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Divisibility of anticyclotomic
L-functions and theta functions
with complex multiplication

By ToBias Finis

1. Introduction

The divisibility properties of Dirichlet L-functions in infinite families of
characters have been studied by Iwasawa, Ferrero and Washington. The fam-
ilies considered by them are obtained by twisting an arbitrary Dirichlet char-
acter with all characters of p-power conductor for some prime p. One has
to distinguish divisibility by p (the case considered by Iwasawa and Ferrero-
Washington [FeW]) and by a prime ¢ # p (considered by Washington [W1],
[W2]). Ferrero and Washington proved the vanishing of the Iwasawa p-invariant
of any branch of the Kubota-Leopoldt p-adic L-function. This means that
each of the power series, which p-adically interpolate the nontrivial L-values
of twists of a fixed Dirichlet character by characters of p-power conductor, has
some coefficient that is a p-adic unit.

In the case ¢ # p Washington [W2] obtained the following theorem on
divisibility of L-values by ¢: given an integer n > 1 and a Dirichlet character
X, for all but finitely many Dirichlet characters 1 of p-power conductor with

x(=1) = (=",

w5 L1~ m, X)) = 0.

Here vy denotes the ¢-adic valuation of an element in C;, and we apply v, to
algebraic numbers in C after fixing embeddings i, : Q < C and iy : Q — C,.
By the class number formula these theorems are related to divisibility
properties of class numbers in the cyclotomic Z,-extension of an abelian num-
ber field. One obtains the following qualitative picture: let F' be an abelian
number field, and Fy = FQ« its cyclotomic Z,-extension with unique inter-
mediate extensions F,,/F' of degree p™. The vanishing of the p-invariant of
F/F implies by a well-known result of Iwasawa that the p-part of the class
number h, of F,, grows linearly with n for n — oco. Washington’s theorem
allows to control divisibility of h, by primes £ # p: his result implies that in
this case the sequence of valuations vy(h,,) gets stationary for n — oo [W1].
This paper considers the case of an imaginary quadratic field K and
a prime p split in K. In this situation one can consider several possible
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Zy-extensions and families of characters. Gillard [Gi] proved the analogue
of Washington’s theorem for the Zj-extensions in which precisely one of the
primes of K lying above p is ramified. Here we are considering anticyclotomic
Zy-extensions and families of anticyclotomic characters.

The main result will be phrased in terms of Hecke L-functions for the
field K. For a prime ¢ fix embeddings i, and iy as above. We consider K as
a subfield of Q. Let D be the absolute value of the discriminant of K, and
d € ox the unique square root of —D with Imiy(§) > 0. To define periods,
consider an elliptic curve F with complex multiplication by ox, defined over
some number field M C @, and a nonvanishing invariant differential w on
E. Given a pair (E,w), we may extend the field of definition to C via i,
and (after replacing E by a Galois conjugate, if necessary) obtain a nonzero
complex number ., uniquely determined up to units in K, such that the
period lattice of w on E is given by Q0. Since we will be looking at L-
values modulo ¢, we need to normalize the pair (F,w) by demanding that F
has good reduction at the (-adic place £ of M defined by i, (we are always
able to find such a curve F after possibly enlarging M), and that w reduces
modulo £ to a nonvanishing invariant differential on the reduced curve E. Fix
the pair (E,w) and the resulting period Q.

Consider (in general nonunitary) Hecke characters A of K. If the infinity
component of X is Aoo(z) = 7%z 77 for integers k and j, we say that A has
infinity type (k,j). Precisely for Kk < 0 and j > 0 or £ > 0 and j < O the
L-value L(0, \) is critical in the sense of Deligne. In this case it is known that
Wmax(j’k)Q;)'k*j'L(O, A) is an algebraic number in C.

The functional equation relates L(0, A) to L(0, A*), where the dual \* of A
is defined by \*(x) = A(Z)~!|z|s,.. We call a Hecke character A anticyclotomic
if A = \*. This implies that its infinity type (k, j) satisfies k+j = —1, and that
its restriction to A(S is wr/q || for the quadratic character wg /g associated to
the extension K /Q. These will be the characters considered in this paper. Let
W (A) be the root number appearing in the functional equation for L(0, \). For
an anticyclotomic character we have W () = £1. We also need to introduce
local root numbers. For this, define for a prime ideal q and an element dq € K
with dqox, = dok, the local Gauss sum at q by

Gldg Aq) = Mg D) S (e (mq Yy M),

u€ (0 /qel)x

if \q is ramified, and set G(dq, A\q) = 1 otherwise. Here e(q) is the exponent of
q in the conductor of A, @y is a prime element of Ky, and ey is the additive
character of Ay /K defined by ex = eg o Trg/g in terms of the standard
additive character eg of A/Q normalized by eg () = €2™@=. The (-adic root
number of A is then

We(A) = NG, N),
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where [ is the prime ideal of K determined by i,. In the same way set W,(\) =
W,(Ay) = N(q)~¢@G (=4, \q) for all nonsplit primes g, where q denotes the
unique prime ideal of K above g. For anticyclotomic characters A we have
W,(A\) = £1 for all nonsplit ¢, W,(\) = (—1)¥(™) for all inert ¢, where f, is
the conductor of A [MS, Prop. 3.7], and W(A) = [], Wy(A) if A has infinity
type (—k,k — 1) with k > 1 (cf. the proof of Corollary 2.3). Let W be the set
of all systems of signs (wy,), ¢ ranging over all nonsplit primes, with w, = 1
for almost all ¢ and [] ¢ Wg =1; to each anticyclotomic character A of infinity
type (—k,k — 1), kK > 1, and root number W (\) = +1 corresponds an element
w(A) € W. For an inert prime ¢ and a character x, of K define juy(x4) by

te(Xq) = 0 if X4 is unramified, and 1¢(xq) = min,c,x ve(xq(x) — 1) otherwise.

Also, for ¢ inert or ramified in K, we will define in Equation (14) of Section 3
for each character x¢ of K, with Xg|QZX = Wi/, ||, and each vector w € W
with wy = Wy(xe) a rational number by(x¢, w). If x; is unramified (for ¢ inert)
or has minimal conductor (for ¢ ramified), we have by(x¢, w) = 0. We are now

able to state the main result.

THEOREM 1.1. Let k and d be fixed positive integers, p an odd prime split
i K, and? an odd prime different from p. Fix a complex period Qo as above.

1. If ¢ splits in K, for all but finitely many anticyclotomic Hecke charac-
ters A of K of conductor dividing dDp>, infinity type (—k,k — 1), and global
root number W () = +1 we have

1-2k o ] 2_71' kot —
(1) (2™ (k= 1)! 75 We(A)L(0, ) Do ).

q inert in K
2. If ¢ is inert or ramified in K and k = 1, for all but finitely many
anticyclotomic Hecke characters A of K of conductor dividing dDp*>, infinity
type (—1,0), and global root number W(A) = +1,

(2) ve( QI DVALON) = Y () + be(Ar w(N)).
q # £ inert in K
Moreover, for all anticyclotomic characters A of infinity type as above the
left-hand side of these equations is bigger than or equal to the right-hand side

(except possibly for K = Q(v/—3) and £ = 3).

In the case W(A) = —1 we have of course L(0,A) = 0 from the functional
equation. The inequality for all characters is much easier to prove than the
equality assertion for almost all characters in an infinite family, which is the
main content of the theorem.

Note that in contrast to the case of Dirichlet L-functions (and the case
dealt with by Gillard) we do not obtain in general that almost all L-values are
not divisible by ¢, although this is true whenever the right-hand side vanishes,
for example if we restrict to split ¢ and characters A with no inert prime
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q = —1(¢) dividing the conductor of A with multiplicity one. That a restriction
of this type is necessary was indicated by examples of Gillard [Gi, §6].

The method used to obtain this result is based on ideas of Sinnott [Sil],
[Si2], who gave an algebraic proof of Washington’s theorem. Sinnott’s strategy
starts from the fact that Dirichlet L-values are closely connected to rational
functions, which allows him to derive their nonvanishing modulo ¢ from an al-
gebraic independence result. Gillard transfered this method to functions on an
elliptic curve with complex multiplication by ox. Here, we use a result of Yang
[Y] which connects anticyclotomic L-values to special values of theta functions
on such an elliptic curve. Section 2 of this paper, which is to a large part
expository, reviews the theory of the Shintani representation [Shin] on theta
functions, and reformulates Yang’s result in this setting (see Proposition 2.4
below). Section 3 introduces arithmetic theta functions and reduces the main
theorem to a nonvanishing result for theta functions in characteristic £. This
statement (Theorem 4.1), which may be regarded as the main result of this
paper, is then established in Section 4. Sinnott’s ideas have to be considerably
modified in this situation, since we are dealing with sections of line bundles
instead of functions on the curve.

Recently, Hida [Hid1], [Hid2] has considered the divisibility problem more
generally for critical Hecke L-values of CM fields, using directly the connection
to special values of Hilbert modular Eisenstein series at CM points. Although
general proofs have not yet been worked out, it is likely that his methods are
able to cover the first case of our result. On the other hand, to extend them
to deal with divisibility by nonsplit primes (our second case) seems to require
additional ideas. We hope that our completely different approach is of inde-
pendent interest. In a forthcoming paper, we will apply it to the determination
of the Iwasawa p-invariant of anticyclotomic L-functions.

This paper has its origins in a part of my 2000 Diisseldorf doctoral thesis
[Fi]. T would like to thank Fritz Grunewald, Haruzo Hida, and Jon Rogawski
for many interesting remarks and discussions. Special thanks to Don Blasius
for some helpful discussions on some subtler aspects of Section 4.

We keep the notation introduced so far. In addition, let wg denote the
number of units in K, and v(D) the number of distinct prime divisors of D.

2. Theta functions, Shintani operators and anticyclotomic L-values

This section reviews the theory of primitive theta functions and Shintani
operators (mainly due to Shintani [Shin]), which amounts to a study of the dual
pair (U(1),U(1)) in a “classical” setting. We do not touch here on the appli-

!See Tobias Finis, The u-invariant of anticyclotomic L-functions of imaginary quadratic
fields, to appear in J. reine angew. Math.
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cations to the theory of automorphic forms on U(3). Building on Shintani’s
work, a complete description of the decomposition of Shintani’s representation
into characters is given as a consequence of the local results of Murase-Sugano
[MS] (see also [Ro|, [HKS]). Then we explain the connection between values of
a certain linear functional on Shintani eigenspaces and anticyclotomic L-values
for the field K, which is a reformulation of results of Yang [Y] (specialized to
imaginary quadratic fields).

Generalized theta functions. We begin by defining spaces of generalized
theta functions in the sense of Shimura [Shim2], [Shim3] (cf. also [I], [Mum2],
[Mum3| for background on theta functions). Although only usual scalar valued
theta functions will be used to prove the main result of this paper, we state the
connection between theta functions and anticyclotomic L-values in the general
case. A geometric reformulation of the theory will be given in Section 3. For
an integer v > 0 let V,, be a complex vector space of dimension v 4+ 1 and
N € End(V,,) a nilpotent operator of exact order v+ 1. We set V,, = C**1 and
normalize N = (n;;) as a lower triangular matrix with n;y;; = —i, 1 <1i <,
and all other entries zero. Given a positive rational number r and a fractional
ideal a of K such that rN(a) is integral, the space T q, of generalized theta
functions is defined as the space of V,-valued holomorphic functions 9 on C
satisfying the functional equation

(3) I(w +1) = p(1)e A DN () e q,

where (1) = (—1)"PI is a semi-character on a. The case v = 0 corresponds to
ordinary scalar valued theta functions. It is not difficult to see that dim 7. ., =
rDN(a)(v + 1).

For [ € C and any V,-valued function f on C define

(4) (Alf)(w) — e27rir5l_(w+l/2)efél_Nf(w + l)
The operators A; fulfill the basic commutation relation

Al Al _ e7ri7“Tr (611[2)14[
1432

1+l

For I € a* = (rN(a)D) !a, the dual lattice of a, the operator A; is an en-
domorphism of T} 4., and it acts by multiplication by (1) if [ € a. We
may reformulate these facts in the language of group representations. In-
troduce a group structure on the set of pairs ([,A) € C x C* by setting
(11, M) (Io, A2) = (11 + I, A\ Age?™Re(Olil2)y - The pairs (1,1(1)), | € a, form
a subgroup isomorphic to a, whose normalizer is the set of all pairs (I, \) with
l € a*. Define a group G, 4 as the quotient of this normalizer by the subgroup
{(l,4()) |l € a}. The group G, 4 is a Heisenberg group, i.e. it fits into an exact
sequence

1 —C* —Grqg—A—0
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with the abelian group A = a*/a, and its center is precisely the image of C*.
Mapping (I, A) to AA; defines now clearly a representation of G, q on 7T} o, In
the case v = 0 it is well-known that this representation is irreducible.

