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A new application of random matrices:
Ext(C 4(Fy)) is not a group

By UFFE HAAGERUP and STEEN THORBJ@RNSEN*
Dedicated to the memory of Gert Kjergard Pedersen

Abstract

In the process of developing the theory of free probability and free entropy,
Voiculescu introduced in 1991 a random matrix model for a free semicircular
system. Since then, random matrices have played a key role in von Neumann
algebra theory (cf. [V8], [V9]). The main result of this paper is the follow-

ing extension of Voiculescu’s random matrix result: Let (Xl(n), o ,Xﬁn)) be
a system of r stochastically independent n x n Gaussian self-adjoint random
matrices as in Voiculescu’s random matrix paper [V4], and let (z1,...,z,) be

a semi-circular system in a C*-probability space. Then for every polynomial p
in r noncommuting variables

Tim [p(X{ @), ..., XM @) = lp@rs .ozl

for almost all w in the underlying probability space. We use the result to
show that the Ext-invariant for the reduced C*-algebra of the free group on 2
generators is not a group but only a semi-group. This problem has been open
since Anderson in 1978 found the first example of a C*-algebra A for which
Ext(A) is not a group.

1. Introduction

A random matrix X is a matrix whose entries are real or complex ran-
dom variables on a probability space (Q,F,P). As in [T]|, we denote by
SGRM(n, 0?) the class of complex self-adjoint n x n random matrices

X = (Xij)i =1,

for which (Xu)za (\/ﬁReXZ-j)Kj, (\/§Im Xij)i<j are n2 independent identically
distributed (i.i.d.) Gaussian random variables with mean value 0 and vari-
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ance o2. In the terminology of Mehta’s book [Me], X is a Gaussian unitary

ensemble (GUE). In the following we put o2 = % which is the normalization
used in Voiculescu’s random matrix paper [V4]. We shall need the following
basic definitions from free probability theory (cf. [V2], [VDN]):

a) A C*-probability space is a pair (B, 7) consisting of a unital C*-algebra
B and a state 7 on B.

b) A family of elements (a;);cr in a C*-probability space (B, T) is free if for
all n € N and all polynomials p,...,p, € C[X], one has

T(p1(ai,) - pulai,)) =0,

whenever iy # i2,i2 # 43,...,ip—1 # in and @(p(a;,)) = 0 for k =
1,...,n.

c) A family (x;);cr of elements in a C*-probability space (B,7) is a semi-
circular family, if (x;);er is a free family, z; = 2} for all i € I and

1 k P
R e e s

2 ), 0, if k is odd,
for all ke Nand i € 1.

We can now formulate Voiculescu’s random matrix result from [V5]: Let,
for eachn € N, (X Z-(n))z'e 7 be a family of independent random matrices from the
class SGRM(n, 1), and let (z;);c; be a semicircular family in a C*-probability
space (B, 7). Then for all p € N and all 41,...,14, € I, we have
(1.1) nli_)rgoE{trn(Xi(f) --~Xi(:))} =7(xi, - xi),
where tr,, is the normalized trace on M, (C), i.e., tr, = %Trn, where Tr,,(A)
is the sum of the diagonal elements of A. Furthermore, E denotes expectation
(or integration) with respect to the probability measure P.

The special case |I| = 1 is Wigner’s semi-circle law (cf. [Wi], [Me]). The

strong law corresponding to (1.1) also holds, i.e.,
(1.2) lim tr, (X (@) - XM (W) = (@, - a),
n—oo P

for almost all w € Q (cf. [Ar] for the case |I| = 1 and [HP], [T, Cor. 3.9] for
the general case). Voiculescu’s result is actually more general than the one
quoted above. It also involves sequences of non random diagonal matrices. We
will, however, only consider the case, where there are no diagonal matrices.
The main result of this paper is that the strong version (1.2) of Voiculescu’s
random matrix result also holds for the operator norm in the following sense:

THEOREM A. Let r € N and, for each n € N, let (an), .. ,qun)) be a
set of r independent random matrices from the class SGRM(n, %) Let further
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(z1,...,2,) be a semicircular system in a C*-probability space (B,T) with a
faithful state 7. Then there is a P-null set N C Q such that for all w € Q\N
and all polynomials p in r noncommuting variables, we have

(1.3) lim [|p(X{™ (), ..., XD )| = [p(e1,. .., z,)

n—oo

The proof of Theorem A is given in Section 7. The special case
Jim | XY @) = flaa]) = 2

is well known (cf. [BY], [Ba, Thm. 2.12] or [HT1, Thm. 3.1]).
From Theorem A above, it is not hard to obtain the following result

(cf. §8).

THEOREM B. Letr € NU{oo}, let F, denote the free group on r genera-
tors, and let \: F, — B({*(F})) be the left regular representation of F,.. Then
there exists a sequence of unitary representations my: F, — M, (C) such that
forall hy,... ,hy € F, and c1,...,cm € C:

i | Semtn] =S ]
i=1 j=1

The invariant Ext(A) for separable unital C*-algebras A was introduced
by Brown, Douglas and Fillmore in 1973 (cf. [BDF1], [BDF2]). Ext(A) is the
set of equivalence classes [r] of one-to-one *-homomorphisms 7: A — C(H),
where C(H) = B(H)/K(H) is the Calkin algebra for the Hilbert space H =
¢%(N). The equivalence relation is defined as follows:

T~y <= JuelU(B(H)) Ya € A: ma(a) = p(u)mi(a)p(u)*,

where U(B(H)) denotes the unitary group of B(H) and p: B(H) — C(H) is the
quotient map. Since H & H ~ H, the map (71, m2) — 71 © 7 defines a natural
semi-group structure on Ext(.4). By Choi and Effros [CE], Ext(.A) is a group
for every separable unital nuclear C*-algebra and by Voiculescu [V1], Ext(.A)
is a unital semi-group for all separable unital C*-algebras A. Anderson [An]
provided in 1978 the first example of a unital C*-algebra A for which Ext(.A) is
not a group. The C*-algebra A in [An] is generated by the reduced C*-algebra
C* 4(F) of the free group F» on 2 generators and a projection p € B((*(Fy)).
Since then, it has been an open problem whether Ext(C}. (F3)) is a group. In
[V6, Sect. 5.14], Voiculescu shows that if one could prove Theorem B, then it
would follow that Ext(C% (F;)) is not a group for any r > 2. Hence we have

COROLLARY 1. Let r € NU{oo}, r > 2. Then Ext(C7 ,(Fy)) is not a
group.
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The problem of proving Corollary 1 has been considered by a number of
mathematicians; see [V6, §5.11] for a more detailed discussion.

In Section 9 we extend Theorem A (resp. Theorem B) to polynomials
(resp. linear combinations) with coefficients in an arbitrary unital exact C*-
algebra. The first of these two results is used to provide new proofs of two
key results from our previous paper [HT2]: “Random matrices and K-theory
for exact C*-algebras”. Moreover, we use the second result to make an exact
computation of the constants C'(r), r € N, introduced by Junge and Pisier [JP]
in connection with their proof of

B(H) ® B(H) # B(H) ® B(H).

max min

Specifically, we prove the following:

COROLLARY 2. Letr € N, r > 2, and let C(r) be the infimum of all
real numbers C' > 0 with the following property: There exists a sequence of
natural numbers (n(m))men and a sequence of r-tuples (ugm), e ,uﬁm))meN of

n(m) x n(m) unitary matrices, such that

[ ms
i=1

whenever m,m’ € N and m #m’. Then C(r) = 2y/r — 1.

<C,

Pisier proved in [P3] that C(r) > 2v/r — 1 and Valette proved subsequently
in [V] that C(r) = 2y/r — 1, when 7 is of the form r = p + 1 for an odd prime
number p.

We end Section 9 by using Theorem A to prove the following result on
powers of “circular” random matrices (cf. §9):

COROLLARY 3. LetY be a random matriz in the class GRM(n, %), i.e.,
the entries of Y are independent and identically distributed complexr Gaussian
random variables with density z — %e_”"z'Q, z € C. Then for every p € N and
almost all w € €,

i o] = (2D

n—o00 pp

Note that for p = 1, Corollary 3 follows from Geman’s result [Ge].

In the remainder of this introduction, we sketch the main steps in the
proof of Theorem A. Throughout the paper, we denote by Ag, the real vector
space of self-adjoint elements in a C*-algebra A. In Section 2 we prove the
following “linearization trick”:

Let A, B be unital C*-algebras, and let x1,...,x, and y1,...,y, be opera-
tors in Asa and Bsa, respectively. Assume that for all m € N and all matrices
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ag, ..., ap i My, (C)sa, we have

sp(ao Rlp+> 14;® yi) - Sp(ao RLla+> a4, ® acl-),

where sp(T) denotes the spectrum of an operator T, and where 14 and 1p
denote the units of A and B, respectively. Then there exists a unital *-homo-
morphism

O: C*(x1,. .., xr, 1) = C* (Y1, -, Yr, 18),

such that ®(z;) = y;, i = 1,...,r. In particular,

E

Ip(y1, -5 ue)ll < llp(@1, o5 2r)

for every polynomial p in r noncommuting variables.
The linearization trick allows us to conclude (see §7):

LEMMA 1. In order to prove Theorem A, it is sufficient to prove the
following: With (X£n),...,X7§n)) and (x1,...,x,) as in Theorem A, one has
for all m € N, all matrices ag, ... ,a, in Mp(C)ga and all € > 0 that

spao @ 1n + > a; @ Xi(n)(w)) Csplao®@1p+ Y ai®@x) +] — &€,
eventually as n — oo, for almost all w € €, and where 1,, denotes the unit of

M, (C).

