X are determined by the genus 0
invariants. It’s not clear in what generality one can make such a statement:
we need Kx < 0, which implies many genus 0 invariants of S?X vanish for
dimension reasons.

Note that such a statement has a close relationship with certain corollaries
of the Virasoro conjecture. Dubrovin and Zhang [10], [11] have shown that the
Virasoro conjecture implies that when X has semisimple quantum cohomology,
all higher genus Gromov-Witten invariants of X are determined by the genus
0 invariants. Conjecturally, many Fano manifolds have semisimple quantum
cohomology.

I hope to return to these points in a future paper.
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conversations and correspondence. A version of this paper has been accepted
as my Ph.D. thesis at Cambridge University. I have been financially supported
by the EPSRC, the Cambridge European Trust, and the Cecil King Memorial
Foundation.

1.5. Notation. We work always over a field k, algebraically closed and of
characteristic zero. Stacks are in the sense of Laumon and Moret-Bailly [27].
In particular, a stack is not required to have an atlas, an algebraic stack must
admit a smooth atlas, and a Deligne-Mumford stack must admit an étale atlas.
I will sometimes use the phrase Artin stack as a synonym for algebraic stack.

Later we will define various categories of graphs. Here is a summary of
some notation needed for these:

T Labels (g,1,a) for smooth connected curves,
of genus g with marked point set I and class
a € A in the semigroup.

Tt Labels (g,I,m,a) for smooth connected
twisted curves, of genus g, with marked point
set I, stack structure at the marked points
given by m : I — Z~g, and class a € A in the
semigroup .
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exp(T")
exp(T")

TC

s:T¢ — exp(Y?)

t:Y¢— Yt
I"M
Ft
FC
r: Yt — YT
r:Tt— T
s, t: ¢ =Tt
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Labels for disconnected smooth marked
curves, and disconnected smooth marked
twisted curves, respectively.

Labels for étale covers C' — C of smooth
twisted curves, with C connected.

Source map, which associates to a label for
C' — C the label for C’.

Target map, which associates to a label for
C' — C the label for C.

Graphs built from vertices Y%, which label
nodal connected curves.

Graphs built from vertices Y!, which label
twisted nodal curves.

A certain type of map of graphs in I'*, which
labels étale covers C' — C of twisted nodal
curves.

Associates to a label for a twisted curve C the
label for its coarse moduli space C.

Source and target maps, which associate to a
label for an étale cover C’ — C the labels for
C’, C respectively.

2. Moduli stacks

Let g € Z>p and let I be a finite set. Let 9, ; be the stack of all nodal
curves of genus g with I marked smooth points. 9, ; is a smooth algebraic

stack; it is nonseparated, and locally but not globally of finite type.

Let g € Z>0, let I be a finite set and let m : I — Z~( be a function. Let
M, 1.m be the moduli stack of all twisted (balanced) curves of genus g, with
marked points labelled by I and the degree of twisting at the marked points

given by m. Explicitly, 9, 1., is the category of commutative diagrams

where:

C C

J

Ux1—=Ux]lic; Bitm@) —=U

e U is a scheme of finite type.

e C is a proper separated flat DM stack over U, étale locally a nodal curve

over U.
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e The map C — C exhibits C' as the coarse moduli space of C, and C' is
connected of genus g.

e U x]] By — C is an embedding of a disjoint union of trivial fi,, ;-
gerbes into C, and U x I — U x [] By, ;) are sections of these gerbes.

e C — (' is an isomorphism away from the nodes and marked points of C.

e Etale locally near a node of C, C — U looks like
(Spec Alu,v]/(uv —t))/pu, — Spec A

where t € A, and the group of r-th roots of unity wu, acts on
Alu,v]/(uv — t) by u — lu, v — [71v, where [ € p,.

This definition is due to Abramovich and Vistoli; for more details see [3]. Note
that we use trivialized gerbes, where they use possibly nontrivial gerbes. Our
stack is simply the fiber product of all the universal gerbes lying over their
version.

PROPOSITION 2.0.1. My ; ., is a smooth stack.

By smooth I mean in the sense of the formal criterion for smoothness over
the base Speck. 1 expect that 9, 1, is algebraic, although I do not know a
reference for this. Presumably, one could prove this using the techniques of
Abramovich and Vistoli [3]. However, we do not really need any properties of
M. 1.m; for us it is essentially a placeholder.

There is a map My 1, — My which associates to a twisted curve its
coarse moduli space.

We need variants of these definitions, which depend on a semigroup. Let
A be a commutative semigroup, with unit 0 € A, such that

e A has indecomposable zero: a + a’ = 0 implies a = a’ = 0.

e A has finite decomposition: for every a € A, the set {(a1,a2) € A x A|
ay + az = a} is finite.

For example, A = 0, or A is the cone C'(X) of curves in a projective variety X
up to numerical equivalence, or A = {0,1} where 1+ 1 = 1.

Fix any such A. Let (g, I, a) be a triple where g € Z>, I is a finite set, and
a € A. Wesay (g,1,a) is stable, if either a # 0 or a = 0 and 29 — 2 + #I > 0.
For any such triple (g, ,a) we define the stack M, 1, ; over M, ;. Roughly,
M. 1.« parametrizes curves C' with I marked smooth points, together with a
labelling of each irreducible component of C' by an element of A. The sum
over irreducible components of the associated elements of A must be a, and a
certain stability condition must be satisfied. The simplest formal definition is
inductive.
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(1) If (g,1,a) is unstable, then M, 7 , is empty.
(2) Suppose (g,1,a) is stable. Then an object of M 1 4 is

e An object of M, 7, that is, a flat family C' — U, of nodal curves
over a scheme U, together with I smooth marked points U x I — C.

o Let Cgen — U be the complement of the nodes and marked points
of C. The additional data we require is a constructible function
f i Cgen — A. f must be locally constant on the geometric fibres of
Cgen — U.

(3) If Uy C U is the open subscheme parametrizing nonsingular curves Cy —
Uop, then f: Cpgen — A must be constant with value a.

(4) We require that f satisfies a gluing condition along the boundary of Mt ;.
Precisely, suppose we have a decomposition g = ¢’ +¢” and I = I'[[ 1",
amap V — U, and a factorization of the map V' — 9, ; into

V — mg/VI/H{S/} X mg//71// H{S//} — mg’[

where the second map is obtained by gluing the marked points s, s”.
Let C{, — V and C{, — V be the associated families of curves. We
require that the pulled-back constructible functions f’ : — A and

Vi C{}gen — A define a morphism

/
V gen

V — H mg/711 H{s’},a/ X mg/“]// H{s”},a”'

a=a’'+a’"

(5) In a similar way, suppose we have a map V — U, and a factorization of
the map V' — 9, ; into

V= My 1 1114s,5r — Mg,r-
Then, the family of genus g — 1 curves Cy — V, together with the
pulled-back constructible function f : Cygen — A, must define a map

V- mg—l,[ 11{s,s'}.a-

PROPOSITION 2.0.2. The map My 1a — My 1 is étale, and relatively a
scheme of finite type. Therefore My 1, s a smooth algebraic stack.

Define My 1.m,a = My 1,m Xom, ; Mg, 1,a- The stack My 1 o is smooth.

2.1.  Contraction maps. The main advantage of M, s, over My ; is the
existence of contraction maps m; : My 1, — My i, for each i € I. Given a
curve C' € My 1, with marked points Pj, j € I, m;(C) is obtained from C' by
removing P;, and contracting the irreducible component of C' containing P; to
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a point if it is unstable. Unstable components are components of genus 0 with
marking 0 € A and containing < 3 nodes or marked points, and components
of genus 1 with no nodes or marked points. To construct the map 7;, we need

PROPOSITION 2.1.1. There is an isomorphism €y ;o = Mg 14 where
€y 1\ija 18 the unwersal curve over My 1\ q-

Proof. Just as in [24, Def. 2.3], there is a map €, ,,_1 — M, ,,. This lifts
to a map €y n—1,4 — Mg na, by labelling any irreducible component which is
contracted in the map € ,,—14 — My pn—1,, by 0 € A. As in [4, Lemma 7], the
formal criterion for étaleness shows that €, 1, — Mgy ,q is étale. To show
it is an isomorphism, it is enough to show this on the level of k-points, which
is easy. O

2.2.  Maps to symmetric products. Let X be a scheme. Let S?X =
[X?/S4] be the symmetric product stack of X.

LEMMA 2.2.1. The stack whose groupoid of U points, for U a scheme,
has objects diagrams

U—U - X

where U — U s proper, separated, surjective, and étale of degree d and has
morphisms, isomorphisms U — U’ such that the diagram

U/

SN

U X

ANPS

U/
commutes, is equivalent to the stack S?X.