The standard scalar product on 7. 4., is defined by

® = o [ IO (402 O ade
The operators A; are unitary with respect to this scalar product.

It will be necessary to deal simultaneously with all spaces T} g, for a
ranging over the ideal classes of K. Let d(x) be the operator on V,, given by
diag(z¥, ... ,1); then §(x)N§(x)~! = 27! N. Define for a positive integer d the
space 7g,, as the space of families (tq) € [[ocr, Ta/N(a),a; Satisfying

taa(Aw) = (A Dtg(w), Xe K*.

After choosing a system of representatives A for the ideal classes of K we
get an isomorphism 7z, ~ @, 4 T;/N(u)yw, where Tr{a;y C T} . denotes the
subspace of theta functions ¢ invariant under the action of the roots of unity
in K: Y(ww) = 6(w)d(w) for w € 0. The standard scalar product on 7g,, is
given by (0,9') = > . 4 (Va, ).

Finally, using the natural exact sequence of genus theory
1 — CI% — Clg -5 N(Ix)/N(K*) — 1,

for any class C' € N(Ix)/N(K™) we define a subspace Vg ¢, of 74, by restrict-
ing a to the preimage of C.

Review of Shintani theory. We now review the theory of primitive theta
functions and Shintani operators. These operators give a description of the
Weil representation for U(1) on the spaces of theta functions defined above.
For more details see [Shin|, [GIR], [MS].

For each pair of ideals b O a such that »N(b) is integral, there is a natural
inclusion 7. p,, < T o, Its adjoint with respect to the natural inner product
is the trace operator ty : Ty — Tp.py defined by ty = Zleb/a¢(l)Al. The

space of primitive theta functions T}? ﬁlryn C T} q. is then defined as

TPim — N ker tp, = N Ker tae-1.
b D a, N(b) integral ¢ C og, N(¢)|rN(a)

It is the orthogonal complement of the span of the images of all inclusions
Ty 6 — Trap with rN(b) integral. Correspondingly, the space 7)™ is the
space of all families (tq) € 7y, with tq € T fl)/rli\ln(lu) o, for all a, and in the same

prim

way one defines Vicw € Vicw-
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Now let b € I}(, the group of norm one ideals of K, and let ¢ be the unique

integral ideal with ¢ 4+ ¢ = ox and b = c¢~!. Then the composition

Tr,a;u — Tr,uE;u tﬂz—r)l Tr,chfl;u

is a linear operator called £(b). Varying a, these operators induce an endo-
morphism of Vg .., also denoted by £(b). We call these operators Shintani
operators. For € K! we can construct an endomorphism £(n) of T} q.
by composing £((1)) : Ty — Trpap with the isomorphism 75 ,a. ~ 7
given by ¥q(w) = §(7)¥ya(nw) (for v = 0 these are the operators considered
in [GIR]). The operators £(n) have the fundamental commutation property
E(m) Ay = AE(n) for | € a* N~ ta* [GIR, p. 72].

For all b prime to 7N(a) we have the relation £(b~1)&(b) = N(c), and in
particular £(b) is an isomorphism. Furthermore, £(b1)E(b2) = £(b1b2) if by
and by are prime to rN(a) and the denominator of by is prime to the denomina-
tor of by (cf. [GIR]). Therefore a slight modification of these operators gives
a group representation. Any fractional ideal ¢ of K can be uniquely written as
¢ = cc’ with a positive rational number ¢ and an integral ideal ¢’ such that p f¢’
for any rational prime p. For a positive integer d let y4(c) = N(¢) tewg g(c)
for ¢ prime to dD, and extend the definition to all fractional ideals ¢ by stip-
ulating that ~4(¢) depends only on the prime-to-dD part of ¢. Then define
F*(¢) : Traw — Trace—1w by F*(¢) = Yyn(a)(€)E(cc 1) for all ¢ with e~ prime
to rN(a). These modified operators are multiplicative and yield in particular
a representation of the group of all ideals ¢ with ¢¢~! prime to d on Va.cov
which leaves the primitive subspace VE%IS, invariant. This representation de-
composes into Hecke characters of K [Shin], [GIR]; see Proposition 2.2 below
for a complete description of the decomposition.

In the same way we obtain a representation of the group of all z € K*
with z/z prime to rN(a) on T} 4., by setting F*(2) = v,x(a)((2))E(2/Z). These
notions are clearly compatible: the action of 7*((2)) on V4., is given by the
action of F*(z) on the components in Ty/N(q),a;, therefore the components
of Shintani eigenfunctions are eigenfunctions. On the other hand, if a Shin-
tani eigenfunction in 7 4., is invariant under the roots of unity, it extends in
hic/2P)=1 many ways to a Shintani eigenfunction in VrN(a),N(a)N(K %)+

Classical and adelic theta functions. To apply the local results of Murase-
Sugano to the study of the Shintani representation, we now introduce some
adelic function spaces isomorphic to the classically defined spaces T o, and
Va,c- This is a standard construction, and we follow Shintani with some
modifications.

Let eg be the additive character of A/Q normalized by eg(z) = €2 %=
as in the introduction. The Heisenberg group H is an algebraic group over Q
which is Res K/QAl x Al as a variety, but has the modified non-abelian group
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law
(w1, t1)(wa, ta) = (w1 + wa, t1 + to + TIK/Q((Slf)le)/Q).

Adelic theta functions will be functions on the group H(A) of adelic points
of H. Define a differential operator D_ on smooth functions on H(A) by

(D,G)((w,t)) = <—f> (0((10’t))e—wirﬁ\woc|2)e7ri7‘5|woo‘2’

and let T;%,, be the space of all smooth functions 6 : H(Q)\H(A) — C with
0((0,1)h) = eg(rt)f(h) and D"*'@ = 0. This space comes with a natural
right-H (A f)-action denoted by p. Given a fractional ideal a of K, we define a
subgroup H(a)s of H(Ay) by

H(a)y = {(w,t) € H(Ay)|w € a, t + dww/2 € N(a)ox }

and denote by T, ;ﬁ,(a) the subspace of H (a)¢-invariant functions in T, fy.

It is a basic fact that T, (a) is naturally isomorphic to the classically
defined space T} q.,. We give the construction of the isomorphism, leaving the
details to the reader. First Tﬁu is isomorphic (as a H(Af)-module) to the
space S&, of all smooth functions © : H(Q)\H(A) — V, with ©((0,t)h) =
eq(rt)©(h) such that

On (1) = ¢ S0 NG (g 0)hy)

is holomorphic in we, € C for all hy € H(Ay). The isomorphism is obtained
by mapping 0 € T,f?l, to the vector valued function © € S;'%,, with

v+1—j .
(2m/V'D) D"y 1<j<v+l.

9= viv—1)---j

Then the space of H (a) f-invariants in Sk, is identified with T}, o, by associating
to © the holomorphic V,-valued function ¥ ¢ ¢)(ws) defined above. Composing
these two constructions gives the desired isomorphism.

We also introduce adelic counterparts of the spaces V; ... Our definition
is similar to Shintani’s definition of the spaces V;/.(p,c), ¢ € Q* a represen-
tative for the class C' [Shin, p. 29]. Consider the algebraic group R over Q
obtained as the semidirect product of H with U(1) C Resg/gGy, (the group
of norm one elements), where U(1) acts on H by u(w,t)u"! = (uw,t). Given
r and a let Kfi,(a) be the space of all smooth functions

¢ R(Q)\R(A)/oj K3 H (a)y — C

with ¢((0,t)g) = eq(rt)e(g) and D"*tp = 0. To every ¢ € V;’*y(a) we
may associate functions ¢, € T, ((ug)a) for u € Af by setting @y, (h) =
@(hu). By definition ¢, depends only on the norm one ideal (uy) of K and
Oxu((Aw, 1)) = py((w,t)) for A € K. Identifying the various functions ¢, for
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u € AL with elements of T} (u;)a» We get an isomorphism between W’*y(a) and
ViN(a), N(a)N(K *);-

Using these isomorphisms, the classical Shintani operators £ and F* may
be expressed directly in the adelic framework. It is not difficult to show (see
[GIR, p. 92]),% that the operator F*(z) on T} 4, corresponds to the operator
L*(2) = 7N(a)((2))N(¢) Pal(2/Z) on T#,(a), where ¢ is the denominator ideal
of z/z,

Po=vol(H(@)) ™ [ plg)dg
H(a);
is the projector onto the space of H(a)-invariants, and we set (I(1)0)((w,t)) =
0((nw,t)) for § € T2, and n € K. The operator on V5 (a) corresponding
to F*(b) on Vyc,, is then L*(b) = v4(b)N(c)Pyl(bb™1), where ¢ denotes the
denominator of bb~!, and I(bb~!) right translation by =1 for any 8 € AL
with (3) = bb~L.

Weil representation and theta functions. To construct theta functions in
the adelic setting we use the Weil representation. By the Stone-von Neumann
theorem there exists a unique irreducible smooth representation p of H(A) on
a space V such that p((0,t)) acts by the scalar eg(rt). The representation may
be written as a (restricted) tensor product V = ®,V,, (p ranging over all places
of Q, including infinity).3

A standard realization of V), is the lattice model V}, C S(K),) considered
(among others) by Murase-Sugano [MS]. At the infinite place it may be sup-
plemented by the Fock representation (cf. [I, Ch. 1, §8]): Voo C S(K) (the
space of Schwartz functions on K, ~ C) is defined as

Voo = {6 : Koo — C|¢(2)e ™" antiholomorphic, / |p(2)[2dz < oo}
It is a Hilbert space with the obvious scalar product. The action of H(R) on
Vs is given by

(p((w, 1)) (z) = 2T 02020 g2 4 ).

Denote by Vo(g) C V, the subspace obtained by restricting gb(z)e"m"‘”Z'2 to
polynomials in z of degree at most v.

Putting everything together, we have a global lattice model V' C S(Ag)
with H (A )-invariant subspaces V*) C V. The theta functional V — C is
given by 0(¢) = > .. d(2). To every ¢ € V we associate the theta func-

2To be precise, the proof given there only considers the case v = 0, but carries over to the
general case.

3For the following setup of the Weil representation until Proposition 2.1 T am indebted to
Murase-Sugano.
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tion 0 = 0y : HQ)\H(A) — C by §(h) = 0(p(h)¢). Trivially 6((0,t)h) =
eq(rt)d(h).

We may now define an operator D_ on V compatible under the map
¢ — 04 with the operator D_ on smooth functions on H(A) by setting

D_(¢)(z) = (277@’)*1 (8/8200)(¢(z)e*”"5|z

It is then easy to see that for ¢ € V() we have 0y € T,‘,%V. In fact, the map
¢ — 04 is an H(Af)-equivariant isomorphism of these spaces.
Murase-Sugano define a (modified) Weil representation M,, of KX on V,,

2 )
\ )eﬂ'lr(ﬂz

‘ 2

for all primes p. A Weil representation My, of KX on V., may be defined by
exactly the same integral expression [MS, 2.1, 4.3] as in the nonarchimedian
case. In this way we get a representation M = @, M,, of Ag. on V fulfilling
the commutation rule M(2)p(h) = p((2/2)h(2/2)~1)M(z). Although the op-
erators M(z) for z € K* act nontrivially on V', they leave the theta functional
invariant: (M (z)¢) = 0(¢) for z € K*. The structure of the representations
M,, for finite p is described in detail by Murase-Sugano. Consideration of the
infinite place does not pose any problems. We obtain here the eigenvectors

(ZS(Ogl) (Z) = 2me7ri6r|Z|27 m Z 07

with eigencharacters

Moo(2)6) = (ﬁ)mﬂ o,
zZ

We are now able to relate the Shintani operators F*(z) and L*(z) to the action
of M on V. For a fractional ideal a of K let a, = a® Z, C K, = K ® Q, be
its completion at a prime p.

PROPOSITION 2.1. Under the isomorphism between T}, (a) and the space
V() =2V © @ Vilay)
plrN(a)D

of H(a)s-invariants in V®) induced by T, ~ VW), for all z € K* with z/z

Y o—

prime to rN(a) the operator L*(z) on Tfy(a) corresponds to the operator

Maoo(2)2l 20 Q) My(2)l2l
p|rN(a)D

on VW)(a).