In the rest of this section, (an), e ,qun)) and (z1,...,x,) are defined as
in Theorem A. Moreover we let ag,...,a, € My, (C)s, and put

T
S:a0®13+2ai®azi
=1

T
Sn=a0®1,+Y a;®X™, neN
i=1
It was proved by Lehner in [Le| that Voiculescu’s R-transform of s with amal-
gamation over M,,(C) is given by

(1.4) Rs(2) =ao+ Y _aiza;, z€ Mpy(C).
=1

For A € M,,(C), we let Im A denote the self-adjoint matrix Im A = 2 (A — X*),
and we put

O = {\ € M;,,(C) | Im \ is positive definite}.
From (1.4) one gets (cf. §6) that the matrix-valued Stieltjes transform of s,
G(A) = (idm @ 1) [A® 15— 5) '] € My, (C),
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is defined for all A € O, and satisfies the matrix equation
(1.5) > aiG(NaiGA) + (a0 — NG(A) + 1 = 0.
i=1

For A € O, we let H, () denote the M,,(C)-valued random variable
Hp(A) = (idpy, @ trn) [(A®@ 1, — Sp) 7,
and we put
Gn(\) = E{H,,(\)} € M, (C).
Then the following analogy to (1.5) holds (cf. §3):

LEMMA 2 (Master equation). For all A € O andn € N:

(1.6) E{ Z aiHn(N)ai Hy(\) + (ag — N Hn(\) + 1m} —0.
=1

The proof of (1.6) is completely different from the proof of (1.5). It is
based on the simple observation that the density of the standard Gaussian

distribution, ¢(z) = \/#—e*ﬁ/ 2 satisfies the first order differential equation

27
¢'(z) + zp(z) = 0. In the special case of a single SGRM(n, 1) random matrix

(iie., r=m =1 and agp = 0,a; = 1), equation (1.6) occurs in a recent paper
by Pastur (cf. [Pas, Formula (2.25)]). Next we use the so-called “Gaussian
Poincaré inequality” (cf. §4) to estimate the norm of the difference

E{ Y ailu(NaiHa (N } = 3 aE{H () }aE{Ha(V)},
=1 i=1
and we obtain thereby (cf. §4):

LEMMA 3 (Master inequality). For all A € O and all n € N, we have

4
)

(1.7) H zr:aiGn()\)aiGn(/\) — (ag — NGn(N) + lmH < %H(Im/\)*l‘
=1

where C =m3|| YI_, a?

2
i ai|”
In Section 5, we deduce from (1.5) and (1.7) that

(19 G = GO < 25 (K + A | m )

where C is as above and K = |lag|| + 4 ;_, ||ai||. The estimate (1.8) implies
that for every ¢ € C°(R,R):

(1.9) E{ (trm ® trn)o(Sn)} = (trm @ 7)(2(s)) + O(&),
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for n — oo (cf. §6). Moreover, a second application of the Gaussian Poincaré
inequality yields that

(1.10) V{(trm ® tr,)p(Sn) } < %E{(trm ® trn) (¢ (Sn)?) },

where V denotes the variance. Let now ¢ be a C"*°-function with values in
[0, 1], such that v vanishes on a neighbourhood of the spectrum sp(s) of s, and
such that ¢ is 1 on the complement of sp(s) +] —¢,¢].

By applying (1.9) and (1.10) to ¢ =1 — 1, one gets

E{(trm ® trn)l/J(Sn)} =0(n?),

V{(trm ® tra)i(Sn) } =O(n~?),
and by a standard application of the Borel-Cantelli lemma, this implies that
(trp @ trp)1h(Sn(w)) = O(n~43),

for almost all w € Q. But the number of eigenvalues of S, (w) outside sp(s) +
] —¢, e[ is dominated by mn(tr, @tr,)¢(S,(w)), which is O(n~3) for n — oo.
Being an integer, this number must therefore vanish eventually as n — oo,
which shows that for almost all w € €,

sp(Sn(w)) Csp(s) +1] — ¢, ¢,

eventually as n — oo, and Theorem A now follows from Lemma 1.

2. A linearization trick

Throughout this section we consider two unital C*-algebras A and B and
self-adjoint elements x1,...,z, € A, y1,...,y, € B. We put

Ay =C*(Qg,21,...,2,) and By=C*"(1g,y1,--.,Yr).

Note that since x1,...,x, and y1,...,y, are self-adjoint, the complex linear
spaces

E = SpanC{lAv L1yeee s Try 277;:1 xzz} and F = SpanC{]-B’ Y, o5 Yry Z::l le}
are both operator systems.
2.1 LEMMA. Assume that ug: E — F is a unital completely positive
(linear) mapping, such that
UO(xi):yia i:1727"'arv
and
uo (i 27) = iy vi-
Then there exists a surjective x-homomorphism w: Ay — By, such that

ug = U|E
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Proof. The proof is inspired by Pisier’s proof of [P2, Prop. 1.7]. We
may assume that B is a unital sub-algebra of B(H) for some Hilbert space H.
Combining Stinespring’s theorem ([Pau, Thm. 4.1]) with Arveson’s extension
theorem ([Pau, Cor. 6.6]), it follows then that there exists a Hilbert space K
containing H, and a unital *-homomorphism 7: A — B(K), such that

ug(z) = pr(z)p (v € E),

where p is the orthogonal projection of L onto H. Note in particular that

(a) uo(la) =pr(La)p =p = lpmy,
(b) yi = uo(z;) = pr(zy)p, i=1,...,r1,
(c) Yoic1yi = uo(Ximy #7) = Yooy pr(ai)’p.

From (b) and (c), it follows that p commutes with m(z;) for all 7 in
{1,2,...,r}. Indeed, using (b) and (c), we find that

T T '
> pr(zipr(zi)p=> yi = pr(z:)’p,
=1 =1 =1

so that
ZPW(%‘) (1gc) — )7 (xi)p = 0.
i—1

Thus, putting b; = (1g(c) — p)7(zi)p, i = 1,...,7, we have that Y7, bib; =0,
so that by = --- = b, = 0. Hence, for each i in {1,2,...,7}, we have

[p, m(x:)] = pr(wi) — m(2i)p
=pr(z:)(1g) — p) — Ly — p)7(xi)p = b; — bi =0,
as desired. Since 7 is a unital x-homomorphism, we may conclude further that
p commutes with all elements of the C*-algebra 7(Ap).
Now define the mapping u: Ay — B(H) by
u(a) = pr(a)p, (a € Ap).

Clearly u(a*) = u(a)* for all a in Ap, and, using (a) above, u(14) = up(l4)
= 1p. Furthermore, since p commutes with 7(Ap), we find for any a,b in Agy
that

u(ab) = pr(ab)p = pr(a)m(b)p = pr(a)pm(b)p = u(a)u(b).

Thus, u: A9 — B(H) is a unital *-homomorphism, which extends ug, and
u(Ap) is a C*-sub-algebra of B(H). It remains to note that u(Ag) is gener-
ated, as a C*-algebra, by the set u({14,z1,...,2,}) = {1B,91,...,Yr}, so that
u(Ao) = C*(18,y1,- .-, yr) = Bo, as desired. O
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For any element ¢ of a C*-algebra C, we denote by sp(c) the spectrum of ¢,
i.e.,

sp(c) = {\ € C | ¢ — Al¢ is not invertible}.

2.2 THEOREM. Assume that the self-adjoint elements x1,...,x, € A and
Yl,-- -, Yr € B satisfy the property:

(2.1) VYm € NVag,a1,...,a € My (C)ga:
sp(ao@1a+ > 1 a; @) Dsplao @1+ >y a; @ ;).

Then there exists a unique surjective unital *-homomorphism p: Ay — By,
such that

o(ri) = yi, 1=1,2,...,m.
Before the proof of Theorem 2.2, we make a few observations:

2.3 Remark. (1) In connection with condition (2.1) above, let V' be a
subspace of M,,(C) containing the unit 1,,. Then the condition:
(2.2) Vag,ai,...,ar €V:
sp(ao ®@1a+ Y1 1 a; @) Dsplag @1+ D1 a; ® y;)

is equivalent to the condition:

(2.3)  Vag,a1,...,a, €V: ag @14+ >, a; ® x; is invertible

— ap @1+ Y., a; ®y; is invertible.
Indeed, it is clear that (2.2) implies (2.3), and the reverse implication follows
by replacing, for any complex number A, the matrix ag € V by ag — Al,,, € V.

(2) Let H; and Hz be Hilbert spaces and consider the Hilbert space direct
sum H = H; @ He. Consider further the operator R in B(H) given in matrix

= (2 )
z 1p1,),

where x € B(H1),y € B(Ha,H1) and z € B(H1,Ha). Then R is invertible in
B(H) if and only if x — yz is invertible in B(H1).
This follows immediately by writing

()= ) (5 L) ()
z 1p,) 0 15(H.) 0 15(1,) z 13(1.))

where the first and last matrix on the right-hand side are invertible with in-

form as
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—1
<18(H1) y ) _ <18(H1) -y )
0 15(m,) 0 15m,)

-1
(13(711) 0 ) _ (IB(HI) 0 ) '
z g, -z lpm,)

Proof of Theorem 2.2. By Lemma 2.1, our objective is to prove the
existence of a unital completely positive map ug: E — F, satisfying that

uo(zi) =yi, i =1,2,...,r and uo(3 1, 22) = S0, v2.

Step 1. We show first that the assumption (2.1) is equivalent to the seem-
ingly stronger condition:

verses given by:

and

(2.4) Vm € NVag,a1,...,ar € Mp(C):
splag @14+ > 1 a;®x;) Dsplao @1+ > 11 a; ®Y;).

Indeed, let ag, a1, ..., a, be arbitrary matrices in M,,(C) and consider then the
self-adjoint matrices ag, i, ..., a, in Moy, (C) given by:

- 0 a .
;= =0,1,...,r
aZ (az 0> ) ? 07 ) 77/'

T
Go®1a+ Y @ ®

Note then that

i=1
_ 0 ay @14+ af @z
a0®1A+Zf:1ai®:ci 0
_ 0 14 _ a0®1,4+2g:1a¢®xi 0
14 0 0 ay @14 +> 0 @xi)

Therefore, ap ® 14 + Y ;_; @; ® x; is invertible in My, (A) if and only if ay ®
14+ >0, a; ®x; is invertible in M, (A), and similarly, of course, ap ® 15 +
>oi_1G; ®y; is invertible in Mo, (B) if and only if ag @ 1p+ Y ;_; a; @ y; is
invertible in M, (B). It follows that

T T
ap @14+ Z a; ® x; is invertible <= ag® 14 + Z a; ® x; is invertible
i=1 i=1

,
— ag 1+ Z a; ® y; is invertible
i=1

,
= aqy®1p+ Z a; ® y; is invertible,
i=1
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where the second implication follows from the assumption (2.1). Since the
argument above holds for arbitrary matrices ag, a1, ..., a, in M,,(C), it follows
from Remark 2.3(1) that condition (2.4) is satisfied.

