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The resolution of the
Nirenberg-Treves conjecture

By NiLs DENCKER

Abstract

We give a proof of the Nirenberg-Treves conjecture: that local solvability
of principal-type pseudo-differential operators is equivalent to condition (V).
This condition rules out sign changes from — to + of the imaginary part of
the principal symbol along the oriented bicharacteristics of the real part. We
obtain local solvability by proving a localizable a priori estimate for the adjoint
operator with a loss of two derivatives (compared with the elliptic case).

The proof involves a new metric in the Weyl (or Beals-Fefferman) calculus
which makes it possible to reduce to the case when the gradient of the imagi-
nary part is nonvanishing, so that the zeroes form a smooth submanifold. The
estimate uses a new type of weight, which measures the changes of the distance
to the zeroes of the imaginary part along the bicharacteristics of the real part
between the minima of the curvature of the zeroes. By using condition (V)
and the weight, we can construct a multiplier giving the estimate.

1. Introduction

In this paper we shall study the question of local solvability of a classical
pseudo-differential operator P € W7} (M) on a C*° manifold M. Thus, we
assume that the symbol of P is an asymptotic sum of homogeneous terms,
and that p = o(P) is the homogeneous principal symbol of P. We shall also
assume that P is of principal type, which means that the Hamilton vector field
H,, and the radial vector field are linearly independent when p = 0; thus dp # 0
when p = 0.

Local solvability of P at a compact set K C M means that the equation

(1.1) Pu=v

has a local solution v € D'(M) in a neighborhood of K for any v € C*°(M)
in a set of finite codimension. We can also define microlocal solvability at any
compactly based cone K C T*M, see [9, Def. 26.4.3]. Hans Lewy’s famous
counterexample [19] from 1957 showed that not all smooth linear differential
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operators are solvable. It was conjectured by Nirenberg and Treves [21] in
1970 that local solvability of principal type pseudo-differential operators is
equivalent to condition (¥), which means that

(1.2) Im(ap) does not change sign from — to +

along the oriented bicharacteristics of Re(ap)

for any 0 # a € C*(T*M). The oriented bicharacteristics are the positive
flow-outs of the Hamilton vector field Hge(qp) 7 0 on Re(ap) = 0 (also called
semi-bicharacteristics). Condition (1.2) is invariant under multiplication of p
with nonvanishing factors, and conjugation of P with elliptic Fourier integral
operators; see [9, Lemma 26.4.10]. Thus, it suffices to check (1.2) for some
a € C*°(T*M) such that Hge(qp) # 0.

The necessity of (¥) for local solvability of pseudo-differential opera-
tors was proved by Moyer [20] in 1978 for the two dimensional case, and by
Hormander [8] in 1981 for the general case. In the analytic category, the suffi-
ciency of condition (V) for solvability of microdifferential operators acting on
microfunctions was proved by Trépreau [22] in 1984 (see also [10, Ch. VII]).
The sufficiency of condition (V) for solvability of pseudo-differential opera-
tors in two dimensions was proved by Lerner [13] in 1988, leaving the higher
dimensional case open.

For differential operators, condition (¥) is equivalent to condition (P),
which rules out any sign changes of Im(ap) along the bicharacteristics of Re(ap)
for nonvanishing a € C°°(T*M). The sufficiency of (P) for local solvability of
pseudo-differential operators was proved in 1970 by Nirenberg and Treves [21]
in the case when the principal symbol is real analytic. Beals and Fefferman
[1] proved the general case in 1973, by using a new calculus that was later
developed by Hormander into the Weyl calculus.

In all these solvability results, one obtains a priori estimates for the adjoint
operator with loss of one derivative (compared with the elliptic case). In 1994
Lerner [14] constructed counterexamples to the sufficiency of (¥) for local
solvability with loss of one derivative in dimensions greater than two, raising
doubts on whether the condition really was sufficient for solvability. But it
was proved in 1996 by the author [4] that Lerner’s counterexamples are locally
solvable with loss of at most two derivatives (compared with the elliptic case).
There are other results giving local solvability with loss of one derivative under
conditions stronger than (¥), see [5], [11], [15] and [17].

In this paper we shall prove local and microlocal solvability of principal
type pseudo-differential operators satisfying condition (V¥); this resolves the
Nirenberg-Treves conjecture. To get local solvability at a point x¢ we shall
also assume a strong form of the nontrapping condition at xg:

(1.3) p=0 = O #0.
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This means that all semi-bicharacteristics are transversal to the fiber T M,
which originally was the condition for the principal type of Nirenberg and
Treves [21]. Microlocally, we can always obtain (1.3) after a canonical trans-
formation.

THEOREM 1.1. If P € WI}(M) is of principal type and satisfies condi-
tion (V) given by (1.2) microlocally near (xg, &) € T*M, then

(14)  lull < CUIP ullo—m) + [ Rull + [[ull 1), we Cg°(M).

Here R € \Ilio(M) such that (xo,&) ¢ WF R, which gives microlocal solv-
ability of P at (x0,&) with a loss of at most two derivatives. If P satisfies
conditions (V) and (1.3) locally near xo € M, then (1.4) holds with x # xq in
WEF R, which gives local solvability of P at xq with a loss of two derivatives.

Thus, we lose at most two derivatives in the estimate of the adjoint, which
is one more compared to the condition (P) case.

Most of the earlier results on local solvability have relied on finding a
factorization of the imaginary part of the principal symbol; see for example [5]
and [17]. We have not been able to find a factorization in terms of sufficiently
good symbol classes in order to prove local solvability. The best result seems
to be given by Lerner [16], who obtained a factorization showing that every
first order principal type pseudo-differential operator satisfying condition (¥)
is a sum of a solvable operator and an L?>-bounded operator. But the bounded
perturbation has a very bad symbol, and the solvable operator is solvable with
a loss of more than one derivative, so that this does not imply solvability.

This paper is a shortened and simplified version of [6], and the plan is
as follows. In Section 2 we reduce the proof of Theorem 1.1 to an estimate
for a microlocal normal form for the adjoint operator P* = Dy + iF(t,x, D).
Here F has real principal symbol f € C™(R, S} (R")), and Py satisfies the
corresponding condition (¥): t +— f(¢,z,¢) does not change sign from + to —
with increasing ¢ for any (z, ). In Corollary 2.7 we shall for any 7' > 0 prove
the estimate

(1.5) |ul|? < TIm (P*u, Byu) + C||(Dy)  tul?

for u € S(R™!) having support where [t| < T. Here |lu| is the L? norm
on R""! (u,v) the corresponding sesquilinear inner product, (D) = 1+ |D,|
and Br(t,z,D,) € U] /2.1 /2(R") is symmetric, with symbol having homoge-
neous gradient

VBr = (9. Br, |£|0¢Br) € 511/2,1/2(Rn)'

This gives local solvability by the Cauchy-Schwarz inequality after microlo-
calization. Since Re P* = Dy is solvable and VBr € 511/2 1/2(R”), the esti-
mate (1.5) is localizable and independent of lower order terms in the expansion
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of F' (see Lemma 2.6). Clearly, the estimate (1.5) follows if we have suitable
lower bounds on 2 Im(BrP*) = 0;Br + 2Re(BrF).

Let g1,0(dx, d€) = |dxz|>+|d€]* /|¢|* be the homogeneous metric and g; 5 1 /2
= |£]|g1,0. The symbol By of the multiplier is essentially a lower order pertur-
bation of the signed g;/51/2 distance dp to the sign changes of f in T*R" for
fixed t. Then &of > 0 and we find from condition (¥) that 9;6¢ > 0.

In Section 3 we shall make a second microlocalization with a new met-
ric G1 = H19y/2,1/2, where cl¢|™r < Hy <1 so that cg1 9 < Gy < gi/2,1/2 (see
Definition 3.4). This metric has the property that if H; < 1 at f~1(0), then
|Vf| # 0 and f~1(0) is a C™ surface with curvature bounded by CHll/z. The
implicit function theorem then gives f=ady where |0, ¢0o| #0, @ #0, and these
factors are in suitable symbol classes in the Weyl calculus by Proposition 3.9.

In Section 5 we introduce the weight, which for fixed (z,&) is defined by

ma(to) = inf  {do(t2) — do(tr) + max(H, > (t1) (S0 (t1)), Hy'* (t2)(do(2))) }

t1<to<t>

where (69) = 1 + |dp| (see Definition 5.1). This is a weight for the metric
g1/2,1/2 by Proposition 5.4, such that clé|=1% < m; < 1. The weight m,
essentially measures how much the signed distance dy changes between the
minima of H 11 2 From (1.6) we immediately obtain the convexity property of
t — mq(t,z, &) given by Proposition 5.7:

supmy < |Ardo| + 2supmy, I =a,b] x (x,&)
I BYi

where |Ardp| = |90 (b, 2, &) — do(a, x,&)| is the variation of dy on I. This makes
it possible to add a perturbation g7 so that |or| < m; and

0¢(do + or) > m1 /2T in ‘t’ <T

by Proposition 5.8. Using the Wick quantization By = (6o + o)V in Sec-
tion 6 we obtain that positive symbols give positive operators, and

By > m} /2T > ¢|D,|~V2/2T  in |t| <T.

1/2 1/2

Now if m; <1 at (to,zo,&o), then we obtain that |dg| < H; '~ and H,;'" <1
at both (t1,z0,&) and (t2,x0,&) for some t; <ty < to. We also find that

Ardyg = O(mi(to, x,€)), I = [ty,t2] x (w0, &0)

and because of condition (¥) the sign changes of (z,£) — f(to,=,&) are lo-
cated in the set where do(t1,x,£)do(t2, z,£) < 0. This makes it possible to
estimate V2f in terms of m; (see Proposition 5.5), and we obtain the lower
bound: Re(BrF) > —ComYViCk in Section 7. By replacing By with ]Dx|1/2BT
we obtain for small enough T the estimate (1.5) and the Nirenberg-Treves
conjecture.
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2. The multiplier estimate

In this section we shall microlocalize and reduce the proof of Theorem 1.1
to the semiclassical multiplier estimate of Proposition 2.5 for a microlocal
normal form of the adjoint operator. We shall consider operators

(2.1) PQ = Dt + iF(t, x, Dw)

where F' € COO(R,\I/iO(R”)) has real principal symbol o(F) = f. In the
following, we shall assume that Py satisfies condition (¥):

(2.2) flt,z,§) >0 and s >t = f(s,2,§) >0

for any t, s € R and (z,§) € T*R". This means that the adjoint P} satisfies
condition (¥). Observe that if x > 0 then xf also satisfies (2.2), thus the
condition can be localized.

Remark 2.1. We shall also consider symbols f € L*(R, S} ,(R")), that
is, f(t,2,€) € L®°(R x T*R") is bounded in S} 4(R") for almost all ¢. Then
we say that Py satisfies condition () if for every (x,¢), condition (2.2) holds
for almost all s, t € R. Since (x,&) — f(t,x,£) is continuous for almost all ¢
it suffices to check (2.2) for (z,€) in a countable dense subset of T*R"™. Then
we find that f has a representative satisfying (2.2) for any ¢, s and (x, &) after
putting f(¢,z,£) = 0 for ¢ in a countable union of null sets.

In order to prove Theorem 1.1 we shall make a second microlocalization
using the specialized symbol classes of the Weyl calculus, and the Weyl quan-
tization of symbols a € S'(T*R™) defined by:

(a®u,v) = (2m)~" / / exp (i — 1, £))a(ZEL, €) u(y)5(x) dedyd,
u,v € S(R™).

Observe that Rea™ = (Rea)¥ is the symmetric part and iIma” = (iIma)¥
the antisymmetric part of the operator a®. Also, if a € ST(R") then a*(z, D)
= a(x, D,) modulo \Ilfo_l(R”) by [9, Th. 18.5.10].

We recall the definitions of the Weyl calculus: let g,, be a Riemannean
metricon T*R", w = (z,§), then we say that g is slowly varying if there exists
¢ > 0 so that gy, (w —wp) < ¢ implies gy = Guy; i€, 1/C < guw/guw, < C. Let o
be the standard symplectic form on T*R", and let ¢° (w) > g(w) be the dual
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metric of w +— g(o(w)). We say that g is 0 temperate if it is slowly varying
and

9w < Cguy(1+ gg(w —wo))™,  w, wo € T'R™.

A positive real-valued function m(w) on T*R™ is g continuous if there exists
¢ > 0 so that gy, (w — wp) < ¢ implies m(w) = m(wp). We say that m is o,
g temperate if it is g continuous and

m(w) < Cm(wo)(L + goy(w —wo))™,  w, wo € T*R™.