Proof. By definition, to give a map U — S%X is to give a right, étale
locally trivial, principal Sg-bundle P — U, together with an Sg-equivariant
map P — X% Given such, let U/ = P x% {1,... ,d}. Then U’ — U is étale of
degree d. One can recover P from U’ as the sheaf on the small étale site of U,

P =Tsoet(U', U x {1,... ,d}).

Observe that P is an étale locally trivial principal S; bundle. This is because
the map U’ — U is étale locally isomorphic to U x {1...d} - proper, separated,
surjective, étale maps of degree d are precisely the maps with this property.
Then,
Hom(P, X%)% =Hom(P x {1,...,d}, X)"
=Hom(P x% {1,... ,d}, X) = Hom(U’, X). 0
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COROLLARY 2.2.2. Let V' be a DM stack. The 2-groupoid Hom(V, S?X)
is equivalent to the 2-groupoid of diagrams V. «— V' — X, with V! — V
proper, separated surjective, and étale of degree d. Further, the 2-groupoid
HomRep(V, S?X) of representable maps V. — S?X is equivalent to the
2-groupoid of such diagrams V «— V' — X, where the inertia groups of V
act faithfully on the fibres of V! — V.

Proof. We prove the statement about representability. V — S9X is
representable if and only if the principal Sg-bundle, P — V, is an algebraic
space. This is equivalent to saying that the inertia groups of V act faithfully
on the fibres of V! — V. O

2.3. Stacks of étale covers. We need some notation to shorten the cumber-
some g¢g,I,m,a labels. Let Y!(A) be the groupoid of quadruples
v = (g9(v), T(v),m,a(v)) where g(v) € Z>o, T(v) is a finite set, m : T(v) —
Z~o is a function, and a(rv) € A. We impose the stability condition as
before: if a(v) = 0, then 2¢(v) — 2 + #T(v) > 0. The morphisms are
isomorphisms preserving all the structure. Let YT"(A) be the groupoid of
triples v = (g(v), T(v),a(v)) satisfying the stability condition. There is a
map 7 : TH(A) — Y¥(A) sending (g,I,m,a) — (g,1,a). For v € Tt we have
the moduli stack 9,; similarly for v € T* we have 9M,. There is a map
r M, — M, () which associates to a twisted curve its coarse moduli space.

We also want labels for moduli stacks of disconnected curves. We define
a groupoid exp(Y?). An object a € exp(Y?), is a finite set V(a), and a map
V(a) — Ob T!. A morphism o — o in exp(Y?), is an isomorphism ¢ : V(o) =
V(') of finite sets, together with an isomorphism v & ¢(v) of the associated
element of Y?, for each v € V(a). Define exp(T%) in a similar way. Given
a € exp(Y?), let

T()= [[ T().
veV(a)
The groupoid exp(Y?) labels possibly disconnected nodal curves. Let
Ma= [ Mo
veV(a)

Next, we want to define labels for étale maps of twisted curves, ¢’ — C.
C’ may be disconnected. A covering 7, consists of

(1) An element s(n) € exp(Y?!), the source, and an element t(n) € T!, the
target.

(2) These must satisfy
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(3) A map of finite sets, p: T(s(n)) — T(t(n)).

(4) For each t' € T(s(n)), we require that m(t") divides m(p(t')). Let d(t') =
m(p(t'))/m(t).

(5) We require that for each ¢t € T(¢(n)),
m(t) = lem{d(t') | p(t)) = t}

where lcm stands for lowest common multiple.
(6) A function d : V(s(n)) — Z>1, the degree.

(7) For each t € T(t(n)), and each v € V(s(n)),

D d(t') =d(v).
t'eT(v)
p(t')=t

We define d(n) = 3, ey (s dv)-

(8) The Riemann-Hurwitz formula holds: for each v € V(s(n)),

2(g(s(n)o) — 1) = 2d(v)(g(t(n) = 1)+ D (d(t') 1)

t'€T(v)

Let T¢ be the groupoid of all coverings 7, with the obvious isomorphisms.
There are source and target functors,

5:Y¢ — exp(Yh),
t:T¢— Yt
We will often write e — v to mean a covering n with s(n) = a and t(n) = v.

Associated to a covering n € T¢, we define a stack 9, of étale covers
f:C'— C. M, is the category whose objects are

e Anobject of My,, with associated family of twisted nodal curves C — U,
sections T(t(n)) — C and constructible function f : Cgen — U, where C
is the coarse moduli space of C.

e An object of My, with associated family of possibly disconnected
twisted nodal curves ' — U, sections T(s(n)) — C’ and constructible
function f': C'gen — U, where €’ is the coarse moduli space of C.

e An étale map p:C' — C.

These must satisfy:
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e The diagram
T(s(n) x U —=¢

|

T(t(n) xU ——=¢C

must be Cartesian over U. This implies, in particular, that the marked
points of C’ are precisely those lying over marked points of C.

e Let p,f’ be the constructible function on Cgepn given by pushing forward
f'; we require that p,f' = f.

e The map C — BSy associated to the étale map C' — C must be repre-
sentable.

PROPOSITION 2.3.1. The map M, — My, is étale; therefore, My, is
smooth. Further, M, is algebraic.

Before proving this, we need a lemma.
LEMMA 2.3.2. Let G be a finite group. The stack

My 1.m(BG) def HomRepgy Co.1,m: BG X My 1.m)

g,I,7n(

of representable maps C — BG from curves C € My 1, is algebraic.

Sketch of proof. A representable map from a twisted nodal curve C to BG
is the same as a principal G bundle P — C, whose total space is an ordinary
nodal curve. This is the same, just as in [1, Th. 4.3.2], as a nodal curve P, with
a G-action, such that the map P — P/G to the scheme quotient is generically
a principal G-bundle; the G action must also have some compatibility at the
nodes. We recover C as [P/G], the stack quotient.

The stack of nodal curves P is algebraic. Further, the stack of nodal
curves with a G action is algebraic, because a G action on a curve P can be
identified with its graph in P x P x G. It follows that 9, 1., (BG) is algebraic.

O

Proof of Proposition 2.3.1. The deformations of an étale cover ' — C are
the same as deformations of the base, as in [1]; therefore the map M, — My,
is étale.

Consider the map 9y, — My ;) 7(t(n)),m (BSa)- This map is relatively a
scheme; it follows that 90, is algebraic. O

The fact that 9, is algebraic implies that its image in 9;(,), which is an
open substack, is also algebraic.
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Let us look at coverings C' — C € M, locally. Given a tail t € T(t(n)), in
an étale neighbourhood of the twisted marked point t — C, C' — C looks like

(SPGC (@t’ep*l(t) @?g) k[ftz]) — Spec k:[y]) /Hm(t)~

As before, d(t') = m(t)/m(t'). The algebra map which induces this map of
schemes is of course y — >y ;. The p, ) action sends y — ly, for I € Hom(t)}
and Ty ; — Ty ;11 modd()- This action is faithful, which is equivalent to
representability of the associated map C — BSy, because m(t) is the lowest
common multiple of d(#') for ¢’ € p~!(t). The stabilizer of 2y ; iS fim () C Han(r)-
There is a similar picture near the nodes, except k[x] is replaced by k[u, v]/uv.

