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Discreteness of spectrum and positivity
criteria for Schrodinger operators

By VLADIMIR MAZ’YA and MIKHAIL SHUBIN*

Abstract

We provide a class of necessary and sufficient conditions for the dis-
creteness of spectrum of Schrodinger operators with scalar potentials which
are semibounded below. The classical discreteness of spectrum criterion by
A. M. Molchanov (1953) uses a notion of negligible set in a cube as a set
whose Wiener capacity is less than a small constant times the capacity of the
cube. We prove that this constant can be taken arbitrarily between 0 and 1.
This solves a problem formulated by I. M. Gelfand in 1953. Moreover, we
extend the notion of negligibility by allowing the constant to depend on the
size of the cube. We give a complete description of all negligibility conditions
of this kind. The a priori equivalence of our conditions involving different
negligibility classes is a nontrivial property of the capacity. We also establish
similar strict positivity criteria for the Schrédinger operators with nonnegative
potentials.

1. Introduction

In 1934, K. Friedrichs [3] proved that the spectrum of the Schrédinger
operator —A + V in L?(R") with a locally integrable potential V is discrete
provided V(z) — +oo as || — oo (see also [1], [11]). On the other hand, if
we assume that V is semi-bounded below, then the discreteness of spectrum
easily implies that for every d > 0

(1.1) / V(z)de — 400 as Qg — oo,

d
where )y is an open cube with the edge length d and with the edges parallel
to coordinate axes and Qg — 0o means that the cube Q4 goes to infinity (with
fixed d). This was first noticed by A. M. Molchanov in 1953 (see [10]) who also
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showed that this condition is in fact necessary and sufficient in case n = 1 but
not sufficient for n > 2. Moreover, in the same paper Molchanov discovered a
modification of condition (1.1) which is fully equivalent to the discreteness of
spectrum in the case n > 2. It states that for every d > 0

(1.2) inf/ V(z)der — 400 as Qg — oo,
FJQu\r

where the infimum is taken over all compact subsets F of the closure Q4 which
are called negligible. The negligibility of F' in the sense of Molchanov means
that cap (F') < «ycap(Qq), where cap is the Wiener capacity and v > 0 is
a sufficiently small constant. More precisely, Molchanov proved that we can
take v = ¢, where for n > 3

cn = (4n) ™" (cap (Qu)) "

Proofs of Molchanov’s result can be found also in [9], [2], and [6]. In par-
ticular, the books [9], [2] contain a proof which first appeared in [8] and
is different from the original Molchanov proof. We will not list numerous
papers related to the discreteness of spectrum conditions for one- and mul-
tidimensional Schrodinger operators. Some references can be found in [9],
(6], [5].

As early as 1953, I. M. Gelfand raised the question about the best possible
constant ¢, (personal communication). In this paper we answer this question
by proving that ¢, can be replaced by an arbitrary constant v, 0 < v < 1.

We even establish a stronger result. We allow negligibility conditions of
the form

(1.3) cap (F) < v(d) cap (Qa)

and completely describe all admissible functions v. More precisely, in the nec-
essary condition for the discreteness of spectrum we allow arbitrary functions
v : (0,+00) — (0,1). In the sufficient condition we can admit arbitrary func-
tions v with values in (0, 1), defined for d > 0 in a neighborhood of d = 0 and
satisfying

(1.4) lim sup d~?7y(d) = +o0.

dlo
On the other hand, if y(d) = O(d?) in the negligibility condition (1.3), then
the condition (1.2) is no longer sufficient, i.e. it may happen that it is satisfied
but the spectrum is not discrete.

All conditions (1.2) involving functions ~ : (0,+00) — (0,1), satisfying
(1.4), are necessary and sufficient for the discreteness of spectrum. Therefore
two conditions with different functions v are equivalent, which is far from being
obvious a priori. This equivalence means the following striking effect: if (1.2)
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holds for very small sets F', then it also holds for sets F' which almost fill the
corresponding cubes.

Another important question is whether the operator —A+V with V' > 0 is
strictly positive, i.e. the spectrum is separated from 0. Unlike the discreteness
of spectrum conditions, it is the large values of d which are relevant here.
The following necessary and sufficient condition for the strict positivity was
obtained in [8] (see also [9, §12.5]): there exist positive constants d and s such
that for all cubes Qg
(1.5) inf/ V(z)dr > s,

FJQa\F
where the infimum is taken over all compact sets F C Qg which are negligible
in the sense of Molchanov. We prove that here again an arbitrary constant
v € (0,1) in the negligibility condition (1.3) is admissible.

The above mentioned results are proved in this paper in a more general
context. The family of cubes (4 is replaced by a family of arbitrary bodies
homothetic to a standard bounded domain which is star-shaped with respect
to a ball. Instead of locally integrable potentials V' > 0 we consider positive
measures. We also include operators in arbitrary open subsets of R™ with the
Dirichlet boundary conditions.

2. Main results

Let V be a positive Radon measure in an open set 2 C R”. We will
consider the Schrodinger operator which is formally given by an expression
—A +V. It is defined in L?(2) by the quadratic form

(2.1) hv(u,u):/Q|Vu|2d:n—|—/g|u|2V(dz), we CR(Q),

where C§°(2) is the space of all C*°-functions with compact support in €.
For the associated operator to be well defined we need a closed form. The
form above is closable in L?(Q) if and only if V is absolutely continuous with
respect to the Wiener capacity, i.e. for a Borel set B C 2, cap (B) = 0 implies
V(B) = 0 (see [7] and also [9, §12.4]). In the present paper we will always
assume that this condition is satisfied. The operator, associated with the
closure of the form (2.1) will be denoted Hy.

In particular, we can consider an absolutely continuous measure V which
has a density V >0, V € Llloc(R”), with respect to the Lebesgue measure dz.
Such a measure will be absolutely continuous with respect to the capacity as
well.