If m is 0, g temperate, then m is a weight for g and we can define the symbol
classes: a € S(m, g) if a € C*°(T*R") and

(2.3)

@ (w, Ty, ..., T;
’a‘:t]](w): sup |(Z (w? 1, ) ])|

: < Cim(w), w e TR" for 7 >0,
r£0 [ gu(T)'? ’

which gives the seminorms of S(m,g). If a € S(m,g) then we say that the
corresponding Weyl operator a* € Op S(m, g). For more on the Weyl calculus,
see [9, §18.5].

Definition 2.2. Let m be a weight for the metric g. Then a € ST (m, g) if
a € C®(T"R") and |af] < Cym for j > 1.

Observe that by Taylor’s formula we find that

|a(w) — a(wo)| < C1 sup g, (w — wo)"*m(wp)
0€[0,1]

< Cvm(wo)(1+ g, (w — wp))™

where wy = fw+ (1 —6)wp, which implies that m+|a| is a weight for g. Clearly,
a € S(m+ l|al,g), so the operator a® is well-defined.

LEMMA 2.3. Assume that m; is a weight for g; = hijg* < g* = (¢%)° and
aj € St(mj,g;), j=1,2. Let g = g1 + go and h* = supg1/g§ = sup g2/g7 =
hlhg, then

(2.4) at’ay — (araz2)” € Op S(mimah, g),
and we have the usual expansion of (2.4) with terms in S(mimah®, g), k > 1.

This result is well known, but for completeness we give a proof.

Proof. As shown after Definition 2.2 we have that m; + |a;| is a weight
for 9j and aj € S(mj + ‘a]|7g])7 j = 17 2. Thus

afay € Op S((m1 + [a1])(mz2 + lazl), 9)
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is given by Proposition 18.5.5 in [9]. We find that a}’ay — (a1a2)® = o™ with

a(w) = E(%O’(le , Dw2))%a(le , Dy, )an (U}l)CLQ(U}Q)‘

w1 =W2=wW

where E(z) = (e*—1)/z = fol % df. We have that o (D, , Dy, )a1(w1)az(wz) €
S(M,G) where

M (w1, w2) = my (w)ma(wa)hy/* (wr )by (ws)

and Gy, w, (21, 22) = 91w, (21) + 92,0, (22). Now the proof of Theorem 18.5.5
in [9] works when o (D, , Dy, ) is replaced by 00(Dy, , Dy,), uniformly in 0 <
0 < 1. By integrating over 6 € [0, 1] we obtain that a(w) has an asymptotic
expansion in S(mymsah¥, g), which proves the lemma. O

Remark 2.4. The conclusions of Lemma 2.3 also hold if a; has values in
L(B1, Bs) and ag in B where By and By are Banach spaces (see §18.6 in [9]).

For example, if {a; }, € S(m1,g1) with values in 22, and b; € S(ma, go)
uniformly in j, then { ay’by } € Op(myma, g) with values in £2. In the proof of
j

Theorem 1.1 we shall microlocalize near (z¢,&y) and put h=! = (&) = 1+
Then after a symplectic dilation: (z,€&) — (h~Y2x, h'/2¢), we find that Sfo =
S(h™*, hg*) and S, |, = S(h7*. ), (¢)7 = ¢, k € R. Therefore, we shall
prove a semiclassical estimate for a microlocal normal form of the operator.

Let ||u|| be the L2 norm on R"*!, and (u, v) the corresponding sesquilinear
inner product. As before, we say that f € L*(R,S(m,g)) if f(t,z,§) is
measurable and bounded in S(m, g) for almost all ¢. The following is the main
estimate that we shall prove.

PROPOSITION 2.5. Assume that Py = D + if"(t,x, D), with real f €
L®(R, S(h~1, hg")) satisfying condition (¥) given by (2.2); here 0 < h < 1
and g* = (gﬁ)" are constant. Then there exists Ty > 0 and real-valued symbols
br(t,z, &) € LR, S(h=12, )N St (1, g%)) uniformly for 0 < T < Ty, so that

(2.5) hY2|u)|? < TIm (Pou, b¥uw)

foru(t,x) € S(RxR"™) having support where |t| < T. The constant Ty and the
seminorms of by only depend on the seminorms of f in L¥ (R, S(h™', hgt)).

It follows from the proof (see the end of Section 7) that |by| < CH; Y 2,
where H;p is a weight for gjj such that h < H; < 1, and G1 = ngjj is o
temperate (see Proposition 6.3 and Definition 3.4).

There are two difficulties present in estimates of the type (2.5). The first
is that by is not C'*° in the t variables. Therefore one has to be careful not
to involve b in the calculus with symbols in all the variables. We shall avoid
this problem by using tensor products of operators and the Cauchy-Schwarz
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inequality. The second difficulty lies in the fact that |by| > h'/2, so it is not
obvious that lower order terms and cut-off errors can be controlled.

LEMMA 2.6. The estimate (2.5) can be perturbed with terms in
L*®(R, S(1,hg")) in the symbol of Py for small enough T, by changing br
(satisfying the same conditions). Thus it can be microlocalized: if ¢p(w) €
S(1, hg?) is real-valued and independent of t, then

(2.6) Im (Py¢®u, B¢V u) < Im (Pyu, ¢V bEe u) + ChY?|u)|?

where ¢YbL" satisfies the same conditions as b.

Proof. 1t is clear that the estimate (2.5) can be perturbed with terms in
L*®(R, S(h, hg')) in the symbol expansion of Py for small enough T. Now, we
can also perturb with symmetric terms 7 € L>®(R, Op S(1, hg?)). In fact, if
r € S(1,hgt) is real and b € S*(1, ¢) is real modulo S(h'/2, gt), then

(2.7)
| Im (ru, 0%u) | < | ([(Red)”, r*lu,u) |/2 + | (ru, (Imb)*u) | < Ch1/2||u||2,

since [(Reb)”,r"] € Op S(h'/2 g*) by Lemma 2.3. Now assume P, = Py +
r(t, 2, D,) with complex-valued r € L(R,, S(1, hg?)), and let

t
E(t,x,&)=exp (—/ Imr(s,z,€) ds)
0
€ C(R,S(1,hg") () ST(T, hg"), [t <T
since Oy FE = —F fg Im 0,7 ds. Then FE is real and we have by Lemma 2.3 that
EY(E~YY =1=(E"YHYvEY modulo Op S(T?h, hg*)

uniformly when [¢| < T. Thus, for small enough 7" we obtain that ||u| =
|E*ul||. We also find that

(ETYYPEY =Py +ilmr? + (B {f,E})" = P,

modulo L>®(R, Op S(h, hg*)) and symmetric terms in L>(R,Op S(1, hgt)).
Thus we obtain the estimate with Py replaced with P; by substituting EF“u
in (2.5) and using (2.7) to perturb with symmetric terms in L>°(R,Op S(1,hg")).
We find that b% is replaced with By = E*bp E* which is symmetric, satisfying
the same conditions as b by Lemma 2.3, since £ € S(1, hgt) is real so that
Br = brE? modulo S(h, ¢g*) for almost all ¢.

If ¢(w) € S(1,hg?) then we find that [Pp,¢"] = {f, ¢}* modulo
L>®(R,0p S(h, hg')) where { f,¢} € L¥(R,S(1, hg")) is real-valued. By us-
ing (2.7) with 7 = { f,¢}" and b¥ = b¢™, we obtain (2.6) since b¥p" €
Op St (1, g*) is symmetric modulo Op S(h'/2, g*) for almost all ¢ by Lemma 2.3,
We find that ¢¥b%¢" is symmetric, and as before ¢p¥b%¥¢™ = (br¢*)* modulo
L>®(R,Op S(h, g*)), which satisfies the same conditions as b%. O
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Next, we shall prove an estimate for the microlocal normal form of the
adjoint operator.

COROLLARY 2.7. Assume that Py = D; + iF"(t,z,D,), with F* €
L>(R, \Ifio(R”)) having real principal symbol f satisfying condition (¥) given
by (2.2). Then there exists To > 0 and real-valued symbols br(t,z,§) €
L*(R, SII/Q’I/Q(R")) with homogeneous gradient

Vbr = (9ubr, [€|0¢br) € LP(R, S /o1 /(R"))
uniformly for 0 < T < Ty, such that
(2.8) [ull® < T Im (Pou, bu) + Co|[(Dy) ™ ul|?

for u € S(R"1) having support where |t| < T. The constants Ty, Co and the
seminorms of br only depend on the seminorms of F' in L*°(R, Sll’O(R")).

Since Vbr € L>®(R, 511/2 1/2) we find that the commutators of b with
operators in L®(R, ¥ ;) are in L(R, \Il(l]/2 1/2)- This will make it possible to
localize the estimate.

Proof of Corollary 2.7. Choose real symbols { ¢;(z,£) };, { ¥;(2,£) }; and
{;(x,8) }j € SRO(R”) having values in ¢2, such that Ej gb? =1, Yjo; = 05,
V;1p; = 1p; and 1; > 0. We may assume that the supports are small enough
so that (§) = (§;) in supp ¥, for some ¢;. Then, after doing a symplectic
dilation (y,n) = (x(&;)1/%,£/(£;)1/?) we obtain that STH(R™) = S(hj_m,hjgﬁ)
and 51"}271/2(R") = S(h;m,gﬁ) in supp ¥;, m € R, where h; = (&)~ <1 and
g*(dy, dn) = |dy|* + |dn|*.

By using the calculus in the y variables we find ¢y Py = ¢5 Fy; modulo
Op S(h;, hjgﬁ), where

POj = -Dt + l('lp]F)w(t, Y, Dy) = Dt + ijw(ta Y, Dy) + r;u(tvy7 Dy)
with
fi =1f € LR, S(h; ", hyg"))
satisfying (2.2), and r; € L*(R,S(1,hjg*)) uniformly in j. Then, by us-
ing Proposition 2.5 and Lemma 2.6 for Fy;, we obtain real-valued symbols
bir(t,y,n) € LW(R,S(h;1/2,gﬁ) N ST(1,¢") uniformly for 0 < T < 1, such
that

(29)  [l¢¥ull? < T(h; /> Im (Pyu, Ub%716%u) + Collul®) ¥

for u(t,y) € S(R x R™) having support where |[t| < T. Here and in the
following, the constants are independent of T
By substituting V7' in (2.9) and summing up we obtain

(2.10) lull* < T (Im (Pou, bpw) + Cillull?) + Col|(De) ™ ul®
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for u(t,y) € S(R x R™) having support where |t| < T. Here

by = Z By UGG T € LO(R, WY ) )
J

is symmetric. In fact, >, (;5? = 1 so that 3, ¢¥¢7 = 1 modulo U-H(R"),
and since ¢;¥; = ¢; we have {gb;’[Fw,\Il}”] } S \Ill_(l)(R") with values in
j b

¢? for almost all t. We find the homogeneous gradient Vb € Sll /2,1/2 since

br = 3, hj-_l/ij7T¢32- € 311/2’1/2 modulo S?/271/2, where ¢; € S(1,h;g*) and

bjr € ST(1,¢% for almost all t. For small enough 7" we obtain (2.8) and the
corollary. O

Proof that Corollary 2.7 gives Theorem 1.1. We shall prove that there
exist ¢ and ¢ € S?,o( *M) such that ¢ = 1 in a conical neighborhood of
(z0,&0), ¥ = 1 on supp ¢, and for any T' > 0 there exists Rp € 5’1170(M) with
the property that WF R (T M = () and

(2.11)
9" ull < Cr (14" P ull2—my + Tllull) + | B7ull + Collull(—1y, u € C§°(M).

Here [|ul|(s) is the Sobolev norm and the constants are independent of 7. Then
for small enough T we obtain (1.4) and microlocal solvability, since (xo, &) ¢
WEF(1—¢)". In the case that P satisfies condition (¥) and O¢p # 0 near xo we
may choose finitely many ¢; € S?,O(M) such that ) ¢; > 1 near zp and |[¢} ul|
can be estimated by the right-hand side of (2.11) for some suitable ¥ and Ry .
By elliptic regularity, we then obtain the estimate (1.4) for small enough 7.