Proof. Take ¢ € V(*)(a) corresponding to 6, € T, 7fs},j(ot). Since the theta
functional is invariant under M(z) for z € K*, we see that

Ori(z)6(h) = 0(p(R)M(2)9) = O(M(2)p((2/2)h(z/2)"1)9) = (I(z/2)05) (h).
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Therefore the operator L*(z) on T1%,(a) corresponds to ¥,x(q)((2))N(¢) PaM(2)
on VW) (a), where ¢ is the denominator ideal of z/Z. We may write P,M(z)
as a local product over all places p of Q; if p is nonsplit or z is a unit at p,
the space Vj(ap) is invariant under My (z), and the factor P, is superfluous.
If p frN(a)D is inert, then M,(2) acts via multiplication by (—1)v»(2).

On the other hand, z can be a nonunit at a split place p only if p frN(a)D,
and the space V,(a,) is then one-dimensional. We claim that in this case
P, M(zp) acts on Vp(a,) via multiplication by p=™/2, m,, = |vs(zp) — vp(Zp)|.
This follows from the trace formula of Murase-Sugano [MS, Prop. 7.3]: one
may easily verify that the formula given there holds actually for all 2z, € K
and that it yields in our case

IN(z)['/2
max(\:cp], ]yp\)’

where x, and y, are the coefficients of the expression of z, with respect to
some basis of of /Z,. Since Vj(a,) is one-dimensional, this is exactly what we
need.

We see that the operator L*(z) corresponds to

1@ (N2 T CD"IMe(z) Q) My(2)

p f/rN(a) inert p|rN(a)D

Tr Po, M(2p)|v, (a,) =

on V) (a). An easy computation using the product formula for the absolute
values |z|f, finishes the proof.

Using the isomorphism 7} 4., =~ ﬁy(a), this proposition gives the existence
of operators F;(2p) on T} o, for p = oo or p|rN(a), 2, € K for p nonsplit and
Zp € QPOIX@ for p split, which correspond to ./\/lp(z;l)\zpﬁ{/f on V) (a), such
that we have the factorization

(6) F) ' =Fuz) Il Fk), e K0 Ax@p.
plrN(a)D

Here we set Agp = leoodmertD Ky Hp\dﬁpm Q, olx(p. The restriction of F;(2;)
to Q, is given by the scalar wg g p,(2)|2]p [MS, 4.3]. We see that the action
of F¥(2)7!, z € K*n AN(a)ps> o0 Ty extends to an action of A,n(q)p, and
that the characters A = Ay Hp Ap appearing in its decomposition are precisely
those whose local components A, appear in the decomposition of M,; 1 ||}(/p2 on
Vp(ap) (resp. V) if p = o0). These decompositions and the decompositions of
the primitive subspaces have been completely described by Murase-Sugano. A
basic smoothness property is that 7 (z,) becomes trivial for 2 € 1+rN(a) Doy,
[MS, Lemma 7.4]. From this we see already that F* acts on an eigenfunction
¥ € V4,c.v by a Hecke character of conductor dividing dD whose restriction to
Agp is given by the action of F7 ledD JF, on any component dq of J. The
following proposition and its corollary are now easy consequences.
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PROPOSITION 2.2. A Hecke character A of K with Apx = wgq |-, ap-

pears in the representation F* on men if and only if the following conditions
are satisfied. If it appears, it has multzplicity one.

1. A has infinity type (—k,k — 1) with 1 <k <v+ 1.

2. The conductor fy of A is equal to dDD;l, where 0y is a square-free product
of ramified primes. (We then have automatically 9\ + dox = 0x.)

3. For each prime q|D and a representative ¢ € Q* for the class C we have

(7) Wy(N) = wiyqqld/c).

If we consider the whole space V4 ., instead of the primitive subspace, we
have to change the second condition into fy = (dtil)Dbgl, where t|d is the
norm of an integral ideal of K. The multiplicity may then be greater than one.

Proof. Use the description of the decomposition of M,, on Vj,(a,) at finite p
given in [MS, Thm. 6.4, 6.6] and the description of M, on V*) stated above.
For split p the characters appearing in the decomposition of M, on V,(a,)
are precisely the characters of conductor dividing do, extending wg/q,,, and
for inert p they are the characters extending wg g, of conductor dp~?"o K,
0 < n < wvy(d)/2. At ramified primes g precisely those characters extending
wrk/Q,q appear that have conductor dividing dDo, and satisfy the epsilon
condition €(xq, €x,q)Xq(0)wr/gq(dN(a)™!) = +1. A simple computation (cf.
[T]) gives that W, (\) = 5(|-];/2 AL Kq)\5|1/2 A;'(8), which implies the result
for the full space. The case of the primitive subspace is similar.

COROLLARY 2.3. For fized v > 0 a Hecke character A of K with Xy~ =
WEK/Q |-|o occurs in the decomposition of F* on one of the spaces Tp ,d >0,
if and only if X has infinity type (—k,k—1) with 1 <k <v+1, and the global
root number W () is equal to +1. If these conditions are fulfilled, the character
occurs with multiplicity one in precisely one of the spaces Vpnm

Proof.  For an anticyclotomic character A of K the global root num-

ber W(A) = W(||,, A™") can be expressed as a product of local root num-
bers W) = L el At ery) = TT el A exp)ldl 122 (0) 1 over
all places p of K [T]. The term at infinity is +1 if the mﬁmty type of A is

(=k,k—1), k > 1, and the contributions of a pair of mutually conjugate split
places cancel. Therefore in this case W(A) = [[, Wy(A), ¢ ranging over all
nonsplit primes.

It is easy to see that the root number equation (7) holds for all nonsplit
primes ¢ if and only if it holds for all prime divisors of D (use [MS, Prop.
3.7]). Taking the product yields W(\) = [[, Wy()) = +1, since d/c > 0. On
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the other hand, if this condition is true, there is always precisely one class
C € N(Ig)/N(K*) which makes (7) true for all ¢ dividing D. The assertions
follow.

Connection to L-values (results of Yang). We review some results of Yang
[Y] connecting theta functions with complex multiplication to special values of
Hecke L-functions of anticyclotomic characters.

Yang considers a different model (V, p,w) for the Weil representation, the
standard Schrodinger model: here V' = S(A) with the standard scalar product

(61, 62) = /A B (@) (x)dr,

where we normalize the Haar measure on A by stipulating vol(Q\A) = 1.
He defines a Weil representation of A}( on V by taking a splitting of the
metaplectic group over U(1) (cf. [Ku]), which is determined by the choice of a
unitary Hecke character y of K with y|ax = wg /- We denote the resulting
Weil representation by w,. The normalized theta functional on V' is given by
0(¢) = Z:pe(@ o(x).

We quote Yang’s main result from [Y, p. 43, (2.19)]: choose local and
global Haar measures on U(1) in a compatible way (no normalization required).
For every character n of A}( /K! whose local components np appear in the
spaces V), for all nonsplit p, there is an explicit function ¢ = Hp ¢p € V with

2

2 / B(wx(9)8)n(g)dg| = Tam(K")e(0)
K1\AL

LU/ x7
ALY LQ/2,x7)

(8) L(l,wK/@)'

Here 7} is the “base change” of n to Ay given by 7(z) = n(z/2),
Tam(K?1) = vol(KL ok) /vol(K1\AL)
is the Tamagawa number of K, and

c0)=J[a+pH " [[p™a-p")72
PES, pES?
where S (resp. S2) is the set of inert (resp. split) primes at which 7 is ramified.
For p € S5 let n, be the maximum of the exponents of the conductors of x
and 77 at p. Yang’s choice of the function ¢ is as follows: at all nonsplit places
p he takes ¢, to be a unitary eigenfunction of K; with eigencharacter 7,. In
the split case he defines ¢, in [Y, p. 48, (2.30)]: we have ¢, = o(charz ) in
case x7) is unramified at p, and ¢, = pe/ 2 o(chary 4y z,) in the ramified case,
where charg is the characteristic function of the set S, and ¢ the intertwining

isometry between the “natural” and the “standard” Schrédinger models at p
given by [Y, p. 47, (2.28)].4

“The printing error |z3a|'/? in this equation should be corrected to |z3a|'/?.
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It is not difficult to translate Yang’s results to our situation. We define
the linear functional [ on 73, by

(9) 1(9) =) Pa(0)v+1,
a
a ranging over a system of representatives for the ideal classes of K.

PROPOSITION 2.4. Let 9 € Vi%?/ be an eigenfunction of the Shintani
operators F* with associated Hecke character . Then
(9> _ wivD 11
1 = 1-— L0, \).
p

Proof. Consider the Weil representation (V, p,w, ) as above. It is equiva-
lent to the representation of R(A) on V obtained by combining p and w,. We
denote this representation again by w,. Take a character n of A}( /K with
np appearing in V), for all nonsplit p. Assume we are given a function ¢’ € V
which is an eigenfunction for the action of = K, ;Oﬁ}{ C A}( with eigencharac-
ter 7|x. Consider the function ¢(g) = 1(g)0(wy(9)¢’) on R(A) (here we extend
n to R(A) by the canonical map R(A) — AL). From the definition we see that
© is a nonzero element of ny for a suitable v.

We define ¢’ as the projection of Yang’s function ¢ onto the 7j|c-eigenspace
of K. We have ¢' =[], ¢},, and ¢}, differs from ¢, only for p € Sy. The integral
in (8) remains unchanged if we replace ¢ by ¢'.

On the other hand, by condition [Y, p. 43, (2.18)] for ¢ we have (¢, ¢) = 1.
Using the description of the Weil representation at split places given in [Y, pp.
44-48], we may easily verify that for a split prime p € Sy projection onto
the okp—eigenspace induces multiplication of the scalar product by a factor
p (1 — p~1)~L. Therefore

(@, ¢)=T[p™@-pH"

PES:

Choosing a measure on H(A) subject to vol(H(Q)\H(A)) = 1, we obtain easily
[ el = vol KN\ ).
R(Q)\R(4)
Putting this together with (8) we get

2
‘le\Al w(g)dg’ volIC L(1/2,x7n
i C1y— , X7)
= (1 —wisop™) " :
Jr@\rw l#(@)*dg 2 pegsz / L@k o)

Evidently, this identity remains valid if ¢ and ¢’ are multiplied by an arbitrary
nonzero complex number.
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Let a be a fractional ideal such that ¢ and ¢’ are H(a) -invariant. Using
the isomorphism ny(a) ~ V,N(a),cws C the class of N(a), we get from ¢ a
theta function ¥ € V,N(a),c;- It is easily verified that

vol/C
/ w(g)dg = 1(9)
K'\AL WK

vol/C
/ o(g)Pdg = Y19, 9).
R(Q\R(A) WK

Furthermore, ¢ is an eigenfunction of the Shintani operators F* with eigen-
AK N

and

character A = (x7) To prove this, we have to show that L*(p) acts

on ¢ via multiplication by p~'/2(x#)(p)~" for all but finitely many split prime
ideals p of K. Assuming that y7 is unramified at p, and that the space of
H(ap)-invariants in V), is one-dimensional, we are reduced to proving that
P2 Py (81, = X(p) 1) for 8 = (p,p1) € K, = Qp©Q,. This may cas-
ily be checked using the definition of ¢, = d); cited above and the description
of the “natural” Schrédinger model given at [Y, pp. 44-45, esp. Cor. 2.10].
Putting everything together, equation (10) follows for the function ¢, since

L(1,wkq) = 5:}\‘/% by the well-known class number formula of Dirichlet. If

we take 7 = 1, and choose x accordingly, a may be chosen to have norm d/r,
where d is the unique positive integer such that the conductor of y is equal to
dDd~! for a square-free product of ramified primes 9. This may be seen again
by considering the definition of the “natural” Schrédinger model [Y, p. 44]. It

prim

follows that in this case ¥ belongs to the primitive subspace V; ., € Vg cw-
Proposition 2.2 implies that every primitive eigenfunction may be constructed
this way, and we are done.

3. Integral theta functions and the main theorem

In this section, Proposition 2.4 will be used to reduce Theorem 1.1 to an
assertion about arithmetic Shintani eigenfunctions. We define arithmetic and
integral theta functions, and give an arithmetic variant of Proposition 2.4 as
Proposition 3.6. After proving some auxiliary results, we can reduce the prob-
lem to the consideration of [(¥}) modulo ¢ for primitive integral representatives
¥ of Shintani eigenspaces, which is the topic of the next section. Since we only
consider scalar valued theta functions (v = 0), the results at first only pertain
to anticyclotomic characters of infinity type (—1,0) (the case £k = 1), but for
¢ split in K they can be generalized to all £ > 1 by using ¢-adic L-functions.
This finally yields the full statement of Theorem 1.1.