2.4. Stacks of stable maps. Let X be a smooth projective variety. We will
let our semigroup A, be the cone of effective 1-cycles on X, up to numerical
(or homological) equivalence. For each v = (g,1,3) € T", we have the stack
M, (X) of Kontsevich stable maps in X. There is a map

My(X) — M,

which associates to a stable map C — X with marked points, the curve C,
with its marked points, and the constructible function Cyen, — C(X) given
by taking the homology class of an irreducible component. In a similar way,
for each o € exp(T"), labelling disconnected curves, we have a moduli stack
M, (X) with a map My (X) — M,,.

LEMMA 2.4.1.

Mgvan(X) = mgvnvﬂ Xmgv/”17136 Mg7n_1,B(X).

Proof. It was shown in [6] that Mg, 3(X) is the universal curve over
Mg,n,lﬁ(X), which is pulled back from 9, ,_1 3. But we have shown that
M, p g is the universal curve over M, ,_1 3. O

More generally,
Mgnp(X) =My n5 xom, , Mg,a(X)

so that all stacks of marked stable maps to X, arise by base change with the
stack of unmarked stable maps M, 3(X).

Let V be a proper projective Deligne-Mumford stack. Abramovich and
Vistoli [3] defined the stack of stable maps to V: this is the stack of repre-
sentable maps f : C — V from twisted nodal curves with marked points to V/,
such that Aut(f) is finite. We are only interested in the case V = S9X, the
symmetric product stack of a smooth projective variety X. Take our semi-
group to be C(X) as above. For each v = (g,I,m, ) € T, let M, (S%X) be
the stack of stable maps from curves C € My 1, such that if C — ' — X is
the associated correspondence, then ' — X has class § € C(X).
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For each covering n € Y¢, define

M, (X) =m, X9,y Ms(n)-

Let Aut(n | t(n)) be the group of automorphisms of  which act trivially on
t(n)-

LEMMA 2.4.2. There is a natural isomorphism

[T My(X)/ Aut(n | t(n)) = M, (S°X).

n,t(n)=v

2.5.  Tautological line bundles. Let v € Y% or T!. For each t € T(v),
there is a section oy : 9, — €, of the universal curve. Define L; = Q},t to be
the relative cotangent bundle which is the tautological line bundle. If p € Y,
so that r(u) € T*, we have a map 9, — M, (). For each t € T(u) = T(r(p)),
we have r*L; = L?m(t).

For n € Y€, for each t € T(s(n)) (or t € T(t(n))) there is a tautological
line bundle L¢, pulled back from 9, (respectively M,). If p(t') = ¢ under
the projection T(s(n)) — T(t(n)), then Ly = L;.

Let ¢y = ¢1(Ly) on any of the three types of moduli stacks.

2.6. Automorphisms and deformations of twisted nodal curves. Let
veT let C €M, and let C € OMN,.(,) be the coarse moduli space of C. We
want to describe Aut(C | C), the group of automorphisms of C which are trivial
on the coarse moduli space C. This group splits as a product of contributions
from each twisted node and twisted marked point of C: a twisted node or
marked point with inertia group u, contributes p,..

The fibre of M,, — IM,.(,,) over a curve C' € M, .,y can similarly be described
as a product of local contributions from the nodes and marked points of C.
For each tail £ € T(v) = T(r(v)), we have a factor of Bji,,). For each node
of C, we have a factor of [[,c;  Buy. For more details, see [1].

For v € T, let T} (v) C T(v) be the set of tails with multiplicity m(t) = 1.
For C € M, and t € T1(v), the marked point P, € C is untwisted. The
first-order deformations of C are given by

Ext'(Q( Y P),0c).
teTy (v)

The deformation theory is unobstructed. We can identify this space with
v

H (we@Q( ) P
teT (v)

where we is the dualizing line bundle.
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Let C' € M,.(,) be the coarse moduli space of C. We have amap 7 :C — C.
In [3], it is shown that 7, is an exact functor, and so

H (weoQ| Y P||=H|m|we| Y B
teT (v) teT (v)

The space of first order deformations of C' is similarly given by
v

HY we @ Qé( Z P)
teT(r(v))
Observe that we have a pole at all tails, not just those with multiplicity one.
Clearly

T | we @ Z P = we ® Q4 Z Py
teTy (v) teT(r(v))

away from the nodes and marked points of C'. In fact, this equality extends
also to the marked points. At the nodes, however, this is no longer true. The
map M, — I, is ramified along the divisor of singular curves. The degree
of ramification along the divisor in 9, corresponding to a node with inertia
group gy, is k — 1 (i.e. a function vanishing to degree 1 on the divisor in 90,
vanishes to degree k along the divisor in 9%, when it is pulled back). One can
see this by looking at the local picture, as in [1, §3].

Let n € T¢ and let ' — C € 9M,, be an étale cover of twisted balanced
curves. Let ¢/ — C be the corresponding ramified covering of the coarse
moduli spaces of C" and C. We are interested in Aut(C’ — C | C" — C), the
automorphisms which are trivial on the coarse moduli space. As before, this
splits as a product with a contribution from each twisted node and twisted
marking. Each t € T(t(n)) — that is each marking of C — contributes f, ).
However, in this case the contribution from the nodes is trivial. This follows
from the fact that the map C — BSjy is representable. The marked points of
C’ do not contribute anything extra.

We have seen already what the deformations of C’ — C are: they are the
same as deformations of C; that is, the map M, — M, is étale.

3. Graphs

We define categories of graphs, which label various flavours of nodal curve,
as well as étale covers of twisted nodal curves. We introduce three categories:
I'“, which contains labels for untwisted nodal curves; I'¥, which has labels
for twisted nodal curves; and I'¢, which has labels for pairs of twisted nodal
curves C’, C, with an étale map C’ — C. These categories depend on a semi-
group A, which we will usually not mention. The morphisms in these categories
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correspond to degenerating curves, or dually to contracting graphs. There are
functors, denoted 9, from each of these categories to the category of stacks,
which take a label to the moduli stack of all curves with that label; as well as
functors

s,t r
rc=rtsrorv

where s and t stand for source and target, and take the labels for a pair C' — C
to the labels for C’ or C respectively. Also, r takes the labels for C to the labels
for its coarse moduli space C'. These functors get translated into morphisms
of stacks after we apply the moduli stack functor 91; that is, there are maps
of stacks s : M, — My, and similarly for t and r.

Now we define these categories. Let I' be the category whose objects are
objects n of exp(Y?), together with an order-two isomorphism o : T(n) = T(n),
commuting with the multiplicity map m : T(n) — Z>1. Define the objects of
I'* in a similar fashion, using T* instead of Y? and omitting references to m.
There are forgetful maps F : I'¥ — exp(Y?), and F : ['* — exp(Y%). For v € '
(or v € T™), the set of vertices of v, written V(7), is the set of vertices V(F(y))
of the underlying element of exp(Y?). The set of half-edges of ~ is the set
H(y) = T(F(y)). The set of edges of v, E(v), is the set of free Z/2 orbits on
H(7y). The set of tails of 7, T(v), is the set of o-fixed points on H(y). We can
fit the structure of a graph v € I'! into the diagram

Lo <—; H(y) O°

|

Zzo<—5—V(7) —— A.

Given v € I'" or I'", let M., = HUEV('y) M,. For every half-edge h € H(v),
there is a tautological line bundle L. For every edge e € E() corresponding
to the o-orbit (hy, ha) let Lo = Ly, ® Ly,.