By multiplying with an elliptic pseudo-differential operator, we may as-
sume that m = 1. Let p = o(P), then it is clear that it suffices to consider
wo = (wg, &) € p~1(0); otherwise P* € WL (M) is elliptic near wy and we easily
obtain the estimate (2.11). It is clear that we may assume that d¢ Re p(wg) # 0,
in the microlocal case after a conical transformation. Then, we may use
Darboux’ theorem and the Malgrange preparation theorem to obtain micro-
local coordinates (¢,y;7,1) € T*R"™! so that wy = (0,0;0,70), t = 0 on Ty M
and p = (7 + if) in a conical neighborhood of wy, where f € C*®(R, S ) is
real and homogeneous satisfying condition (2.2), and 0 # ¢ € 59,03 see Theo-
rem 21.3.6 in [9]. By conjugation with elliptic Fourier integral operators and
using the Malgrange preparation theorem successively on lower order terms,
we obtain that

(2.12) P*=Q"(Dy+i(xF)") + R"
microlocally in a conical neighborhood T of wy (see the proof of Theorem 26.4.7/
in [9]). Here Q € S7((R"*!) and R € S ((R"*1), such that Q* has principal

symbol ¢ # 0 in I’ and T(YWF R¥ = (). Moreover, x(7,7) € S7o(R""!) is
equal to 1 in I, |7| < C|n| in supp x(7,n), and F* € C'OO(R,\IJ%’O(R”)) has



THE NIRENBERG-TREVES CONJECTURE 415

real principal symbol f satisfying (2.2). By cutting off in the ¢ variable we
may assume that f € L*(R, 51170(R”)). We shall choose ¢ and ¢ so that
supp ¢ C suppy C I' and

¢(ta Y7, 77) = XO(tv T, n)d)()(yv 77)

where XO(th7 77) € S(l),O(Rn+l)7 ¢0(y777) € S?,O(Rn)’ t 7& 0 in supp atXOa |T| <
Cln| in supp xo and |7| = [n] in supp Or,;Xo.

Since ¢ # 0 and R = 0 on supp® it is no restriction to assume that
@ =1 and R = 0 when proving the estimate (2.11). Now, by Theorem 18.1.35
in [9] we may compose C°°(R, ¥T}(R")) with operators in \IJ'f,O(R”“) having
symbols vanishing when |7| > ¢(1 + ||), and we obtain the usual asymptotic
expansion in \I/T(;rk_j(R”“) for 7 > 0. Since |7| < C|n| in supp¢ and x = 1
on supp %, it thus suffices to prove (2.11) for P* = Py = Dy + iF™.

By using Corollary 2.7 on ¢"“u, we obtain that

(2.13)

l¢"ull* < T (Im (6" Pow, by¢*u) + Im ([Po, 6 Ju, bipéu)) + Collullt_y
where b € L°(R, \111/2 1/2(R")) is symmetric with Vbr € L>*(R, 511/2 1/2 (R™)).
We find [Py, "] = —iti¢® + { f,0}" € ¥ (R"™) modulo Wy G(R™™) by
Theorem 18.1.35 in [9]. We have that

(2.14)

| (v, bu) | = | ((Dy)v, (Dy)~'0pu) | < C(lolley + lull?) Y u, ve SR
since [(Dy)ol < [[vllay and (Dy) 188 € LX(R, B8, o(RM), (D) = 1+]D, .
Now ¢" = ¢™ " modulo \Ilig(R"Jrl). Thus we find from (2.14) that

(2.15)
| (6" Pou, b3 u) | < C([|¢" Poullyy + 19" ul?) < C'(I19" Poullfyy + [[ul?)-

We also have to estimate the commutator term Im ([P, ¢*]u, bp¢"u) in (2.13).
Since ¢ = xo¢o we find that

{f7¢} :¢0{f7X0}+X0{f7¢0}7
where ¢o { f,x0} = Ro € SYo(R™) is supported when |7| = || and ¢ = 1.
Now (r +if)~! € Sié(R”“) when |7| = |n|, thus by [9, Th. 18.1.35] we
find that Ry = AY¢" P, modulo \Ifi(l)(R"H) where Ay = Ro(t +if)™! €
Sio(R™1). As before, we find from (2.14) that

(2.16) | (Ryu, bye"u) | < C(|RGullty + lo*ul®) < Co(llv" Poul® + [|ul?)

and | (0% u, b%e%u) | < ||R¥ul* + C|lul|? by (2.14), where RY = (D,)0:¢" €
Ui o(R™); thus ¢ # 0 in WF RY.
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It remains to estimate the term Im (({f, o} x0)"u,b%¢"u), where

({ /.00 } x0)* = { f,¢0 }" x¢ and ¢* = ¢fx§ modulo ¥y 5(R™H). By (2.14)
we find | (R"u, b§v) | < C(||ul® + [[v]|?) for R € STg(R™), thus we find

[T (({ £, @0 } x0)“u, bpg™u) | < [T ({ f, do }" x§w, bpo§x w) | + Cllull.

The calculus gives bY¢y = (breoo)” and

2iIm ((breo)” { f, ¢0}"*) = {brdo, { f. ¢ } }" =0
modulo L*(R, \I/?/QJ/Z(R”)) since V(brgg) € L (R, 511/271/2(R”)). We ob-

tain
(2.17) [ Tm ({ f, é0 }" xG'u, bpo0 xg'w) | < Clixgull* < C'lul®
and the estimate (2.11), which completes the proof of Theorem 1.1. O

It remains to prove Proposition 2.5, which will be done at the end of
Section 7. The proof involves the construction of a multiplier b7, and it will
occupy most of the remaining part of the paper. In the following, we let
|lul|(t) be the L? norm of z + wu(t,z) in R™ for fixed ¢, and (u,v)(t) the
corresponding sesquilinear inner product. Let B = B(L*(R")) be the set of
bounded operators L?(R") — L?(R™). We shall use operators which depend
measurably on ¢.

Definition 2.8. We say that t — A(t) is weakly measurable if A(t) € B
for all t and t — A(t)u is weakly measurable for every u € L?*(R"), i.e., t —
(A(t)u,v) is measurable for any u, v € L?(R™). We say that A(t) € L (R, B)
if t — A(t) is weakly measurable and locally bounded in B.

If A(t) € Lis.(R,B), then we find that the function ¢ — (A(t)u,v) €
L2 (R) has weak derivative 4 (Au,v) € D'(R) for any u, v € S(R™) given by

loc
4 (Au,v) (¢) = — / (A(Wu,0)@(6)dt,  (t) € C(R).

If u(t), v(t) € LS (R, L2(R™)) and A(t) € L (R,B), then we find ¢t

loc loc

(A(t)u(t),v(t)) € LS.(R) is measurable. We shall use the following multi-

loc
plier estimate (see also [13] and [15] for similar estimates):

PROPOSITION 2.9. Let Py = D; +iF(t) with F(t) € LiS.(R,B). Assume
that B(t) = B*(t) € LY.(R, B), such that

loc

(2.18) % (Bu,u) + 2Re (Bu, Fu) > (mu,u) in D'(I) VueSR"Y)
where m(t) = m*(t) € LS. (R, B) and I C R is open. Then
(2.19) /(mu,u) dt < Q/Im (Pu, Bu) dt

foru € CH(I,S(R™)).
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Proof. Since B(t) € Li$.(R,B), we may for u, v € S(R") define the
regularization

(B:(t)u,v) = g1 / (B(s)u,v) ¢((t — s)/e)ds = (Bu,v) (¢e 1), e >0,

where ¢ 4(s) = e 1o((t — s)/e) with 0 < ¢ € C5°(R) satisfying [ ¢(t) dt = 1.
Then t — (B:(t)u,v) is in C*°(R) with derivative equal to % (Bu,v) (¢er) =
— (Bu,v) (¢ ;). Let Ip be an open interval such that Iy € I. Then for small
enough € > 0 and t € Iy we find from condition (2.18) that

(2.20) 4 (B.(t)u,u) + 2Re (Bu, Fu) (¢e1) > (mu, u) (¢ey), ue SR").

In fact, ¢.; > 0 and supp ¢ € C§°(I) for small enough € when t € .
Now for u(t) € C}(Ip, S(R™)) and £ > 0 we define

(221)  Meu(t) = (B()ult),u(t)) = / (B(s)u(t), u(t)) o((t — s) /<) ds.
For small enough € we obtain M. ,(t) € C}(Ip), with derivative

%Mg,u = ((%Bg)u,u) + 2Re (B:u, Opu)
since B(t) € Li°.(R, B). By integrating with respect to ¢, we obtain the van-

loc
ishing average

(2.22) 0_/%Me,u(t) dt—/((%Be)u, u) dt+/2Re (Beu, Opu) dt

when u € C¢(Ip, S(R™)). We obtain from (2.20) and (2.22) that

0> / / ((m(s)u(t), u(t))+2 Re (B(s)u(t), ru(t) — F(s)u(t)) )o((t—s) /<) dsdt.
By letting e — 0, we find by dominated convergence that
0> / (m(t)u(t), u(t)) + 2 Re (B(t)u(t), dyu(t) — F(t)u(t)) di

since u € C} (I, S(R™)) and m(t), B(t), F(t) € L2 (R, B). Here du — Fu =
iPu and 2Re(Bu,iPu) = —2Im (Pu, Bu); thus we obtain (2.19) for u €
C(Ip, S(R™)). Since Iy is an arbitrary open subinterval with compact closure
in I, this completes the proof of the proposition. O

3. The symbol classes

In this section we shall define the symbol classes to be used. Assume that
f € LR, S(h7!, hgt)) satisfies (2.2). Here 0 < h < 1 and ¢ = (¢f)7 are
constant. The results are uniform in the usual sense; they only depend on the
seminorms of f in L®°(R, S(h™!, hg?)). Let
(3.1) Xi(t)={weT'R":3s<t, f(s,w) >0},
(3.2) X (t)={weT'R":3s>t, f(s,w)<0}.
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Clearly, X (t) are open in T"R", X (s) C X;(t) and X_(s) D X_(¢) when
s < t. By condition (¥) we obtain that X _(¢)( X, (t) = 0 and £ f(¢t,w) >0
when w € X4 (t), Vt. Let Xo(t) = T*R"™ \ (X1 (¢) | X_(¢)) which is closed in
T*R"™. By the definition of X (¢) we have f(t,w) =0 when w € Xo(t). Let

(3.3) do(to, wo) = inf { Gwo — 2)V2 1 2 € Xolto) }

be the ¢! distance in T*R" to Xo(to) for fixed tg. It is equal to 400 in the
case that X (tg) = 0.

Definition 3.1. We define the signed distance function do (¢, w) by

(3.4) 8o = sgn(f) min(do, h~1/?),
where dj is given by (3.3) and

B 1, we Xyi(t)
(3.5) sen() (1) = {0’ .

so that sgn(f)f > 0.

Definition 3.2. We say that w +— a(w) is Lipschitz continuous on T*R™
with respect to the metric g# if

sup [a(w) — a(2)|/g*(w — 2)"* = Jal| sy < 00
w#z€T*R"

where ||a||zip is the Lipschitz constant of a.

PROPOSITION 3.3. The signed distance function w — 6&o(t,w) given by
Definition 3.1 is Lipschitz continuous with respect to the metric g* with
Lipschitz constant equal to 1, for all t. We also find that t — do(t,w) is
nondecreasing, 0 < dof, |0o] < h='/2 and |6o| = do when |5o| < h=1/2.

Proof. Clearly, it suffices to show the Lipschitz continuity of w +— o (¢, w)
on 0X4(t), and thus of w — do(t,w) when dy < co. In fact, if w1 € X_(t) and
we € X4 () then we can find wg € X¢(t) on the line connecting w; and wy. By
using the Lipschitz continuity of dy and the triangle inequality we then find
that

|50(t,w2) — 50(t, w1)| < |w2 — ’LUO| + |’LUO — wl\ = |’LU2 — w1|.

The triangle inequality also shows that w — g¢f(w—z)"/? is Lipschitz continuous

with Lipschitz constant equal to 1. By taking the infimum over z we find that
w — do(t,w) is Lipschitz continuous when dy < oo, which gives the Lipschitz
continuity of w — ¢ (t, w).

Clearly of > 0, and by the definition |§o| = min(dg, h~/2) < h=1/2 so
that |0o| = do when |dg| < h~1/2. Since X, () is nondecreasing and X_(t) is
nonincreasing when ¢ increases, we find that ¢ +— Jo (¢, w) is nondecreasing. O
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In the following, we shall treat t as a parameter which we shall suppress,
and we shall denote f = 9, f and f” = 02 f. Also, in the following, assume
that we have choosen g* orthonormal coordinates so that g#(w) = |w|?.

Definition 3.4. Let
']
|f”| 4 h1/4\f’|1/2 4 h1/2

(3.6) HY? =14 160] +

and G = Hig".

Remark 3.5. We have that
(3.7) 1< HY? <14 160 + b V4 f|V2 < Ch Y2
since |f’| < C1h~1/2 and |6y < h~1/2. Moreover,

1< Hy P+ B2 4 02

so that by the Cauchy-Schwarz inequality,
(3.8) /| < 2" Hy 4 302 HTY < CoHy P

Definition 3.6. Let
(3.9) M = |f|+ 11 H 4 | 2,
then h/2 < M < C3h™L.