Instead of the cubes Q4 which we dealt with in Section 1, a more general
family of test bodies will be used. Let us start with a standard open set G C R™.
We assume that G satisfies the following conditions:
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(a) G is bounded and star-shaped with respect to an open ball B,(0) of
radius p > 0, with the center at 0 € R";

(b) diam(G) = 1.

The first condition means that G is star-shaped with respect to every point
of B,(0). It implies that G can be presented in the form

(2.2) G = {al 2 =rw, o] = 1, 0<r < r(w)},

where w — r(w) € (0,+00) is a Lipschitz function on the standard unit sphere
S™=1 C R™ (see [9, Lemma 1.1.8]).

The condition (b) is imposed for convenience of formulations.

For any positive d > 0 denote by G4(0) the body {z| d~'z € G} which is
homothetic to G with coefficient d and with the center of homothety at 0. We
will denote by G4 a body which is obtained from G4(0) by a parallel translation:
Ga(y) =y + G4(0) where y is an arbitrary vector in R™.

The notation G; — oo means that the distance from G; to 0 goes to
infinity.

Definition 2.1. Let v € (0,1). The negligibility class N5 (Gg; ) consists
of all compact sets F' C Gy satisfying the following conditions:

(2.3) G \QCFCGy,
and
(2.4) cap (F) < ycap (Gq).

Now we formulate our main result about the discreteness of spectrum.

THEOREM 2.2. (i) (Necessity) Let the spectrum of Hy be discrete. Then
for every function v : (0,4+00) — (0,1) and every d >0
2.5 inf V(G4 \ F) — +00 as Gy — o0.
(2.5) rer ™o o) (Ga \ F) d

(ii) (Sufficiency) Let a function d — ~(d) € (0,1) be defined for d > 0 in
a neighborhood of 0, and satisfy (1.4). Assume that there exists dy > 0 such

that (2.5) holds for every d € (0,dy). Then the spectrum of Hy in L*(Q) is
discrete.

Let us make some comments about this theorem.

Remark 2.3. It suffices for the discreteness of spectrum of Hy that the
condition (2.5) holds only for a sequence of d’s; i.e., d € {dy,da,...}, dx — 0
and d; >y(dg) — 400 as k — +o0.
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Remark 2.4. As we will see in the proof, in the sufficiency part the con-
dition (2.5) can be replaced by a weaker requirement: there exist ¢ > 0 and
dop > 0 such that for every d € (0,dp) there exists R > 0 such that

n . 5 -2
(2.6) d FE/\/'WI(I;)f(gd,Q) V(Gg\ F) > ed “v(d),
whenever Gg N (Q\ Br(0)) # 0 (i.e. for distant bodies G; having nonempty
intersection with §2). Moreover, it suffices that the condition (2.6) is satisfied
for a sequence d = dj, satisfying the condition formulated in Remark 2.3.

Note that unlike (2.5), the condition (2.6) does not require that the left-
hand side goes to 400 as G; — oco. What is actually required is that the left-
hand side has a certain lower bound, depending on d for arbitrarily small d > 0
and distant test bodies G4. Nevertheless, the conditions (2.5) and (2.6) are
equivalent because each of them is equivalent to the discreteness of spectrum.

Remark 2.5. If we take v = const € (0,1), then Theorem 2.2 gives
Molchanov’s result, but with the constant v = ¢,, replaced by an arbitrary con-
stant v € (0,1). So Theorem 2.2 contains an answer to the above-mentioned
Gelfand question.

Remark 2.6. For any two functions 1,72 : (0, +00) — (0, 1) satisfying the
requirement (1.4), the conditions (2.5) are equivalent, and so are the conditions
(2.6), because any of these conditions is equivalent to the discreteness of spec-
trum. In a different context an equivalence of this kind was first established
in [5].

It follows that the conditions (2.5) for different constants v € (0,1) are
equivalent. In the particular case, when the measure V is absolutely continuous
with respect to the Lebesgue measure, we see that the conditions (1.2) with
different constants v € (0,1) are equivalent.

Remark 2.7. The results above are new even for the operator Hy = —A
in L2(Q) (but for an arbitrary open set  C R™ with the Dirichlet boundary
conditions on 0f2). In this case the discreteness of spectrum is completely
determined by the geometry of 2. Namely, for the discreteness of spectrum of
Hp in L?(€2) it is necessary and sufficient that there exist dy > 0 such that for
every d € (0,dp)

(2.7) minf cap (G4 \ ) > (d) cap (Ga),

li

Ga—00

where d — v(d) € (0,1) is a function, which is defined in a neighborhood of 0
and satisfies (1.4). The conditions (2.7) with different functions =, satisfying
the conditions above, are equivalent. This is a nontrivial property of capacity.
It is necessary for the discreteness of spectrum that (2.7) hold for every function
v : (0,+00) — (0,1) and every d > 0, but this condition may not be sufficient
if v does not satisfy (1.4) (see Theorem 2.8 below).
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The following result demonstrates that the condition (1.4) is precise.

THEOREM 2.8. Assume that v(d) = O(d?) as d — 0. Then there exist
an open set Q C R™ and dy > 0 such that for every d € (0,dy) the condition
(2.7) is satisfied but the spectrum of —A in L?(Q) with the Dirichlet boundary
conditions s not discrete.

Now we will state our positivity result. We will say that the operator Hy
is strictly positive if its spectrum does not contain 0. Equivalently, we can say
that the spectrum is separated from 0. Since Hy is defined by the quadratic
form (2.1), the strict positivity is equivalent to the existence of A > 0 such
that

(2.8) hor(u,u) = Njul3aq). u € C(9).

THEOREM 2.9. (i) (Necessity) Let us assume that Hy is strictly positive,
so that (2.8) is satisfied with a constant A\ > 0. Let us take an arbitrary
v € (0,1). Then there exist dy > 0 and » > 0 such that

2.9 a" inf V(G4 \ F) >
29 penltiu VN F) 2

for every d > dog and every Gg4.