Step II. We prove next that the assumption (2.1) implies the condition:

(2.5)
VYm € N Vag,ai1,...,ar,ar41 € My, (C):

sp(ao @ La+> 11 i @ @ + arp1 @ Y5y 27)

2 Sp(ao Qg+ 16 QY+ a1 @Y ’yf)
Using Remark 2.3(1), we have to show, given m in N and ag,ai,...,a,41 in
M, (C), that invertibility of ag @14+ 1y a; @ i+ ar41®> iy 2?7 in My, (A)
implies invertibility of a9 ®14+Y1_; a; @ Y + ar41 @ > iy y2 in My, (B). For
this, consider the matrices:

ap ® 14 -1,®z -1,®z -+ -1,z
a1 ®@lata,r1®r1 1,014 @
S = [a2®lat a1 @ L, ®14 € Miri1ym(A)
ar QLo+ ary1 R xy (0] 1, ®14
and
ap®1p -1, ® A% -1, ® Y2 -1, ® Yr
@@l +a1®y1 1, @1p 0
7—|a®lg+a1 @y 1, ®1g € Mi11ym(B).
ar®15+ar+1 & Yr O 1, ®15

By Remark 2.3(2), invertibility of S in M, 41y,,(A) is equivalent to in-
vertibility of

ao®@1a+ > (1 @) (a; ®1a+ ary1 @ ;)
=ao @14+ ai®zi+ a4 @3, 2}
in Mp(A). Similarly, T' is invertible in M, 1), (B) if and only if
a®1g+>1 14, QY +ar1 @i, Y2

is invertible in M, (B). It remains thus to show that invertibility of S implies
that of T'. This, however, follows immediately from Step I, since we may write
S and 7" in the form:

S=by®la+) bi®x; and T=b1lz+» bi®y,
i=1 1=1
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for suitable matrices bo, b1, ..., b in M, 1), (C); namely
a 0 0 --- 0
aq ]-m O
bO = a2 ]-m
a O 1,,
and
0 0 -1,, O 0
0
b; = Qi1 O ’ 1=1,2, T
0
0
For ¢ in {1,2,...,7}, the (possible) nonzero entries in b; are at positions

(1,24 1) and (i + 1,1). This concludes Step II.

Step III.  We show, finally, the existence of a unital completely posi-
tive mapping ug: E — F, satisfying that ug(x;) = v, ¢ = 1,2,...,r and
uo(Xoi1 @) = 2ol vi-

Using Step II in the case m = 1, it follows that for any complex numbers
ag,ai, - - .,0r4+1, we have that

(2.6) sp(aolA + D i a1 Yy x?)
Dsplaolp + Yoiq @il + arg1 Yoiq Y2).

If ag, aq, ..., ar41 are real numbers, then the operators

aola+ > +ari1 Y 22 and  aglg 4+ Yy Qi+ Gry1 Y g Y2

are self-adjoint, since x1,...,z, and y,...,y, are self-adjoint. Hence (2.6)
implies that

2.7)
Vag,...,ar+1 € R:
Jaola + 3272y aiwi + arpr Yo7y 23 || > [laols + D71y aiyi + aren o v7 |-

Let E' and F” denote, respectively, the R-linear span of {14, 1, ..., Zr, Y iy T3}
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and {]-Bayla <. 7y7”7z;':1 y7,2}
2

E'=spang{la,x1,...,2p, > i q T3}
and

r
F/:SpanR{leyla e 7y7‘7zyi2}'
=1

It follows then from (2.7) that there is a (well-defined) R-linear mapping
uy: B — F' satisfying that uy(14) = 1, ug(z;) = yi, @ = 1,2,...,7r and
up(3oi_ @) = 01, y?2. For an arbitrary element x in E, note that Re(z) =
t(z+2*) € B and Im(z) = 5 (z —2*) € E’. Hence, we may define a mapping
ug: E — F by setting:

up(z) = uj(Re(z)) + iug(Im(x)), (x € E).

It is straightforward, then, to check that ug is a C-linear mapping from F
onto F', which extends .

Finally, it follows immediately from Step II that for all m in N, the map-
ping idpz, (c) ® uo preserves positivity. In other words, up is a completely
positive mapping. This concludes the proof. O

In Section 7, we shall need the following strengthening of Theorem 2.2:

2.4 THEOREM. Assume that the self adjoint elements x1,...,x, € A,
Yi,--.,Yr € B satisfy the property

(2.8) Vm € NVag,...,a, € Mp,(Q +iQ)s, :

T T
sp(a0®1A+Zai®xi) Qsp(a0®13+2ai®yi).
i=1 =1

Then there exists a unique surjective unital x-homomorphism p: Ay — By such
that o(x;) =y, i =1,...,7.

Proof. By Theorem 2.2, it suffices to prove that condition (2.8) is equiv-
alent to condition (2.1) of that theorem. Clearly (2.1) = (2.8). It remains
to be proved that (2.8) = (2.1). Let dgy(K, L) denote the Hausdorff distance
between two subsets K, L of C:

(2.9) dy(K,L) = max{ sup d(z, L), sup d(y,K)}.
zeK yeL

For normal operators A, B in M,,(C) or B(H) (H a Hilbert space) one has
(2.10) dr(sp(A),sp(B)) < |A - B

(cf. [Da, Prop. 2.1]). Assume now that (2.8) is satisfied, let m € N, by, ..., b, €
M,,(C) and let € > 0.
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Since M, (Q + iQ)s, is dense in M,,(C)ga, we can choose ag,...,a, €
M, (Q +iQ)sa such that

-
llao = boll + Y llas — bill[l:]| < e
i=1
and
T
lao — boll + 3" llai — billlyill < e
i=1
Hence, by (2.10),
dr(sp(ao @ 1+ 37 _qai @ 23),sp(bo @ 14+ > i1 bi ®x;)) < e
and
di(sp(ao @1+ 37 _1ai @ yi),sp(bo @ 1+ > 7_1 b @y;)) <e.
By these two inequalities and (2.8) we get
sp(bo @1+ 37 1bi @yi) Csplag @1+ 31 ja; ®@y;) + | —e,¢f
gsp(ao ®1+ Z;ﬂ:lai X x,) + ] — 575[
Csp(bo @1+ 37 b @ a3) + ] — 2¢,2¢].
Since sp(bp @14 >":_; b; ®y;) is compact and € > 0 is arbitrary, it follows that
sp(bo @143 1bi®@y;) Csplbo®@ 1+ > bi @),

for all m € N and all by, ...,b, € Mp,(C)ga, i.e. (2.1) holds. This completes
the proof of Theorem 2.4. O

3. The master equation

Let ‘H be a Hilbert space. For T' € B(H) we let ImT denote the self
adjoint operator ImT = (T — T*). We say that a matrix T in M, (C)s, is
positive definite if all its eigenvalues are strictly positive, and we denote by
Amax(T") and Apin (T') the largest and smallest eigenvalues of T', respectively.

3.1 LEMMA. (i) Let ‘H be a Hilbert space and let T' be an operator in
B(H), such that the imaginary part ImT satisfies one of the two condi-
tions:

ImT > el or ImT < —elpgmy),
for some € in ]0,00[. Then T is invertible and | T < %

(ii) Let T be a matriz in My, (C) and assume that Im T is positive definite.
Then T is invertible and ||T~Y < ||ImT)~1]].
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Proof. Note first that (ii) is a special case of (i). Indeed, since Im T is self-
adjoint, we have that Im7T > Apin(Im7")1,,. Since Im T is positive definite,
Amin(Im7") > 0, and hence (i) applies. Thus, T is invertible and furthermore

1= = Amax((ImT) ™) = [|(Im 7)1,

1
I's S
since (ImT')~! is positive.

To prove (i), note first that by replacing, if necessary, T by —T', it suffices
to consider the case where ImT" > €lp(3). Let ||-|| and (-, -) denote, respectively,
the norm and the inner product on H. Then, for any unit vector £ in H, we
have

ITE|1? = || T¢12(|1€]1> > {T¢,&))?
= [(Re(T)¢,€) +i(Im T, €)* > (Im T¢, €)% > ||¢]1%,

where we used that (Re(7)&,€), (ImTE, &) € R. Note further, for any unit
vector £ in ‘H, that

IT*€|1? > (T€, ) = (T€, ) > €2l¢]f”.
Altogether, we have verified that | T¢|| > ¢||€|| and that || T > €]|£]| for any

(unit) vector £ in ‘H, and by [Pe, Prop. 3.2.6] this implies that T is invertible
and that |77 < 1. O

3.2 LEMMA. Let A be a unital C*-algebra and denote by GL(.A) the group
of invertible elements of A. Let further A: I — GL(A) be a mapping from an
open interval I in R into GL(A), and assume that A is differentiable, in the
sense that

(A(t) — A(to))

exists in the operator norm, for any to in I. Then the mapping t — A(t)~! is
also differentiable and

%A(f)*1 = —A@)TTA AR, (tel).

t—to t — tg

Proof. The lemma is well known. For the reader’s convenience we include
a proof. For any ¢,y in I, we have

(A0 - At ) =

1
t—tg
= =A™ (7= (A0 = Ato)) ) Alt0)

— — A(to) " A'(t0) A(to) ",

tﬂt()

A(t) 7 (A(to) — A1) A(to) ™"

where the limit is taken in the operator norm, and we use that the mapping
B +— B~!is a homeomorphism of GL(A) with respect to the operator norm.
[l
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3.3 LEMMA. Let o be a positive number, let N be a positive integer and
let y1,...,vn be N independent identically distributed real valued random vari-
ables with distribution N (0, 0?), defined on the same probability space (2, F, P).
Consider further a finite dimensional vector space E and a C'-mapping:

(ml,...,xN) '—>F(:171,...,(EN): RN —>E,

satisfying that F and all its first order partial derivatives g—i,...,gp—i are

polynomially bounded. For any j in {1,2,..., N}, we then have
E{’YjF(’yla EER 7’7N)} = O-QE{gTFj(leJ B 7’7N)}7

where E denotes expectation with respect to P.

Proof. Clearly it is sufficient to treat the case £ = C. The joint distribu-

tion of v1,...,vn is given by the density function
o(x1,...,xx) = (210%) 7% exp (—# ilil 9312), (z1,...,2n5) € RV,
Since
dy 1
—(x1,...,2N) = ——xz;po(x1,..., 2
a$j( 1, ) N) o2 ]SD( 1) ) N)’

we get by partial integration in the variable x;,

E{’YJF(’YM/'YN)}_/RN F($1,...,l'N)ij(P(-'Ifl,...,.’L'N)dxl,..., dzy

0
_—02/ F($17~--wTN)a—(p(Hh,...,xN)dxl,...,da:N
RN €
oF
:02 (xla”'7xN)(p($1,---,-TN)de1,...,d,CCN
RNal‘j
OF
2
=0"Eq +— )
o {axj(%, 7'7N)} O

Let r and n be positive integers. In the following we denote by &, , the
real vector space (M,(C)s,)". Note that &, is a Euclidean space with inner
product (-,-), given by

((A1,..., Ap), (B, ..., Br)),
- Trn<iAij), (Av,..., A), (Bi,....B)) € &),
j=1
and with norm given by
[ AR =T (S 2) = S A (Ao A) € )
j=1 j=1

Finally, we shall denote by S1(& ) the unit sphere of &, ,, with respect to || - ||.
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3.4 Remark. Let r,n be positive integers, and consider the linear isomor-
phism ¥, between M, (C)s, and R™ given by
(3.1)
o ((ar)1<ki<n) = ((@rk)1<k<n, (V2Re(am))1<kei<n, (V2Im(ag))i<k<i<n),

for (agr)i<k,i<n in Mp(C)sa. We denote further by ¥ the natural extension of
Uy to a linear isomorphism between &, , and R

\I/(Al, .. .,AT) = (\Ifo(Al), .. .,\I/()(AT)), (Al, . ,AT S Mn((c)sa)'

We shall identify &, , with R™ via the isomorphism ¥. Note that under this
identification, the norm || - || on &, corresponds to the usual Euclidean norm
on R, In other words, ¥ is an isometry.