PROPOSITION 3.7. We find that Gy is o temperate, such that G1 = H?GJ
and

(3.10) Hy(w) < CoHy(wo)(1+ Hy(w)g*(w — wp)).
Also, M is a weight for Gi such that f € S(M,G1) and
(3.11) M (w) < C1M (wp)(1 + Hi(wo)g(w — w))*?.

In the case when 1+ |dg(wp)| < 1‘]171/2(11)0)/27 we have | f'(wo)| > h'/?,
(3.12) 1 (wo)| < Chlf (wo) H, ™ (wo), k21,
and 1/C < |f'(w)|/|f'(wo| < C when |w —wp| < cHl_l/Q(wo) for some ¢ > 0.

Since G7 < ¢* < GY we find that the conditions (3.10) and (3.11) are
stronger than the property of being o temperate (in fact, strongly o temperate
in the sense of [2, Def. 7.1]). When 1 + || < Hf1/2/2 we find that [’ €
S(|f',G1), f~1(0) is a C* hypersurface, and then Hll/2 gives an upper bound
on the curvature of f~1(0) by (3.12). Proposition 3.8 shows that (3.12) also
holds for k = 0 when 1 + || < Hy /2.
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Proof. If Hy(wo)g*(w — wp) > ¢ > 0 then we immediately obtain (3.10)
with Cy = ¢~!. Thus, in order to prove (3.10), it suffices to prove that H;(w) <
CoHy(wo) when Hy(wg)g(w —wp) < 1, i.e., that Gy is slowly varying.

First we consider the case 1+ [dg(wp)| > Hf1/2(w0)/2. Then we find by
the uniform Lipschitz continuity of w — |dp(w)| that

Hy Y2 (w) > 14 |60(w)] > 1+ [So(wo)| — Hy Y (wo)/6 > H{ /> (wp)/3

when |w—wo| < Hy 1/2 (wp)/6, which gives the slow variation in this case with
Co=0.
In the case 1+ |dp(wo)| < Hl_l/Q(wo)/2 we have that H11/2(w0) < 1/2 and

(3.13) | (wo)| + KA F (wo)| /2 + B2 < 2H] (wo) | £/ (wo)| < |f'(wo)].

Let Hy = Hi(wp) and F(z) = f'(wo + zHl_l/Q)/\f’(wo)] € C*. Then we

find |[F(0)| = 1, |F'(0)] < 2 and |F"(2)| < C, Yz, since h'/? < 4Hi|f (wo)|
by (3.13). Taylor’s formula gives that 1/C; < |F(2)] < Cy and |F'(2)| < C
when |z| < ¢ is sufficiently small, depending on the seminorms of f. Thus
when |w — wp| < 5H1_1/2 for e < 1, we have 1/Cy < |f'(w)]/|f' (wo| < C1 and
" (w)| < CoHL?|# (wol; thus (3.13) gives

HY(w) < £ (w)[| £/ ()| + B ()| 72 4+ B2 (w)[ 7 < Gyl

and the slow variation. Observe that (3.12) follows from (3.13) for k£ = 2.
When k£ > 3 we have

£ o) < G < ACKCH2 |1 (wo) [ H, 7

since h'/2 < 4Hy|f'(wo)| by (3.13) and h(F=3)/2 < C’l"_?’Hl(k_:i)/2 by (3.7).
Next, we shall prove that M is a weight for G;. By Taylor’s formula,

(3.14)
2k . |

B w)] < Cu > 1 (wo)|[w — wol? + Cuh' 2w —wo**, 0< k<2,
=0

thus

2
M(w) < Cs Y [F® (wo)|(lw—wo|+H{ Y (w))*+C5hY? (jw—wol+H; * (w))?.
k=0

By interchanging w and wy in (3.10) we find

Hy Y2 (w) + [w — wo| < Co(Hy " (wo) + |w — wp).
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Thus
2
M(w) < Cs Y | £ (wo) | Hy ™ (wo) (1 + H{"* (wo)Jw — wo|)*
k=0

+Coh 2 HT (wo) (1 + HLY (wo)|w — wol)?
< CM (wo) (1 + Hy? (wo)|w — wol)?

which gives (3.11). Tt is clear from the definition of M that |f*)| < MHf/2

when k£ < 2, and when k& > 3 we have \f(k)] < C’kh% < Cka*?’MHf since
hl/2 < MHE/2 and h(F=3)/2 < Ck*3H1(k_3)/2. This completes the proof of
Proposition 3.7. O

Note that f € S(M, Hig*) for any choice of H; > h in Definition 3.6. We
shall compare our metric with the Beals-Fefferman metric G = Hg* for f on
T*R"™, where

(3.15) H'=1+|f|+|f?<Ch™t

This metric is o temperate on T*R™, supG/G° = H?> <1 and f € S(H™1,G)
(see for example the proof of Lemma 26.10.2 in [9]).

PROPOSITION 3.8. We have H™1 < C’Hl_1 and M < CHl_l, which 1m-
plies that f € S(H{',G1) and

(3.16) 1/C < M/(|#"|H Y + hM2H?) < C
When |dp| < /ﬁoﬂflm and H11/2 < kg for 0 < kg sufficiently small, then

(3.17) 1/Cy < M/|f|H < ¢y

Thus, we find that the metric G gives a coarser localization than the
Beals-Fefferman metric G and smaller cut-off errors.

Proof. First note that by the Cauchy-Schwarz inequality
M — ‘f‘ + ‘f/|H1_1/2 + |f//|H1—1 + h1/2H1—3/2 < C(Hfl + Hl—l)

Thus, M < C’Hf1 if H71 < C’Hfl. Observe that we only have to do this
when |6y| < H~'/2, since otherwise H~/2 < C|dy| < C’Hl_l/z.

If |6o(wo)| < kHY2(wy) < Ckh~? and Ck < 1, then there exists
w € f71(0) such that |w — wo| = |do(wp)|. Since f(w) = 0, Taylor’s formula
gives that

(3.18)  |f(wo)| < |f (wol[So(wo)| + [f (wo) |8 (wo) | /2 + Ch2|8o (wo) .
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We find from (3.18) and (3.15) that |f(wo)| < CorH ! (wo) when |dg(wp)| <
xH~/2(wp). When Cok < 1 we obtain

H™ Y (wo) < (1= Cr)™HL+|f'(wo)[*) < C"H{ ™ (wo)

by (3.8).

Observe that when |dg| = h~1/2? we have Hfl/Q >~ p~1/2_ which gives
M = h~" and proves (3.16) in this case. If |§g(wo)| < h~'/2, then as before
there exists w € f71(0) such that |w —wp| = |Jo(wo)| < H;l/Q(wo). We obtain
from (3.18) and (3.8) that

M < C(\f|H P 7 HD R 2E ) < (|f”|H;1 + h1/2H;3/2) at wo,

which gives (3.16). If || < Hl_l/2 < Ch~ Y2 and Hll/2 < 1, then we obtain
by (3.18) and (3.12) that

M < C(\f|H | R PES) < O ETT
This gives (3.17) and completes the proof of the proposition. O

PROPOSITION 3.9. Let Hl_l/2 be given by Definition 3.4 for f € S(h™', hgt).
There exists k1 > 0 so that if (do) =14 |dp| < H1H1_1/2 then

(3.19) f = apdo

where ki MHY? < o € S(MHll/z,Gl), which implies that §g = f/ag €
S(H Y2, Gy).

Proof. We choose g* orthonormal coordinates so that wg = 0, put H 11 /2 -
H11/2(0) and M = M(0). Let ko > 0 be given by Proposition 3.8; then if k1 <
ko we find | f/(0)| = MH11/2. Next, we change coordinates, letting w = Hl_l/2z
and

F(z) = B2 f(Hy22) )11/ (0)] = f(H2) /M e 0.

Now 41(z) = H11/250(H1_1/22) is the signed distance to F~1(0) in the z coordi-
nates. We have |F(0)| < Cy, |F'(0)| =1, |F"(0)| < Cy and |F®)(2)| < Cj, for
all z. It is no restriction to assume that 9., F'(0) = 0, and then |0,, F'(2)| > ¢ > 0
in a fixed neighborhood of the origin. If |6;(0)| = ]50(0)H11/2| < k1 < 1 then
F~1(0) is a C* manifold in this neighborhood, &;(z) is uniformly C* and
0:,01(2) > ¢o > 0 in a fixed neighborhood of the origin. By choosing (F(z), z)
as local coordinates and using Taylor’s formula we find that 01(2) = a3 (2)F(2),
where 0 < ¢; < a1 € C™ in a fixed neighborhood of the origin. Thus, we obtain
the proposition with ag(w) = |f’(0)|/a1(H11/2w) € S(MHll/2, G1). a
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The denominator D = |f”| + hY*|#'|"/? + h'/? in the definition of Hfl/Q
may seem strange, but it has the following explanation which we owe to Nicolas
Lerner [18].

The Beals-Fefferman metric for F is Gy = Hag® where Hy ' = 1+ |F'|? +|F|
14 A=Y f"|? + h~Y/2|f'|. Thus, we obtain that D = |f”| + hY*|f/|/? + h1/?
Hy'?h1/? and

Remark 3.10. If f € S(h~!, hg?) we find that F = h=1/2f" € S(h™1, hg").

(3.20)  H P 21+16| + |F|H* < CH; Y when |6o] < CH, '/?

which gives that H;l/Q o Hfl/2 + | F’| when |dg| < CH;VQ (or else H;1/2 ~

60 > CH;Y?). We find that /| < C(RY4f'|Y/2 + hY/2) if and only if
H, V24 |F|Y/2. Thus G is equivalent to the Beals-Fefferman metric G
for F = h='/2f" in a G5 neighborhood of f~1(0) if and only if

|fl/| < C(h1/4’f/‘1/2 + h1/2).

In fact, the condition |f”| < C(h'/*|f'|'/? + h'/2) means that H;1/2 ~
1+ h_1/4|f,’1/2 =1+ |F\1/2. Now the Cauchy-Schwarz inequality gives that

1+ |F|MY2 <1+ eH, \? 4+ C.|F|HY?

Thus, Hl_l/2 = H;l/2 when |dp| < CH2_1/2. Observe that we can define the
metric Go with h replaced by any constant Hgy such that ch < Hy < CHj,
since Ho_l/2f’ € S(Hy', Hog") by (3.8) (see Remark 5.6).

4. Properties of the symbol

In this section we shall study the properties of the symbol near the sign
changes. We start with a one dimensional result.

LEMMA 4.1. Assume that f(t) € C3(R) such that || f)||o = sup, | f®(2)|
is bounded. If

(4.1) sgn(t)f(t) >0  when go < |t| < o1
for o1 > 309 > 0, then

(42) 7)1 < 2 (007'0) + g}l 7 Pl /2)
(4.3) |F(0)] < £'(0)/00 + Tool| fP]|0/6.

Proof. By Taylor’s formula,

0 < sgn(t)f(t) = [t|f'(0) +sgn(®)(f(0) + f'(0)?/2) + R(t), oo < |t| < 01,
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where |R(t)| < ||£®)]|0o|t|?/6. This gives

(4.4) |£(0) + 22 £(0)/2] < F'(O)t] + | f P |oo |t /6

for any |t| € [0o, 01]. By choosing [t| = oo and |t| = 300, we obtain that
4451£"(0)] < 4f'(0) o + 28/1/ P o 03/6

which gives (4.3). By letting |[t| = po in (4.4) and substituting (4.3), we

obtain (4.2). O

PROPOSITION 4.2. Let f(w) € C®(T*R™) such that ||f®)|s < co. As-
sume that there exists 0 < e < r/5 such that

(4.5) sgn(wi) f(w) >0 when |wy| > e+ |w'[*/r and |w| <7
where w = (wy,w’). Then

(4.6) " (0)] < 33(10u, £(0)]/0 + ol ¥ [loc)

for any e < o < r//10.