(ii) (Sufficiency) Assume that there exist d > 0, 2 > 0 and v € (0, 1), such
that (2.9) is satisfied for every Gq. Then the operator Hy is strictly positive.

Instead of all bodies Gq it is sufficient to take only the ones from a finite
multiplicity covering (or tiling) of R™.

Remark 2.10. Considering the Dirichlet Laplacian Hy = —A in L*(Q) we
see from Theorem 2.9 that for any choice of a constant v € (0,1) and a standard
body G, the strict positivity of Hg is equivalent to the following condition:

(2.10) 3d > 0, such that cap (GgN (R™\ Q)) > ~cap (Gy) for all G,.

In particular, it follows that for two different «’s these conditions are equivalent.
Noting that R™ \ €2 can be an arbitrary closed subset in R™, we get a property
of the Wiener capacity, which is obtained as a byproduct of our spectral theory
arguments.

3. Discreteness of spectrum: necessity

In this section we will prove the necessity part (i) of Theorem 2.2. We
will start by recalling some definitions and introducing necessary notation.

For every subset D C R™ denote by Lip(D) the space of (real-valued)
functions satisfying the uniform Lipschitz condition in D, and by Lip,.(D) the
subspace in Lip(D) of all functions with compact support in D (this will only
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be used when D is open). By Lip,.(D) we will denote the set of functions on
(an open set) D which are Lipschitz on any compact subset K C D. Note that
Lip(D) = Lip(D) for any bounded D.

If F'is a compact subset in an open set D C R", then the Wiener capacity
of ' with respect to D is defined as

(3.1) cap p(F) = inf{/R” |Vu(z)|*dx

u € Lip.(D),ulr = 1} .

By By(y) we will denote an open ball of radius d centered at y in R™. We
will write By for a ball By(y) with unspecified center y.

We will use the notation cap (F') for capg~(F') if F C R”, n > 3, and for
cap B,,(F) if F C By C R?, where the discs Bg and Bay have the same center.
The choice of these discs will usually be clear from the context; otherwise we
will specify them explicitly.

Note that the infimum does not change if we restrict ourselves to the
Lipschitz functions u such that 0 < u <1 everywhere (see e.g. [9, §2.2.1]).

We will also need another (equivalent) definition of the Wiener capacity
cap (F) for a compact set F' C By. For n > 3 it is as follows:

32 e (®)=swlu(F)| [ - paut) <1 o\ F)

where the supremum is taken over all positive finite Radon measures p on F
and £ = &, is the standard fundamental solution of —A in R"; i.e.,

1

(3.3) E(z) = TN

“T|27n ,

where w, is the area of the unit sphere S"~! C R™. If n = 2, then

B can(F) =swlu(F)| [ Glenduts) <1 on B\ F,
F
where G is the Green function of the Dirichlet problem for —A in Bsyy; i.e.,
—AG(—y)=46(—y), yE€E By,

G(-,y)|oB,, = 0 for all y € Byy. The maximizing measure in (3.2) or in (3.4)
exists and is unique. We will denote it pur and call it the equilibrium measure.
Note that

cap (F) = pp(F) = pp(R") = (up, 1).

The corresponding potential will be denoted Pr, so that

Pr(z) = /F E(x —y)dup(y), z€RB\F, n>3

Pp(a:):/FG(x,y)duF(y), x € Bog \ F, n=2.
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We will call Pr the equilibrium potential or capacitary potential. We will extend
it to F' by setting Pr(z) =1 for all z € F'.

It follows from the maximum principle that 0 < Pp < 1 everywhere in R™
if n > 3 (and in Byy if n = 2).

In the case when F' is a closure of an open subset with a smooth boundary,
u = Pp is the unique minimizer for the Dirichlet integral in (3.1) where we
should take D =R™ if n > 3 and D = Byy if n = 2. In particular,

(3.5) /|VPF|2da? = cap (F),

where the integration is taken over R™ (or R™ \ F') if n > 3 and over Byg (or
lggd\\lr)ifTLZZQ.

The following lemma provides an auxiliary estimate which is needed for
the proof.

LEMMA 3.1. Assume that G has a C* boundary, and P is the equilibrium
potential of Gq. Then

(3.6) /aQ |VP|?ds < nLp~td~! cap (Gq),

where the gradient V P in the left-hand side is taken along the exterior of G4, ds
is the (n — 1)-dimensional volume element on 0G4. The positive constants p, L
are geometric characteristics of the standard body G (they depend on the choice
of G only, but not on d): p was introduced at the beginning of Section 2, and

(3.7) L= [inf vr(x)]_17

€0G

where vp(z) = é—| v(z), ) is the unit normal vector to 0G at x which is

v(z
directed to the exterior of G.

Proof. 1t suffices to consider G5 = G4(0). For simplicity we will write G
instead of G4(0) in this proof, until the size becomes relevant.

We will first consider the case n > 3. Note that AP = 0 on [G = R" \ G.
Also P =1 on G, so in fact |[VP| = |0P/0v|. Using the Green formula, we
obtain

0= AP-a—Pd:c—/ AP< vp>dx
el or el ||

=— VP V( >d$—/ aP( VP)ds
cG |! ag Ov \ |z

__Z z OP dr — B_P.B_Pds
B eG 8.%'] 63:] |z|  Ox; ag Ov  Or
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P ¢ P x;, OP OP
% fy3 ”'a—mz/ ERa et
— Jog Oz |~’U\ Ox; = Jeg |2 Oz Oz
/ o*pP oP 0P
Z Sl dr — | — . =—ds
cG |z 8mj O0x;0x; aG v or
1 |oP]?
—_ / L \vpi2s / 1 jor
e || cg |z | Or

—— VYV P|*v,ds.
Z/cg 2] 3%‘ /ag| |

Integrating by parts in the last integral over 0G, we see that it equals

1 0 Lq 2
in:/cga—xi <‘$|> IVPPdz + = Z/ ZLVPPyds

—1 1
_n / IV P|dx + = / IV P|?v,ds,
2 Jog lal 2 Jog

where v; is the ith component of v. Returning to the calculation above, we
obtain

—3 1
(3.8) 0:”—/ —\VP\de+/ =
2 Jog || oG ||

It follows that

dx

8_P2
or

1
d:c——/ |V P|v,ds.
2 Jag

1
/ VP v,ds < (n—l)/ —|VP|?dz.
oG cg ||

Recalling that G = G4(0), we observe that |z|™! < (pd)~!. Now using (3.5),
we obtain the desired estimate (3.6) for n > 3 (with n — 1 instead of n).