Integral theta functions. We begin by giving a geometric interpretation of
theta functions, which implies the existence of integral structures on the spaces
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Ty q = Ty a0 and Vg = Vg c,0- Basic background references for the geometric
theory of theta functions are [Muml], [Mum2|, [Mum4]. The construction
easily extends to the case v > 0, but we skip this generalization here, since it
will not be needed in the following. For a fractional ideal a of o fix an elliptic
curve F, defined over a number field M C Q, which after extending scalars to
C via ix has period lattice Q0 qa for some complex period {2y 4. Over the
complex numbers there is an analytic parametrization Ey ®; C ~ C/a, and
for any rational number r such that rN(a) is integral we have a standard line
bundle L% of degree 7DN(a) over C/a. It is defined as Ly, = (C x C)/a with
the action of [ € a given by

l(w, IL’) _ (,w +1, w(l)ef27rir5l_(w+l/2)x).

Clearly, the space of global sections I'(C/a, Ly%,) can be identified with T 4.
There is a line bundle L, , on F, defined over M, and unique up to isomor-
phism, such that after scalar extension to C we have L; ,®;  C ~ L. We give
L, . a rigidification at the origin, i.e. identify the subscheme of points above
the origin with the affine line. We fix the isomorphism of L, s ®;, C and L7
by demanding that it carries the rigidification of L, 4 into the canonical one
of the analytic line bundle which identifies the class of (0,z) with z. These
constructions give us an i (M )-vector space ioo(I'(Eq, Ly,q)) of algebraic theta
functions inside 75 q.

Since the curve F,®;, C; has good reduction, we can extend E,®;, C;, and
L, .®;,Cy canonically to an elliptic curve &, over the ring of integers O = O(Cy)
and a line bundle £, 4 on &;. In particular, we can consider the O-module of
integral sections I'(&q, £;,q) inside the Cy-vector space I'(Eq ®;, Cp, Ly o ®4, Cy).
Assume the rigidification normalized in such a way that the /-integral elements
of the stalk of L, over the origin correspond to the f-integral points on the
affine line. We then get an ioo(ie_l((’))ﬂM )-module of (-integral theta functions
inside ioo(I'(Ea, Ly,q)). Since we will not deal with rationality questions, we
extend scalars from M to Q, and denote the resulting module by Tg"}f, and the
space of algebraic (or arithmetic) theta functions by T,

We recall the geometric construction of the Heisenberg group and its
action on theta functions given by Mumford. Mumford’s Heisenberg group
G(Lyq) [Muml, p. 289] fits into an exact sequence

1 — Q% — G(Ly4) — E4[rDN(a)] — 0,

and acts on I'(Eq @ Q, Ly g ®p Q) [Muml, p. 295]. The set C*ioo(G(Lrq))
can be identified with the analytically defined group G, 4 of Section 2. On the
other hand, C;i;(G(Lyq)) is the set of Cp-points of a group scheme G(L,q)
over O for which we have an exact sequence

1 — Gy, — G(Lrq) — Eu[rDN(a)] — 0,
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and a compatible action of G(L, ) on I'(&, Lyq). It is then clear that the set
of points of finite order of G(L, q) over O is the same as the set of finite order
elements of iy(G(Lyq)). It follows that the action of the finite order elements
of Gy q on T, 4 preserves the space T and the module T, ,1“; In particular, this
applies to the operators A, for x € a*.

We now give a simple characterization of the module of integral theta
functions in the spirit of Shimura (cf. [Shim1], [Hicl]).

LEMMA 3.1. The space T} of arithmetic theta functions inside Ty q con-
sists out of all functions ¥ € T4 such that all special values (Az9)(0) for
x € K are algebraic numbers in C. The module T;‘g of L-integral theta func-
tions consists out of those functions ¥ € T, q for which the values (A;9)(0) for

x € K are algebraic numbers whose images under g o i are integral in Cy.

-1
oo

Proof. We first show the statement that for arithmetic (resp. integral)
¥ € T} q and x € K the special value (A,9)(0) is algebraic (resp. an element of
ioo(igl (O))). This follows from the following three facts: first, by definition for
¥ € T2 (vesp. TY) the value ¥(0) is algebraic (resp. an element of i (i,1(0))).
Also, for any fractional ideal b C a, the canonical inclusion 7. o < 7.y induces
inclusions T — T2} and T\ — T™¢. Finally, as we have seen, for z € b* the
action of A, preser\;es the sets of arithmetic and integral theta functions. To
deduce the desired conclusion, let n be an integer with nx € o, set b = na,
and apply A, to ¥ viewed as an element of 7 p.

To show the other implication, take N = rN(a)D many points z1,... ,TxN
€ K, pairwise different modulo a, and consider the linear map ® : 7} ; — cN
which associates to a function ¢ the vector ((A;,9)(0));. If the sum of the z;
avoids a certain exceptional class in 27'a/a, the map @ is a bijection. Since
it maps Ty into the space of algebraic vectors, it follows that if the values
(Az,0)(0) are all algebraic, we need to have ¥ € T}. Considering integral
theta functions, ® gives an inclusion of T} into i (ie_l((’)))N . If we can show
that for a suitable choice of the x; this map is an isomorphism after reduction
modulo the maximal ideal, we are done. But this follows from the consideration
of the reduction modulo £ of £;: one only has to chose the z; in such a way that
their reductions are pairwise different, and that the sum of these reductions
avoids an exceptional point of order at most two. This completes the proof.

These concepts may be trivially extended to 7; and V; . One may observe
that the Shintani operators £ and F* preserve the space of algebraic theta
functions. Furthermore, the Shintani operator F*(c) : Ty,q — T} qcc-1 induces
an isomorphism of 7%y and T, if cc™" is prime to rN(a) and ¢ is prime
to the prime ideal [ of K induced by iy. (This is clear for ¢ prime to ¢, and
the general case can be dealt with using the fact from Section 2 that F*(z) =
Fi(2)7t = 271id for z € K* with z = 1(rN(a)D).) It is obvious that the
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linear functional [ on 7; takes algebraic values on functions in 7", and that
ie(isg (1(09))) falls into O for all ¥ € Tt

Definition of the canonical bilinear forms. We now look at the arithmetic
properties of the canonical scalar product. Consider the complex-antilinear
maps T}.q — Trg defined by 9f(w) = 9(w). These maps fit together to a map
from any space Vg ¢ to itself, also denoted by ¥ 9. In this way we may
define nondegenerate bilinear forms

b:Tpax Tra— C,  b(91,02) = (9],2),

and a nondegenerate symmetric bilinear form b on V; ¢ by summing over a
system of representatives for the ideal classes of K.

Also, if aa~! is prime to the integer rN(a), it is not difficult to see that we
obtain a nondegenerate symmetric bilinear form on the space 7). 4 by setting
b'(91,92) = b(F*(a)d,d2).

We will establish that the bilinear forms b and b’ have arithmetic coun-

terparts by, and b.,, which take algebraic values on arithmetic theta functions,

ar?
and that their values on f-integral theta functions have ¢-valuation bounded
from below. Our method in obtaining these results will be rather rough: we
consider usual standard bases of theta functions, whose integrality may be
checked directly, and express the form b in these bases. The same method was

used by Hickey [Hic2] to prove arithmeticity of the canonical scalar product.

Standard bases of theta functions. We give now the construction of
special bases of the spaces T, 4. These standard bases may be defined without
assuming complex multiplication: for any lattice L C C let a(L) be the area of
C/L, H(z,y) = nzy/a(L) for a positive integer n be a Riemann form, and
be a semicharacter associated to H. The space T'(H,, L) of theta functions
with respect to these choices is the space of all holomorphic functions ¢ on C
satisfying

I(w +1) = p(1)e™ Lot/ g ()

for all [ € L. It has dimension n, as is well-known. The canonical Heisenberg
group operation on T'(H, ), L) is given by (4;9)(w) = e ™HEwH/2)9(q 1)
for I € n='L. Let theta functions with characteristics be defined as usual by

9 |: g :| (’LU, 7_) _ Z eTri(chra)z‘r+27ri(Ieroz)(er,B)7
keZ

and set

¢a,8(wa7—) _ 67rw2/21m(7')19 |: g :| (w,T).
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LEMMA 3.2. Let L, H and ¢ be as above, (wi,ws) a basis of L such that
Im(7) > 0 for T = we /w1, and ag and [y real numbers with

Y(awy + bwy) = emn(abt2aco+2b5)
Then the functions

g] (’U)) = ¢C¥0+j/n,—nﬁ0 ('n/l,U/u)1, nT)a

where j ranges over the residue classes mod n, are a basis of T(H,, L), and
the operation of the Heisenberg group on them is given by

(11> Acwl/ngj = 627ric(a0+j/n)gj’
(12) Acwz/ngj = 627ricﬁogj+c

The g; are orthogonal with respect to the standard scalar product, and we have
(97,95) = lwrl/(2na(L))"/2.

The proof is completely standard (see [I], [Hic2]). In the complex multi-
plication case it is then not difficult to show the following arithmeticity and
integrality properties of these bases.

LEmMA 3.3. For a fractional ideal a of K, and a rational number r such
that rN(a) is a positive integer, choose a basis (w1, ws) of a such that T = wa /w1
has positive imaginary part, and construct a basis (g;) of Tr.q as in Lemma 3.2.
Then each of the functions g; = n(rDN(a)7)"tg; € T, has the property that
its special values (Azg;)(0) are integral algebraic in C for all x € K, and units
for some choice of x € K. In particular, the g} form a basis of T7; over 100 (Q).
Furthermore, if G denotes the module generated over ioo(z]l(O)) by the g}, we
have the inclusions

G CT™ C (rDN(a))'G.
Proof. Note that n = rDN(a). We use the classical Siegel functions [L,
p. 262]. For Im(7) > 0, and a, b € Q, they are defined by

gap(1T) = —in(r) " te™%Y [ %; } (2,7), z=ar+Db.

Using this, an elementary calculation yields in the general situation of Lemma
3.2
(Aaw1+bwggj)(0) — ewi((ao+j/n—1/2)(n(b—ﬂo)+1/2)+a(nﬁo+1/2)+1/2)
Xn(nT)ga—l—ao-i-j/n—1/2,n(b—,80)—1/2(nT)'

Now the first assertion follows, since the Siegel functions g, take integral values
at points in imaginary quadratic fields, and take units as values for suitable
parameters a and b [Ra, p. 127].
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It is then clear that G C T, ;nc:“ from Lemma 3.1. To show the other inclu-
sion, let g be an integral theta function in T; 4. If g = > ; Aj gé-, we have from

(11)
)\]g‘; — (T‘DN(G))il Z 672777:C(a0+j(7‘DN(a))_1)Acwl(TDN(a))ilg’
cmod rDN(a)

and the assertion follows from the above.

Arithmeticity and integrality theorem for the bilinear forms. We are now
able to state and prove the following proposition on the bilinear forms b and b'.
We introduce the arithmetic variant by, = (20/27m)b of the form b. In the same
manner we define b, = (Qs/27) if aa~! is prime to rN(a).

PROPOSITION 3.4. For r and a such that d = rN(a) is integral, the bilin-
ear form bay(01,02) takes algebraic values at arithmetic theta functions U1 €
T35 and ¥y € T, Furthermore, for (-integral functions 91 and 92 the value
(dD)5/2D1/4bar(191,192) is L-integral. If aa=' is prime to d, the corresponding
arithmeticity statement is true for the symmetric bilinear form bl,.. The corre-
sponding integrality statement for b, is also true if in addition a is prime to [,
where | is the prime ideal of K above £ determined by iy.

Proof.  The statement for b, reduces easily to the statement for by,
since under the stated assumption on a the Shintani operator F*(a) induces
an isomorphism of 77 and T7%, and for a prime to [ also an isomorphism of
the modules of integral theta functions.

To deal with the statement for by, choose a basis (w1, ws) of a such that
T = wg/wy has positive imaginary part, and construct a basis (gé) of T} o as
above. If Gy is the i (i, *(0))-module generated by the g;, we have Tm C
(dD)~'G,. The functions g;-T form a basis of T, 5 and it is easily seen that we
also have T} C (dD)~'Gg for the module G generated by them.

It is therefore enough to show that the numbers (dD)'/2D/ 4bar(g§-T7 ) =
(dD)1/2D1/4(QOO/27r)<g;, gr) are algebraic and (-integral. They are nonzero

only for j = k, and then all equal to
Qoo |w1 ‘ Qoo

27N (@) 2n(dD7) ~ 27N (@) A(Aap) [/
where Ayp = Zwy + ZdDws is a lattice of index dD in a. Since the number
(dD)2A(Ag4p)/A(a) is an algebraic integer dividing (dD)'? [L, p. 164], this is
equal to an algebraic integer times
QOO
20N (a)V/2[A(a) /12
But it is well-known (see [L, p. 165, Th. 5]) that for an algebraic number
a with aZ = aZ the number a'2A(a)/A(ok) is a unit. This means that
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N(a)'2|A(a)|"/'? is equal to a unit times |A (o )|*/*2. But Qo /(27| A(0x )|/ 1?)
is (up to a root of unity) equal to ((27i)"2A(Qu0x))~ /2. By the definition
of s, the number in parentheses is the discriminant associated to an elliptic
curve and an invariant differential with good reduction at ¢, and is therefore
an f-adic unit, which shows the desired integrality statement.