Proof. We shall consider the function ¢ — f(¢,w’) which satisfies (4.1) for
fixed w’ with
e+ w2 /r = oo(w') < |t| < 01 = 3r/V10

and |w'| < r/+/10 which we assume in what follows. In fact, then t?4 |w'|? < r?
and 3gp(w’) < 9r/10 < 3r/y/10 = p;. We obtain from (4.2) and (4.3) that
3
(4.7) [£(0,w")] < 500, £(0, ) o+ 36° | £ oo /4,
(4.8) 10, £(0,0)] < 0w, (0, w')/ 0+ Tol ]| 0 /6

for ¢ + |w'|?/r < 0 < r/+/10 and |w'| < r/3/10. By letting w’ = 0 in (4.8) we
find that

(4.9) 102, £(0)] < B, £(0)/0+ Tol| fP) |0 /6

for ¢ < o < r/V/10. By letting o = go(w') in (4.7) and dividing by 300(w')/2,
we obtain

(4.10) 0 < 0, (0,0) + 2[ P ool
when ¢ < |w’| < r/v/10 since then go(w’) < e+ |w'| < 2|w’|. By using Taylor’s
formula for w’ +— 9y, f(0,w’) in (4.10), we find that
)
0 < 9w, £(0) + (W', O (9w, £)(0)) + §||f(3)||oo|wl|2
when ¢ < |w'| < r/+/10. Thus, by optimizing over fixed |w'|, we obtain
(4.11)
)
|w'[|0w (9w, £)(0)] < D, £(0) + 5”1‘"(3)Hoo|w/|2 when ¢ < |u'| < 7/V/10.
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By again putting ¢ = go(w’) in (4.7), using Taylor’s formula for w’ +— 9y, f(0,w")
but this time substituting (4.11), we obtain

(4.12)
(0, w")] < 60w, f(O)|w| + 15[ f P loclw'|*  when e < |u/| < r/V/10.

We may also estimate the even terms in Taylor’s formula by (4.12):
1
[£(0) + {05 F(O)w', w') /2] < S1F(0,w) + f(0, —w')] + 1F ool /6
91
< 60u, O]+ S ol

when ¢ < |w'| < r/+/10. Thus, by using (4.7) with o = ¢ and w’' = 0 to
estimate | f(0)| and optimizing over fixed |w’|, we obtain that

15
(4.13) 02 FO)|w'[*/2 < |0, f(O) || + 16 f oo |u'|?

when ¢ < |w’| < r/v/10. Thus we obtain (4.6) by taking ¢ < |w'| = o0 < r/+/10
in (4.9)-(4.13). 0

As before, if f € C*°(R"™) then we define the signed distance function of
f as § = sgn(f)d where d is the Euclidean distance to f~1(0).

PROPOSITION 4.3. Let fj(w) € C*°(R"), j = 1, 2, such that fi(w) >
0 = fa(w) > 0. Let §;(w) be the signed distance functions of f;j(w), for
j =1, 2. There exists co > 0, such that if |fj(wo)| > 1, [0;(wo)| < co for
7=1,2 and

(4.14) |01 (wo) — d2(wo)| = €,

then there exist g* orthonormal coordinates w = (wi,w') so that wo = (x1,0)
with 1 = 01(wp) and

(4.15)  sgn(wi)fj(w) >0 when |wi| > (e + |w'|*)/co and |w| < co,
(4.16)  |d2(w) — 01 (w)| < (e + |w — wo|?)/co when |w| < ¢p.

The constant cy only depends on the seminorms of f1 and fo in a fixed neigh-
borhood of wy.

Proof. Observe that the conditions get stronger and the conclusions
weaker when ¢y decreases. Assume that f; and fo are uniformly bounded
in C* near wo. We find that [f](w)| > 0 for |w —wo| < ¢1 < 1; thus f;l(O)
is a C*° hypersurface in |w — wg| < ¢; when [§;(wo)] < ¢ < 1, j = 1, 2.
By decreasing ¢y we obtain (as in the proof of Proposition 3.9) that there
exists co > 0 so that w — J;(w) € C°(R") uniformly in |w — wo| < e,
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j =1, 2. We may also choose zy € f; 1(0) so that |31 (wo)| = |wo — 2o/, and
then choose g# orthonormal coordinates so that zg = 0, wo = (d1(wp),0) and
D 01(0) = Oy d1(wo) = 0, w = (wi,w’). If cg < ¢p/3 we find that §; € C* in
|w] < e3 = 2¢/3. Since sgn(fi(wp)) = sgn(d(wp)) we find that 9y, f1(0) > 0.

Now, [026;(w)| < Cp for |w| < ¢3, j = 1, 2, and A(w) = §2(w) — 61 (w)
> 0 by the sign condition. By [9, Lemma 7.7.2] and (4.14), we obtain that
|0wA(w)|? < C1A(w) < Cre when w = wy. This gives

(417)  |AGw)] < AGw0)]| + [OwA(w0)][w — wo| + Colw — wp?
< C3(e + |w — wol?) for |w| < ¢3,
which proves (4.16). Since |0y01(wp)| = 0 we find that
|Ouwrda(w)] < Cu(VE + [w — wol) < 1

when |w — wp| < 1 and € < 2¢p < 1. Now fo(w) = 0 for some |[w| < 2¢p.
Thus for ¢yp < 1 we obtain |0y d2(w)| < 1, which gives that |0y, f2(W)| >
c4|Op fo(W)| > ¢ > 0 for some ¢4 > 0. Since sgn(f2(w1,0)) = 1 when w; > 0,
we obtain that 9y, fo(w) > ¢5|0u f2(w)] > ¢ when |w| < ¢5 for some c5 > 0.

By using the implicit function theorem, we obtain b;(w’) € C®(R" 1),
so that £fj(w) > 0 if and only if £(w; — bj(w’)) > 0 when |w| < c,
j =1, 2. Since f1(0) = |0w f1(0)] = 0 we obtain that b1(0) = [b}(0)] = 0.
This gives |by (w')| < Cs|w’|?> and proves the positive part of (4.15) by the sign
condition. Observe that the sign condition is equivalent to fo(w) < 0 =
f1(w) < 0, which gives by (w') > ba(w'). Now |d2(wo)| < |61(wp)| + €, thus we
find —e < by(w') < by (W) for some [wW'| < C\/e. This gives by(W') < C5C2%e
and |0y (w')| < Cg+/e, and we obtain as before that b} (w') — bs(w')| < C7y/e.
As in (4.17), we obtain

[b2(w')] < Cs(e + [w' = @'[*) < Cole + |w'[?)

which proves the negative part of (4.15) and the proposition. O

5. The weight function

In this section, we shall define the weight m, to be used; for technical
reasons it will depend on a parameter 0 < o < 1. Let do(t,w) and HI_I/Q(L‘, w)
be given by Definitions 3.1 and 3.4 for f € L>®(R,S(h~!, hg?)) satisfying
condition (¥) given by (2.2). The weight m, will essentially measure how
much ¢t — dp(¢,w) changes between the minima of ¢ +— H11/2(t,w)(60(t,w)>,
which will give restrictions on the sign changes of the symbol. As before, we
assume that we have chosen g* orthonormal coordinates so that gf(w) = |w|?,
and the results will only depend on the seminorms of f in L¥(R, S(h™1, hgt)).
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Definition 5.1. For 0 < p < 1 and (t,w) € R x T*R" we let m, =
min(M,, 0?) with

_ 2 _
(51) Mylt,w) = it {&loo(ts,w) - dofta,w)

+max (H,"?(t1,w){0d0(t1, w)), H\"*(ta, w)(0do(t2, w))) }
where <50> =1+ |50‘

Remark 5.2. When t +— 6o(t,w) is constant for fixed w, we find
that t — mq(t,w) is equal to the largest quasi-convex minorant of ¢ +—
H11/2(t,w)<(50(t,w)>; i.e., sup;m; = supy; my for compact intervals I C R;
see [10, Def. 1.6.3].

We shall use the parameter ¢ to obtain suitable norms in Section 6, but
this is just a technicality: all m, are equivalent according to the following
proposition.

PROPOSITION 5.3. We have m, € L*(R x T*R"),
(5.2) min(ch'/?, %) < m, < min(H,'*(0d), 0*) < o
where ¢~ = C is given by (3.7), and
(5.3) 01/05 < my, /my, <1
when 0 < 01 < oo < 1. If my(to, wo) < 0%, then there exist t; < to < ts so that
H5/2 = max(Hll/Q(tl,wo), H11/2(t2,w0)) < 2my(to, wo) satisfies
(5.4) Hy'? < 4my(to, wo)/(060(tj,w))  for j=0,1,2,

this implies that Hé/Q < 4H11/2(t0,w0) by (5.2). When my,(to,wo) < o
< 1, g* orthonormal coordinates may be chosen so that wy = (x1,0), |x1] <
|00(to, wo)| + 1 < 4QH0_1/2, and
(5.5) sgn(wn) f(to,w) 2 0 when [wn| > (1+ Hy*u']*)co,
(5.6) (8o (t1,w) — So(ta, w)| < (0™ %my(to, wo) + Hy'*[w — wo[?) /e
when |w| < CQHO_I/2 for some constant cy, which only depends on the semi-
norms of f.

Observe that condition (5.5) is not empty when p is sufficiently small since
HY? < 402,

Proof. We obtain the first statement and (5.2) by taking the infimum,
since ch'/? < M, < H11/2(g50) by (3.7). Next, we put

FQ($7 t, ’LU) = 92|50(37 w) - 50(ta w)|
- maxx(Hy (s, w){gdo(s, w)), Hy' (t,w) (0do(t,w))).
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Then we have F, < F,, and 0?F,, < 03F, when o; < go. Since these
estimates are preserved when taking the infimum, we obtain (5.3).

Next assume that m,(tg, wo) < 07%; then my,(to, wo) = M,(to,wp). By
approximating the infimum, we may choose t; <ty < t3 so that F,(t1, 2, wp) <
my(to, wo) + ch!/?, which gives

(5.7) |50(t1,w0) — 50(t2,w0)| < Q_ng(to,wo) <1 and

(5.8)  Hi'*(tj,wo)(0do(t;, wo)) < 2my(to, wo) < 20°  for j =1 and 2.
We obtain that Hé/Q = max(Hll/2(t1,wo), H11/2(t2,w0)) < 2my(te, wp) < 20
and

(5:9)  1/2< (0dolts, wo))/(folte,we)) <2 when j, k=0, 1,2

by the monotonicity of ¢t +— dg(t,wp); thus (5.8) gives (5.4). We obtain
from (5.4) that

(5.10) L+ [80(tj, wo)| < 4oHy /2

when j =0, 1, 2.

Next, choose ¢* orthonormal coordinates so that wg = 0. Since H11/2(tj,0) <
20% and |do(t;,0)| < 2QH1_1/2(tj,0) by (5.8), we find from Proposition 3.7 for
0 < 1 that

when

1/2 —-1/2

lw|<cH, "'~ <cH; ""(t;,0), j=1,2.

Now f(tj,w;) = 0 for some |w;| < 4@[{0—1/2 by (5.10) when p < 1and j =1, 2.
Thus, when 4p < ¢ we obtain that

|F(tj,w)| < Clowf(t;,0)[Hy * when |w| < cHy '/
and then (3.12) gives f(t;,w) € S(|0wf(t;,0)|Hy /%, Hogt) since H,'*(t;,0) <

HS/Q, j =1, 2. Choosing coordinates z = Hé/zw, we shall use Proposition 4.3
with

Fi(2) = Hy P f(t;, Hy V?2) 100 f(t5,0)] € C* for j=1, 2.
Let 6;(2) = Hé/Qéo(tj,HO_lﬂz) be signed distance functions to fj_l(O); then
[75(0)] = 1, 16;(0)] < 4¢ and
61(0) = B>(0)] =& < Hy*my(t0,0)/¢*

by (5.7). Thus, for sufficiently small o we may use Proposition 4.3 to obtain
g* orthogonal coordinates so that wg = (z1,0) where

|z1] = [80(t1,0)| < [60(to,0)| + 1 < 40H, */?

by (5.10). We then obtain (5.5) and (5.6) from (4.15) and (4.16) for some
co > 0. O
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PROPOSITION 5.4. There exists C > 0 such that
(5.11) my(to, w) < Cmy(to, wo)(1 + 0%g* (w — wp))
uniformly when 0 < o < 1, thus m, is a weight for g, = 0%g" uniformly in o.

Proof. The weights m, are equivalent when ¢ > g9 > 0 by (5.3), so it
suffices to consider the case when p < gy < 1. In fact, if (5.11) holds for m,,
then it holds for m, when gy < o < 1, with C replaced by C/g2. Since m, < o
we only have to consider the case when

(5.12) m(to, wo) < 0°.

Now, for fixed wy and p it suffices to prove (5.11) when |w—wg| < o/m,, where
my = my(to, wo) < ¢*. In fact, when |w — wg| > g/m, we obtain that

0w — wo|* > 94/m2 > my(to, w)/my,

by (5.12). In that case (5.11) is satisfied with C' = 1; thus in the following we
shall only consider w such that |w — wg| < o/m, for m, < ¢*> < 1. Then we
may use Proposition 5.3 to obtain ¢; < ¢y < t3 such that (5.6) and (5.4) hold

with H3/2 = maX(Hll/Q(tl,wo), H11/2(t2,w0)) < 2my. Thus

(5.13) 02180 (t1, w) — So(ta, w)| < Co(my, + Hy' 0w — wo|?)
< 2Com,(1 + 0*w — wol?)