3.1. Contractions. Now we want to define the morphisms in the categories
I'* and I', called contractions. In terms of the cell complex C(y) associated to
a graph ~, a contraction v/ — « is a surjective continuous map C(v') — C(v)
which is an isomorphism away from the vertices of C(v), and possibly maps
some edges of C'(y) to vertices of C(y). It is better to describe contractions
more formally. Let v,7" € I't. A contraction 7/ — ~ is a surjective map of sets

fHE)IIVE) — H(y) LT V(7), such that

o V() C fTHV()
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e The diagram

H(v) [I V() L~ H) [T V(y)
o]l 1l lo’ 111
H(Y) TW) —=H() vaw

V(y) —L—— V()

commutes, where o is the involution on H(v") or H(v), and H(y) [T V(v)
— V() comes from the map H(vy) — V(v) assigning to a half-edge the
vertex it is attached to.

e f induces an isomorphism H(y') D f~1(H(v)) = H(y), commuting with
the multiplicity functions.

e We require that f not contract any tails to vertices, so that T(v’)
H(v')? C f~Y(H(y)). This implies that f induces an isomorphism T(v')
T(v).

e For each v € V(7), we can define a graph /€ T', with vertices f~*(v) N
V(7'), edges f~!(v) NE(y'), and tails f~'(H(v)) [I(f~'(v) N T(v)). We
require that 7/, be connected of genus g(v,) = g(v).

e i

We define contractions of graphs v,+" € T'* in the same fashion, leaving out
references to the multiplicity function.

Let E(f) € E(7') be the set of edges contracted by f. Given any subset
I C E(¥') there is a unique contraction f : 7y — ~ with E(f) = I. One can
think of E(f) as being the kernel of f.

Contractions correspond to degenerating curves by adding more nodes. If
we have a contraction f : ' — v, we can identify 9, =[] ) My, . There
are maps M., — M, which induces a map

veV(y

f* : E)ﬁfy/ — 93?7.
The map f, has cotangent complex on M./,
f*Qfl)ﬁ.y - le)ﬁ,y/ :

We can compute the cohomology of this complex in terms of tautological line
bundles on M (v').

Ker (f*Q%m — le)m,) = Oice(n)Li

CoKer ( frQy — Q}m) ~0.
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3.2.  Coverings. We define labels for étale maps C' — C of twisted nodal
curves. A covering v/ — ~ is a map of sets p : V(7') — V(v), and for each
v € V(v), a covering p~!(v) — v. Here we consider p~!(v) as an object of
exp(Y?). We require that the associated map H(y') — H(y) is equivariant
with respect to the involution, takes tails to tails, and edges to edges.

Given a covering p : 7/ — 7, for v € V(v), let v, = p~1(v) € exp(Y?) be
the vertices lying over v. We define a stack 9.,/_., of coverings, by

My = H My o
vEV(Y)
As usual there are maps M, ., — M., which are étale, and M, ., — M.
If we also have a contraction v — 7, there are a unique covering n’ — 1 and a

contraction 7' — v such that the diagram

/ /

2
3

LD <<

|

S <<

commutes.

Let I'® be the category whose objects are coverings 7' — v with o/, v € '
and whose morphisms are diagrams as above. There are source and target
functors s,t : I'© — TI't. There is a functor I'“ — stacks, sending a covering
p = s(p) = t(p) to M,, and an arrow p — ¢ to the associated map of stacks
flnp — 9ﬁ¢.

Let p,¢ € T'° and suppose we have a morphism f : p — ¢. There is
an induced morphism t(p) — #(¢): let E(f) C E(t(p)) be the set of edges
contracted. There is a map 9, — My, which are étale over its image. The
relative cotangent bundle is Q} = ®jer(f)Li- The diagram

m, m,

L

My () —— My(y)

commutes, and the vertical maps are étale.

4. Pull backs of tautological classes

We want to do intersection theory on our moduli stacks, later with vir-
tual fundamental classes. We will work both with Artin algebraic stacks and
with Deligne-Mumford stacks. For DM stacks, we will use the theory A, of
Vistoli [32], with Q-coefficients. For Artin stacks, Kresch has defined in [25]
intersection theory, as has Toen in [31]. However, all we ever need to do with
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Artin stacks is intersect regularly embedded smooth divisors with regularly
embedded smooth closed substacks, and also take first Chern classes of line
bundles. No particularly sophisticated technology is required — what we need
is basically the same as that used by Behrend in [4] to define Gromov-Witten
classes.

We want to intersect cycles corresponding to graphs. If we have a map
f:p' — pin one of our categories of graphs I'*, T, T , we have an associated
map fi : My — M,. Let My — M, be the closed substack of M, which is
supported on the image of f. Note that 91, is smooth, and the map M, —
M, is a closed regular embedding. The map M, — My is étale, in general
nonrepresentable, of degree || f||, where:

(1) If f: p' — pis a morphism in I'* then
£l = # Aut(s" — p | p)
is the number of automorphisms of p’ commuting with the map p’ — p.

(2) If f: p) — p is a morphism in I'¥, then

# Aut(p’ — p | p)
[Licr s m(2)

where E(f) C E(p) is the set of edges contracted.

Il =

(3) If f : p — p is a morphism in T'¢; then

#Aut(p’ — p | p)
Hz‘eE(f) m(i)?
where E(f) C E(t(p)) is the set of edges contracted.

11l =

Let e € E(f). Observe that the line bundle L. on 9, descends to a line bundle
L. on M. Let e = c1(Le) € Alon ¢. The conormal bundle to the embedding
My — M, is @eeE(f)Le-

Let A be one of the categories I'¢, 'Y, I'“. Suppose we have a diagram

/!

p

lg
p—>r
in A. We want to calculate f*[9,] € A, M, . For simplicity we will assume

that M, — M, is a divisor, or equivalently #E(g) = 1. This the only case we
will need.

LEMMA 4.0.1. f*[My,] can be expressed as a sum with a term for each
map h : p' — p” such that go h = f. Each such term is weighted by —1)e,
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where e is the unique element of E(f) \ E(h). There is also a term [IMy] for
each isomorphism class of commutative diagrams

77 p//
)
p—""r

f

k
E—

where #E(h) = 1 and E(h) ¢ E(k).

The factor —. is the first Chern class of the normal bundle. Now
we calculate pull backs under the maps of stacks induced by the functor
r:Tt— T

LEMMA 4.0.2. Let~y € T, and suppose f : o — r(v) is a morphism in T,
with #E(f) = 1. Let r : M, — M,y be the canonical map

Py = Y m(e)[ M)
g’ =7
where the sum is over g : v — ~ such that r(g) = f, and e € E(g) is the
unique element.

The factors m(e) come from the fact that the map 9, — M
ramification along the boundary divisors of 9M,.(,).

Next we calculate pullbacks under s. Let p € I'¢, and let f : v — s(p) be
a morphism in I', where again #E(f) = 1. There is a map s : M, — M (p)-

r(y) has

LEMMA 4.0.3. s*[Ms] € AIMN, can be expressed as a sum over isomor-
phism classes of pairs of maps g : p' — p in T¢, and h : s(p') — v in T, such
that f o h = s(g), and #E(g) = 1:

s M) =[],

g;h

Observe that since ¢ : 9, — My
under t.

n) 1s étale, it is easy to calculate pull backs

4.1. Pull backs of 1-classes. So far we have seen how to pull back
divisors corresponding to graphs. Next, we want to pull back Chern classes of
tautological line bundles.

Under a morphism f : 4" — 7 in any of our categories I'¢, Tt T, for any
half-edge h € H(y) there is a unique half-edge b’ € H(y') with f(h') = h.
Then, f*p = tp.

For the functors s,t : I'¢ — I'*, for any n € I'° and half-edge h € H(s(n)),
by definition s*i;, = 1p; and similarly for t. Also, if hs € H(s(n)) lies above

hy € H(t(n)), then 1y, = ¢p,.
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For the functor r : Tt — T'“: if y € 'Y, then H(y) = H(r(v)). If h € H(y),
then r*¢y, = m(h)p.

There is another case which is not so trivial. Let n € Y¢. Let I C T(s(n))
be such that after removing the tails in I, s(n) remains stable. This always
happens if g(s(n)) > 0 or if a(s(n)) € A is nonzero. Let v € T be obtained
from 7(s(n)) by removing the tails in I. There is a map 7 : M, (5¢)) — M.
We are interested in calculating the pullbacks of tautological 1 classes in 91,
under the morphisms in the diagram

My —> M) —> My (5()) ——> M.