Let us consider the case n = 2. Then, by definition, the equilibrium
potential P for G = G4(0) is defined in the ball Byy(0). It satisfies AP = 0 in
B4(0) \ G and the boundary conditions Plag = 1, Plyp,,0) = 0. Let us first
modify the calculations above by taking the integrals over Bs(0) \ G (instead
of CG), where d < § < 2d. We will get additional boundary terms with the
integration over 0Bs(0). Instead of (3.8) we will obtain

1 1 |oP]?
0:——/ —|VP| dm+/ i dx
2 JBsongG |7 Bs(o\G || | Or
1 1 P2
——/ yVPPquer—/ 2|9 —|VP?| ds
2 oG 2 dB;5(0) or
Therefore
P|?
/ |VP|2urds§/ —|VP|2d:c+/ 2|2 — |VP|?| ds
G Bs(O\G 7] oBs0) | | Or
1
< — |VP|2dx+/ |V P|?ds.
pd J B, (0\G 8Bs(0)
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Now let us integrate both sides with respect to d over the interval [d, 2d] and
divide the result by d (i.e. take the average over all §). Then the left-hand side
and the first term on the right-hand side do not change, while the last term
becomes d~! times the volume integral with respect to the Lebesgue measure
over Byi(0) \ B4(0). Due to (3.5) the right-hand side can be estimated by
(14 p)(pd)~tcap (Gq). Since 0 < p < 1, we get the estimate (3.6) for n = 2. O

Proof of Theorem 2.2, part (i). (a) We will use the same notation as
above. Let us fix d > 0, take G; = G4(2), and assume that G has a C
boundary. Let us take a compact set F' C R™ with the following properties:

(i) F is the closure of an open set with a C* boundary;
(ii) Ga \ € F C Bsgya(2);
(iii) cap (F) < ycap (Gq) with 0 < < 1.

Let us recall that the notation g_d\Q € F means that Q_d\Q is contained in the
interior of F'. This implies that V(Gg \ F) < +00. The inclusion F C Bsq/o(2)
and the inequality (iii) hold, in particular, for compact sets F' which are small
neighborhoods (with smooth boundaries) of negligible compact subsets of G,
and it is exactly such F’s which we have in mind.

We will refer to the sets F' satisfying (i)—(iii) above as regular ones.

Let P and Pp denote the equilibrium potentials of G; and F respectively.
The equilibrium measure pg, has its support in G4 and has density —9P/0v
with respect to the (n — 1)-dimensional Riemannian measure ds on 0G4. So
for n > 3 we have

OP
P(y)=— S(ac—y)a—(x)dsx, y € R";
9G4 v
oP -
_ . E(x)dsx = cap (Gq);

Py)=1forallye Gy, 0<P(y)<1forallyeR".

(If n = 2, then the same holds only with y € Byy and with the fundamental
solution & replaced by the Green function G.) It follows that

/B% Pp—ds— / ey g—( Vdspdpp(y) < pp(F) = cap (F).

Therefore,

cap (Gq) — cap (F) < —/ (1- Pp)a—Pds,
9G4 v
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and, using Lemma 3.1, we obtain
(3.9) (cap (Gyq) — cap (F))? < </ (1-— Pp)z—Pds>2
9G4 v
<1 = PrlZ2 (06, I VPl 7200,
<nL(pd)~" cap (Ga) 1 = Prll72(a6,):
where L is defined by (3.7).

(b) Our next goal will be to estimate the norm |1 — Pr| 2(5g,) in (3.9)
by the norm of the same function in L?(G,).

We will use the polar coordinates (r,w) as in (2.2), so that in particular
0G4 is presented as the set {r(w)w| w € S" 1}, where r : S"~1 — (0, +00) is
a Lipschitz function (C* as long as we assume the boundary G to be C™).
Assuming that v € Lip(Gy), we can write

n—1
(3.10) /|v|2ds:/ WLy
0G4 Sn—1 Uy
< / o(r(w), )2 (@)™ dw,
Snfl

where dw is the standard (n — 1)-dimensional volume element on S~ 1.
Using the inequality

FER <2 [ IF@Pa+? [IfoPd fe Lino.d), >0

we obtain

r(w) 9 r(w)
2 / 2 2
v(r(w),w)]” <2er(w / v (p,w)|“dp + / v(p,w)|“dp
[olr(w),w)l ) (1—5)r(w)’ P | er(w) (1—5)7"(0.1)’

2er(w) /T(w) / 2 n—1
< v, (psw)|p" " dp
=@ Sy o)

92 r(w) ) )
+ — / v(p,w)|*p" " dp.
@A =TT Jaap ")

It follows that the integral on the right-hand side of (3.10) is estimated by

2er(w)dw /T(“’) , 9 ne1
——— vl (p,w) 2o dp
/s"—l (1 =) Ja—oprw) o5 0 )]

2dw N
" dp.
i /s e(1—¢e)"r(w) [o(p,w)["p""dp

Taking € < 1/2, we can majorize this by

2n
2"ed vquder—/ lv|?dz,
Ga epd Jg,
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where p € (0, 1] is the constant from the description of G in Section 2. Recalling
(3.10), we see that the resulting estimate has the form

2"L
/ lv|?ds < 2"L5d/ |Vo|2dx + —/ lv|2dz.
9G4 Gu epd Jg,

Now, taking v = 1 — Pr, we obtain

2" L
/ (1 — Pp)?ds < 2"Led cap (F) + —/ (1 - Pp)*da.
9Ga epd Jg,

Using this estimate in (3.9), we obtain
(3.11) (cap(Ga) — cap (F))?