Consider next independent random matrices an), e ,X,gn) from
SGRM(n, 1) as defined in the introduction. Then X = (an), e ,X,gn)) is
a random variable taking values in &, so that Y = ¥(X) is a random variable
taking values in R™. From the definition of SGRM(n, 1) and the fact that
X {n), . ,Xﬁn) are independent, it is easily seen that the distribution of Y on

R is the product measure p = v @ v ® --- @ v (rn? terms), where v is the
1

Gaussian distribution with mean 0 and variance o

In the following, we consider a given family ag,...,a, of matrices in
M, (C)sa, and, for each n in N, a family an), e ,Xﬁn) of independent ran-
dom matrices in SGRM(n, 1). Furthermore, we consider the following random
variable with values in M,,(C) @ M, (C):

(3.2) S, :a0®1n+2ai®Xi(n).
=1

3.5 LEMMA. For each n in N, let S, be as above. For any matriz A in
M, (C), for which Im X is positive definite, we define a random variable with

values in M,,(C) by (c¢f. Lemma 3.1),
Hy(\) = (idy @ trn) [(A® 1, — Sp) 7.
Then, for any j in {1,2,...,7}, we have
E{H,(NajHa(\)} = E{(idp ® tr,) (1 © X\) - A @ 1, — S) 71 .
Proof. Let X be a fixed matrix in M,,(C), such that 2Im)\ is positive
definite. Consider the canonical isomorphism ¥: &.,, — R™ , introduced in

Remark 3.4, and then define the mappings E': Erm — Mp(C) ® M,(C) and
F:R™ — M,,(C) ® M,(C) by (cf. Lemma 3.1)

F(vi,...,v)
= ()\® 1, —ap®1, =Y a ®v,~)_1, (V1,0 € Mp(Csa),
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and

F=FoUul
Note then that
A©1,—8,) " = FEx™, ... xy),

where Y = (X f")7 .. ,X,gn)) is a random variable taking values in R, and
the distribution of Y equals that of a tuple (v1,...,%m2) of rn? independent
identically N (0, ) distributed real-valued random variables.

Now, let 7 in {1,2,...,7r} be fixed, and then define

X0, = <X§”’>kk,, (1<k<n),

Y1) = V2Re(

j(TILC)l = \/_Im(X](" Vel 1<k<Il<n).

n

XM, (A<k<l<n),

Note that ((X](‘Z{k)lgkgna(Y]'(,Z,)l)lgkdgm(Z](‘j]gl)lgkdgn) = ‘I’O(X](-n)% where
U is the mapping defined in (3.1) of Remark 3.4. Note also that the standard
orthonormal basis for R™ corresponds, via Uy, to the following orthonormal

basis for M,,(C)ga:

(3.3) en (L<k<n)
f = e ey (1<k<i<n),

Ikl = \/i(ek,l - el,k:) (I<k<l<n).

In other words, (<Xj(,7€),k)1§k§n7 (59(,2,)z)1§k<@7 (Z](-Z{l)lgkdgn) are the coeffi-
(n)

cients of X, with respect to the orthonormal basis set out in (3.3).

Combining now the above observations with Lemma 3.3, it follows that

%E{g (/\®1n—Sn—taj®e,(€7?,2) } E{le)k ()\®1n—5’n)71}7

=0

B{S C AOL St e ) =B (e, - 5) )

=0

1 rd -
EE{a}t (A@ 1, = Sn _taJ®gkl) } E{ Jkl (A®Ly—5) 1}’

for all values of k,l in {1,2,...,n} such that k¥ < [. On the other hand, it
follows from Lemma 3.2 that for any vector v in M,,(C)g,,

7| (@l S, —ta ©0) = (A0, —8,) e, ®0)A @1, — S,) 7

t=0
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and we obtain thus the identities:
(34)  E{XY (el -5,)7")

= E{0 L - S) @ o0 @1, - 57
(35)  E{Y) (A®l,-S)"}

_ %E{(A © 1, — o) MNay @ [ A © 1, — S
(36)  E{Z}}),-(\®1,-8,)7"}

_ %E{(A @1, Sp) gy @ gY@ 1, — S) ')

for all relevant values of k, [, kK < [. Note next that for £ < [, we have

(5 s = (G0 +12,3),
(X)) = 7 Y =iz,

(
el = 35 (i —i9()).
s () +i07),
and combining this with (3.5)—(3.6), it follows that
E{(X")pi- (A®1,—S0) "}
= E{A®L - 5) g o) o1, -5}
and that
E{(X )i (A©1, - 5,) ')
= E{(A oL - S) g oL, -5}

for all k,1, k < [. Taking also (3.4) into account, it follows that (3.7) actually
holds for all k,1 in {1,2,...,n}. By adding the equation (3.7) for all values of
k,l and by recalling that

X](n)z > (Xj(n))k,le;(;?,
1<k, l<n

we conclude that

E{(1n®X\")(A®1, — S,) 71}

1 n _ n -
=~ Y E{a n®@efNA@ L, — S,) oy @ e )A@ 1, — S,) 1)

1<k,I<n
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To calculate the right-hand side of (3.9), we write
()\®1n_5n)—1 = Z Fu,v®eu,vv
1<u,v<n
where, for all w,v in {1,2,...,n}, Fy,: Q@ — My (C) is an M,,(C)-valued

random variable. Recall then that for any k, [, u,v in {1,2,...,n},

(n) n {ekm, if | = u,

€,/ ey =
k,l u,v 07 1y 7& "
For any fixed w,v in {1,2,...,n}, it follows thus that
(3.10)
n n n (Fu,u'a')®1n, ifu:v,
S A @el))(Fuw @ el))(a; @ el}) = j .
1<k,l<n 0, if u # v.

Adding the equation (3.10) for all values of u,v in {1,2,...,n}, it follows
that

Y @)A1, — S ey ®ely) = (0 Fuuas) © 1,

1<k,l<n

Note here that

S Fuu=nidpn @ tra[(A® 1, — S) 7! = n - Hy(N),

u=1
so that
S @)@ 1, — Sa) Ha; @ €f})) = nHy(Naj @1,
1<k,I<n
Combining this with (3.9), we find that
(3.11)

E{(1n ® X" YA @1, — Sp) '} = E{(Ha(Na; ® 1) (A @1, — Sp) 1}
Applying finally id,, ® tr,, to both sides of (3.11), we conclude that
E{idn ® tra[(Ln ® X" ) (A @ 1, — Sp) 1]}
=E{H,(N)a; - idp, ® tr,[A® 1, — S,) ']}
=E{H,(\)a;H,(\)},

which is the desired formula. O

3.6 THEOREM (Master equation). Let, for eachn in N, S,, be the random
matrix introduced in (3.2), and let X be a matriz in My, (C) such that Im(\) is
positive definite. Then with

Hy(A) = (idy @ t1,) [(A @ 1, — Sp) ']
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(¢f. Lemma 3.1), we have the formula
(3812)  E{>" aiHa(NaiHa(A) + (a0 = \VHn(A) + 1 | =0,
i=1

as an M, (C)-valued expectation.

Proof. By application of Lemma 3.5, we find that

E{ Zl aan(/\)aan()\)}
j=
= Z ajE{Hn()‘)aan()‘)}
7j=1

=5 4E{idn @ tra [ © XA @ 1, — S,) 1]}
j=1

_ iE{idm @ trn[(0) © 1) (L ® X\ ) (A @ 1, — Sp) 1]}
j=1

= > B{idn @ tra (0 © X)X @ 10 = $0) 71}
j=1
Moreover,

E{aoH,(\)} =E{ao(id,, @ tr,)(A®1, — S,)" 1)}
=E{(idp, ® tr,,)((a0 @ 1,)(A ® 1,, — Sp) "'}

Hence,

E{aoHn()\) + ZT:aan(/\)aan()\)}
=1

= E{idy, ® tr,[Sn(A® 1, — Sp) ']}

= E{idm @ tr, [A® 1, = (A®1, = Sp))(A® 1, — Sp) ']}
=E{idy, @ tr,[A®1,)(A®1, — S) ' =1, ®1,] }
=E{\H,(\) — 1},

from which (3.12) follows readily. O
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4. Variance estimates

Let K be a positive integer. Then we denote by || - || the usual Euclidean
norm CX; i.e.,
1/2

(G- ¢l = (G P+ + Iex ) (G-, ¢k €C).

Furthermore, we denote by || ||2,1r, the Hilbert-Schmidt norm on Mg (C), i.e.,
e\ 1/2
Il = (Tese(T°T) ', (T € Mk(C).
We shall also, occasionally, consider the norm || - |2, given by:

IToex = (trxe(T*T))"? = K-V Tllaye, (T € Mic(C)).

4.1 PROPOSITION (Gaussian Poincaré inequality). Let N be a positive
integer and equip RN with the probability measure it = vQVR- - - Qv (N terms),
where v is the Gaussian distribution on R with mean 0 and variance 1. Let
f:RY — C be a C'-function, such that E{|f|*} < oco. Then with V{f} =

E{|f — E{f}|?}, we have
V{r} <E{llgrad(f)[I*}-
Proof. See [Cn, Thm. 2.1]. O

The Gaussian Poincaré inequality is a folklore result which goes back to
the 30’s (cf. Beckner [Be]). It was rediscovered by Chernoff [Cf] in 1981 in the
case N = 1 and by Chen [Cn] in 1982 for general N. The original proof as
well as Chernoff’s proof is based on an expansion of f in Hermite polynomials
(or tensor products of Hermite polynomials in the case N > 2). Chen gives
in [Cn] a self-contained proof which does not rely on Hermite polynomials. In
a preliminary version of this paper, we proved the slightly weaker inequality:
V{f} < 7r@21[3{\\g;1radf|]2} using the method of proof of [P1, Lemma 4.7]. We
wish to thank Gilles Pisier for bringing the papers by Bechner, Chernoff and
Chen to our attention.