To do this we need to introduce yet more notation.

Let t € T(v) be any tail. Let v € I'* with a contraction v — r(s(n)).
Now, I C T(v) and t € T(v) \ I. For e € E(y), let . be the graph obtained
by contracting all edges except e. We define S(e,t,I) € {0,1} to be 1, if and
only if t is in a vertex of 7, that is contracted after forgetting the tails I. This
happens if and only if v, looks like

tails I’ C I more tails

t e
U1 V9

where v1, vy are the vertices of 7., the genus g(v1) = 0, and the class a(vy) =
0 € A. Define S(e,t,I) = 0 otherwise. Observe that for each e € E(v), there
is at most one ¢t € T(v) < T() such that S(e,t,I) = 1.

LEMMA 4.1.1. For each t € T(v),
== > [My]S(e,t, )
fry—=r(s(m)

where the sum is over f : v — r(s(n)) with #E(y) = #E(f) = 1, and e € E(%)
1s the unique edge.

Proof. This is a rephrasing of a standard result. O
COROLLARY 4.1.2. For each t € T(v),

T*W*¢t = m(t)d}t - Z [fmf]m(e)S(e, L I)

fy—s(n)

where the sum is over f :~v — s(n) with #E(y) = #E(f) =1, and e € E(v) is
the unique edge.
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COROLLARY 4.1.3. For each t € T(v),
ST = m(ge— > ] > m(e)S(et, D)
fry—n ecE(s(v))
where the sum is over f : vy — n with #E(t(y)) = #E(f) = 1.
For each tail t € T(v), let z; be a formal parameter. For each map v — n

in I'°, and for each edge e € T(t(n)) or tail t € T(¢(n)), define formal parameters
we and wy. We impose the relations between z and w parameters:

o Fort € T(t(n)), we = 3 pep-1(p)rr(w) M(t)zr where the sum is over tails
of T(v) — T(s(n)) lying over t.

o For e € E(t(7)), We =3 crep1(e) 2otet(w) M(€)S(€ 1, 1)z

PROPOSITION 4.1.4. With this notation,
(4.1.1)

s*rtrteloter) AW — Z iy [mf]eszT(f(’Y” wethy H
Fo=n e€E(t(~))

1 — eweve
Pe

where the sum is over isomorphism classes of maps f : v —n, and i : My —
M, is the inclusion.

Proof. When all variables z,w are zero, both sides are evidently equal.
Now apply the operator dizt to both sides; it suffices to show that d%t acts by
intersection with s*r*7*; on the right-hand side. This follows from Corollary

4.1.3, and Lemma 4.0.1. O

4.2.  Pullbacks from Deligne-Mumford space. Let v € T“, be such that
g(v) =0 and #T(v) > 3. There is a map

My, — MO,T(U)

where MO,T(U) is the usual Deligne-Mumford stack of genus 0 stable curves.
This map is flat; this follows from the analogous result in [4]. Suppose #T(v) >
4. For each distinct i, j, k,l € T(v), there is a map

MO,T(U) - mo,{i,mk,l}’

In the usual way, by pulling back two rationally equivalent divisors on MO,{i,j,k,l}
=~ Pl we get the associativity equation on 91,
Z [mfiﬂkl] = Z [mfikul]
Jijliwy—v firljiiy—v
where the left-hand side, is the sum over graphs v — v, such that #E(v) =1,

and the tails 7,j and k,[ are on separate vertices of 7; and similarly for the
right-hand side.
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For each vertex v € T, with g(v) = 0 and #T(v) > 4, pulling this relation
back from the map 9, — IM,.,), we get the associativity relations on IM,:

Z [mfij\kl]m(e) = Z [mfz‘km]m(e)
fisliwy—v Jirljiy—v
where, as before, the graphs 7, have one edge, e, and the tails 7, j and k,!
are in different vertices of ~.
For v € T" with g(v) = 0 and #T(v) > 3 as before, and for each distinct
i,J,k € T(v) consider the map p : ﬂoﬂ(v) - MO7{i,j,k}. Because this is a
point, ¥; = 0 on ﬂov{m,k}. It follows that, on 21,, we have the equation

Vi = Z [S)ﬁfb\kl]
Jijpriy—v
where the sum is over graphs f;; : v — v, such that #E(v) = 1, and the tails
i and {k,l} are on different vertices.
Now let v € T, be such that g(n) = 0 and #7T(n) > 3. Pulling back this
relation from M,y to M, gives us, for each i,j,k € T(v),

m(i)y; = Z [mfukz]m(e)
fijpry—v
where the sum is over maps f; i : v — v where e € E(7) is the unique edge,
and the tails 7 and {k,[} are on different vertices of ~.
Finally, observe that for each n € I' with ¢(n) having only one vertex, we
can pull these relations back via the étale map 9, — M, in an obvious way.

5. Virtual fundamental classes

I will use the Behrend-Fantechi [5] construction of virtual fundamental
classes.

Let F be a Deligne-Mumford stack, V' an Artin stack, and suppose there is
amap F'— V. A perfect relative obstruction theory [5] is a two-term complex
of vector bundles E = E~! — E° on F, together with a map

in the derived category D(F) to the relative cotangent complex L7 v which
is an isomorphism on H° and surjective on H 1.

Associated to a perfect relative obstruction theory, Behrend and Fantechi
in [5] associate a cone C'— (E~1)Y, and define the virtual fundamental class

[F,E] € A,F, [F,E] = s*[C]
where s : F' — E is the zero section. Here s* is the Gysin map, which is defined

to be the inverse of the pull-back isomorphism 7* : A,F — A,FE. Behrend-
Fantechi show that [F, F] only depends on the quasi-isomorphism class of E.
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Let me recall some of the details of their construction. The relative in-
trinsic normal cone of a map F' — V', &gy, is a cone stack over F, with the

property that if locally we factor F' — V into F' S ME V,wherei: F'— M
is a closed embedding and p : M — V' is smooth, then, €/ is the quotient
stack

Crv = [Crma /T Tarv]-
Here Cp/py is the usual normal cone, which is acted on by the additive group
scheme " Ty .
Suppose we have a perfect relative obstruction theory £ — L7, v Let
E, = E'Y and FEy = E®”. One can show that there is a closed embedding
€y — [E1/Eo], where [Ey/Ep] is the quotient stack. Form the Cartesian
diagram

C Eq

L

Cpyy — [E1/Eo|

where the vertical arrows are smooth, the horizontal arrows are closed embed-
dings, and C' — F' is a usual cone, in particular a scheme over F. We then
define

[F, E] = s"[C]

where s : F' — FEj is the zero section.

Let X', X be pure dimensional schemes of the same dimension, with X
irreducible, and let f : X’ — X be a map between them. We say f is of
degree d, if f.Ox- is of rank d over the generic point of X. If X is not
irreducible, we say f is of pure degree d if it is of degree d for every irreducible
component of X. This property is local in the smooth topology of X. That is,
if U — X is a surjective smooth map, and U’ = X’ x x U, then U’ — U is of
pure degree d if and only if X’ — X is. Further, this property is local in the
étale topology of X', in the following sense. For each irreducible component X;
of X, pick an étale cover || ;Uij — X!, where U;; are connected and U;; — X
is of degree e;;. Then,

deg(U;; / X;

aea(xt/x,) = Y 2/ X,
j "

Let V',V be Artin stacks of the same pure dimension, and let V/ — V be
a map of relative Deligne-Mumford type. This means that for every scheme
U—V,UxyV'"— U is a Deligne-Mumford stack. We say V' — V is of pure
degree d, if for some smooth surjective map U — V from a scheme, for each
irreducible component U; of U, for some étale atlas [[,; Uj; — U] = V' xy Uj,
with Uj; — U] of degree e;j, d =3, deg(U};/U;)/eij-
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This property does not depend on the choices of smooth and étale atlases,
because for schemes it is local in the smooth and étale topologies, as above.
In particular, if V',V are DM stacks, then this definition, using the smooth
topology for V, agrees with the definition using the étale topology for V.