~1/2 —1/2 .

when |w — wo| < 0/m, < 20H, "~ < coH, '~ for 0 < ¢o/2. Now G is slowly

varying, uniformly in ¢t. Thus we find for small enough ¢ > 0 that

1/2 < 2QH;1/2(tj7 w())

Hll/Q(tj,fw) < Cngl/Q(tj,wo) when |w — wo| < 20H,,
for j =1, 2. By the uniform Lipschitz continuity we find that
(5.14) {0do(t, w)) < {edo(t, wo))(1 + elw — wo)
which implies that
(5:15)  Hy"” (t,w0) (0o (1, w))
< CyH,"*(t5,w0) (000 (£, wo)) (1 + olw —wol), =1, 2,

when |w — wp| < 2@H61/2. Now H11/2(tj,w0)<g50(tj,wo)> < 4m, by (5.4) for
j =1, 2. Thus, by using (5.13), (5.15) and taking the infimum we obtain

my(to, w) < Cymy(1 + 0*w — wol?)

when |w — wy §Q/mg§2QH(;1/2 for o < pg < 1. O
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In Section 6, we shall choose a fixed ¢ < 1 in order to get suitable function
spaces. In the following, we shall for simplicity only consider mj, since all the
m, are equivalent, this is really no restriction: the results also holds for any
m,, but with constants depending on p. The following result will be important
for the proof of Proposition 2.5 in Section 7.

PROPOSITION 5.5. Let M be given by Definition 3.6 and my by Defini-
tion 5.1. Then there exists Cy > 0 such that

(5.16) MH? < Comy /(50).

Proof. We shall omit the dependence on ¢ in the proof and put mq; =
mq(wo). First we observe that if m; > ¢ > 0, then MH;’/2<50) <C<Cmy/ec
at wo since (Jp) < Hl_l/2 and M < CH; ' by Proposition 3.8.

Thus, we only have to consider the case m; < o? at wg for some o > 0
to be chosen later. Since m, < m; we may use Proposition 5.3 for p < 1 to

choose gf orthonormal coordinates so that |wo| < |do(wo)| + 1 < 40H,, /2 and
f satisfies (5.5) with

(5.17) ch'? < HY? < dmy(wo) /{060 (wo)) < 40?
by (5.4). Observe that HS/Q < 4H11/2(w0) by (5.2). Thus it suffices to prove
the estimate

MHE/QSCHS/Q at wo

for this choice of p. Since ch!/2 < H01/27 we find from Proposition 3.8 that
this is equivalent to

1/2 1/2
(5.18) 1 < oy

at wo. Now it actually suffices to prove (5.18) at w = 0. In fact, (3.10) gives

H11/2(w0) < CHll/z(O) since |wo| < [dp(wo)| +1 < Hl_l/z(wo). Thus Taylor’s

formula gives
1" (o) L (wo) < (177(0)] + Cah 2 uwo ) Hy ' (ao)
<Ci(|£7(0)|[H{*(0) + 112
since |f(®)| < C3h!/2. By Definition 3.4 we find that

H;l/Q > 1+ |f/‘/(‘f//‘ + h1/4’fl|1/2 + h1/2)
> (I [+ 171+ B2 (S 4 A2 4 B2,

Thus (5.18) follows if we prove

(5:19) 110871+ S 102 < € (194 17+ B2 B ko,
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Since ch!/? < Hé/ % we obtain (5.19) by the Cauchy-Schwarz inequality, if we
prove that

(5.20) 117(0)] < C(HY | (0)]'/2 + h/2).

Because of (5.5) we can use Proposition 4.2 on F(z) = Hof(Ho_l/Qz) with
r=cpande = Hé/Q/co < 40%/co < ¢o/5 by (5.17) when o < ¢g/+/20. Observe
that [F'(0)] < Cj since Hol/2 < 4H11/2(w0) < 4C’H11/2(0). We obtain from
Proposition 4.2 that

F(0)] < €y (IF(0)]/00 + Hy 20 200) . Hy o < 00 < 0/ V10

since ||[FO)|, < CgHo_l/th/z. By choosing go = A F'(0)|'/? + Hé/g/co <
co/v/10 for X = ¢(v/10 — 2)/104/Cp, we obtain that |EF”(0)] < C'(|F'(0)|*/? +
h'/2) since Ho_l/2 < Ch™/2. Now F' = Hé/zf’ and F” = f”; thus we ob-
tain (5.20) for this choice of g, which completes the proof of the proposition.

O

If m; = 1 then we find that the estimate (5.16) is trivial, and when m; < 1
we have the following interpretation of (5.20).

Remark 5.6. If |f'| < CH; '/* < CoHy '/? < Cyh=Y/? we find that F =
H0_1/2f’ € S(Ho_l, Hyg"). If we take the corresponding Beals-Fefferman met-
ric G3 = Hagh for F, Hy' = 1+ Hy'|f"]? + H0_1/2|f/\ (see Remark 3.10),
then (5.20) means that H; ' = 1+ H0_1/2\f'| in a G3 neighborhood of 0. By
replacing h'/2 by Hé/2 in the definition of Hl_l/2, we find that (5.20) means
that G is equivalent to G, in a G3 neighborhood of f71(0) by Remark 3.10.

Next, we shall prove a convexity property of t — mq (¢, w), which will be
essential for the proof.

PROPOSITION 5.7. Let my be given by Definition 5.1. Then

(5.21)

sup my(t,w) < do(te, w) — do(t1, w) + ma(ty, w) + mq(te, w) Y.
t1<t<ts

Proof. Since t — do(t, w) is monotone, we find that

(5:22) | inf (180t w) = dolto, w)| + HI*(t,) (B0 (t,w)) ) < malto, w).
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Let t € [t1,t2]; then by using (5.22) for ¢ty = t1, ta, and taking the infima, we
obtain that

my(t,w) < rﬁtigggs (50(3, w) — bo(r, w)

4 HY(5,0) (o(s,w)) + HY () {60, w)))
< (50(152,1[)) — 50(t1,w) -+ ml(tl, w) + ml(tg,w)

which gives (5.21) after we take the supremum. O

Next, we shall construct the pseudo-sign B = §y + 09, which we shall use
in Section 7 to prove Proposition 2.5 with the multiplier b* = BWick,

PROPOSITION 5.8. Assume that dy is given by Definition 3.1 and mq is
given by Definition 5.1. Then for T > 0 there exists real-valued or(t,w) €
L>*(R x T*R™) with the property that

(5.23) lor| <ma
(5.24) (6o +or)>m1/2T  in D'(R)
when [t| < T.

Proof. (We owe this argument to Lars Hormander [12].) Let
(5.25)

1 t
or(t,w) = sup <50(s,w) — do(t,w) + —/ mq (r,w) dr — mq(s, w))
—T<s<t 2T J,

for [t| < T, then

do(t,w) + or(t,w)= sup <50(8,w) - % /OS my(r,w) dr — ml(s,w)>

—T<s<t

1 t
+ﬁ /0 my(r,w) dr

which immediately gives (5.24) since the supremum is nondecreasing. We find
from Proposition 5.7 that

0o (s, w) — do(t,w)

1 t
+ﬁ/m1(r,w)drml(s,w)gml(t,w) —T<s<t<T.
S

By taking the supremum, we obtain that —mq(t,w) < op(t,w) < mq(t,w)
when |t| < T, which proves the result. O
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6. The Wick quantization

In order to define the multiplier we shall use the Wick quantization, and
also define the function spaces to be used, following [2]. As before, we shall
assume that g* = (¢%) and that the coordinates are chosen so that gf(w) =
|w|?. For a € L®(T*R™) we define the Wick quantization:

aVik (2. D, )u(z) = / a(y,n)Xy,(x, Dz )u(z) dydn, ue SR
T*R™

using the projections X}’ (x, D) with the Weyl symbol

Zym(@’vf) =" exp(—gﬂ(x —y,§—n))

(see [5, App. B] or [15, §4]). We find that a*Vick: S(R") — S’(R") is symmetric
on S(R") if a is real-valued,

(6.1) a>0 = (aWiCk(:c, Dx)u,u) >0, ue SR")

and [|aVik(z, D) |22 rr)) < llallpoe(r-rn), Which is the main advantage with
the Wick quantization (see [15, Prop. 4.2]). Now if a;(z,§) € L>*(R x T*R")
depends on a parameter ¢, then we find that

(6.2) /R (a}md{u, u) o(t) dt = (AzViCku, u) ) ue SR,

where Ay(z,€) = [g ar(z, £)¢(t) dt. We obtain from the definition that a"Vik =
ay where

(6.3) ap(w) =n" /T*Rn a(z) exp(—|w — z|*) dz

is the Gaussian regularization. Thus Wick operators with real symbols have
real Weyl symbols.

In the following, we shall assume that G = Hg? < ¢ is a slowly varying
metric satisfying

(6.4) H(w) < CoH (wo)(1 + |w — wo|)No

and m is a weight for G satisfying (6.4) with H replaced by m. This means
that G and m are strongly o temperate in the sense of [2, Def. 7.1]. Recall the
symbol class ST (1, g*) given by Definition 2.2.

PROPOSITION 6.1. Assume that a € L>®(T*R"™) such that |a] < m; then
aWVick = q¥ where ag € S(m,g*) is given by (6.3). If a > m then ag > com
for a fized constant co > 0, and if a € S(m,G), then ag = a modulo symbols
in S(mH,G). If la| < m and a = 0 in a fired G ball with center w, then

a € S(mHN,G) at w for any N. If dpa € L®(T*R™) then ag € ST(1,g).
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By localization we find, for example, that if |a|] < m and a € S(m,G) in
a G neighborhood of wy, then ag = a modulo S(mH, G) in a smaller G neigh-
borhood of wg. The results are well known, but for completeness we give a
proof. Observe that the results are uniform in the metrics and weights.

Proof. Since a is measurable satisfying |a| < m, where
m(z) < Com(w)(1+ [z —w])™

by (6.4), we find that aWVi® = q¥ where ag = O(m) is given by (6.3). By
differentiating on the exponential factor, we find ag € S(m, ¢*), and similarly
we find that ag > m/C if a > m.

If a =0 in a G ball of radius € > 0 and center at w, then we can write

mag(w) = / a(z) exp(—|w — z|*) dz = O(m(w)HY (w))
|z—w|>eH~1/2(w)

for any N even after repeated differentiation. If a € S(m,G) then Taylor’s
formula gives

1
ap(w) = a(w) + W_”/O /*Rn(l —0){a" (w4 02)z, 2)e”1*" dzdb

where a” € S(mH,G) since G = Hg*. Because m(w+0z) < Com(w)(1+|z])N
and H(w + 0z) < CoH (w)(1 + |z])™ when |§] < 1, we find that ag(w) = a(w)
modulo S(mH,G). Since dyao(w) = 7" [1.ga Owa(z) exp(—|w — z|*) dz, we
obtain the proposition. O

LEMMA 6.2. If a(t,w) and p(t,w) € L*(R x T*R") and da(t,w) >
(t,w) in D'(R) for almost all w € T*R", then (9y(a™i*)u,u) > (pViku, u)
in D'(R) when u € S(R™).

_ / (ke 2, DyJu,w) o' (1) dt

> / (uWiCk(t, z, Dx)u,u> p()dt  0<¢eCP(R)
for u € S(R™). O

We shall compute the Weyl symbol for the Wick operator (o + or)Vick,
where or is as given by Proposition 5.8. In the following we shall suppress the
t variable.

PROPOSITION 6.3. Let B = §y + 0o, where &g is given by Definition 3.1
and o is real-valued satisfying |oo| < mi, with my given by Definition 5.1.

Then
BWick —pw
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where b = 01 + 01 is real-valued, 61 € S(H;1/2,gﬁ)ﬂ5’+(1,gﬁ), and 01 €
S(ma,g*). Also, there exists ko > 0 with the following properties: If (5p) <
ling_l/2 then 61 = dp+ 02 € S(Hl_l/z,Gl) with p2(w) € S(H%/Z,Gl). For any
A > 0, there exists ¢y > 0 such that |5p| > )\Hl_l/2 and Hll/2 < cy gives

(6.5) b > ko AH[ 2.

Proof. Let 6}Vik = 6% and p¥Vi® = p%. Since |6g| < H_1/2, oo < my
0 1 0 1 1

and the symbols are real-valued, we obtain from Proposition 6.1 that §; €
S(Hl_l/Q,gﬁ) and o1 € S(my, g*) are real-valued. Since |5h| < 1 almost every-
where, we find that &, € ST(1, g*) by Proposition 6.1.