4.2 COROLLARY. Let N € N, and let Zy,...,Zn be N independent and
identically distributed real Gaussian random variables with mean zero and vari-
ance o® and let f: RN — C be a C'-function, such that f and grad(f) are both
polynomially bounded. Then

V{f(Zi,....Zn)} < ®E{||(gradf)(Z1,. ... Zn)|*}

Proof. In the case ¢ = 1, this is an immediate consequence of Propo-
sition 4.1. In the general case, put Y; = %Zj, j = 1,...,N, and define
g € CH(RY) by

(4.1) g(y) = floy),  (yeRM).
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Then
(4.2) (gradg)(y) = o(gradf)(oy),  (y € RY).
Since Y1,..., Yy are independent standard Gaussian distributed random vari-

ables, we have from Proposition 4.1 that

(4.3) V{g(V1,...,Yn)} < E{|/(gradg)(Yi,...,Yn)[?}.

Since Z; = oY}, j=1,..., N, it follows from (4.1), (4.2), and (4.3) that

V{f(Z,....Zn)} < ®E{||(gradf)(Z1, ..., Zn)|*}- O

4.3 Remark. Consider the canonical isomorphism ¥: &, , — R™ intro-

)

duced in Remark 3.4. Consider further independent random matrices X f” .
,Xr(n) from SGRM(n, ). Then X = (X{")7 e ,Xﬁn)) is a random variable
taking values in &, ,, so that Y = ¥(X) is a random variable taking values in
R™ . As mentioned in Remark 3.4, it is easily seen that the distribution of Y
on R™ is the product measure p=rvev®- v (rn® terms), where v is
the Gaussian distribution with mean 0 and variance % Now, let f :R™ - C
be a C!-function, such that f and grad f are both polynomially bounded, and
consider further the C'-function f: &, — C given by f = foW. Since ¥ is
a linear isometry (i.e., an orthogonal transformation), it follows from Corol-
lary 4.2 that

(4.4) V{f(X)} < %E{ngadf(X)HZ}.

4.4 LEMMA. Let m,n be positive integers, and assume that aq,...,a, €
M (Csa and wy, ..., w, € My(C). Then

T T
Z 2,Tr,, @Tr,, Z
=1 =1

1/2 , < 1/2
(D el )
=1

Proof. We find that

szzl a;i ® wi“2,Trm®Trn < Yict llai ® will2mr,, @1,

=> 1 llaill2 ., - |lwi
< (X0 ailBoy )2 (S w3y, )
= (Trm (S0 a2) 2 (20 Jwill3m, )

<m?| S a2 (S wilde) Y o

2,Try,
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Note, in particular, that if wy,...,w, € My,(C)s, then Lemma 4.4 pro-
vides the estimate:

[P wiHQ,Trm@Trn = m1/2(z;~:1uaiuz)l/2 [ (- va)He'

4.5 THEOREM (Master inequality). Let A\ be a matriz in My, (C) such
that Im(\) is positive definite. Consider further the random matriz Hy(\)
introduced in Theorem 3.6 and put

Then
|32 @G (aiGa3) + (a0~ NG + 1| < SO
=1
where C' = m3|| ZLl %2”2'

Proof. We put
Kn(A) = Hy () = Gn(N) = Hn(A) — E{Hn(N) }.
Then, by Theorem 3.6, we have

IE{ Zr;aiKn()\)aiKn()\)}
= £ Y 1,00 = G (1,00 ~ G0}
—E{ éaiHn(A)aiHn(A)} - Z; ;G (N)aiGn(N)
= (= (a0~ NE{H, (N} 1) ~ gaiGn(A)aiGn(/\)

- —(ZaiGn()\)aiGn()\) + (ap — NCn(N) + 1m).
i=1
Hence, we can make the following estimates

H XT:%Gn(MaiGn(A) + (ao — N)Gn(A) + 1mH
=1

- HIE{ iaiKn(A)aiKn(A)}H
i=1

IN

E{ H Z aiKn(A)aiKn(/\)H}
=1

E{H Zr:aiKn(/\)ai
=1

IN

K}
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Note here that since ai,...,a, are self-adjoint, the mapping v +—
iy aiva; - My, (C) — M, (C) is completely positive. Therefore, it attains its
roo2

norm at the unit 1,,, and the norm is || }°7_; a;||. Using this in the estimates
above, we find that

(4.5)
H ZaiGn(A)aiGn(A) + (a0 — N Gn(N) + lmH < H Zaf -E{}|Kn()\)H2}

< H éa? . E{HKn()‘)H;Trm }’

where the last inequality uses that the operator norm of a matrix is always dom-
inated by the Hilbert-Schmidt norm. It remains to estimate E{||K,(\)]|3 e, -
For this, let Hy, (M), (1 < j,k < n) denote the entries of H,(\); i.e.,

(4.6) Hy(A) = > Hyjr(Ne(m,j,k),
7,k=1

where e(m, j,k), (1 < j,k < m) are the usual m x m matrix units. Let,
correspondingly, K, ;i(A\) denote the entries of K,(A). Then K, ;i(\) =
H, jx(N) — E{H, ;r(\)}, for all j,k, so that V{H, ;x(\)} = E{|K, ;r(\)|*}.
Thus it follows that

9 m m
(47 E{IKa[, } =E{ D 1Kusw NP} = 32 V{H0}.
Jk=1 Jk=1
Note further that by (4.6)
Hn,j,k()‘) = Try, (e(m7 ka])Hn()‘))
=m - try,(e(m, k, j) - (idp @ trn) [(A® 1, — S,) ")
=m - try, ®tr,[(e(m, j, k) ®1,)(A® 1, — S,) 7]
For any j, k in {1,2,...,m}, consider next the mapping f, jx: E.n — C given
by:
fn,j,k‘(’ula s 7UT)
=m- (try, ® try,) [(e(m, k,j)@1,)A®1l, —ao®@1, —> i a; ® vi)*l],
for all vi,...,v, in M, (C)ss. Note then that
Hy g\ = fagn (X1, X)),

for all j, k. Using now the “concentration estimate” (4.4) in Remark 4.3, it
follows that for all j, k,

(4.8) V{H,;x(N)} < %E{ lgrad fo (X", X2
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For fixed j,kin {1,2,...,m} and v = (v1,...,v,) in &, note that grad f,, ; x(v)
is the vector in &, ,,, characterized by the property that

d
<gradfn,j,k(v)7 w>e = a fn,j,k(v + tw)v

for any vector w = (wi,...,w,) in &.,. It follows thus that
2 2
(4.9) lgradfosu(v)ll; = max [(gradfui(v),w)|
d 2
_ 4 et )
pelax |5 L:Ofn,;,k(v + tw)

Let v = (v1,...,vy,) be a fixed vector in &, ,, and put ¥ = ap ® 1,, +
Yoi_ja; @ vi. Let further w = (w1, ..., w,) be a fixed vector in Si(&,,). It
follows then by Lemma 3.2 that

(4.10)
d
T T k(v + tw)
d
=3 ™ (try, ® try,)

: [(e(ma k7]) ® ln)()‘ @1, —ap®1, — 22:1 a; ® (Ui + twi))_l]
=m - (try, & try)

Jeon ket G (ot —a ol ~Yae oo w) ]

t=0

=m - (try, ® tr,)
(e(m k) ©1,)(A®1, =) (X, ¢ @w)(A®1, — %) .
Using next the Cauchy-Schwartz inequality for Tr,, @ Tr,,, we find that
(4.11)  m®|(tr, ® try) [e(m, k, j) @ 15,
(A®1, %) (X aew)(Ael, —%) ]
= % |(Trm @ Try) [e(m, k, j) © 15,

(oL, - (Chaow) (Aol )

1 .
< ﬁ”e(ma% k) ® I”HE,Trm@Trn

112

el - (X, e ow)(Ael, —%)” o T T

1 e _
= [(Ae1, -X%) ' (Ciciai®w)(A®1, - %) ' H;Trm@Trn'
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Note here that
(G, -2 (T aew) Aol —%) [y on

<ot -2 IS s e wiln, en, [0 1 -7

<SP - (mO)
where the last inequality uses Lemma 3.1 and the fact that 3 is self-adjoint:
(@1, -2) <o, = L
=[|(m( @ 1,)) " = || () |

Note further that by Lemma 4.4, | >7_; a; ®wi||2,1v,, @1, <m2||30_; a? Hl/Q,
since w = (w1, ...,w,) € S1(&.n). We conclude thus that
(412) H ()‘ ®1p — 2)_1(21';1 a; & wi) ()‘ P 2)_1“; Tr,, @Tr,

< ml| i) || ()

Combining now formulas (4.11)—(4.12), it follows that for any j,k in
{1,2,...,m}, any vector v = (v1,...,v,) in &, and any unit vector w =
(wr,...,wy) in & ,, we have that

4.

)

d _
Fusslo + )| < S a2 [ (m(v) ™

hence, by (4.9),
lrad i ()12 < =[5y a2 - || (tm() 7

Note that this estimate holds at any point v = (v1,...,v,) in & ,. Using this
in conjunction with (4.8), we may thus conclude that

V{Ho5u N} < S50 e - || (tm() 71,
for any j,k in {1,2... ,m}, and hence, by (4.7),

@13) B[], ) < T e o)
Inserting finally (4.13) into (4.5), we find that

H Zr:aiGnO)aiGn(A) + (a0 — \)Gn(\) + lmH
=1

<z TSl m)

and this is the desired estimate O
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4.6 LEMMA. Let N be a positive integer, let I be an open interval in R,
and let t — a(t): I — My(C)sa be a C-function. Consider further a function
@ in C1(R). Then the function t — try[¢(a(t))] is C-function on I, and

e [plalt)] = trv [ (a(t)) -a'(1)].

Proof. This is well known. For the reader’s convenience we include a
proof: Note first that for any k in N,

o
—_

d

3 (@(®) =D _a(tyd (Ba(t)* 7"

o

.