THEOREM 5.0.1. Suppose there is a Cartesian diagram

(5.0.1) R-1-F

le |

%T%a

such that:

e I are Deligne-Mumford stacks.
e V; are Artin stacks of the same pure dimension.

e g is a morphism of relative Deligne-Mumford type, and of pure degree d
for some d € Q.

o f is proper.

o 1 — Vi has perfect relative obstruction theory E1, inducing a perfect
relative obstruction theory Ey = f*E1 on Fy — Vs.

Then
f«[Fa, Eq] = d[F1, E).

Proof. Let €p,/y, be the relative intrinsic normal cone stack. First, we
reduce the problem to proving that €, ;y, — &€, /v, is of pure degree d (observe
that €, y, are of the same pure dimension). When F; = Efl — E(f, let By 1 =
E; 1Y and Eio = E?V. Recall that we have a closed embedding €f, /y; —
[E11/FE1,0], where this is the stack quotient. Let C; = Cr v X(Ba /B B
Now, (' is an ordinary cone, so that C7 — F}j is a scheme, and there is a
closed embedding C7 < Ej 1. In a similar way define Co < FEs ;. The map
C1 — €p v, is smooth and surjective, and C2 = €p, )y, Xe¢,, ,,, C1. Now,
Cr, /v, — €p 1, being of pure degree d, is equivalent to Co — C being of
pure degree d. Form the diagram

Cy ——C}

L,

Ey1 ——=Fq

pzl f lpl

Fy ——F7.
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By deﬁnition, p:[E,El] = [Cz] in A*Ei,l- To show f*[FQ,EQ] = d[Fl,El] is
equivalent to showing f;[C2] = d[Cy], for which it is enough to show that
Cy — (' is of pure degree d.

To do this we work locally, and reduce to the case of schemes. We pick
a local chart U; — Vi, where U; is an irreducible scheme, and U; — Vi is
smooth. Pick an étale map of degree n, Uy — Uj xy, Vo, where U, is a scheme,
and an étale map from a scheme X; — Fj;. By possibly passing to smaller
charts, we can pick a factorization of the map X7 — U; into X7 — M; — Uy,
where M; is a scheme, X; — M; is a closed embedding, and M; — Uj is
smooth. Without loss of generality, we can assume that Us, X; and M; are
irreducible. We have a diagram

XQLXI

Y

My —— M;

| 2

U2i>Ul7

where Us — U; and My — M, are of degree dn. It is sufficient to show that
Cx,/v, — €x, v, is of pure degree dn. Also, Cx,/y, = [Cx, /. /i Tar, vl
where Cx, /5y, is the usual normal cone. Since f3, Ty, = T, it is sufficient to
show that the map Cx, /y;, — Cx,/u, is of pure degree dn, and we now have
the case of closed embeddings of schemes.

Now, we prove it in this case using the flat deformation to the normal
cone, as in [17], and the fact that the degree is constant in a flat family of
maps. Let Z; be the blowup of M; x P! along X; x {oc}. Let M/ be the
blowup of M; along X;. There is a commutative diagram

Zy 1> 7,

PN

P

The maps f; : Z; — P! are flat, and f; '(c0) = P(C; @ 1) + M/, as Cartier
divisors, with multiplicity. Clearly Zs — Z; is of pure degree dn, as is M} —
Mj. Tt follows that the map P(Co®1) — P(Cy @ 1) is of pure degree dn. There
are open embeddings C; — P(C; @ 1), which implies Co — C is of pure degree
dn as desired. O
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6. Finite degree theorem

Let v € T*. We want to construct n € Y¢, together with a set of tails
A C T(s(n)), such that:

e s(n) has just one vertex,

e v is obtained from r(s(n)) by removing the tails A,

e g(t(n)) =0,

e dim M, = dim M, and the map M, — M, is of degree d € Q0.
The idea is quite simple: if C' € 9, is a generic genus g(v) curve with some
marked points P;, and D = > \;P; is a positive divisor of degree g + 1, there
is a unique (up to isomorphism) map f : C — P! with f~1(c0) = D. If
everything is generic this map is simply ramified. There is a unique étale map
of twisted curves C — C, such that the map C — B Sg+1 is representable, which
yields the ramified map f : C — P! after taking coarse moduli spaces. We let
1 be the combinatorial data which labels this étale map C — C, together with
the marked points. There is a map 9, — 9M,,, which is generically finite.

Let us construct n more formally. We assume that g(v) > 0 and T(v) # 0.

Pick a partition T(v) = I'[]J into subsets, and a multiplicity function d : I —
L0, with ), d(i) = g + 1. We define the covering n = s(n) — t(n), by

o s(n), t(n) have just one vertex,

* g(t(n)) =0 and g(s(n)) = g,

o a(s(n)) = a(t(n)) = a(v) € A.

o For k € Zg let [k] be the finite set {1,...,k}. Then define,
T(t(n)) = J [ J{oo} [T I¥]

where

B s 39 1.

e The degree of nis g+ 1.
e The tails of s(n) are
T(s(n)) = (J x [g+ 1)) [T 7 T(la) x [k]-

e The map T(s(n)) — T(t(n)) sends I — oo, and is the natural product
map on the other factors,

Jxlg+1] — J, lg] x [k] — [K].
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e We define the multiplicity function m on T(t(n)) where m(oco) is the
lowest common multiple of d(i) for i € I, m(j) = 1 for j € J and
m(r) =2 for r € [k].

e We define the multiplicity function on s(n) where m(i) = m(o0)/d(i) for
iel, m(r,j)=1for (r,j) € [g+1] x J, and on [g] x [k] m is defined by

m(l,s) =1, m(r,s) =2if r > 1.
This implies that for (r,s) € [g] x [k],
d(1l,s) =2, d(r,s) =1ifr > 1.

The Riemann-Hurwitz formula becomes
20—2=-2(g+1)+g+1—#I+k

which is true by our choice of k. The formulae for the dimensions of 9, and
9N, are

dim M, =k + #J — 2, dim9M, =39 — 3+ #I1 + #J

which are equal.
The map IM,, — IM,, comes from forgetting the tails

(J x [gD) [T (gl x [k]) = (J x [g+ 1)) [ [ (lg] x [&]) [T I = T(s(m)).
LEMMA 6.0.1. The map M, — M, is of degree

() (g~ 1)
2km (o) '

Proof. Let C € M, be generic, and define a divisor D = ), d(i)i C C.
Now, degD = g+ 1 and D > 0. For a generic curve with generic marked
points C, I claim that there is a unique up to isomorphism map f : C — P!
with f~!(co) = D, and further f is simply ramified.

Let D’ be a divisor on C with 0 < D’ < D. Let I’ C I be the set of
points which occur with nonzero multiplicity in D’. Firstly, we would like to
show that the locus of smooth curves C' which admit a map f : C — P! with
f~1(o0) = D’ is of positive codimension in 9,. Any such curve C' € M, with
its marked points, is determined up to finite ambiguity by the branch points
in P! of the map f: C — P!, up to C x C*-action, and by the marked points
JIII\I') € C. Tt follows from the Riemann-Hurwitz formula that f has
strictly less than 3g — 1 + #1’ branch points. The C x C*-action on P! reduces
the dimension of the space of possible branch points by 2; so we find that the
moduli space of smooth curves C' with marked points, which admit such a map
f:C — P!, is of dimension strictly less than 3g — 3 + #.J + #1I. That is, it is
of positive codimension in 9M,,.
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This implies that for a generic curve C, for all 0 < D' < D,
dim H°(C,O¢(D")) = 1. Riemann-Roch tells us that dim H°(C, O¢(D)) > 2.
Take D’ to be of degree g. We must have H!(C,Oc(D’)) = 0, which im-
plies H'(C,O¢(D)) = 0 and dim H°(C,O¢(D)) = 2. This last fact implies
that there is precisely one map f : C — P!, up to isomorphism, such that
f~1(0) = D. I claim that if C is generic, this map is simply ramified. One
can see this by observing, using the Riemann-Hurwitz formula as before, that
the locus of smooth curves C' € 9, which admit a map f : C — P! with
f~1(c0) = D and nonsimple ramification is of positive codimension.