- 1
< p~ 2" L2 cap (Gy) (z—: cap (F') + —2/ (1-— PF)2dx> .
epd Ga

(c) Now let us consider G which is star-shaped with respect to a ball,
but does not necessarily have C*° boundary. In this case we can approxi-
mate the function r(w) (see Section 2) from above by a decreasing sequence
of C*° functions ri(w) (e.g. we can apply a standard mollifying procedure to
r(w) 4+ 1/k), so that for the the corresponding bodies G¥), the constants Ly
are uniformly bounded. It is clear that in this case we will also have pi > p,
and cap (g‘fl’“)) — cap (Gq) due to the well known continuity property of the
capacity (see e.g. Section 2.2.1 in [9]). So we can pass to the limit in (3.11) as
k — +oo and conclude that it holds for arbitrary G (which is star-shaped with
respect to a ball). But for the moment we still retain the regularity condition
on F.

(d) Let us define
(3.12) £={u ‘u € C(Q), P w) + ulfaey <17,

where hy is defined by (2.1). By the standard functional analysis argument
(see e.g. Lemma 2.3 in [6]) the spectrum of Hy is discrete if and only if £ is
precompact in L2(£2), which in turn holds if and only if £ has “small tails”;
i.e., for every n > 0 there exists R > 0 such that

(3.13) / lul?dz <7 for every wu€ L.
Q\Br(0)

Equivalently, we can write that

(3.14) / ul2dz < n [ / Vul?dz + / ]u\zV(dx)] ,
O\ B (0) Q Q

for every u € C§°(9).
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Therefore, it follows from the discreteness of the spectrum of Hy that for
every n > 0 there exists R > 0 such that for every G4 with G;N(R™\ Br(0)) # 0
and every u € C§°(Gg N Q)

(3.15) /g lu?dz < n (/g |Vul|?dz + /g \uFV(dx)) .

In other words, n = n(Gyg) — 0 as Gg — oo for the best constant in (3.15).
(Note that 7(G4)~! is the bottom of the Dirichlet spectrum of Hy in Gz N €.)

Since 1 — Pr = 0 on F (hence is in a neighborhood of G, \ ), we can
take u = x,(1 — Pp), where o € (0, 1) is to be chosen later, x, € C§°(Gy) is a
cut-off function satisfying 0 < xo < 1, xo = 1 on G(1_g)4, and |Vx,| < Cd1
with C' = C(G). Then, using integration by parts and the equation APp = 0
on G\ F, we obtain

\Vul*dx = / (IVXo|*(1 = Pp)? = V(x2) - (1 — Pp)VPp + X2V Pp|?) dz
Ga Ga

= / IVxo|?(1 — Pp)dz < CQ(Jd)_Q/ (1 — Pp)?dz.
Ga

d

Therefore, from (3.15)

/ luf2dz < 1 {02(061)2/ (1 = Pr)2da + V(Ga \ F)] :
hence

/g (1 — Pp)de <7 [02(@[)—2/ (1 — Pp)2dz +V(Gq \ F)] .
(1-0)d a
Now, applying the obvious estimate
/ (1 — Pp)?dx < /g (1= Pp)*dz + mes (Ga \ G(1—0)a)
a (1—o)d
< / (1 — Pp)*dz 4 Cyod™,
Gi-0)a

with C7 = C1(G), we see that

/ (1— Pp)’dz <7 [02(0'(1)_2/ (1 — Pp)?dz+V(Gq\ F)| + Crod™;

g
hence
(3.16) / (1— Pp)2da < 2V(Gy \ F) + 2Cyod™,
provided

(3.17) nC%*(od)™ < 1/2.



932 VLADIMIR MAZYA AND MIKHAIL SHUBIN

Returning to (3.11) and using (3.16) we obtain

(3.18) (1 - MY <Oy [e e lgm

2
@ - ree

Ga
< Cyle +2C 07t + 271 d™yV(Gy \ F)],

where Cy = Co(G). Without loss of generality we will assume that Co > 1/2.
Recalling that cap (F) < ~cap (G4), we can replace the ratio cap (F)/ cap (Gq)
in the left-hand side by «. Now let us choose
(3.19) RN € e S € e ) U C e )
4C, 8C, 32C1Cy

Then ¢ < 1/2 and for every fixed v € (0,1) and d > 0 the condition (3.17) will
be satisfied for distant bodies G4, because n = n(Gy) — 0 as Gg — oo. (More
precisely, there exists R = R(y,d) > 0, such that (3.17) holds for every G, such
that GgN (R™\ Bgr(0)) # 0.)

If £ and o are chosen according to (3.19), then (3.18) becomes

(3.20) d™"V(Gy \ F) > (16Con) (1 - 7)*,
which holds for distant bodies G, if v € (0,1) and d > 0 are arbitrarily fixed.

(e) Up to this moment we worked with “regular” sets F' — see conditions
(i)—(iii) in part (a) of this proof. Now we can get rid of the regularity require-
ments (i) and (ii), retaining (iii). So let us assume that F' is a compact set,
Ga\Q C F CGyand cap (F) < ycap (Gy) with v € (0,1). Let us construct a

sequence of compact sets F, 3 F, k=1,2,..., such that every Fj is regular,
[o.¢]
Fi3F,>5..., and ﬂFk:F.
k=1

We then have cap (Fj,) — cap (F') as k — +oo due to the well known continuity
property of the capacity (see e.g. §2.2.1 in [9]). According to the previous steps
of this proof, the inequality (3.20) holds for distant G4’s if we replace F' by F},
and v by 1, = cap (Fy)/ cap (Gq). Since the measure V is positive, the resulting
inequality will still hold if we replace V(G4 \ F}i) by V(G4 \ F). Taking the limit
as k — +o0, we obtain that (3.20) holds with 7' = cap (F)/ cap (G4) instead
of 7. Since 7/ < v, (3.20) immediately follows for arbitrary compact F' such
that G4\ Q C F C G4 and cap (F) < ycap (Gg) with v € (0,1).