Hence, by the trace property try(zy

~—

= try(yz), we get

(jlit (trn (a(t)*) = truv(ka(t)*~'d/ ().
Therefore
%tm@( (1)) = try (' (a(t))d' (1))

for all polynomials p € C[X]. The general case ¢ € C(I) follows easily from
this by choosing a sequence of polynomials p,, € C[X], such that p, — ¢ and

pl, — ¢’ uniformly on compact subsets of I, as n — co. O
4.7 PROPOSITION. Let ag,ay,...,a, be matrices in My,(C)sy and put as
n (3.1)

T
Sn=ao @1, + Y a0 X"
i=1
Let further ¢: R — C be a C'-function with compact support, and consider the
random matrices ©(Sy) and ¢'(Sy) obtained by applying the spectral mapping
associated to the self-adjoint (random) matriz S,. We then have:

V{(trm @ (5]} < | Y2 IS}
=1

Proof. Consider the mappings g: &, — Mpm(C)sa and f: &, — C given
by

g(v1,...,0p) =ag®1, Zal®vl, (v1,...,0, € Mp(Cga),

and

fvr, . vp) = (b ® trn) [0(g(v1, - - -5 vp))], (v1,...,0r € Mp(C)ga),
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Note then that S, = g(an), e ,X,(n)) and that

(trm @ tra)[0(Sn)] = F(XI, ... X,

Note also that f is a bounded function on M, (C)s,, and, by Lemma 4.6, it
has bounded continuous partial derivatives. Hence, we obtain from (4.4) in
Remark 4.3 that

(14) V(o r)p(S]} < B larad (X7, X)) 7).

Recall next that for any v in &, ,,, gradf(v) is the vector in &, ,, charac-
terized by the property that

d
(arad f(v),w), = & v+ tw),
for any vector w = (w1, ..., w,) in & ,. It follows thus that
(4.15)
Hg]radf(v)H2 = max [(gradf(v),w) ‘2 = max 4 f(v+tw) 2,
€ weSi (&) e weSi(€,,) 1dt |
at any point v = (v1,...,v,) of & . Now, let v = (v1,...,v,) be a fixed point

in &, and let w = (wy,...,w,) be a fixed point in Si(&,,). By Lemma 4.6,
we have then that

Fo + tw) = %‘ (bt ® tr) [i0(g (0 + tw))]

t=0

a

t=0

g(v+ tw)}

t=0

= (trn ® try,) [90'(9(”)) ' %

— (b @ tr) [ (9(0)) - Xy a5 @ )
Using then the Cauchy-Schwartz inequality for Tr,, ® Tr,, we find that

d 2 1 )
‘E flv+ tw)’ = 22 )(Trm ® Try,) [wl(g(v)) S a4 ® wi]
1 ,_ 9 )
= n2m2 HSOI(Q(U))Hz,Tym@ T, 134 ® wiHZTh,L@Trn'
Note that

17 (9@)l5 1, e, = Tom @ Tra [ 2(g(0)] = mn - trp ® tra |29 (v))],
and, by Lemma 4.4,

[pry: wiH;,Trm®Trn < ml|[iaf

since w is a unit vector with respect to || - ||c. We find thus that

)

o+t < IS e © o o Ploto))

t=0

‘i
dt
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Since this estimate holds for any unit vector w in &, ,, we conclude, using

(4.15), that

ngadf(v)Hz < %HZLla?Htrm ® tra [l * (9(v))],

for any point v in &, ,. Combining this with (4.14), we obtain the desired
estimate. O

5. Estimation of ||G,(\) — G()\)||
5.1 LEMMA. For eachn in N, let X,, be a random matriz in SGRM(n, 1).

Then

log(2n)

(5.1) E{|IX)} <2422

n € N).

In particular, it follows that
(5.2 E{|I X1} < 4,
for all n in N.

Proof. In [HT1, Proof of Lemma 3.3] it was proved that for any n in N
and any positive number ¢, we have

(5.3) E{Tr,(exp(tX,))} < nexp (2t + L.).

Let Amax(Xy) and Apin(X,,) denote the largest and smallest eigenvalue of X,
as functions of w € Q. Then

exp(t[| Xn[|) = max{exp(tAmax(Xn)), exp(—tAmin (Xn))}
< exp(tAmax(Xn)) + exp(—tAmin(Xn))
< Try (exp(tXy) + exp(—tX,)).
Using this in connection with Jensen’s inequality, we find that
(5.4)  exp (tE{||Xnll}) <E{ exp(t| Xn|)}
<E{Tr,(exp(tX,))} + E{Tr,(exp(—tXy))}
= ZE{Trn(eXp(tXn))},

where the last equality is due to the fact that —X,, € SGRM(n, 1) too. Com-
bining (5.3) and (5.4) we obtain the estimate

exp (tE{[| X, ||}) < 2nexp (2t + L),

and hence, after taking logarithms and dividing by ¢,

log(2n) t
t

(5.5) E{ 1 Xn[l} < t24 5
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This estimate holds for all positive numbers t. As a function of ¢, the right-hand
side of (5.5) attains its minimal value at typ = /2nlog(2n) and the minimal
value is 2 + 24/log(2n)/2n. Combining this with (5.5) we obtain (5.1). The
estimate (5.2) follows subsequently by noting that the function ¢ — log(t)/t
(t > 0) attains its maximal value at ¢t = e, and thus 2 + 2,/log(¢)/t < 2 +
24/1/e ~ 3.21 for all positive numbers ¢. O

In the following we consider a fixed positive integer m and fixed self-
adjoint matrices ay, ..., a, in M,,(C)sa. We consider further, for each positive

integer n, independent random matrices Xf"), e ,X,Sn) in SGRM(n, %) As in
Sections 3 and 4, we define

S, = ag + Zai ®XZ-(n).
i=1
and, for any matrix A in M,,(C) such that Im()) is positive definite, we put
Hp(A) = (idm @ trn) [(A® 1, — Sp) 7,
and

Gn(A) = E{H,(A)}.

5.2 PROPOSITION. Let A be a matriz in M,,(C) such that Im(\) is positive
definite. Then G,(\) is invertible and

G < (I + &) ]| (tm3) 7,
where K = ||aol| +4 i, llail|-
Proof. We note first that
Im((A®1, —S,)")

= %((A @1, —S,) P = (N @1, — S,
= %((A 1, =) (N @1y — ) —(A® 1, = 5p)) (A @1, — 5,) )

=—(A®1,—5) MmN @1,)\* @1, —S,) L.

From this it follows that —Im((A ® 1,, — S,,)~!) is positive definite at any w
in , and the inverse is given by

(-Im(A©1,—85) ™)) ' =V ®1, - 5)(ImAN) ' @1,)A®1, - S,).
In particular, it follows that

0< (—Im((A®1L,—5,)") ' <A@ 1, = S|P (T X) | - Ly @ 1,



742 UFFE HAAGERUP AND STEEN THORBJ®RNSEN

and this implies that

1
> .
T A @1 = Sf2[(Im )~

~Im((A®1, —S,)" ") 1, ®1,.

Since the slice map id,, ® tr, is positive, we have thus established that

1
_ > .
() 2 R, =S Py
> 1 1
2 T+ TSy

so that

1 1
(Im A)”IIE{ AT+ 115a11)? }lm'

—ImGp(\) = E{—Im H,(\)} > ||

Note here that the function t — W is convex, so applying Jensen’s
inequality to the random variable ||.S, ||, yields the estimate

1 1
E{ A+ 11Snll)? } - I+ E{]1Sal1})?
where

E{|[Sn} SE{HCLOH + 3l - HXi(n)H}

=1
™ '
=llaoll + 3" llasll - E{IXNI} < llaoll +4> llasl,
=1 =1

by application of Lemma 5.1. Putting K =4, ||a;||, we may thus conclude
that

1 L
(T A) M| (A + K)2 ™

By Lemma 3.1, this implies that G, () is invertible and that

)

HGN()‘)ilu < (Al + K)2 . H(Im)\)fl

as desired. O

5.3 COROLLARY. Let A be a matriz in M,,(C) such that Im X is positive
definite. Then

(5.6) [ao+ D aGuNas + Gu) A < K + A2 mx) P,
=1

where, as before, C =m3||>°1_; a?||* and K = ||ao|| +4 Y 1 ||aill-

i=1""1
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Proof. Note that
ag + Z a,;Gn()\)ai + Gn()\)_l - A
=1

_ (Z 4iGn(N)aiGn(N) + (a0 — N)Gn(\) + 1m>Gn()\)*1.

=1

Hence, (5.6) follows by combining Theorem 4.5 with Proposition 5.2. O

In addition to the given matrices ay, . .., a, in M, (C)s,, we consider next,

(

as replacement for the random matrices X fn), .. 7X,nn), free self-adjoint opera-
tors x1, ..., x, in some C*-probability space (B, 7). We assume that x1,..., 2,
are identically semi-circular distributed, such that 7(z;) = 0 and 7(2?) = 1 for
all ¢. Then put

(5.7) s=ay®1lg+ Y a;®x; € My(C)®B.
=1

Consider further the subset O of M,,(C), given by

(5.8) O={\ € M,(C) | Im(\) is positive definite}
={X € M, (C) | Amin(Im X) > 0}

and for each positive number §, put
(5.9) Os={XecO|||ImAN)7 Y <o} ={A€ O Apm(ImA) > 51}

Note that O and O; are open subsets of M,,(C).
If A € O, then it follows from Lemma 3.1 that A ® 1z — s is invertible,
since s is self-adjoint. Hence, for each A in O, we may define

G\ =idn, @ T[(A®@15—3s)71].
As in the proof of Lemma 5.2, it follows that G () is invertible for any A in O.
Indeed, for A in O, we have
Im((A®1p—s)"")
_1
2
=-(A@15 -5 '(Im\) @15\ @15 —s) ",

((/\ ®1p — 8)71((A* ®R1lp—s5)—(A®1p — S))()\* ®1p — 8)71)

which shows that —Im((A ® 15 — 5)~!) is positive definite and that
0< (—Im((A@1p—9)"")) =N @lp—s)(ImA) ' @1z A® 15 — s)
<|r@1s— s} |@mAN) Y - 1 @ 15.
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Consequently,
1

_ —_ ) >
(@15 =)™ 2 e P mm T

'1m®137

so that
1

~ @1 = s|P[|(Tm A) |
By Lemma 3.1, this implies that G(\) is invertible and that

~ImG(\) > S

le) 7 < [ @15 =) m ).

The following lemma shows that the estimate (5.6) in Corollary 5.3 be-
comes an exact equation, when G () is replaced by G(\).

5.4 LEMMA. With O and G()) defined as above, we have that
ao+Zaz az—l—G)\) =\,

for all X in O.