Arithmetic variant of Yang’s formula. ~ We are now ready to give an
arithmetic version of Proposition 2.4 and to establish the link between the
valuations of anticyclotomic L-values and special values [(¢}) of Shintani eigen-
functions. We first collect some simple observations in the following lemma.

LEMMA 3.5. 1. For a fractional ideal ¢ with cc—* prime to rN(a), the
isomorphism F*(c¢) : Ty.q — Ty e induces multiplication of the standard
inner product by the prime-to-rN(a)D-part of N(¢)~!

2. For a Shintani eigenfunction ¥ € Vqc and a € Ig with N(a) € C we
have (0,9) = (hg /2"P) 1) (04, 94).

3. The Shintani operators F*(c) fulfill the relation (F*(c)9)T = F*(c)9T.

4. For a Shintani eigenfunction ¥ € V4o we have 91 =~ for a constant v
of absolute value one.

PROPOSITION 3.6. Let A be an anticyclotomic Hecke character of infinity
type (—1,0), root number W()\) = +1 and conductor dDd~', where 0 is a
square-free product of ramified prime ideals of K. Let ¥y be an element of
the associated one-dimensional Shintani eigenspace in Vi%m with the class C
determined by X\, and let a be a fractional ideal of K with N(a) € C. Then

_ 2 0’
VD WK

If a is prime to dD, we have here bay(9x 5, Ixa) = AN@) " 0L (Or.0s Ina)-

(13)  QZLL(0,))

H 1 — WK/Q ) )bar(ﬁ)\,ﬁvﬁ)\,u)_l <

Proof. We know from Proposition 2.4 that

47ThK ! L(0)[?
Lo l_g (= wxole )<19A,19A>'
q

By Lemma 3.5 we have 791 = vv), which implies

LN _ 10D 1(9))?
On90) b0y  bWAIN)

The same lemma gives (¢, J)) = (hK/2"(D)*1)<'ﬁ>\ya, Uz q), and we have there-
fore b(Vx,9)) = (hx /2" P)71)b(9) 5,9x.q). This yields the result.
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The norm of a normalized integral eigenfunction. We call an integral
theta function ¥ € Tﬁﬁf normalized, if a multiple ¢ lies in T,i’r;t precisely
for v € ioo(i; 1(O)). We will now determine the valuation vy (b, (9, )) for a
normalized primitive Shintani eigenfunction .

Recall the definition, given in the introduction, of the local term f(\q)
associated to a character Ay of K for inert primes q. We define now the local
term by(Ag, w) for nonsplit ¢ used at the same place. Here )\, is a character of
K[ with Melgy = wry/gu ||y and w = (wq)q an element of the set W defined
in the introduction with wy, = Wy(\;). The map from positive rational num-
bers r to elements of W defined by r +— (wg/g,4(7))q gives an isomorphism
between QT /N(K*) and W. It is therefore equivalent to define by(\p, ) for
all positive rational numbers r with Wy(\¢) = wg/q,¢(r) under the constraint
that by(Ae, TN(cv)) = be(Ng,7) for @ € K*. For split £ we set by(Ag,7) = 0.
Recall the factorization of the Shintani operator F*(z) on a space T} 4, where
rN(a) is integral, as a product F*(z) = F% (2)~! [LNewp Fr(z)~! of local
operators J; described in Section 2. Since we are dealing with scalar valued
theta functions, F3,(z) = 2. The condition Wy(\;) = wg g (r) implies that
for any a with vy(rN(a)) big enough the character \; appears in the decompo-
sition of F; on T} 4 and also on T; 5. Denote then by T} q(A¢) (resp. T7a(Ae))
the As-eigenspace, and by T (Xs) (resp. T (\)) the module of integral theta
functions contained in it, and define

14 be(Ap,7) = — i DY 4o (91, 92)).
(14) (Mg, 1) ﬂleTi?;(A?)l,lélzeTﬁ?;()\()W( (V1,92))

One may verify that this is well-defined, i.e. that the right-hand side does not
depend on a, only on r. (In fact, it is enough to verify that it does not change
if one replaces a by b C a, where ba~! may be assumed to be prime to £
because of the multiplicity one theorem for ;. But T, :,%t()\g) is generated over
iso(i;1(0)) by the functions A9 for x € d;'b, ¥ € Tri?at()\g), where d; is the
prime-to-¢ part of N(b)D, and the same is true for b and a, which gives what
we want.) Using the identifications T} 4 >~ T,N(a),a-1a 8iven by associating to
a function 9 the function ¥(aw), it is easy to see that by(Ag, rN()) = be(Ng, 1)
for « € K*. If £ is inert and )\, is unramified, there exist ideals a such that
rN(a) is an integer prime to ¢ and T} q(A¢) = T, q is the entire space. It is
then clear from Proposition 3.4 that by(Ag,7) = 0. If £ is ramified and A\, has
minimal conductor, for ideals a with rN(a) prime to ¢ it follows from the local
analysis of [MS] that T} 4(\¢) is the space of theta functions invariant under
the action of the [-division points, where [ is the prime ideal of K above £. The
arguments of Proposition 3.4 give by(Ag,7) = 0 in this case also.

Finally, define for a Dirichlet character x of conductor /™, m > 1, and a
primitive {™-th root of unity u the Gauss sum g(x, 1) = S5 1o o X(E)pF.
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PROPOSITION 3.7. Let d be a positive integer, and a a fractional ideal of
K prime to dD\, where [ denotes the prime ideal of K above £ induced by ip. Let
9 e Tcll)/rli\ln(la)’Cl be a normalized integral eigenfunction of the Shintani operators
F*(2) with associated eigencharacters A, of the operators F; for allp|dD. Set
W = g(A, p) for a root of unity u of order v if ¢ divides d and splits in
K, and W =1 otherwise. Then

w

15 _—
U5) v\ DA, 9, 9)

10 - wko@a™)

qld

= > 11e(Ag) + be(Ag, dN(a) 1),
q|d inert in K, g # ¢

The proof of this proposition consists out of two parts. In the first part
we reduce to the case where d has no split prime factors, and in the second
part we prove the statement in this special case. To accomplish the first task,
it is enough to show that the statement for d = dop™, p split, dy prime to p,
follows from the statement for dy. Write p = pp. In the case p = ¢ assume
that p = [. Since the ideal a was assumed to be prime to dD[, we may write
a = app™ with ag prime to doDL.

The main task is now to construct a normalized integral Shintani eigen-
function 9, € Tgfll\ln(la)’a Ti}r}ﬁ(ao)’ao.
The construction is done as follows: for r and b such that *N(b) is integral,

out of a normalized eigenfunction ¥,, €

a Dirichlet character y modulo p™, and an element [ € bp”p~"" of order p™
modulo bp™, define an operator

W st = Tro — T opre
by
Hp’",x;l(ﬂ) = Z x(@)(xl) Ag?.
x mod p™

It is clear that IIym ., depends only on [ modulo bp™ and that Ilym ,.q =
x(¢)"HIym oy for any integer ¢ prime to p. Analogously we define IIgn .o by
exchanging the roles of p and p. The role of this definition is explained by the
following lemma.

LEMMA 3.8. Letr and a be such that d = rN(a) = dop™ with p Jdo, p = pp
in K, and assume that p = if p={£. Also, letl € ap™™ of order p™ modulo a.
Then the operator Iym i : Ty qp-m — 1o has the following properties:

L. Ipm 4 commutes with the action of the Shintant operators F; on Ty qp-m
and T} q for q # p.

2. Hpm g maps T to T and if 9 € T _,, is normalized, Hym 1.4 (0)

r.ap—m a0 r,ap=m™
1s also normalized.
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3. If Ap(2) = Ap(2p/2p) for 2 € Qy oix(p, with a primitive Dirichlet character
Ap modulo p™, the X\j-eigenspace of F, in Ty q is the image of T, gp-m
under ym x ;-

Proof. From the commutation relation £(n)A4; = A,-1,E(n), | € a* N na*,
one deduces easily that £(n)ym . = x(7p) lym 11 E(n) for all n € K prime
to d, which implies the first and third assertions. The first part of the second
assertion is clear, and the whole assertion is easy to verify for p # £. For p =/
one has to show that for normalized ¢ the functions v (zl)A,;9 stay linearly
independent even after reduction modulo ¢. But if one assumes the existence
of a linear dependency modulo ¢, by applying translations by the operators
Ay one could deduce that >, 0. () Ay = EIMT™)) = .7-"_*(7[*”1)19 is
congruent to zero modulo ¢, which contradicts the fact that F*(I7") is an
isomorphism of TTiflat[_m and T;I;t—[f

Continuing with the proof of the proposition, we can therefore write ¥, =
My x,:(¥a,) With a normalized Shintani eigenfunction ¥,, € Ti}r}rﬁl(agmg with
the same eigencharacters A, for ¢ # p, where [ € ap~™"" has order p”* modulo a.
To finish the inductive step, it remains to compute b, (¥4, 94) in terms of J,, .

For this we need the following lemma.

LEMMA 3.9. Let p = pp, m > 1, ¥ € T, p, v € b of order p™ modulo
bp™ and w € bp™p~"™ of order p™ modulo bp™, and x a primitive Dirichlet
character modulo p™. Assume that rN(b) is prime to p. Then we have the
following identity of theta functions in T} pgm:

HP"’va;v(f*(ﬁm)ﬁ) = pimg(XvM)Hﬁ"HX*lSw(ﬁ)’

with the primitive p™-th root of unity p = > Tr(0v®)

Proof. Express

F* (ﬁm)ﬁ = p—m Z w(ww)Amwﬁa

x mod p™

apply Iym . to this, and note that Ay, Az, = e2mmyTr(5m)Awayv and
P(yv) Ay, = U for all integers y. Then an elementary computation gives
the result.

Write now aa~! = ¢! with an integral ideal ¢ prime to its complex
conjugate. Since ¢ is prime to p by assumption, we can take [ € acp~"" and

have then

Fr(@)dq = Hpm x, 0 (F*(@)0a,) = Mpm x, 0 (F*(p™)F*(a0) V4, )-
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This implies
V' (Ya,¥a) = b(F*(a)a, V)
=Ly 5, 0 (F7 (™) F* (G0) 0y ), Wy 3, 51 (D, )
=p "9, )b\ -1 (F7(@0) Vg ), i , 51(Va, )
=p g()‘w/JJ)<HP’”,)\.,;l((f*@o)ﬁao)T):Hpm,)\p;l(ﬁao»

=(1- pil)g()‘w p)b(F*(a0)Vay, Va, ),

2midN (a)~ " Tr(51%)

where = e We can now conclude that in the case p # ¢ we

have
ve((1 - P_l)_lb;r(ﬁauﬁa)) = Uf(bgr(ﬁaovﬁao))7

and for p = £ we get
ve((1 — 6_1)_1W_1b;r(190, Ua)) = ve(br (Vag, Vo ))-

This finishes the first part of the proof.

We assume now that all prime divisors of d are inert or ramified in K.
Let S be the set of prime divisors of dD, and assume we are given a partition
of S into two disjoint sets S7 and S, which corresponds to a factorization
of dD as a product dids of two coprime factors. Assume that £ & Sy, i.e.
that d; is prime to £. Then we consider the space T'(\;S2) € Ty/N(a),a» the
eigenspace of the operators 7 for ¢ € Sz with eigencharacters A,. It has
dimension dq, and is invariant under the action of the operators A;, [ € dl_la
Moreover, the subgroup G, o4, of the Heisenberg group G, o that consists out
of the classes of all pairs (I, \) with I € d;'a/a C a*/a, is again a Heisenberg
group and it acts irreducibly on T'(A;S2). Since d; is prime to ¢, it is easy
to see that even End(T™(); S2)) is spanned over i (i, *(O)) by the operators
A, 1 € dy'a. This implies that b/, on the module T™()\; Sy) of integral theta
functions in 7'(\; S2) is given in a suitable basis by a multiple of the identity
matrix. (To see this, write d;'(a N a) = ZI ® Zk with [ = —I, and take a
normalized theta function ¢ € T™()\; S3) that is an eigenfunction of A;. Then
the translates A1, y ranging over a system of representatives for the residue
classes modulo dy, give such a basis of T'*(\;S3).) We define v(S2) as the
minimum value of vy (b, (9,9)) for ¥ € T ()\; Sz). By assumption, T'()\; S) is
the one-dimensional space generated by a full Shintani eigenfunction 9, and
v(S) is therefore equal to vy (b}, (9,9)) for a normalized eigenfunction ¥ as in
the statement of the proposition. On the other hand, using the fact that b, on
Tm*(\; S3) can be represented by a constant multiple of the identity matrix,
it is easy to see that v({¢}) = —vy(DY*) — by(X\s,dN(a)"1). We claim the
following inductive relations for the quantities v(S3): if ¢ € Sy is ramified,
q # £, we have v(S2 U {q}) = v(S2), while if ¢ # ¢ is inert, we have

v(S2 U{q}) = v(S2) +ve(q+1) — pe(Ag).