(f) Let us fix G and take the infimum over all negligible F’s (i.e. compact
sets F', such that G4\Q C F C G4 and cap (F) < ycap (Gq)) on the right-hand
side of (3.20). We get then for distant G;’s

21 4" inf  V(G;\F)> (1 ~1(1 _ )4
. pet o V(Ga\ F) = (16Con) ™ (1 =)
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Now let us recall that the discreteness of spectrum is equivalent to the condition
n = n(Gqs) — 0 as G4 — oo (with any fixed d > 0). If this is the case, then
it is clear from (3.21), that for every fixed v € (0,1) and d > 0, the left-hand
side of (3.21) tends to +o00 as G; — oo. This concludes the proof of part (i) of
Theorem 2.2. O

4. Discreteness of spectrum: sufficiency

In this section we will establish the sufficiency part of Theorem 2.2.

Let us recall the Poincaré inequality (see e.g. [4, §7.8], or [6, Lemma 5.1]):
lu= iR, < AGE [ [Vu(@)Pds, ue Lip(G)
Ga

where G5 C R™ is as described in Section 2 and

is the mean value of u on Gy, and |G| is the Lebesgue volume of G4, A(G) > 0
is independent of d. (In fact, the best A(G) is obtained if A(G)~! is the lowest
nonzero Neumann eigenvalue of —A in G.)

The following Lemma generalizes (to an arbitrary body G) a particular
case of the first part of Theorem 10.1.2 in [9] (see also Lemma 2.1 in [5]).

LEMMA 4.1. There exists C(G) > 0 such that the following inequality
holds for every function u € Lip(G4) which vanishes on a compact set F' C G4
(but is not identically 0 on Gg):

C(G) Jg, IVu()[*dz
1) cap (F) < 1Gal 7! [, lu(2)|2dz

Proof. Let us normalize u by

|Gal ™" ; Ju(z)|*dz = 1,

i.e. |ul2 = 1. By the Cauchy-Schwarz inequality we obtain
_ _\1/2
(4.2) fu] < (\u|2) =1
Replacing u by |u| does not change the denominator and may only de-

crease the numerator in (4.1). Therefore we can restrict ourselves to Lipschitz
functions u > 0.
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Let ¢ =1—u. Then ¢ =1 on F, and ¢ =1 —u > 0 due to (4.2). Let us
estimate ¢ from above. Obviously
¢ = 1Gal = (lull = l|al) < 1Gal™?|lu — all,
where || - || means the norm in L?(G,). Hence the Poincaré inequality gives
& < AV2d|Gy| ™ || Vul| = AV2d|Ga| T2V
where A = A(G). So

3 < Ad?Gy ! /g Vo[2d.

and

IlI* < Ad? g Vol|*da.

Using the Poincaré inequality again, we obtain

1612 = (16 — ) + SII% < 2/l — Bl + 2] 6|2 < 44 /g IV |dz,

or
(4.3) Prdr < 4Ad? | |V da.
Ga Ga

Let us extend ¢ outside G4 = G4(y) by inversion in each ray emanating from y.
In notation introduced in (2.2) we can write ¢(y + rw) = ¢(y +r~1(r(w))?w)
for every r > r(w) and every w € S" 1.

It is easy to see that the extension <;~5 satisfies

112 2 712 2
/B 6Pdz < C1(G) /g 6Pde, /B VéPdr < C1(G) /g Vo 2.

Let 1 be a piecewise smooth function, such that n = 1 on By, n = 0 outside
By, 0<n<1and|Vnl <dlie., nx)=2-d x| ifd <|z| < 2d. Then

cap(F)S/

B2d

V(@) < 204(6) ( | o+t [ ¢2dx) |

Taking into account that |V¢| = |Vu| and using (4.3), we obtain

cap (F) < 2C1(G)(1 4+ 4A) |Vu|?dz,
Ga

which is equivalent to (4.1) with C(G) = 2C1(G)(1 + 4A(G)). O

The next lemma is an adaptation of a very general Lemma 12.1.1 from [9]
(see also Lemma 2.2 in [5]) to test bodies G4 in general (instead of cubes Q).
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LEMMA 4.2. Let 'V be a positive Radon measure in ). There exists Co(G)
> 0 such that for every vy € (0,1) and u € Lip(Gy) with u = 0 in a neighborhood

Ofgd\Q7

Co(G)d? 9 C2(G)d" 2

4.4 2dp < =22 de + —— V(d
(@a) [ e < ZEEE | vl s g e | v,
where

(4.5) V4(Gq4, Q) = inf V(Ga \ F).

FeN,(Ga,2)

(Here the negligibility class N+(Gq,§Y) is as introduced in Definition 2.1.)

Proof. Let M, = {z € G4 : |u(z)| > 7}, where 7 > 0. Note that M, is a
relatively open subset of G, and M, C €; hence Gg\ M, D Gg '\ Q.

Since
lul? <272 +2(Ju| — 7)?> on M,
for all T,
/ ufPde < 20%(G,| +2/ (Iu| — )%da.