If (60) < /€H1_1/2 at wq for sufficiently small x > 0, then we find by
Lipschitz continuity and slow variation that (dg) < CokH; Y2 i1 a fixed Gy
neighborhood wy, of wy (depending on x). Then we find that 6y € S(Hl_l/Q, G1)
in w, by Proposition 3.9, which implies that d; — g € S(HII/Q,Gl) at wg by
Proposition 6.1 after localization.

When |§g| > AH, 1/2 > A > 0 at wg, then by Lipschitz continuity and
slow variation we find that |Jp| > AH;1/2/CO in a G1 neighborhood w) of wq
(depending on \). Since |gg| < H11/2(50> < C/\H11/2|50| in wy by (5.2), we find
by the slow variation that

160 + 00l > 100]/2 > NH;?/2C,  in wy
when H 11 / ®(wp) < 1. Proposition 6.1 then gives after localization that
b > coNH | /?/2Cy — CAHL? > coAH[V?/3C  at wo
when H 11 / 2(wo) < ¢\ < 1, which completes the proof. O

Let m, be given by Definition 5.1; then m, is a weight for g, = 0*gt
uniformly in 0 < ¢ < 1 according to Proposition 5.4. We are going to use the
symbol classes S(mk, g,), k € R. Observe that S(mlg,gg) = S(mk, g*) for all

0 < ¢ < 1 (but not uniformly), since g, = ¢g* and m, = m; by Proposition 5.3.

Definition 6.4. Let H(m¥,g%), be the Hilbert space given by [2, Def. 4.1]
so that

(6.6) uwe Hmk ¢*) < a®ue L? Va e S(m¥, g%, ke R.
We let |lu||x be the norm of H(mk, g).

This Hilbert space has the following properties: S is dense in H (m’f , gﬁ),
the dual of H(m¥, g% is naturally identified with H(mfk,gﬁ), and if u €
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H(m%, g") then u = afv for some v € L*(R") and ag € S(m", g*) (see [2,
Cor. 6.7]). It follows that a® € Op S(mk, g*) is bounded:

(6.7) u € H(m{,gﬁ) — a%u € H(m{_k,gﬁ)

with bound only depending on the seminorms of a.
Now m, is not necessarily a symbol, but by (5.11) we can define the
equivalent weight

(6.8) my(t, w) = Z Gj.0(w)my(t, wj) € S(my, go),
J

by using a partition of unity {¢;,} = { ¢;(ow)} € S(1, g,) uniformly in p.
Then m, = m,, and we let u = ﬁzZViCk, ie.,

(6.9) Ho(t, w) = 7 /T*Rn g (t, w — =) exp(—|2[2) d=.

Since m, satisfies (5.11) and m, = m, € S(m,,g,) uniformly in p, we find
by using Proposition 6.1 (with G = g,) that m,/c < p, € L>®(R, S(myp, g,))
uniformly for 0 < o <1 and some ¢ > 0.

The following proposition shows that the topology in H (mi/ 2, g") can be
defined by the operator u{’.

PROPOSITION 6.5. Assume that u; € L¥(R,S(m1,g")) such that u¥¥ =
m\Vik with my € L®(R, S(ma,g%)) given by (6.8). Then there exist positive
constants c1, ca and Cy such that

(6.10) b ?llull? < collull} )y < (ufuw) < Collulli e, ue SR

The constants only depend on the seminorms of f in L (R, S(h™!, hg?)).

Proof. Let a, = ugl/Q € S(mglﬂ,gg) with 0 < o < 1 to be chosen
4

later. Since g, = 0?g" is uniformly o temperate, 9o/ 95 = 0, m, is uniformly

o, g, temperate, and ugﬂm € S(mgil/z,gg) uniformly, the calculus gives that

(a;l)wag’ =1+ r, where r,/0% € S(1,g%) uniformly for 0 < o < 1. Similarly,
we find that ayugay = 1+ s where s,/ 0® € S(1,¢%) uniformly. We obtain

that the L? operator norms

sl eczey + 1851l 2z < Coo® < 1/2

w,,w W

for sufficiently small ¢. By fixing such a value of ¢ we find that 1/2 < aj uyajy
<2 and

(6.11) lullo < 2ll(ag ") agullo < Cillagullijz < Callullo.

Thus u — a¥u is a homeomorphism between L? and H (m}/ 2 g%). Since the

constant metric ¢* is trivially strongly o temperate in the sense of [2, Def. 7.1]
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and a, € S(mflﬂ,gﬁ), we find from [2, Cor. 7.7] that there exists b, €
S(mim, g") such that ayby = byay = 1. Then we obtain that

[ully2 = llagbyulli/2 < Csllbyullo < Callully/2

and
1
S b5 ull§ < (uyagbyu, agbyu) = (ugu,u) < 2|0 ul3
which gives [[b¥ul|§ = (u¥u,u). Since ch'/? < 'my = m, and g = mwmk we

find clhl/2\|u||2 (1%, u), which completes the proof of the proposition. [

7. The lower bounds

In this section we shall obtain a proof of Proposition 2.5 by giving lower
bounds on Reb? f*, where b = BWle is given by Proposition 6.3. In the
following, we shall omit the ¢ variable and assume the coordinates chosen so
that gf(w) = |w|?. The results will hold for almost all |[t| < T and only depend
on the seminorms of f in L®(R, S(h~!, hgt)).

PROPOSITION 7.1. Assume that b = 61401 is as given by Proposition 6.3.
Then
(7.1) Re (0” fYu,u) > (C*u, u) VueSR")
where C' € S(my, g*).

Proof. We shall localize in T*R” with respect to the metric G; = H,g¢f,
and estimate the localized operators. We shall use the neighborhoods

7.2 W, (€)= w: |w—wy <eH Y2 wWo for wg € T*R™.
o 1

We may in the following assume that € is small enough so that w — Hj(w)
and w — M (w) only vary with a fixed factor in wy,(¢). Then by the uniform
Lipschitz continuity of w — dp(w) we can find k9 > 0 with the following
property: for 0 < x < kg there exist positive constants ¢, and €, so that for
any wg € T*R",

(7.3) bo(w)] < kHy P(w),  wEwy(es) or
(7.4) So(w)] > e H 2 (W), w € way (0).
In fact, we have by the Lipschitz continuity that |d(w)—do(wp)| < E,QHl_l/2 (wp)
when w € wy,(ex). Thus, if e, < £, then (7.3) holds when |dp(wp)| <
,%Hl_lm(wo) and (7.4) holds when |dg(wg)| > cme1/2(w0).

By shrinking kg we may assume that M = |f’\H1_1/2 when |dp| < /<a0H1_1/2

and Hll/ 2 < ko according to Proposition 3.8. Let x; be given by Proposi-
tion 3.9, ko by Proposition 6.3, and let ¢, and ¢, be given by (7.3)—(7.4) for
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k = min(kog, k1, K2)/2. Using Proposition 6.3 with A = ¢, gives k3 > 0 such
that

(7.5) b] > koceHy P i w, (ex)

if Hll/2 < k3 and (7.4) holds in wy, (€x).

Choose real symbols { ¢j(w) },, { ¥;(w) }; and { ®;(w) }; € S(1,G1) with
values in  ¢2, such that Zkl/JJQ =1L yYj¥; =, U, 0; =V;, U; = d)? > 0 for
some { ¢;(w) }; € S(1,G1) with values in % so that

supp ¢; C wj = Wy, (ex)-

1/279ﬁ) NSt(1,g%) we find that

Since b € S(H,
A; =V,bf € S(MHI_I/2,gﬁ) m5+(M,gﬁ) uniformly in j.
We have Zj ¢]2-Aj = Zj w?\lljbf = bf, and we shall show that

(7.6) Re(b” f) = (bf)¥ = Zw}"A;“w}” modulo Op S(my, g*).
J

In order to estimate these localized operators, we shall use the following:

LEMMA 7.2. Let b= 01+ 01 be as given by Proposition 6.3, and let ¥; =
qﬁ? with ¢; € S(1,G1) uniformly with supp ¢; C wy, (k) so that (7.3) or (7.4)
holds for k = min(kq, k1, Kk2)/2. If A; = W;bf then there exists C; € S(my, g*)
uniformly, such that

(7.7) (A;“u, u) > (C}-"u,u) ) u e S(R").

We postpone the proof of Lemma 7.2 until later. We obtain from (7.6)
that

Re (0" fPu,u) > Z (w;-"C;"w;”u,u) + (R%u,u), ue SR
J

where Zj YPCPYY and RY € Op S(my, g*), which gives Proposition 7.1.
It remains to prove (7.6). Proposition 5.5 gives that

(7.8) MHY?(50) < Cmy;

thus we may ignore terms in Op S(MHf/2<5O>,gﬁ). Observe that since b €
S(Hl_l/2,gﬁ) and A € S(MH;1/2,gﬁ) we find that the symbols of b¥ f¥ and
> o WA have expansions in S(M H: { / 2, g"). Thus, we only have to compute
the first terms in these expansions. Also observe that in the domains w; where
Hll/2 > ¢ > 0, we find from Remark 2.4 that the symbols of ), ¢}" A’} and
b* fv arein S(M H f / 2, g*) giving the result in this case. Thus, in the following,
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we shall assume that Hll/ ’ <« 1, and we shall consider the neighborhoods
where (7.3) or (7.4) hold.

If (7.4) holds then we find that (§p) = Hl_l/2 so that S(MHy,g%) C
S(m1,¢*) in w; by (7.8). Since b € ST(1,4%) we find from Lemma 2.3 that
the symbol of b* f% is equal to bf + % {b, f} modulo S(MHji,g*. Thus,
we find that the symbol of Re(b” f%) is equal to bf modulo S(my,¢*) in wj.
Similarly, since ¢ A% is symmetric, {¢ }, € S(1,G1) has values in ¢2
and A; € ST(M, ¢") uniformly, we find from Remark 2.4 that the symbol of
S WP AYYY is equal to Y, YA = bf modulo S(M Hy, g*) C S(m1, ¢*) in wj,
which proves the result in this case.

Next, we consider the case when (7.3) holds with x = min(ko, k1, k2)/2
and Hll/2 < k2/2 in wj;. Then () < /{2H1_1/2 sob=091+01 € S(Hl_l/2,G1)—{—
S(my1,¢*) in w; by Proposition 6.3. By taking the symmetric part of b* f¥ =
0 fY 4 oy f we obtain from Lemma 2.3 that the symbol of Re(b” f* — (bf)™)
is in S(MHf’/Q,Gl) + S(MHymy,g%) € S(mi,g*) in w; since M < CH;'.
Similarly, since A; € S(MHfl/Q,Gl) + S(Mmy, g*) uniformly, we find from
Remark 2.4 that the symbol of >, ¥}’ AP}’ is equal to bf modulo S(my, g%
in wj, which proves (7.6) and Proposition 7.1. O

In order to simplify the computations of the symbols, we shall use the
following result.

LEMMA 7.3. Assume that M, is a weight for G1 = Hig", mq is a weight
for g%, p1 € S(My,G1) and pz € S(my, g*). Then p¥p¥ and p¥p¥ have symbols
which have expansions with terms in S(Mlmle/Q,gﬁ% j > 0. Letpy =
pYpy € Op S(m2, g*) then

(7.9) (p1 +p2)*” (p1 +p2)* = (P} + 2p1p2 + p3)®

modulo Op S(MZH?2,G1) + Op S(Mym1Hy,g%). If p = pip2, then we find
pUp® = (p3p3)¥ modulo Op S(Mfm%Hllm,gﬁ).

Proof. Since ¢*/G¢ = Hy, we obtain the expansions of pi'py and pYpf
from Lemma 2.3. We also find that p{'p§ = (pip2 + 2% {p1,p2 })" and p§py =
(p2p1 — % {p1,p2 })¥ modulo S(MymiHy,g*). Since p¥p¥ = (p?)¥ modulo
Op S(M}{H?,G4) we obtain (7.9). Similarly, p¥p®¥ = p¥p¥pPp¥ = p¥p¥p¥ =
(p3p3)® modulo Op S(Mlzm%Hllﬂ,gﬂ) by the expansion. O

Proof of Lemma 7.2. As before we are going to consider the cases when
Hll/2 =~ 1 or Hll/2 < 1, and when (7.3) or (7.4) holds in w; = wy,(ex) for
k = min(ko, K1, Kk2)/2. When Hll/2 > ¢ > 0 we find that A; € S(MHfm,gﬁ) C

S(m1, g*) uniformly by (7.8) which gives the lemma with C; = A; in this case.
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Thus, we may assume that
(7.10) Hll/2 < k4 = min(ko, K1, K2, K3)/2 in w;
so that (7.5) follows from (7.4).