The degree of our map 9, — M, can now be calculated from different
ways of ordering tails of 1, and automorphisms of twisted curves in 9, over
their coarse moduli space. O

7. Stable curves in X

Let X be a smooth projective variety. Let C'(X) be the cone of effective
one-cycles in X modulo numerical equivalence. C(X) is a semigroup with
indecomposable zero and finite decomposition. We define our categories of
graphs and vertices using C(X).

For every v € I'“, we have [4] the moduli stack M., (X) of stable maps to X
of type v where M,Y(X ) is a separated, proper Deligne-Mumford stack of finite
type. There is a map M, (X) — 9, with a perfect relative obstruction theory
(R, f*TX)Y, where 7 : C — M,/(X) is the universal curve and f : C — X the
universal map. The target 9, for this perfect relative obstruction theory is
slightly different from the version used in Behrend’s construction [4], because of
the labellings by elements of the semigroup A. The virtual fundamental classes,
however, are the same. This follows from the fact that the map Mg ;.. — My
is étale.

Suppose we have a map 7/ — 7 in I'“. Then there is a fibre square,

M’W(X) —>HW(X)

d g

My =M,

Further, the perfect relative obstruction theory of p’ is pulled back from that
of p.
If 4" is obtained from + by adding on some tails, then we have a fibre

square exactly as above, and again the perfect relative obstruction theory of
P My (X) — M, is pulled back from that of p : M, (X) — M,
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If 4" is obtained by cutting an edge of -y, then M,, = M, and we have a
fibre square,

MV(X) Mv’

l |

XM, 52X x X x My

The perfect relative obstruction theories of M., (X) and M. (X) over M, =
M, are compatible with this Cartesian diagram, in the sense of [5, §7].
Let n € I'®. Define M, (X) by the Cartesian square

(ros)x

My(X) — M5y

N

My — My (5 -
This is the stack of diagrams C < €’ — X, where ¢’ — C is a map from 9,
and, if C’ is the coarse moduli space of C’, the map C’ — X is a stable map
from M, (5(;)(X). Give M, (X) — 9, the perfect relative obstruction theory
pulled back from that for MT(SW))(X) — M (s(m))-
If n” — n is a map in I'°, then we have a fibre square

Mn’(X) —>M77(X)

p/l l”

m,; ———M,

and the perfect relative obstruction theory for p’ is pulled back from that for p.

Let n € T'° and let e € E(t(n)). Let I C E(s(n)) be the set of edges
lying over e. Let 1 € I'° be obtained from 7 by cutting the edges e, I. Then,
M, =M, and we have a Cartesian diagram

M'r] Mn /

|

A
M, x XT — M, x (X?)!

which is compatible with perfect relative obstruction theories over 9, = 9.
Observe that since M, — My, is étale, M,,(X) has a perfect relative
obstruction theory over M, also.

7.1.  Stable maps to symmetric products. We have described stacks of
stable maps to a smooth projective variety X. We also have stacks of stable
maps to a smooth DM stack V, as defined by Abramovich and Vistoli in [3].
We are interested in these when V = S?X. We need something to play the
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role of the cone of curves in X, that is, to hold homology classes of curves.
We simply use again C'(X), the semigroup of effective one cycles on X up to
numerical equivalence. For v € I''(C(X)) = I', let M, (S9X) be the stack
of stable representable maps from curves in 9, to S?X, in a way compatible
with the C'(X)-markings on the curve.

LEMMA 7.1.1. For a covering v — =, let Aut(y' | ) be the group of
automorphisms 7’, commuting with the covering v — ~. Then,

(X)) = T My (X)/ Aut(y' | )
vy
where the union is over all v' — ~ of degree d. Further, this identification is
compatible with perfect relative obstruction theories over M. .

Proof. The isomorphism at the level of stacks follows from Section 2.2. We
need to prove compatibility of perfect relative obstruction theories. Suppose
we have a representable stable map f : C — S?X, corresponding to a diagram

ct ¢ L X, and equivalently to a principal Sg bundle p : P — C, where P
is an algebraic space, and an Sg-equivariant map g : P — X% The perfect
relative obstruction theory for stable maps to S?X, is given by H*(C, f*T'S4X).
But,

fTSYX = pdig*TX? = pl f*TX.

Observe p. and pS¢ are exact. Let ¢’ : C' — X be the map from the coarse
moduli space of C’ to X, and let m : C' — C’ be the canonical map. Observe
that m, is exact, and f' = ¢ om :C’ — X. Now,

H*(C, f*TSX) = H*(C', f*TX)
= H*(C',m*¢*TX)
= H*(C',¢*TX)
as desired. O
There are evaluation maps M. _,(X) — XT0). These come from the
evaluation maps

M, (89X) — twisted sectors of S4X

which are used to define quantum cohomology of S¢X. The stack of twisted
sectors V' of a DM stack V' is the stack of cyclic gerbes in V' [2], [7],[31],

V = [ [ HomRep (B, V).
E>1

We can identify S9X with a disjoint union HUGSJ*((Xd)U)/C(U)? where the
disjoint union is over conjugacy classes in Sy, o is a representative of each
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conjugacy class, (X?)? is the o-fixed points and C(o) is the centralizer of .
There is a commutative diagram of evaluation maps

Moy (X) == X T()

| |

T (S9X) % (STR)T0,

Further, the tautological ¥-classes on Mv(SdX ) are pulled back to
classes on Mo/_,,(X). Thus one can identify integrals of the form

Jo Tk TT eine
[M,y/_»—y]virt tET(’Y) tleT(’Y/)

where hy € H*(X), with Gromov-Witten invariants of S¢X.

8. From genus g invariants of X to genus 0 invariants of S?X

Let v € T%, so that v labels a stack of stable maps to X. Assume g(v) > 0
and #T(v) > 0. We will use the notation of Section 6. There we constructed
n € T¢, such that v is obtained by removing some tails of 7(s(n)), and g(¢t(n))
= 0. The associated map

m, — M,
was shown to be of degree

aet K!(g)*7((g — HH*
"= 2km (oo '

~—

Form the fibre square
q

Mn(X)Hﬂv(X)
L
m,, M.

LEMMA 8.0.2. The map q : My(X) — My(X), is of degree n, in the
virtual sense,

qx [Mn(X)]Virt = n[M’U(X)]Virt'

Proof. We apply Theorem 5.0.1. Observe that 9, — M, is relatively
of Deligne-Mumford type and generically finite of degree n, 9, and 9, are
algebraic stacks, and that M, (X) — M,(X) is proper. O
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We have seen in Section 4 how to express the pulled-back tautological
classes p*1y, and their products, for ¢ € T(v), in terms of tautological classes
pushed forward under contractions p — 7 in I'“. Let us combine this result
with the previous one to calculate Gromov-Witten invariants of X in terms of
integrals over M,(X), which are genus 0 invariants of S%X.

We have a commutative diagram

(8.0.1) XTn) —"— xT(v)

€Uy T T €Uy

My (X) —> M, (X)

Mm, ———> M,

The integrals we want to calculate are

/ cteXrerm #ieyt oy
(Mo (X)]vire

where o € H*XT(®),
Let us recall some of the notation of Section 4.1. For each map f:p —n
in I"¢, we defined

# Aut(p — n|n)

£l =
[eer(p)) m(e)?

where Aut(p — n | n) is the group of automorphisms of p commuting with the
contraction p — 7, or equivalently (in this special case) fixing all tails.

Let I CT(s(n)) be the set of tails we forget to obtain v. For each f: p—n,
each edge e € E(s(p)), and each tail ¢ € v, we defined S(e,t,I) € {0,1} as
follows. Let s(p)e be obtained from contracting all edges other than e. If the
vertex of s(p)e containing t becomes unstable after forgetting the tails I, we
set S(e,t,I) = 1; otherwise S(e,t,I) = 0.