Ga M

Let us take .
2 2
T = u|“dzx;
4/Gal /gd |
| [\ 1/2
ie.7=35 (\uP) . Then for this particular value of 7 we obtain
(4.6) lul?dx < 4/ (|u| — 7)%dz.
Ga M,

Assume first that cap(Gy \ M,) > ~cap(Gyq). Using (4.6) and applying
Lemma 4.1 to the function (Ju| — 7)4, which equals |u| — 7 on M, and 0
on G4 \ M, we see that
CG) Jp, IV (ul = m)PPde _ C(G) Jg, [Vul*dz

|Gal ™! fgd lul?dz = |Gal™! fgd ul?dz
where C(G) is the same as in (4.1). Thus,

C Vul?d C Vul?d
s < C1O1G o [0l C@)Gul fy, Vs
Gu cap (Ga \ M) 7 cap (Ga)
Note that |G4| = |G|d" and cap (Gy) = cap(G)d" 2, where for n = 2 the
capacities of G = Q_l(O) and G; = g_d(y) are taken with respect to the discs
B3(0) and Bsg(y) respectively. Therefore we obtain
d2

(4.7) lul?dx < %

G veap (9) Jg,

cap (Ga \ M) <

|Vu|?dz.
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Now consider the opposite case with cap (Gg \ M,) < v cap (G4). Then
we can write

- 1
4|gd’ Ga

1 2
> — ul*dx -V~ (G, Q).
4|gd|[;d| (Ga )

 |ul*V(dz) > /M |u|?V(dx) > 72V (M.,) lu|?dz - V(M)

Ga

Finally we obtain in this case

41G4|

4.8 ufde < ——— [ [u]*V(dz).
- oS TG ) Jg, M

The desired inequality (4.4) immediately follows from (4.7) and (4.8) with
C3(G) = max {C(G)|G(cap ()", 4/G]}. O

Now we will move to the proof of the sufficiency part in Theorem 2.2 start-
ing with the following proposition which gives a general (albeit complicated)
sufficient condition for the discreteness of spectrum.

PROPOSITION 4.3. Given an operator Hy, let us assume that the following
condition is satisfied: there exists ng > 0 such that for every n € (0,19) there
existd = d(n) > 0 and R = R(n) > 0, so that if Gq satisfies GgN(Q\Br(0)) # 0,
then there exists v = v(Gq,n) € (0,1) such that

(4.9) vd2 >0t and d "V, (Gq, ) > n 1.
Then the spectrum of Hy is discrete.

Proof. Recall that the discreteness of spectrum is equivalent to the fol-
lowing condition: for every n > 0 there exists R > 0 such that (3.14) holds for
every u € C3°(€2). This will be true if we establish that for every n > 0 there
exist R > 0 and d > 0 such that

(4.10) / luf2dz < 7 [/ |Vu|2dm+/ ]u|2V(d:1:)],
Ga Ga Ga

for all G4 such that G4 N (2 \ Bgr(0)) # 0 and for all u € C*(G,), such
that u = 0 in a neighborhood of G, \ Q. Indeed, assume that (4.10) is true.
Let us take a covering of R” by bodies G; so that it has a finite multiplicity
m = m(G) (i.e. at most m bodies G; can have nonempty intersection). Then,
taking u € C§°(Q) and summing up the estimates (4.10) over all bodies G4
with Gg N (2 \ Bg(0)) # 0, we obtain (3.14) (hence (3.13)) with m# instead
of n.

Now Lemma 4.2 and the assumptions (4.9) immediately imply (4.10) (with
n replaced by Ca2(G)n). O
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Instead of requiring that the conditions of Proposition 4.3 are satisfied for
all n € (0,19), it suffices to require this for a monotone sequence 7, — +0. We
can also assume that d(n;) — 0 as k — 4o00. Then, passing to a subsequence,
we can assume that the sequence {d(n)} is strictly decreasing. Keeping this
in mind, we can replace the dependence d = d(n) by the inverse dependence
n = g(d), so that g(d) > 0 and g(d) — 0 as d — 40 (and here we can
also restrict ourselves to a sequence d — +0). This leads to the following,
essentially equivalent but more convenient reformulation of Proposition 4.3:

PROPOSITION 4.4. Given an operator Hy, assume that the following con-
dition is satisfied: there exists dy > 0 such that for every d € (0,dy) there exist
R = R(d) >0 and v = v(d) € (0,1), so that if GgN (2 \ Br(0)) # 0, then

(4.11) d2y>g(d)™' and d7"V,(G4,Q) > g(d) !,
where g(d) > 0 and g(d) — 0 as d — +0. Then the spectrum of Hy is discrete.

Proof of Theorem 2.2, part (ii). Instead of (ii) in Theorem 2.2 it suffices
to prove the (stronger) statement formulated in Remark 2.4. So suppose that
there exist dy > 0, ¢ > 0, for all d € (0,dp), there exist R = R(d) > 0, v(d) €
(0, 1), satisfying (1.4), such that (2.6) holds for all G4 with G4N(2\ Br(0)) # 0.

Since the left-hand side of (2.6) is exactly d™"V. 4 (Ga,2), we see that
(2.6) can be rewritten in the form

d="V(Gg, Q) > cd2~(d),

hence we can apply Proposition 4.4 with g(d) = ¢~ 'd?y(d)~! to conclude that
the spectrum of Hy is discrete. O

5. A sufficiency precision example

In this section we will prove Theorem 2.8. First, we construct a domain
Q) C R", such that the condition (2.7) is satisfied with v(d) = Cd? (with an
arbitrarily large C' > 0), and yet the spectrum of —A in L?(Q2) (with the
Dirichlet boundary condition) is not discrete.

This will show that the condition (1.4) is precise, so that Theorem 2.8 will
be proved. We will assume for simplicity that n > 3.

We will use the following notation:

e LU) is the spherical layer {z € R" : logj < |z| < log(j +1)}. Its width
is log(j + 1) — log j which is < j~! for all j and equivalent to j~! for large j.

o {Ql(cj )} k>1 is a collection of closed cubes which form a tiling of R" and
have edge length €(n) j !, where €(n) is a sufficiently small constant depending
on n (to be adjusted later).

o 2V is the center of Q](Cj).
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o {B,(Cj )}kzl is the collection of closed balls centered at m,(gj ) with radii i

given by
wa(n —2) pj=2 = Cle(n)/§)",

where w,, is the area of the unit sphere S"~! C R"™ and C is an arbitrary
constant. The last equality can be written as

(5.1) cap (B,(Cj)) = C mes Q,ij),

where mes is the n-dimensional Lebesgue measure on R". Among the balls
Bl(f ) we will select a subcollection which consists of the balls with the additional
property B,(Cj ) ¢ LY. We will refer to these balls as selected ones. We will

denote selected balls by B,(Cj ), By an abuse of notation we will not introduce

special letters for the subscripts ‘of the selected balls. We will also denote by
~,(€] ) the corresponding cubes Ql(g ), so that

Ql(fj) _ Q,(j) 5 BEIE:J').
o AU = Joy BY c L.
e O is the complement of U;>1AY).

e B, (P) is the closed ball with radius » < 1 centered at a point P. We
will make a more precise choice of r later.