Obviously, these relations imply the proposition.
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We only give the proof of our claim in the case of inert primes g; the case
of ramified ¢ can be dealt with the same way, but is much easier. Note that
for any g # £ the local operators F; are (-integral. Let ¢ be an inert prime
divisor of dy, and m = vy(d). The representation F; of K is equivalent to a
representation of (ox/q™ox)* /(Z/q™7Z)*. The operator

P, = > A(2) T F(2)

z€(ox/qmox)* /(Z/qmL)*

acts on T(\; S2) (and also on T ()\; Sp)), and its image is the A -eigenspace of
Fy in T(A; S2), i.e. the space T(\; S2U {q}). Let 8 € iso(i; *(0)) be a nonzero
element normalizing P, , i.e. an element such that B_IP,\q is an integral op-
erator on T™(); S5) not congruent to zero modulo the maximal ideal. Then
ﬁ_lP)\q s T(N; S) — T (X; So U {q}) is surjective, since the operators A,
l € (dig~™) 'a, commute with Py, .

Since we know from Lemma 3.5 that by, (F, (2)91,02) = b, (01, Fy (2)d2),
it follows that

(¢ +1)g™"
B
for ¥ € T (\; S5). The surjectivity of ﬁ_lp,\q implies that

_ o . / 1
v(S2U{gh) = velg+1) —velB) + | min  ve(bor(9, 577 P2 0).

V(57 Py, 0, 8Py 9) = V(0,571 Py, )

But since £ is assumed to be odd, and b, on T'(\; S2) can be represented by
a multiple of the identity matrix, the minimum value of ve(b),,.(¢, 371 Py, ) is
equal to v(S2).

It remains to prove that ve(3) = pe(Ag), i.e. to show that the valuation of
the operator Py, € End(T™(); S3)) is equal to p¢(Ag). For this we need the
following lemma.

LEMMA 3.10. The operators F;(z) for z € K;* span over ioo(i; 1(O)) the
same submodule of End(T™ (X; S2)) as the operators

Z d}(x)Aq—mx

z€a/qm™a, N(z)=cN(a)

for q odd (resp. 3, cq/oma N@)=ex(e)(— 1) NEN@O=D A, 0y for ¢ = 2),
¢ ranging over Z/q"Z.

Proof. We prove only the case where ¢ is odd, leaving the extension

to ¢ = 2 to the reader. Since an operator f;‘(z), z € K¢, commutes with

q ?
the Heisenberg group elements A;, | € (dg~™) 'a, it can be written as a
linear combination 3, /omqV(2)¥(2)Ag-ny with a function v : a/¢™a — C.
Because of the integrality of F;(z) at £, the coefficients v(z) have to be (-

integral. That J (z) commutes with all operators £(n) translates into the fact
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that y(nx) = v(z) for n € (0 /q™ok ). But this means that y(x) = 7'(N(z))
for a function +'. Equivalently, the operator F;(2) lies in the module generated
by the operators 3, cq/oma N(z)=eN(a) ¥ (@) Ag-rmz for ¢ modulo g™.

To show the other inclusion, we can verify the identity

Z CNEON@D () Agmy = (—q) ™ Fr (6(1 + 2¢5))

z€a/qgma

for all ¢ € Z/q™Z, where ( = e~ 2D /" is a primitive ¢™-th root of unity.
This can either be deduced from [MS], or one can verify the commutation
relation with the A,-m, for the left-hand side, which proves the identity up
to a constant, and then determine the constant by comparing traces. Fourier
analysis on the group Z/q"7Z now implies the desired inclusion in the other
direction, finishing the proof of the lemma.

Let now F C End(T™(); S2)) be the module generated over i (i, ' (O))
by the operators F;. By the lemma, F' is equal to the module of integral
endomorphisms in the vector space it spans: QF N End(T™();Ss)) = F.
Also, it is clear that it has rank ¢™. A surjection f from the module E,, of
iso(iy 1 (O))-valued functions on G, = (0 /¢™0k)* /(Z/q™Z)* to the module
F is obtained by associating to ¢ € E the operator > .. ¢(z71)Fi(z) €
F. The kernel K of this map may be explicitly described: for 1 < n < m
there are trace maps from FE, to E,_1 associating to ¢ € FE, the function
T szn_l(z)zy ¢(2), where m,_1 denotes the projection from G,, onto G,,_;.

Denote by EE"™ C B, the kernel of the trace map on E,,, and set Ef rim_ Ey.
Via the canonical projections from G,, onto G, every function in E,, may be
regarded as a function in E,,. Since q # ¢, the module E,, is the direct sum of
EP"™ for 2 < n < m and of Ey. The kernel K is now the direct sum of EE™™
for all 0 < n < m with n = m + 1(2). This follows from the fact that each
function in this module can be expanded as a linear combination of characters
not appearing in the decomposition of ¥, and therefore belongs to the kernel.
On the other hand, the kernel cannot be bigger, since this would contradict
the fact that the image F' of f has rank ¢"™.

Because of the crucial property QFNEnd(T™()\; S9)) = F, for any ¢ € E,,
the operator f(¢) has nontrivial ¢-valuation precisely if the reduction of ¢
modulo the maximal ideal falls into (the reduction of) the submodule K. We
may infer from this that for m > 1 and a primitive character A, the operator
P), has nonzero reduction modulo the maximal ideal, i.e. that v,(3) = 0 in
this case. If m = 1, the kernel K consists out of the constant functions, and
therefore the valuation of [ is precisely pe(Ag) = min . x ve(Ag(x) — 1) for

q

z€ok
any character A, of conductor ¢. So, we have v,(3) = pe(),) in all cases, which
finishes the proof of the proposition.

Proof of Theorem 1.1. Propositions 3.6 and 3.7 allow us to reduce the
proof of Theorem 1.1 in the case £ = 1 to a divisibility statement about the
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values [(9)) for Shintani eigenfunctions. Let A be a Hecke character of K of
infinity type (—1,0) and root number W(X) = +1. Taken together the two
equations established so far show that

v QIWDYALON) = > pu(Ng)
q # £ inert in K

+ bf()\g, w()\)) + 2Ug(l(19)\)/wK)

for a normalized integral element ¥, of the A-eigenspace. Note that W = 1
if ¢ is nonsplit, and it is easy to see that vy (W) = vp(Wy(\)) in the split
case. Since vy(I(¥))/wk) is nonnegative (except possibly in the case ¢ = 3
and K = Q(v/-3)), this equation immediately implies a lower bound for
ve(Q W DY4L(0,\)), and Theorem 1.1 is seen to be equivalent to the state-
ment that vy(l(¥))/wgk) = 0 for almost all A with W () = +1 and conductor
dividing dDp™> for fixed d. The proof of this fact, which lies at the center of
the argument, will be given as Theorem 4.1 in the next section.

It remains to finish the proof in the case ¢ splits in K and k > 1. This
is done by an argument based on the existence of an f-adic L-function, as
constructed by Manin-Vishik, Katz and others. Using the setup of [HidT] as
a reference, we know that for any integer d there is a measure y on the Galois
group G(dD{*) = Gal(K(dD¢>)/K) such that for anticyclotomic characters
A of infinity type (—k,k — 1), conductor dividing dD¢> but divisible by all
prime ideals dividing dD, we have

1-2k S o ol—2kq. 2m o N2
Q! /G(dmoo)Ad“_Q“ (k 1)!(\/1_)) WoA\) (1 — A(D)2L(0, ).

Here €y is a certain unit in Cy, the f-adic period, and ) the f-adic avatar of A
defined by Weil.

Complex conjugation ¢ acts on G = G(dD{*>). Define its anticyclotomic
quotient as G* = G/N(G), where N(g) = gg°, and let W?° the torsion-free
part of G?¢ (i.e. the quotient of G*® by its torsion subgroup). As a topological
group, W2 ~ Z,. A measure pu) on W2 can be defined by fwac fduy =
fG fj\d,u for continuous functions f on W?2° using the projection G — W?ac,
The Hecke characters o of K for which & factors through W?2¢ have conductor
£ for some m. We know that

([ R za)= Y w)
G(dDe>) q inert in K

for all anticyclotomic characters X' of infinity type (—1,0). Twists by charac-
ters of W2¢ do not change the right-hand side. Using the f-adic Weierstrass
preparation theorem, it follows that for any character N the measure py is
divisible by an element of valuation «(\).

Let now m be an integer such that there are no nontrivial units congruent
to 1 modulo I"™. Then there is a Hecke character ¢ of conductor [™ and infinity



DIVISIBILITY OF ANTICYCLOTOMIC L-FUNCTIONS 795

type (k—1,0). Set 0 = ¢/p o ¢, which gives a character of conductor ¢™ and
infinity type (k—1,1—k). After twisting by a character of finite order ¢ factors
through W?2¢ in particular it is then congruent to the trivial character. If we
set A’ = Ao, X' has infinity type (—1,0) and conductor dividing ¢™ times the
conductor of A. We may write

JO=du= [ = v,

and since we established divisibility of uy by an element of valuation a(\) =
a(N), it follows that ve( [ (A — N)du) > a(N). Consequently,

1-2k/1. _ 1\t 2_7T ht
(@24 1! (Z5) T WIL0.A) 2 a(V)

and the inequality is strict if and only if
ve(Qgd We(N) (1 = N(1)?L(0, X)) > a(N).

Note that 1 — A(I) is an f-adic unit, and is therefore omitted from the first
inequality. An easy argument gives W()\) = W(\) = +1. Consider the
infinitely many anticyclotomic characters A of conductor dividing dDp™> and
fixed infinity type (—k,k — 1). Every character )\ violating the equality of
Theorem 1.1 gives a character X’ of infinity type (—1,0) and conductor dividing
dDI™p™> violating the equality, except possibly in the cases where N (I) is
congruent to 1. However, this can happen only in finitely many cases, since
the p-power roots of unity are all distinct modulo £. Therefore the finiteness
of the exceptional set for k > 1 follows from the finiteness for k& = 1, which

proves the theorem.

4. A nonvanishing result for theta functions in characteristic ¢

The main theorem. The purpose of this section is to prove the follow-
ing nonvanishing result for theta functions which is needed to complete our
strategy.

THEOREM 4.1. Let ¢ # p be primes, p odd and split in K, and dg be
a positive integer not divisible by p. Then, if m is large enough, for every
character X appearing in the Shintani representation F* on TCEETT there is an
£-integral representative ¥ of the \-eigenspace such that

1(9)

o) =0

vy

The proof of this theorem consists out of three main steps. In the first,
rather elementary step, we fix the restriction of the character A to the group
Ag4,p and give a simple formula for the Shintani eigenfunctions correspond-
ing to these characters, using some computations of Section 3. In the second
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step we set up an argument by contradiction, i.e. we assume the existence
of infinitely many eigenspaces with v,(I(9)/wg) > 0 for all integral eigenfunc-
tions 9. Following ideas of Sinnott, we derive from this assumption an algebraic
relation in characteristic £. For this purpose we use the formula obtained in
the first step, reduce it modulo ¢ and apply Galois conjugation. After some
further work we obtain the statement that for every large enough integer ny
a certain subvariety D,,, of a power E”, where E is a characteristic ¢ elliptic
curve with complex multiplication by o, contains an infinite set of p-power
torsion points. In the third and final step we apply a result of Boxall to show
that the Zariski closure of this infinite set contains a translate of an explicit
abelian variety A C E", and we finish by deducing a contradiction from the
inclusion A+ X C D,,, of algebraic varieties for large enough n;.

Explicit expression for I(1¢). For the rest of the paper we use the following
notation: since p is split, we have pox = pp, and to the primes p and p above p
correspond the two embeddings ¢, and ¢5 of o into Z,. Together they induce
an isomorphism ox, ~ Z, x Z,. We denote by (z,y), or (x,y) the element of
ok, corresponding to the pair (x,y) on the right-hand side.