For each tail ¢ € T(v), define a formal variable z;, and for each edge
e € E(t(p)), define a variable we, with the relations

We = Z m(e)S(e t,I)z.

e'ep=(e)CE(s(p))

Using this notation, we have
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THEOREM 8.0.3 (Main theorem).

(8.0.2) /_ cheXerer) Wyt
(Mo (X)]vire

1 — eWetbe

= Z m - c, e2ateT(4(p)) Wi H o evym .
fip—n M (X)]vire e€E(t(p)) ‘

The left-hand side is the general form for descendent genus g invariants of X.
The right-hand side is an expression in the genus 0 invariants of the symmetric
product stack SIT1X.

Proof. Firstly, the projection formula shows that
/ creXerer #Wieyto = %/ g cteXrero * Vit epta,
(Mo (X)]vire (Mo (X)]vire

The formula 4.1.1 shows that

1— ewe"pe

q*CT)eZtET('U) Zithe _ C:} § eZtGT(t(p)) wethy H
e

fip—n e€B(t(p))

cp (D]

Now, for each term in the sum, 9, — M is étale of degree || f||. The standard
compatibility of virtual fundamental classes shows that

ehy] = b f M (X)]

where f. : M,(X) — M,(X) is the canonical map. This implies the result. O

9. Examples

9.1. Generalities. 1 will calculate some examples in the case where X is
a point. We will work with the semigroup A = 0. For each n € T¢, we have
the associated moduli stack Mn, with a map

p s My — M), m(t0m)-

The stack Mg(t(n)),T(t(n)) is the usual Deligne-Mumford stack of stable curves.
It follows from the results of [1] that M,, is closely related to the normalization
of a stack of admissible covers.

In this section, we will always assume g(t(n)) = 0, and that #T(t(n)) = n.
Further, we pick an ordering on the set T((n)), and so obtain an isomorphism

T(t(n)) = [n] ={1,... ,n}.
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The map p is now a map Mn — ﬂo,n; we want to calculate its degree.
For each vertex v € V(s(n)), and tail ¢’ € T(s(n)), recall we have numbers
d(v),d(t') € Z>1. Let i € [n] = T(t(n)). Then, the set

{d(t') | t' € p~ (i) € T(s(n)), t' is attached to v}

defines a partition of d(v), and so a conjugacy class C;,, C Sy(,). Let

X(U) = {Ui c Sd(v) fori=1...n | o; € Ciﬂ), Hgi = 17
=1

#([d())/ (o1, on)) =1}

The last condition means that the group (o1,...,0y,) acts transitively on the

set [d(v)] = {1,... ,d(v)}.

Let Aut(n ] t( ), V(s(n))) be the group of automorphisms of 7 acting
trivially on ¢(n) and the set of vertices V(s(7n)).

PROPOSITION 9.1.1. The map M, — Mo, is of degree

# Aut(n | t(n), V(s(n))) x(v)
[Ty m(3) H .

Recall that for each i € [n],

prY; = m(zwz
Let k; € Z>p, for i =1...n. We have

A0 10),Vis(n)
- /H‘” memr LG fg, 1

which allows us, at least in principle, to calculate the integrals on the left-hand
side.

9.2. Calculations. The first example we will compute is
Ezample 9.2.1.
1 =1/24.
ﬂl,l

We define n by
e s(n) has just one vertex; g(s(n)) =1 and g(t(n)) = 0.

e The tails are
T(s(n)) = {X1, X2, X3, X4}, d(X;) =2
T(t(n)) = {z1,z2, 3,24}, m(x;) = 2.
e The map T(s(n)) — T(t(n)) sends X; — x;.
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Forgetting the marked points Xs, X3, X4 gives us a map
T ﬂﬁ - Ml,b

Now we apply the main theorem. Note that the only graph f : p — n that arises
with nonzero coefficient on the right-hand side of (8.0.2) is p = 1. Therefore

P =371 23/ V1.
M, M,

Next, we apply formula (9.1.1). In this case, x(v) = 1 for the unique vertex
v € V(s(n)), and # Aut(n | t(n), V(s(n))) = 1, so we find that

/ P =270 P =275
M,, m0,4

Combining these formulae yields

Py = 1/24.
M

Next we calculate
Example 9.2.2.

Yt =1/1152 =277372,
Mo,

One can see this is correct by applying the Kontsevich-Witten theorem. We
define n € Y€ in this case by

e s(n) has just one vertex, with g(s(n)) = 2 and g(t(n)) = 0.
e We define the sets of tails by
T(S(T/)) = {Xh Xo, YVQa X3, YE))’ s ’X7a Y7}a
T(t(n)) = {x1, 22, 23,... 27}
with the map T(s(n)) — T(t(n)), sending X; — x; and Y; — ;.

e The multiplicities of these tails are defined by

d(X,) = 3, d(X;)=2ifi > 2,
m(X;) =1 for all 1,

d(y;) =1, m(Y;) =2,
m(z1) =3, m(z;) =2if i > 2

Forgetting the marked points X;,Y; for all i > 2, gives a map
T ﬂﬁ — MQJ.
Now we apply the main formula (8.0.2). In this case, we find that there are

nontrivial graphs f : p — n appearing on the right-hand side. For each i =
2...7 define a graph p; € I'“ with a map f; : p; — 7, as follows.
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e s(p;) has 3 vertices, Vi, Va, Wy, and t(p;) has two vertices vy, vy. The
map V(s(p;)) — V(t(p;)) sends V; — v; and Wo — vs.

e The genera of the vertices are given by

g(vi)) =0, g(V1) =g(W2) =0, g(V2)=2.

e There are an edge e joining v; and vg, an edge F joining Vi and V5, and
an edge F' joining V; and Ws. The multiplicities of these edges are given

e The sets of tails of the vertices are given by

T(Vi) = {X1, X;,Yi}, T(Va)={X;|j#1,i}, T(Wa)={Y;|j+#i},
T(’Ul) = {xl,xi}, T(vg) = {(El ‘ ) 75 1,i}.

Observe that after contracting the edge F', X is on a genus 0 vertex that
becomes unstable after removing the other marked points. This implies f; :
p; — m occurs with nonzero coefficient in the expansion in the main formula
(8.0.2). In fact, p; are the only nontrivial graphs which occur. We have m

= 4. Note also that on Mpi, 11 = 0 because the marked point x; is on a genus
0 curve with two marked points and one edge. Applying the main formula, we

see
26. 3 !
= I wteaX [out).
N 6 \Jxmi, ; M,

Next, we apply formula (9.1.1) to calculate fﬂ ¥f. One can calculate
easily that

#{o1,09,... ,07 € S3 | 01 is a 3-cycle,

o; are transpositions for i > 2, H oj =1} =3%.2.

Further, # Aut(n | t(n), V(s(n))) = 1, so that
/ Yt =270.371 i =270.371
M, Mo,z

Now we calculate fﬂ ¥3. As in subsection 3.2, M,, splits as a product of
Pi

contributions from the vertices of t(p;). Let p : V(s(p;)) — V(¢(p;)) be the
natural map. For each v € V(t(p;)), let p~(v) — v € Y¢ be the natural
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covering, whose tails consist of tails and germs of edges in p; at the vertices
v,p~(v). We have

ﬂpi == H mpfl(v)_»v.
veV(t(p:))
This implies that integrals split in a similar way. There are two vertices vy, vo
on t(p;). We have p~!(vy) = V1 and p~!(vg) = {Va, Wo}. Further,

dimﬂpq(vl)ﬁwl = 0.

Denote by e the germ of the edge at vy, which we consider as a tail. We have

/m,,, be = /m t)x /m e

p_l(vl)wvl p~L(vg)—>vg

An easy application of formula (9.1.1) now shows that

/ 1=3"1.272
M

p~l(v) vy
/ 3 = 9710
[ e °
Mpfl(w)—”’z
Finally, we see that
263

[ oyt = e (276371 —24.2712.371)
Mo 1 .

as desired.
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