Next, we consider the case when (7.3) holds with £ = min(ko, x1, k2)/2 and
Hll/2 < kg < kin wj. Then (dy) < 2/{Hf1/2 so we obtain from Proposition 3.8
that M = \f’|H1_1/2 in w;. Similarly we find from Proposition 6.3 that b =
dp + 01 + 02 = 0o + 03 in wj, where o1 € S(ml,gﬂ) and 9o € S(Hll/2,G1);
thus g3 € S(Hll/2(60>,gﬁ) by (5.2). Also, we find from Proposition 3.9 that

f = apdy, where /ﬁMHll/2 < ag € S(MHll/2,G1) and d§p € S(Hf1/2,G1)
in wj;. Since ¥; = gb?, we find that

Aj = Wbf = ¢5a0(55 + 0360)
is real, and we shall construct an approximate square root v;-" so that
(7.11) AY =4¥4¥ >0  modulo Op S(my, g*).
In the following, we shall suppress the index j, and let ¢(w) = ¢;(w) and
y(w) = 7v;(w). By taking real-valued v(w) = ¢(w)(p1do + o), we see in the
first approximation that u; = /ag € S(M1/2H11/4,G1) and po = 3/ap/2 €
S(M1/2Hf/4<60>,gﬁ). Then Lemma 7.3 gives
(7.12) VY = (6% (1705 + 2mp000))” + (¢110)” (dpr0)”
modulo Op S(MHf/2(60>,gﬁ) C Op S(mq,g*) by (7.8). By Lemma 7.3 we also
have

(7.13)
(10)* (o) = (¢*19)”  mod Op S(MH{(60)?,g%) € Op S(ma,g")

where v§’ = pipy € Op S(MH f’ / 2(5())2, g%) is symmetric. Observe that adding
terms in S(M1/2H15/4<50),gﬁ) to o only give terms in S(my, ¢*) in (7.13). By
using x(dp) € S(1,¢%) for x € C(R) such that x(t) = 1 for [¢t| < ¢ we find
that

(7.14) vy = (1 — x(00))ro = 10 modulo S(MHf’/2 ),

where v1 = (1 — x(d0))vo/d0 € S(MHf/2<50>,gﬁ). By using (7.12)—(7.14) we
obtain (7.11) if

(7.15) P62 + (2u1 10 + v1)d0 = b + 0350 modulo S(my, g*)
in wj. Subtracting v1/2u; € S(M1/2H15/4(60>,gﬁ) from pp does not change

(7.13); thus we obtain (7.11) and the lemma in this case.

Finally, we consider the case when H 11 /? < ky and (7.4) holds in w;. We
shall use the uniform Fefferman-Phong estimate for W;|f|. Since |do(w)| >
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cNH;1/2(w), we find (dp) = Hfl/Q in w;. Thus, we may ignore terms in
S(MH;y, g% C S(MHf/2(60>,gﬁ) supported in w; by (7.8). Since Hll/2 < kg <
k3/2 and |0p| > (:,.;Hl_l/2 in w;, we find from (7.5) that |b] > nganfl/z in w;.
Since b € S*(1, g*), we find by the chain rule that

BN e S(H; M2, ) () S (HY ¢ i ow; VA
In fact, we have 0, |b|* = sgn(b)A|b|*~10,b € S(Hl( _’\)/Q,gﬁ) in w; since dyb €

S(1,g%). Let ®; € S(1,G1) uniformly such that ¥;®; = ¥; and supp ¢; C w;
as in the proof of Proposition 7.1. Since ®; € S(1,G1) we obtain that

(7.16) = 0lb 2 e sy gh () ST g
Letting 0 < a; = V;|f| € S(M,G1), we find that A; = U;bf = ajﬁjz since

V;®; = W,. In order to estimate A}” we shall use the following lemma.

LEMMA 7.4. Let a € S(M,G1) and 3 € S(H, C LN ST(H 1/4,gﬁ) be
real-valued symbols. Then there exists a Teal—valued symbol r € S(H 1/2,gﬁ)
such that

(7.17) BUa"BY = (a(B* +1))"
modulo Op S(MHy, ).
Thus, we find that
(7.18) = Bjay B’ — (ajr;)” modulo Op S(M Hy, g*)

where r; € S(H, 1/ ,g%) is real. Now we take the real symbol v = @jr;|b|” 1/2/2 €
S(H 3/4, 5 and define

(7.19) Nj= B+ € S(HY (ST, ).
Then 2a;3;v; = a;r;, and we shall show that
(7.20) A¥a¥A¥ =AY modulo Op S(MH;, g%).

We obtain from Lemma 2.3 that that a}~j’ = (a;v;)" € Op S(MHf’/Zl,gﬁ)
modulo Op S(MHEM,gﬁ). By Lemma 2.3,

28 af vy = 267 (ajv;)" = 2(Bia;7;)" = (a;r)"”

modulo Op S(M Hy, ¢g*). Because viayvy € Op S(MH13/2, g*) we obtain (7.20)
from (7.18). By multiplying with Y € Op S(1,G1) we find from Lemma 2.3
that

(7.21) YAV NYDY =AY modulo Op S(my, g°)

since A7 = ®7 AP’ modulo Op S(my, gb).
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Because 0 < a; € S(M(w;), Hi(w;)g*), the uniform Fefferman-Phong
estimate (see [9, Lemma 18.6.10]) gives a constant C > 0 so that
(a;“u, u) > —COM(wj)H%(wj)Hqu VueSR"Y).
Since \; € S(Hl_l/4,gﬁ) and ®; € S(1,G1) are real-valued this gives
(<I>;“»”)\;-”a}”)\§”<1>;pu, u) > —C’()M(wj)HIQ(wj)||)\}*’<I>;VUH2 = (c}*’u,u)
where ¢}’ = —COM(wj)H%(wj)tl);-”)\;”)\g’@;” € Op S(MHf/Q,gﬁ) uniformly in j.
By (7.21) this completes the proof of Lemma 7.2. O

Proof of Lemma 7.4. We have that f“a% (" is symmetric since a and 3
are real. Thus

2
where BY = g%3" € Op S(Hl_l/Q,gﬂ) is symmetric. From Lemma 2.3
B=p3%4r

with real r € S(Hll/Q,gﬁ) and (3% € S(Hl_lﬂ,gﬁ) NS*(1,g%), since 3% = 2603

where 0 € S(H11/4,gﬁ). Since a € S(M,G1) and B € ST(1,g%), we find from
Lemma 2.3 that

1

L (@"B" 4 BYa") = (aB)" = (a(8 + 1)"

modulo Op S(MH,,g*). Lemma 2.3 also gives [3%,a"] € Op S(MH:ls/4,gﬁ)
and then [[3Y,a"],3"] € OpS(MH,,g*), which completes the proof of the
lemma. O

We shall finish the paper by giving a proof of Proposition 2.5.

Proof of Proposition 2.5. We have assumed that f € L®°(R, S(h™!, hg?))

satisfies condition (W) given by (2.2). Let By = 09 + o1, where &y + or is the
pseudo-sign for f given by Proposition 5.8 for 0 < T' < 1, so that |or| < my
and

(7.22) (6o + or) = my/2T  inD'(]-T,T]).
Putting By = 0 when [¢t| > T, we find that BYY'® = b% where
br(t,w) € L(R, S(H; /%, ¢%) ) S*(1, %))

uniformly by Proposition 6.3. Let em; < my € S(m1,g*) be given by (6.8)
and let p1 € L®(R, S(m1,g")) be defined by (6.9) so that u¥ = m}Vik. By
Lemma 6.2 and (7.22),

(7.23) T8, (Wu,u) =T ((8tBT)Wi°ku, u) > Co (WPu,u) i D/ (]-T,TY)
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when u € S(R™). We obtain from Proposition 6.5 that there exist positive
constants ¢; and ¢y so that

(T20) () = eolluldy = a2 ul?, ue SR,
Here |lull;/2 is the norm of the Hilbert space H(m%m,gﬁ) given by Defini-
tion 6.4. By Proposition 7.1, we find for almost all ¢t € [-T,T] that
(7.25)
Re ((B%Vickfw)(tu, u) — Re (B4")],u,u) > (C¥()u,u), ue SR

with C(t) € S(my1, g*) uniformly. We obtain from (6.7), (7.24) and duality that
there exists a positive constant cg such that

(7.26)  [(C¥(tyu,w) | < [ull 2 |CY (W)ull 1 /o < esllullije < e3 (niu,u) fey
for u € S(R™) and [t| < T. We obtain from (7.23)—(7.26) the estimate

(0ebfu, u) + 2 Re (fu, bipu) > (Co/T — 2¢3/c2) (ufu, u) in D'(]-T,TY)
for u € S(R™). By using Proposition 2.9 with Py = Dy +if"(t,z, D;), B = b}y
and m = Copuy’ /2T we obtain that

4T
c1h1/2/||u|]2 dt < /(quuau) dt < Fo/lm (Pou, bpu) dt

if u € S(R x R™) has support where [t| < T' < ¢2Cy/4c3. Replacing by with
4b% /Cocr we get a proof of Proposition 2.5, which completes the proof of the
Nirenberg-Treves conjecture. O

CENTRE FOR MATHEMATICAL SCIENCES, UNIVERSITY OF LUND, LUND, SWEDEN
E-mail address: dencker@maths.lth.se

REFERENCES

[1] R. Bears and C. FEFrerMAN, On local solvability of linear partial differential equations,
Ann. of Math. 97 (1973), 482-498.

[2] J.-M. Bony and J.-Y. CHemIN, Espaces fonctionnels associés au calcul de Weyl-Hor-
mander, Bull. Soc. Math. France 122 (1994), 77-118.

[3] N. Dencker, On the propagation of singularities for pseudo-differential operators of
principal type, Ark. Mat. 20 (1982), 23-60.

[4] , The solvability of non L? solvable operators, Journées “Equations aux Dérivées
Partielles” (Saint-Jean-de-Monts, 1996), Exp. No. X, 11 pp., Ecole Polytech., Palaiseau,
1996.

[5] , A sufficient condition for solvability, Internat. Math. Res. Not. 1999, no. 12,
627-659.

[6] , On the sufficiency of condition (1), Report 2001:11, Centre for Mathematical

Sciences, Lund University.



444 NILS DENCKER

[7] L. HormaNDER,The Weyl calculus of pseudo-differential operators, Comm. Pure Appl.
Math. 32 (1979), 359-443.

8] , Pseudo-differential operators of principal type, in Singularities in Boundary
Value Problems Proc. NATO Adv. Study Inst. (Maratea, 1980), 69-96, NATO Adwv.
Study Inst. Ser. C: Math. Phys. Sci. 65, Reidel, Dordrecht, Boston, MA, 1981.

9] , The Analysis of Linear Partial Differential Operators, vol. I-IV, Springer-
Verlag, New York, 1983-1985.

[10] ———, Notions of Convezity, Progress in Math. 127, Birkhduser, Boston, MA, 1994.

[11] , On the solvability of pseudodifferential equations, in Structure of Solutions
of Differential Equations (Katata/Kyoto, 1995, 183-213 (M. Morimoto and T. Kawai,
eds.), World Sci. Publ. Co., River Edge, NJ, 1996.

[12] , Private communication.

[13] N. Lerner, Sufficiency of condition (1) for local solvability in two dimensions, Ann. of
Math. 128 (1988), 243-258.

[14] , Nonsolvability in L? for a first order operator satisfying condition (1), Ann. of
Math. 139 (1994), 363-393.

[15] , Energy methods via coherent states and advanced pseudo-differential calculus,
in Multidimensional Complex Analysis and Partial Differential Equations (P. D. Cor-
daro, H. Jacobowitz, and S. Gidikin, eds.) (Sao Carlos, 1995), Contemp. Math. 205,
177-201, A. M. S., Providence, R.I., USA, 1997.

[16] , Perturbation and energy estimates, Ann. Sci. Ecole Norm. Sup. 31 (1998),
843-886.

[17] , Factorization and solvability, preprint.

[18] , Private communication.

[19] H. LEwy, An example of a smooth linear partial differential equation without solution,
Ann. of Math. 66 (1957), 155-158.

[20] R.D. MovERr, Local solvability in two dimensions: Necessary conditions for the principal-
type case, Mimeographed manuscript, University of Kansas, 1978.

[21] L. NirenBerG and F. Treves, On local solvability of linear partial differential equations.
Part I: Necessary conditions, Comm. Pure Appl. Math. 23 (1970), 1-38; Part II: Suffi-
cient conditions, ibid. 23 (1970), 459-509; Correction, ibid. 24 (1971), 279-288.

[22] J. M. TrEPREAU, Sur la résolubilité analytique microlocale des opérateurs pseudo-
différentiels de type principal, Ph.D. thesis, Université de Reims, 1984.
(Received March 21, 2003)
(Revised February 24, 2004)