To begin with the first step of the proof, recall the description of the Shin-
tani representation given in Proposition 2.2. The Hecke characters A appearing
in 7&227{? are precisely the characters with restriction to Ag equal to wi /g |-[4,
infinity type (—1,0), root number W()) = +1 and conductor dop™ Dd~!, where
0 is a square-free product of ramified prime ideals. We fix the restriction §
of A to the group A4 p defined in Section 2, while )‘p|<@,§ o is free to vary

over characters whose restriction to Q is |-|,. Of course, to give Ap|gx,x
P Kp

is equivalent to giving the character A\y(2) = Ay((2,1)) of Z;. The charac-
ter A itself is determined by these local data up to a twist by a character of
Clg/C i;}v, where Cli;}V denotes the group of ideal classes invariant under com-
plex conjugation. The other way around, given a character 8 of A4 p with
ﬁq\(@qx = WK/Qq Hq for all ¢ dividing doD, conductor dgDd~!, B (2) = 2, root
number +1, and some Dirichlet character of conductor p™ determining A,
there exists a Hecke character of K with these restrictions to A4,p and Q; olx(p
if and only if B(€)A,(§) = 1 for all £ € K for which o contains only ramified
prime factors. (For wx = 2 it is enough to consider £ = 4.) By Proposition
2.2 the local components 3, at the ramified primes ¢ determine via their root
numbers W, (3,) a unique class C' € N(Ig)/N(K*) such that the character
A occurs (with multiplicity one) in the space Vg;;rﬁ’cpm. If a is an ideal with
N(a) € C, the characters  as above that are compatible with the class C are

in one-to-one correspondence with the Shintani eigenspaces in Tcll);}rﬁ(a) o

Let now C be a system of representatives for Clg/ Cli};" consisting out
of integral ideals prime to their complex conjugates and to pfdy. Then the
ideals acc™!, ¢ € C, form a system of representatives for the classes of ideals
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with norms in the class C' (the genus of a). A description of the A-eigenspace is
then given by the following lemma, which follows immediately from Lemma 3.8.

prim

LEMMA 4.2. The Shintani eigenspaces in Vdopm Cpm MAY be described as
Tprim

follows. Let ¥4 be a generator of the Shintani eigenspace in do/N(a),a deter-
mined by the restriction A\|Ag,p = B. Also, let € be the 1. c. m. of all ideals
c€C, A=al, and ly a generator of Ap™p~™/Ap™. Then ¥ = (Vapmec—) with

ﬁupmfc*l = )‘(C)Hpm)\p%lo (E(Ecil)ﬂa)

gives a generator of the \-eigenspace, and we see that

(16) (W) = s( Z A(z, 1)pe)(loz) Az, (5(cc1)19a)> ,

ceC, z€(Z/p™Z)*

where for every ¢ € C we denote by ¢ an idele with cog = cog. If ¥4 is
a normalized integral eigenfunction, the functions ¥gpmec—1 are all normalized
integral.

Since for all £ € K* such that £ox has only ramified prime factors the
action of the unit £/¢ on ¥, is given by multiplication by 3(£)~!, and since
furthermore 5(&)A,(§) = 1, we see that the value at zero of a summand in (16)
remains unchanged if z is multiplied by ¢5(£/€) = 1p(£/€). Therefore we can
divide by wg and sum over z modulo the units of K in this equation, and we
arrive at the following formula:

1
—I

an

(W) =e < > A(2,1)pe)(2l0) Az, (E(EC_l)ﬁu)) :
¢€C, 2€(Z/pmL)* [1p (o)

We now consider a slightly different parametrization of the eigenspaces,
which in a sense separates the wildly ramified part of the p-component. Namely,
every Hecke character )\ as above can be written as a product A = A\g¢, where
Mo is a character of the same type, but with conductor dgDo~' or dopDo~?,
and ¢ a character of p-power order and conductor p™, trivial on A;. The finite
order characters of K ramified only at p, and with trivial restriction to Q, are
the characters of the group I', = AIXQ +/ A?K Xﬁ%)x, which fits into an exact
sequence

1 2 () B, g — 1.

Since p is odd, we have Z; ~ p;,—1 x U with U = 1+ pZ, ~ Z;,. Define ['s as
the pro-p part of I'o. Then from the exact sequence above we get the exact
sequence

1—>U—>1:‘OO—>CIK’[,—>1,

where Clg j, is the p-part of the class group of K. The character ¢ is a character
of I'ss of conductor p™, i.e. it is trivial on Uy, = 1+ p™Z, C U, and nontrivial
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on Up,—1. In the following we denote by (c) the class of an idele ¢ € Aj s in

the group I'so. Note that the factorization A = A\g¢ is in general not unique,
but the only ambiguity arises from ideal class characters of p-power order.
Since now for a given dy there are only finitely many choices of Ag, it is
enough to show that for fixed Ag the following is true: if m is large enough, for
every character ¢ of ', of conductor p™ we can find an /-integral represen-
tative ¢ in the Ao¢-eigenspace with vy(I(¥)/wk) = 0. Equivalently, since Ao
determines 3, dy and C, we may also regard these data as fixed, and choose
and fix an ideal a with N(a) € C and a normalized integral eigenfunction
¥a € TP"™ Then we want to show that for m large enough for all charac-

do/N(a),a
ters ¢ of conductor p™ the value at the origin of the theta function

(18) > Mo((m.1)pe) D d(z(e))v(nzlo) Ayz, (€(fe)a)

¢€C,nEpp—1 /1y (03%) 2€U/Unm

has nonzero reduction modulo ¥.

Application of an idea of Sinnott. We now proceed to the second step of
the proof. First rephrase the situation in characteristic zero algebraically. Re-
call that in Section 3 we have introduced elliptic curves Egy= and line bundles
L, /N(a),2pm over a number field M such that I'( Egypm ®i,, C, L, /N(a) 2pm @i C)
can be identified with the space Ty, /N(q),21pm- Also, the curves Egym ®;, C, have
good reduction. There are isogenies ¢y, : Eqpm — Egy with ker ¢, = Egpm [p™],
and to the natural inclusion Ty /N(a)2t — T4, /N(a),21pm cOrresponds the associ-
ated map ¢, : T'(Ea, La,/N(a)2) = T'(Batpm s La, /N(a) 21pm)-

Recall Mumford’s geometric Heisenberg group G(Lg, /N(a),2pm) from Sec-
tion 3. Using that p is odd, we now associate to any x € Egym [p™]
Heisenberg group element A/,. There is a smallest subgroup G, s(Lg, /N(a)ﬂpm)

a canonical

of the Heisenberg group G(Lg,/N(a)2p~) Such that the projection to the p™-
division points is still surjective; it consists out of all elements of order dividing
p™ in G(Lg,/N(a),2pm) and is a part of an exact sequence

1 — o — gp,f(LdO/N(u)ﬂpm) — Eg[pm [pm] — 0.

Since the line bundle Lg, /N(a),2pm IS symmetric, we may construct a canonical
section of G, ¢ by using the automorphism 0_; of G defined in [Muml, p. 308].
It is of order two, its restriction to the center is the identity, and its projection
to Egpm [p™] induces the map [—1]. For z € Egpm[p™] we now let z = A/, be
the unique element in G, y with d_1(z) = z~! projecting to . We then have
the multiplication law

AL = efay) AL,
where e = €L, xwapm @ Boapn [P"'] X Egpn [p™] — ppm is the commutator
pairing associated to Lg, /N(a),2p» and the square root is (uniquely) taken in
ppm. It is then easy to see that if [ € p™™Ap™ corresponds to the point

x € Egym[p™], the operator A, corresponds to 1 (p™1)A; on T} 4.
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Consider the theta functions ¥, and &(cc™1)J, (or rather their images
under i) as elements of I'( Egpn @1 Q, Ly /N(a) 2pm @mQ). Let Py € Egyn [p™]
correspond to ly. The theta function considered in (18) is then the element

> Mo((m:D)pe) Y D) A p, o (E(E)da),

CEC,nGILLp,l/Lp(UIX() 2€U/Un,

of I'(Egpm @ Q, Loypm @ Q), and we are interested in its value at the origin.

Let us now look at the situation modulo /¢ (i.e. for every object consider its
base change to C; via iy and reduce modulo the maximal ideal). For a certain
finite field k¥ C F, of characteristic £ we are given elliptic curves E,, = Eglpm
over k with complex multiplication by o together with isogenies ¢y, : E,, —
Ey (over k) such that kerp,, = E,[p™]. For 0 < n < m the isogeny ¢,
may be factored as @, = ©Yn¥m, with an isogeny ¥,y : En — E, with kernel
ker ¥y, = En[p™~"]. In addition, we have a symmetric line bundle Ly over Ej,
defined over k, and induced bundles L,, = ¢, Lo over E,, of degree p" deg Ly.
We give the bundles L,, rigidifications along the zero sections compatible with
the ;,; this induces compatible maps I'z, (Ep, L) = D(Epn@iFy, Ln@iFy) —
Fy denoted by e.

Observe now that ¥, and &£(cc™1)d, are all f-integral, which implies that
the function (18) and in particular its value at the origin are /-integral. Further-
more, because 9, is normalized, it has nonzero reduction 9, modulo ¢, and since
the elements of C are assumed to be prime to ¢, the functions £ (cc1)¥, reduce
to nonzero sections £ (¢ 1), of the characteristic £ line bundle Lg over the re-
duced curve Ey. (Simply note that the operators £(cc™!) and £(cc~!) both pre-
serve integrality, and &(cc—1)E(cc™!) = N(c), which is prime to ¢.) Choose iso-
morphisms iy, : Z/p™Z — En,[p™] and j,, : Z/p™Z — E,,[p™]; together they
determine a primitive p™-th root of unity &,, in Fy by er. (im(), im(y)) = &nv.
We write i(z,y) = i(x) + j(y). Because of the symmetry of L,, and Lo, it
is easily seen that the “level subgroup” in the sense of Mumford associated
to Ly, Lo and ¢, consists out of the Ay for X € E[p™]. Therefore for
v € I'g, (Eo, Lo) the section ¢y, (9) € I'g, (Em, Ly,) is invariant under the oper-
ators A;(y), y € Z/p™ZL.

We assume now (contrary to the assertion of the theorem) that for in-
finitely many m there exists a character ¢ : T'og — ]F’g of conductor p™ with
e(¥y) = 0, where ¥y € ', (Em, Lin) is defined by

(19) dy = > Ml D)pe) Y $z(e) Ay om(E ™))
€C,nEpp—1/1p(0%) 2€U/Un
We are now in a position to transfer Sinnott’s ideas to our situation
(cf. [Si2, p. 215]). Enlarge the base field k, if necessary, such that 9, is defined
over k and that it contains the values A\g((2,1)pc). Assume the existence of a
character ¢ of conductor p™ with £(¥4) = 0. From this assumption we will
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derive certain algebraic relations for the theta function J4. We use the opera-
tion of the Galois group Gal(IF;/k) on L,, and on the spaces of global sections.
The first observation is the following.

LEMMA 4.3. For any o € Gal(Fy/k) and ¢ : Too — F) there is a constant
c(o,¢) € F) with

g = (Ua ¢)19¢“

Proof. The action of o on FE,,[p™] is given by multiplication with some
a(o) € (Z/p™Z)*. Moreover, we have in general A,” = A!, for x € E,,[p™],
since A’ is the unique lifting z of  to G,(L) which is of order dividing p™ and
fulfills 6=1(2) = z=!. The assertion follows easily from these two facts.

Define ng by p™ := #(k N pp~) and set &y, := k(pipno+n). Clearly we have
for ¢ € pipnotn:

pn 9 € "0y

(20) Trk”/k(o - { 0, ‘ gthellfsvise.