PROPOSITION 5.1. The spectrum of —A in Q (with the Dirichlet boundary
condition) is not discrete.

Proof. Let j > 7 and P € LY, i.e.
log j < |P| <log(j +1).

Note that the ball B,(P) is a subset of the spherical layer UlZSsz(s) if and
only if
logm < |P|—r and |P|+7r <log(l+1).

Therefore, if
logm <logj—r

and
log(j+1)+r <log(l+1),

then B,(P) C UlZsZmL(S)- The last two inequalities can be written as
(5.2) m<je " and j+1<(I+1)e".
If we take, for example,

m=1[j/3] and =3y,
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then, due to the inequality j > 7, we easily deduce that
(5.3) B.(P)yc |J LW
[1/3]<s<3j
Using (5.2), the definition of 2 and subadditivity of capacity, we obtain:
cap (B,(P)\ Q) = cap (B,(P) N (Us>1A®)))

< Y Y e (B(P)NBY)

[1/3]<s<3j k21

<C mes Q(S).
2 > ¢

[1/31<s<3j {k:B,(P)NQ #£0}

It is easy to see that the multiplicity of the covering of B,.(P) by the cubes Q,(f),
participating in the last sum, is at most 2, provided ¢(n) is chosen sufficiently
small. Hence,

(5.4) cap (B-(P)\ Q) < c(n)Cr".

On the other hand, we know that the discreteness of spectrum guarantees that
for every r > 0
liminf cap (B,(P)\ Q) > v(n) r" 2,

|P|—o0

where «y(n) is a constant depending only on n (cf. Remark 2.7). For sufficiently
small 7 > 0 this clearly contradicts (5.4). O

PROPOSITION 5.2. The domain §2 satisfies

(5.5) limin cap (B (P) \ @) > 6(n) C'r",

where 6(n) > 0 depends only on n.

Proof. Let ,u,gj) be the capacitary measure on 83,(;) (extended by zero to

R™ \ 83,(;)), and let €;(n) denote a sufficiently small constant to be chosen
later. We introduce the measure

p=eam)y n,
k,s

where the summation here and below is taken over k, s which correspond to
the selected balls Blis). Taking P € L), let us show that

(5.6) [ a1 o w
B/2(P)

where £(z) is given by (3.3). It suffices to verify (5.6) for x € B,(P), because
for x € R" \ B,(P) this will follow from the maximum principle.
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Obviously, the potential in (5.6) does not exceed

3 a) [ E@—y)dud(y).
8B

{s,k:B{ NB,/5(P)#0}
We divide this sum into two parts >." and >.”, the first sum being extended

over all points x,&s) with the distance < j~! from x. Recalling that x € B,.(P)

and using (5.3), we easily see that the number of such points does not exceed
a certain constant ci(n). We define the constant €;(n) by

e1(n) = (2e1(n)) .
(s)

Since p),” is the capacitary measure, we have

Y <eam)ean) =1/2
Furthermore, by (5.1)
~(s) ~5(s)
cap (B; ) mes @
Z//... SCQ(R)ZHW :CQ(H)C Z”ﬁ
x—xp " x—x, "
dy

B.(P) |7 —y["?

2

<cs(n) C < eq(n) C re.

We can assume that
r < (2e4(n)C) "2

which implies " < 1/2. Therefore (5.6) holds.
It follows that for large |P| (i.e. for P with |P| > R = R(r) > 0), or,
equivalently, for large j, we will have

cap (BT(P) \ Q) > Z el(n)ugj) (GBIiS))
{s,k: B CB,/2(P)}
=a(m > ap(B))
{s,k: BLS)CBr/z(P)}
{s,k: B{» CB,./5(P)}

This ends the proof of Proposition 5.2, hence of Theorem 2.8. O

Remark 5.3. Slightly modifying the construction given above, we easily
provide an example of an operator H = —A + V (z) with V- € C*°(R"), n > 3,
V' > 0, such that the corresponding measure Vdz satisfies (2.5) with v(d) =
Cd? and an arbitrarily large C' > 0, but the spectrum of H in L?(R") is
not discrete. So the condition (1.4) is precise even in case of the Schrodinger
operators with C'°° potentials.
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6. Positivity of Hy
In this section we prove Theorem 2.9.

Proof of Theorem 2.9 (necessity). Let us assume that the operator Hy is
strictly positive. This implies that the estimate (3.15) holds with some n > 0
for every Gy (with an arbitrary d > 0) and every u € C§°(Gg N €2). But then
we can use the arguments of Section 3 which lead to (3.21), provided (3.17) is
satisfied. It will be satisfied if d is chosen sufficiently large. O

Proof of Theorem 2.9 (sufficiency). Let us assume that there exist d > 0,
% > 0 and v € (0,1) such that for every Gy the estimate (2.9) holds. Then
by Lemma 4.2, for every G4 and every u € C*(Gy), such that u = 0 in a
neighborhood of Gy \ ©, we have

2 mn
/ lu|?dx < M/ |Vu]2d:6+%/ |u|?V (dz).
d ’y gd » gd

Let us take a covering of R™ of finite multiplicity N by bodies G4. It follows
that for every u € C5°(Q)

m—2
/yu\dechg(g)d%ax{l,d—} (/ qu\de+/ \uPV(dx)),
Q vz Q Q

which proves the positivity of Hy. O
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