Proof. We start by recalling the definition of the R-transform Ry of (the
distribution of) s with amalgamation over M,,(C): It can be shown (cf. [V7])
that the expression

G\ =idpe7r[(A®@1—s)""],
gives rise to a well-defined and bijective mapping on a region of the form
Us = {\ € M,(C) | X is invertible and IA7Y < 5},

where 4 is a (suitably small) positive number. Denoting by G{~1 the inverse of
the mapping A — G(A) (A € Us), the R-transform R of s with amalgamation
over M,,(C) is defined as

Rs(p) =G ()= p",  (peGUy)).
In [Le] it was proved that

T
p) = ag + Z a;pag,
i=1
so that

GV (p) =ao+ Y aipai+pt,  (peGUs));
=1

hence

(5.10) ao—f—Zal Na;+GNLT=X (A els).
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Note now that by Lemma 3.1, the set Os, defined in (5.9), is a subset of Us, and
hence (5.10) holds, in particular, for A in Os. Since Oy is an open, nonempty
subset of O (defined in (5.8)) and since O is a nonempty connected (even
convex) subset of M,,(C), it follows then from the principle of uniqueness of
analytic continuation (for analytical functions in m? complex variables) that
formula (5.10) actually holds for all A in O, as desired. O

For n in N and A in the set O (defined in (5.8)), we introduce further the
following notation:

(5.11) An()\)zao + iaiGn(A)ai —|—Gn()\)_1,
=1
1
(5.12) e\ = T = Amin(Im ),
(5.13) OL={Xe O] LK+ )2\ b < 1},

where, as before, C' = 7%27713]\ S a?])? and K = |lag| + 4> [las]|. Note
that O}, is an open subset of M,,(C), since the mapping A — £(\) is continuous

on 0. With the above notation we have the following

5.5 LEMMA. For any positive integer n and any matriz A in O,

(5.14) Tm A, () > @17”.

In particular, A, (X) € O. Moreover

for any X in O,

Proof. Note that the right-hand side of (5.15) is nothing else than A, ().
Therefore, (5.15) follows from Lemma 5.4, once we have established that
An(X) € O for all X in O),. This, in turn, is an immediate consequence of
(5.14). It suffices thus to verify (5.14). Note first that for any A in O, we have
by Corollary 5.3 that

[Tm An(\) — Tm A < [[An(A) — A

Hao + Z a;Gr(Na; + Gu(\) L = )\H
=1

C

n2

IN

(K + [AID%e ()~
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In particular, Im A, (A\) — Im A\ > ——(K + IAID%e(A)~°1,,,, and since also
Im A > ¢(A)1,,, by definition of £(\), we conclude that

(5.16)
Im An(A) = Im A + (Tm Ay (A) = Tm A) > (e(A) = S(K + | A)%e(A\) =) 1m,

for any A in O. Assume now that A € Of,. Then (K +[|A[])2e(N)~° < 3e(N),
and inserting this in (5.16), we find that

ImAp(A) > 2e(A)1n,
as desired. 0

5.6 PROPOSITION. Let n be a positive integer. Then with G, Gy, and O),
as defined above, we have that

for all X in O),.

Proof. Note first that the functions A\ — G,(\) and A — G(A, (X)) are
both analytical functions (of m? complex variables) defined on O/, and taking
values in M,,(C). Applying the principle of uniqueness of analytic continua-
tion, it suffices thus to prove the following two assertions:

(a) The set O}, is an open connected subset of M,,(C).

(b) The formula G(A, (X)) = Gp(A) holds for all A in some open, nonempty
subset O} of O),.

Proof of (a). We have already noted that O, is open. Consider the subset
I, of R given by:

I, ={te€]0,00[| S(K +t)275 <1},

with C and K as above. Note that since the function t — (K +)%¢=% (¢ > 0)
is continuous and strictly decreasing, I,, has the form: I,, = |t,, oo, where ¢,
is uniquely determined by the equation: n—c;(K +1)%t76 = % Note further that
for any ¢ in I, itl,, € O}, and hence the set

T, = {itly, | t € I,},

is an arc-wise connected subset of O],. To prove (a), it suffices then to show
that any A in O], is connected to some point in Z,, via a continuous curve 7y,
which is entirely contained in O),. So let A from O], be given, and note that
0 <e(A) = Anin(Im X)) < ||A]|. Thus,

C
n2

%(K+€(A))2€(>\)’6 (K + [AID%e() ™ <

1
27
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and therefore e(\) € I, and ie(\)1,, € Z,,. Now, let yx: [0,1] — M,,(C) be
the straight line from ie(A)1,, to A, i.e.,

M) = (1 =-t)ie(Nlm +tA,  (t€][0,1]).
We show that v, (t) € O], for all ¢ in [0, 1]. Note for this that
a(t) = (1= DeW Ly +ImA, (£ € [0,1]),

so obviously v, (t) € O for all ¢ in [0, 1]. Furthermore, if0 <r; <ry <--- <1y,
denote the eigenvalues of Im(\), then, for each ¢ in [0,1], (1 — t)e(\) + tr;
(j =1,2,...,m) are the eigenvalues of Im v, (¢). In particular, since r; = (),
e(ya(t)) = Amin(Imx(2)) = e(\) for all ¢ in [0, 1]. Note also that

@I < (1 =8)eA) + A < (T =DM+ ¢l[Al = [IA]l,
for all ¢ in [0, 1]. Altogether, we conclude that

C _ C 6 1

SE 4 n®D*n®) " < S (K + DM <3,
and hence v, (t) € O), for all ¢ in [0,1], as desired.

Proof of (b). Consider, for the moment, a fixed matrix A\ from O}, and
put ¢ = Gp(\) and v = G(A,(N\)). Then Lemma 5.5 asserts that

T T
ap+ Y _awa;+v " =ag+ Y _aiai+ (7,
i=1

i=1
so that
U(Zaivai —Hfl)C = U(ZaiCai +C71>C;
i=1 i=1
hence

> wai(v = ¢)ai = v — .
=1

In particular, it follows that

(5.17) (oS> Nasl®)llw = ¢l = o = <]l
=1
Note here that by Lemma 3.1,
(5.18) ¢ =Gl = [fidn ® tra[(A @ 1, — S)71]|
1

<o 187 <ty =
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Similarly, it follows that
(5.19)
2

[oll = [GAR O < [[(An(A) @ 1p = 5) 7| < [[(Im An (X)) 71| < 0’

N—

where the last inequality follows from (5.14) in Lemma 5.5. Combining (5.17)—
(5.19), it follows that

(5.20) (o 2 sl o = 1 > o =€l
=1

This estimate holds for all A in O),. If X satisfies, in addition, that 6(%)2 S ladll?
< 1, then (5.20) implies that ¢ = v, i.e., Gp(\) = G(An(N)). Thus, if we put

Or={xe 0, e\ > 22, llaill?},

we have established that G, (\) = G(A,(\)) for all A in O, Since €()) is a
continuous function of A\, O is clearly an open subset of O/, and it remains
to check that O is nonempty. Note, however, that for any positive number ¢,
the matrix itl,, is in O and it satisfies that ||it1,,|| = €(itl,,) = t. From this, it
follows easily that itl,, € O for all sufficiently large positive numbers ¢. This

concludes the proof of (b) and hence the proof of Proposition 5.6. O

5.7 THEOREM. Let r,m be positive integers, let ai,...,a, be self-adjoint
matrices in M, (C) and, for each positive integer n, let Xl(n e X,(,n) be inde-
pendent random matrices in SGRM(n, %) Consider further free self-adjoint
identically semi-circular distributed operators x1, ..., x, in some C*-probability
space (B, T), and normalized such that T(z;) = 0 and 7(z?) = 1 for alli. Then
put as in (3.2) and (5.7):

s:a0®13+2ai®mi € M,(C)®B
=1

Sn=a0®1,+ Y a;® X" € Myu(C) ® M, (C), (neN),
i=1
and for X in O = {\ € M,,(C) | Im(X) is positive definite} define

Gr(N) =E{(idy, @ tr,) [A @ 1, — S) 1]}
G\ =(dm @ 7)[A®@15—35)""].

Then, for any A in O and any positive integer n, we have

4C

(5.21) |G (N = G| < =5 (K + IAID? [ (tm )|,

where C = m3||>7_, a?||? and K = ||agl| + 4370 Naill.

i=1""1
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Proof. Let n in N be fixed, and assume first that A is in the set O], defined
n (5.13). Then, by Proposition 5.6, we have

1GR () = G| = [[G(A(A) = GOV
= |lidm @ T[(An(N) @15 —5) "' = (A @15 —s)"']||
< | AN @1 —3s)' = (A1 —s) .
Note here that
AN @1 —s) ' —(A@lg—s)"
= (AN ®1g—8) (A=A N ®@L,)A®@15—5)"",
and therefore, taking Lemma 3.1 into account,
[Ga(N) =G| < [[(An(N) @15 —8) 7| - A = AV || [[A @ 15— 5) 7|
< [ (Tm A () 7H[ - [|A = A (] - [} (Tm 2) [

Now, [[(ImA\)~1|| = 1/e()\) (cf. (5.12)), and hence, by (5.14) in Lemma 5.5,
[(Tm A, (V) 7Y < 2/e(N) = 2||[(Im \)7Y||. Furthermore, by (5.11) and Corol-
lary 5.3,

[An(A) = Al = Hag n Z 0;:Gn(Na; + Gp(N) L — AH
i=1

C _
< 5 (K JAID? [ (tm )
Thus, we conclude that
a3 — GO < 25 (5 A2 im0~

which shows, in particular, that (5.21) holds for all X in O),.
Assume next that A € O\ O}, so that

C c
(5.22) —5 (K A (m ) )7 = S (K + D) =

N =

By application of Lemma 3.1, it follows that
(523 Gl < e 15— )74 < flam ),
and similarly we find that

[idm @ trn [(A® 1 — Sp(w)) || < ||(Im )~

at all points w in 2. Hence, after integrating with respect to w and using
Jensen’s inequality,

(5.24) 1Gn (V)| < E{[[idm ® trn [(A® 1, — S) 7|} < [|Tm A) 7.
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Combining (5.22)—(5.24), we find that
|Gn(X) = G| < 2||(Tm )|
1 4C
= 54N < (I + IAID?][(tm )7,

verifying that (5.21) holds for A in O\ O, too. O

6. The spectrum of S,

Let r,m € N, let ag,...,a, € M;,(C)sn and for each n € N, let X}n),...

...,Xﬁn) be r independent random matrices in SGRM(n, %) Let further
Z1,..., T, be a semi-circular family in a C*-probability space (B, 7), and define
Sn, 8, Gp(A) and G(A) as in Theorem 5.7.

6.1 LEMMA. For A € C with Im A > 0, put

(6.1) 9n(A) = E{(trym ® tr,)[(Alyn — Sn) 7'}
and

(6.2) 9N = (trm @ ) [(M1m ®@ 15) — 5) 7]
Then

(63) 90(3) — 9] < T (K + A (1m x) T

where C'; K are the constants defined in Theorem 5.7.