Assume now that ng > 1, that the exponent of the group Clg ;, divides p"°
and that m > 2ng. Set n = m — ng. Denote the torsion subgroup of foo by T.
Then for u € U we have ¢(u(c)) € pymo precisely if (¢) = teue € TU C T, and
u € u;lU,. Let C' C C be the set of ¢ € C with (c) € TU. Tt is elementary that
there exists a primitive p™-th root of unity v € F,* such that ¢(u) = Alu=1)/p"
for u € U,. By Lemma 4.3, the assumption £(d4) = 0 implies that e(¥y-) =0
for o € Gal(Fy/k). Conjugation by o leaves the values \o((n, 1),c) invariant.
Consequently, we have for arbitrary y € U (using (20)):

O=e|p™ > ¢ ') 70

oeGal(k, /k)

—o | 3 M) S )A€ )

ceC’,n z€U, /Uy,

Since here ¢(z) = y*~D/P" we get

(21) ¢ Z )\O (n,1 Z YA /(TIU Ly(14+pn u))‘Pm(E( 71)1%) =0.

ceC’,n u mod p"o

We want to rewrite the inner sum in a more convenient form. Defining
the projection operator

Pno = Z A;(p"u) = Z A/ 9

u mod pmo XeE,[pmo]



DIVISIBILITY OF ANTICYCLOTOMIC L-FUNCTIONS 801

we observe the following identity of operators on I', (Epm, L ):

/ . / /
i(nflucvmu?ly)P”D - Z Ai(nflucv,nuc‘ly)Aj(p"nuc‘lyw
u mod p™o

2 Lyv § : p" yvu / /
g j(nuf1y(1+p"u))Az(n*1ucv)‘
UEL/pnoZ

If we choose v € Z/p™Z with £5,*Y = ~, and apply this identity to the function

ok (E(cc™1)d,), we get, because of the invariance of this theta function under
-1

Al Just &2 V" times the inner sum in (21). Therefore

= 30 Rl 0y Pt ECE ) | =0
ceC’,n

Since we have the factorization ., = @n,¥mn,, and

le;kn,no (19) = w:n,no (Aipm,no (X)’ﬁ)
for ¥ € I's,(En,, Ln,) and X € Ep[p™] (cf. [Muml, Prop. 2]), we conclude

Py (€€ )0a) = U, g (Py 0, (E (61 )0a)),

denoting by P, on I'g, (En,, Ln,) again the operator 3 yvcp (5o A’ Writing
Veno = Pl (E(€c™1)d4), we arrive at

(22) € ZC: )\0((77’ 1)pC)A;(nflucv,nu:ly)¢:nvn0 (ﬁC,no) =0.
ceC’,n

Note that 9y, is nonzero; in fact, we may compute

ST Ay | emy =00, (E()Da).

Y €L, [pmo]

We now want to deduce from these relations an algebraic identity saying that
an algebraic variety contains a certain set of points. To this end, remember
that y € U may be chosen arbitrarily, and that the condition {5: " = 4 relates
only the classes of y and v mod p™. Consider therefore yy = y + w with
w = 0(p™) and take for both y and y' the same value of v. We have

/ _5—271’1)11} !/ A/
i(n~ucv,nue 'y’ i uev,pus ty) G (nus tw)

Inserting this into (22) (with y replaced by ') yields

€ zc: x0((7% 1)pC>A;(n—1ucv,nufly)A;’(nu:1w)wrﬂvno (ﬁc,no) =0.
ceC’,n
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Take a fixed integer n; = ng + N > ng, assume m > ni + ng, and set w =
p™ M. Factorizing ¥m n, = ¥n, ne¥mn,, We may write

(23)

€ (Z Ao((m, 1)pC)A2(n*1ucvmuc_1y)w’*”’”1 (A/[(nfluc,nufl)]lejn,no (ﬂcmo))> =0,

c77]

where X = ¢, pn, (Jm (™™ x)) € Ep, [p™]. Here we use the natural operation
of o, on Ep, [p™®°] ~ Kj/ok . Because of the invariance of ¥y, under Aj,,
Y € E,, [p™], the value of X is only important modulo E,, [p"°].

Setting 0cx = Ax¥n, n,(Ven,) for X € Ey [p™], we have morphisms
¢ : E:=FE, — PP" 1 given by the global sections Ocj, () T € 7.)pN7Z,
of L,,. Every element o € (Z/pNZ)* defines an automorphism ¢, of PP" 1
by (vz)z — (Vaz)z- Set Pm = Ymn, (im(v,y)) € Elp™p™] for y € U and
corresponding v, and look at the points ¢, -1 (@c([(n*{uc, nug )] Pp)); they are
r = (p — D)#C'/wg many in number. For z € FE(F,) define L, (z) as the
tensor product with F, of the stalk of L, at = (cf. [Muml, p. 299]). Then the
map Tz, (E, Ly,) — F; given by 9 — (A% ¢}, . 9) induces an identification
of Ly, (¥mn, (X)) with Fy. The relations (23) imply now the existence of a
nontrivial linear dependency between the cmc—1(<1>c([(7]_1uc,nuc_l)]Pm)): they
have to lie in a projective space of dimension r — 2.

Enumerate the elements of py—1/tp(0y) x C' as (n,,¢,) and define oy, =
nuct for 0 < v < r—1. Write (!, a)P = ([(a !, )]P), € E"[p™] for
P € E[p™|. Summarizing, we have obtained the following intermediate result.

LEMMA 4.4. Let D =D,, C E" be the subvariety defined by the relation

N\ e, (@, (P,)) = 0.

v

Then for each m > ny + ng for which there exists a character ¢ : Too — Fy of
conductor p™ with £(¥4) = 0, we have (o™, a)P,, € D for all

Pm = ¢m,n1 (im(v? y)) S E[pnlﬁm]

with arbitrary y € U and v € Z/p™7Z such that &5, = ~p, for a primitive
p"o-th root of unity vm, € F) depending on .

A geometric independence result. Assuming contrary to Theorem 4.1 the
existence of infinitely many characters ¢ with () = 0, we proceed to derive
a contradiction. Let us first consider the Zariski closure of the infinite set of all
points (a™!, ) P, which under this assumption one obtains from the previous
lemma. The following lemma uses a result of Boxall [B] for this purpose.
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LEMMA 4.5. Let 7 > 1 and 8, = (w, ) € ok, for 0 < v < r—1 be
given, and 3 : E[p>®] — E"[p>] the map P — ([8,]P),. Let

R ={x € o} | ZLP x,)al, =0}

be the ox-module of relations between the al,, and
r—1

A={P=(P,)€E"|) [,)P, =0Vz € R}
v=0
the abelian subvariety of E" defined by these relations. If M is an infinite
subset of E[p™p] for some n, the Zariski closure B of (M) in E" contains
a translate A+ X for some point X € E"(F,).

Proof. By definition BNE" [p*°] is Zariski dense in B, and the same is true
for all irreducible components of B. Take a component B’ such that B'NB3(M)
is infinite. A theorem of Boxall [B, Thm. 1] shows that B’ is a translate of its
stabilizer Tp = {X | B’ + X = B'}, which is an algebraic subgroup of E". It
is then immediate that Tz contains infinitely many points of S(E[p>°]). But
since E[p>°] ~ Q,/Z,, these points actually generate 5(E[p>]). If we can show
that A is the minimal algebraic subgroup of E” containing 5(E[p>]), we have
A C Tgs, which implies that B contains a translate of A.

Let now A be an algebraic subgroup of E”" containing S(E[p*°]). If
Ay is the connected component of zero (an abelian variety), it also contains
B(E[p]). If not A C Ay, there exists a nontrivial homomorphism ¢ : A/(AN
Ap) — E. By Poincaré’s complete reducibility theorem [Mum?2, p. 173], we
can extend ¢ o [N] to E" for some integer N > 0, and obtain a homomor-
phism ¢’ : E” — E mapping 3(E[p]) to zero. Since ¢ has to be of the form
P — > & (P,) with § € EndFE, necessarily A C ker¢/’, contradicting the
assumption that ¢ is nontrivial on 4. (Observe that this holds true even if E
is supersingular and EndF is strictly bigger than ox.) Therefore A C A, and
the lemma is proved.

Applying this lemma to our situation, we conclude that a translate A+ X,
X € E"(Fy), is contained in the subvariety D. To derive a contradiction, we
use the fact that translations by elements of E[p™Np™] operate on ®(E) via
projective automorphisms. In fact, for y € Z/ pNZ,

!/
A 0

/ / *
i(pmoy) = A’i(p"Oy A x)wnl,no( c no)

=eL,, (((p"Y), 3 (@) A} ) Alproy) Y me Pems )
= Cjﬁ Ocj(@)
with the primitive p-th root of unity Cpn = fﬁ:o, and consequently

P (X +i(p™y)) = 7y (P(X)),

¢j(z)

where 7, is the automorphism (v;), — (gpN Vg )z of PP
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From A+X C D trivially P+A[pY] C D for every P € A+X. Parametrize
the elements Y of A[pY] by writing Y = (i(p™z,)), with = € (Z/pVZ)"
satisfying p"z = 0 for all p € 1,(R) + pNZ;/pNZZ’;. If for each v the vector v,
is a representative for cq, (P, (P,)) in V = I}, the fact P+ Y € D translates
into

(24) /\Taumu (vy) = /\Cay(Tmu(C;,,l(Uu))) = 0.

We will get a contradiction by forming suitable linear combinations of
these relations, which will force the vanishing of some coordinate of a v,
provided N was chosen large enough. Let a : V¥ — A"V be the canonical
map, and expand the vectors v, as v, = ZiEZ/pNZ v,;€; in terms of the standard
basis (e;). We have then

VR ... Vp_1 = Z HUM'“@@@'”

i€(Z/pNT) 1 p

D, QuTpudy
Qravv="2> G [ [ v @i
v p

1€(Z/pNTZ)" Iz

and

Applying a Fourier transform, we get

Z CP_NM% ® T, Vv = (#A[pN]) Z H Ui, ® €iy,

i, i—=AELy (R)+pN L5 /pN Ly 1 I

for all A € (Z/pN7Z)". From (24) we know that application of a to this equation
yields zero. Since #.A[p"] is a power of p, we conclude

Z va-u /\eiH =0.

i, i—=A€ty (R)+pNZy /DN LT K Iz

If we can find a summation index ¢ with 4, # 4, (v # p) such that no nontrivial
permutation o(i), o € &,\{id}, occurs in the sum for the same value of A, a
multiple of the multivector A u €, appears only once. Therefore

H Vui,, = 0,

o
i.e. one of the coordinates v,;, has to vanish. But it is easily seen that the
subvariety of A+ X cut out by the condition that one of the coordinates of the
®. (P,) should vanish, has codimension one, and so choosing a point P outside
of this exceptional set yields a contradiction. It remains to check the existence
of an index ¢ with the required property; this is provided by the following two
lemmas, which finish the proof of the main theorem.

LEMMA 4.6. The module of relations R C o' does not contain any vectors
(except zero) which have less than three nonzero entries.
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Proof. 1t is clear that no element of R can have exactly one nonzero
coordinate. Assume there exists a vector in R with two nonzero entries. This
implies (n/n)(ue¢/uc) € K where either ¢ # ¢ or n # 1. In case ¢ = ¢/ we
get immediately a contradiction. If ¢ # ¢/, let v and 4’ be generators of the
principal ideals ¢"* and ¢ "5 Then ulx = (/)¢ for some ¢ € pp—1, and the
same for uy. From our assumption, v'y~1/y/y~1 is an element of p,_1 times

the hg-th power of an element of K, and therefore the product of a unit of K
and a hx-th power. By Hilbert 90, there is some a € K* such that /7~ talx
generates an ideal of K invariant under complex conjugation. But this means
that ¢’c"'a has to be invariant under complex conjugation, which contradicts
the fact that ¢ and ¢ represent different classes in Clg /CL%.

LEMMA 4.7. For N large enough, there exists an element i € (Z/pNZ)"
such that i, # i, (v # p) and

a(i —o(i)) & w(R) +p" Ly /0" 2
for every o € &, \{id}.

Proof. We use a simple counting argument. The number of i € (Z/pN7Z)"
such that i, # i, (v # ) is simply

PN = 1) (N —r 4+ 1),

i.e. grows like p™". We bound the number of i, for which there exists some
o € 6,\{id} with
ali - o(i)) € 1(R) + PV 2 /pVZ,
by considering each o separately. We have the linear map f, : (Z/pNZ)" —
(Z/pNZ)" defined by i — a(i — o(i)) and want to count the number n, of
elements in f,1(tp(R) + pNZ;/pNZ;). If b, is the number of orbits of o on
{0,...,7 — 1}, the kernel of f, has p’*? elements, and the image consists out
of all x € (Z/pNZ)" with
Z o tr, =0

veB
for all orbits B. Standard results on the number of solutions of a system of
linear congruences imply that n, is equal to p~ (botro)tes for N large enough,
where ¢, is some integer independent of N, and r, is the rank of the Z,-module
Zptp(R) N 15,
I,={z€Z)| Y a,'z, =0VB}.
veB

Since the rank of I, is r — b, we have r, < r —b,, and equality can occur only
if I C Zptp(R). But I, is generated by vectors with only two nonzero com-
ponents, and none of these generators can be contained in Z,t,(R). Therefore
roe < 1 —by for every o # id, the number of excluded multiindices ¢ is bounded
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by a constant times p™¥("=1) and we see that for N large enough there will be
a multiindex satisfying the assertion. The lemma is proved.
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