Proof. This is immediate from Theorem 5.7 because

In(A) = trim(Gr(Alm))

and
g()‘) = trm(G(Alm)) L]

Let Prob(R) denote the set of Borel probability measures on R. We

equip Prob(R) with the weak*-topology given by Cy(R), i.e., a net (ua)aca
in Prob(R) converges in weak*-topology to i € Prob(R), if and only if

M{/wwgz/ww
o R R
for all ¢ € Ch(R).

Since S, and s are self-adjoint, there are, by Riesz’ representation theorem,
unique probability measures p,, n =1,2,... and g on R, such that

(6.4) /R SDdHn = E{(trm ® trn)SO(Sn)}

(6.5) 4¢w:@%®ﬂ¢@
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for all ¢ € Cy(R). Note that p is compactly supported while p,, in general, is
not compactly supported.

6.2 THEOREM. Let S, and s be given by (3.2) and (5.7), and let C =
Tm?| Yy af|” and K = |laol| + 4327, laill. Then for all o € C°(R,R),

8
(6.6) E{(trm ® trn)@(sn)} = (trm @ T)p(s) + R
where

8 2
(6.7) Rl < g5 [ 100+ D)@ (5 + 2+ [al) do
and D = L. In particular R, = O(35) for n — oo.

Proof. Let gn, g, tin, it be as in (6.1), (6.2), (6.4) and (6.5). Then for any
complex number A, such that Im(\) > 0, we have

(6.8) N = [ ()

(6.9)

I‘ .

)\—:n

Hence g, and g are the Stieltjes transforms (or Cauchy transforms, in the
terminology of [VDN]) of p, and p in the half plane Im A > 0. Hence, by the
inverse Stieltjes transform,

1
fn = lim ( — —Im(gn(z +1iy)) dx)
y—0+ ™

where the limit is taken in the weak*-topology on Prob(R). In particular, for
all  in C*(R,R):

(6.10) /ch(x) dpn () = yli%l+ {— %Im (/Rgo(x)gn(:z: +iy) d:v)}
In the same way we get for ¢ € C°(R,R):
(6.11) /Rgo(z) dp(z) = lim | — —Im/ g(x +iy) dz }

y—0+

In the rest of the proof, n € N is fixed, and we put h(\) = gn(A) — g(A).
Then by (6.10) and (6.11)

1
(6.12) ‘/ x) dpn(x —/go(a;) d,u(:c)‘ < —limsup
R

T ys0+

/ o(x)h(x +iy) dx‘.
R

For Im X > 0 and p € N, put

(6.13) I(\) = ﬁ /OOO R\ + )P le ! dt.
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Note that I,(X) is well defined because, by (6.8) and (6.9), h(A) is uniformly
bounded in any half-plane of the form Im A > &, where € > 0. Also, it is easy
to check that I,(\) is an analytic function of A, and its first derivative is given
by

1 > 1 _
(6.14) I\ = m/O (A +t)tP~ et dt
where b/ = %. We claim that
(6.15) L) = L) =h()
(6.16) I,(\) — Iz/>()‘) =I,.1(\), p>2.

Indeed, by (6.14) and partial integration we get
L) =[rA+t)e "]+ /0 h(A+t)e tdt

=—h(\) + (N,
which proves (6.15) and in the same way we get for p > 2,

I(A) = ﬁ /OOO WA+ t)tP~ et dt
_ 1 > _ p—2 _ 4p—1 e—t
_ —(p_l)!/o WO+ 8)((p — D=2 — 1Yo dt

=—Ip1(N) + (M),

which proves (6.16). Assume now that ¢ € C°(R,R) and that y > 0. Then,
by (6.15) and partial integration, we have

/Rgo(x)h(:c +iy) dx:/Rgo(:p)Il(:E +iy)dz —/Rgp(x)li(fc—kiy) dx

— [ einta+indo+ [ Y@+ do
R

R

- [+ D)) ho + i) o

where D = d%. Using (6.16), we can continue to perform partial integrations,
and after p steps we obtain

/ h(z +iy)dz = /R((l + D)Po)(z) - Ip(x + iy) dz.

Hence, by (6.12), we have for all p € N:

©6.17) | [ ela)aunla) = [ ola) duta)

—hmsup’/ (1 + D)Po)(x) - L(x + iy) dz|.

T g0+
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Next, we use (6.3) to show that for p = 8 and Im A > 0 one has

4C(K + 2+ |A))?

. <

To prove (6.18), we apply Cauchy’s integral theorem to the function

F(z)= ﬁh(/\—k 2)zTe

which is analytic in the half-plane Im z > —Im A. Hence for r > 0

F(2)ds + / Fz)dz + / F(z)ds =0
[0,7] [ryr+ir] [r+ir,0]

where [a, 5] denotes the line segment connecting « and ( in C oriented from
a to 8. Put

) / 2)dz Te " dt
[ryrir]
S 7. (QT) N
— 0, for r — oo
Therefore,
L[~ 7 —t
(6.19) Is(\) = o h(A+t)t'e™"dt
+Jo

= lim F(z)dz

e Jlo]

= lim F(z)dz

=00 J[0,r+ir)

= L [T hO D0+ DT
+JO

By (6.3),

4
|h(w)| < n_g(K+ lw|)?(Imw) 7, Imw > 0.
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Inserting this in (6.20) we get

2
0l <y [T E A iy tvaar

26C
<2
~ Tn?
40
~ 315n2
4C
<
~ 315n2
This proves (6.18). Now, combining (6.17) and (6.18), we have

| / 2) djin() — /R () du(a)

I 1+ D) K+2 iy)?d
< Sigs I / (14 DY) @] (K +2 41z + i) da

31&Wﬂt/\ (1+ Do) (@)| (K +2 + |2])* da

for all ¢ € C°(R,R). Together with (6.4) and (6.5) this proves Theorem 6.2.
O

/ (K + |\ +v2t) %" at
0

(K + A2+ 2vV2(K + [A]) +4)

(K + |\ +2)%

6.3 LEMMA. Let S, and s be given by (3.2) and (5.7), and let p: R — R
be a C*°-function which is constant outside a compact subset of R. Assume
further that

(6.20) supp(p) Nsp(s) = 0.

Then

(6.21) E{(trm ® trn)w(Sn)} =0(2), for n — oo
(6.22) V{ (trm @ try)p(Sn) } = O(%), for n — oo

where V is the absolute variance of a complex random variable (cf. §4). More-
over

(6.23) (b1 @ 1) (S (w)) = O(n~*?)
for almost all w in the underlying probability space ).

Proof. By the assumptions, ¢ = 9 + ¢, for some ¢ in C2°(R,R) and some
constant ¢ in R. By Theorem 6.2
E{(trm @ trp)(Sy) } = (trp @ 7)1(s) + O(%) for n — oo,

and hence also

E{(trp, ® trn)(Sn) } = (trm @ T)e(s) + O(%), for n — oc.
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But since ¢ vanishes on sp(s), we have ¢(s) = 0. This proves (6.21). Moreover,
applying Proposition 4.7 to ¢ € C2°(R), we have

(6.24)  V{(trm @ tr,)ih(Sp)} < %H S 2| B{ (trm © tra) (0 (50))2)-
=1

By (6.20), ¢’ = ¢’ also vanishes on sp(s). Hence, by Theorem 6.2
E{ (try, ® tr,)[¢/(Sn)]*} = O(), as n — 0o.
Therefore, by (6.24)
V{ (trm ® tr,,)9(Sn) } = O (), as n — oo.

Since ¢(S,) = ¥(Sn) + cLmn, V{(trm @ try)@(Sy)} = V{(trp, @ tr,)v(S) }-
This proves (6.22). Now put

Zn = (1, @ try,)(Sh)
Q={weQ||Zp(w)] > n_4/3}.
By (6.21) and (6.22)
E{|Z,|°} = [B{Z.}]* + V{Z,} = O(%),  for n — oo
Hence
(6.25)
4/3 2 8/3 2 —4/3
P(Q,) = / dP(w) < / 032, ()| AP(w) < n¥PE{|Za[2} = O(n~Y/3),
Q Q

n n

for n — oo. In particular > 7, P(,) < co. Therefore, by the Borel-Cantelli
lemma (see e.g. [Bre]), w ¢ €, eventually, as n — oo, for almost all w € ;
ie., | Zn(w)] < n~*3 eventually, as n — oo, for almost all w € Q. This proves
(6.23). 0

6.4 THEOREM. Let m € N and let ag, . ..,a, € My, (C)ga, Sy and s be as
in Theorem 5.7. Then for any € > 0 and for almost all w €
sp(Sn(w)) S sp(s) + | —¢,¢],
eventually as n — oo.
Proof. Put
K =sp(s) + [~ 5,3]
F={teR|d(tsp(s)) >¢e}.

Then K is compact, F is closed and KNF = (). Hence there exists ¢ € C*°(R),
such that 0 < ¢ <1, ¢(t) =0 for t € K and ¢(t) =1 for t € F (cf. [F, (8.18)
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p. 237]). Since C\F is a bounded set, ¢ satisfies the requirements of lemma 6.3.
Hence by (6.23), there exists a P-null set N C Q, such that for all w € Q\N:

(trm & trp)@(Sp(w)) = O(n~43), as n — oo.
Since ¢ > 1, it follows that
(trm @ trp)1p(Sp(w)) = O(n~Y3), as n — oo.

But for fixed w € Q\ N, the number of eigenvalues (counted with multiplicity)
of the matrix S, (w) in the set F is equal to mn(tr,, ® tr,)1p(S,(w)), which is
O(n=1/3) as n — oo. However, for each n € N the above number is an integer.
Hence, the number of eigenvalues of S, (w) in F is zero eventually as n — oo.
This shows that

sp(Sn(w)) € C\F =sp(s) + ] —e,¢]

eventually as n — oo, when w € Q\N. O

7. Proof of the main theorem

Throughout this section, » € N U {co}, and, for each n in N, we let
(X l-(n));“:l denote a finite or countable set of independent random matrices from
SGRM(n, %), defined on the same probability space (€2, F, P). In addition, we
let (z;)]_; denote a corresponding semi-circular family in a C*-probability
space (B, T), where 7 is a faithful state on B. Furthermore, as in [VDN], we let
C((X;)I_,) denote the algebra of all polynomials in 7 noncommuting variables.

Note that C((X;)!_;) is a unital *-algebra, with the x-operation given by:
(CXi1Xi2 ce. sz)* = EXikX cee Xiin

lp—1 19
for ¢ in C, k in N and 41,49,...,i; in {1,2,...,7}, when r is finite, and in
N when r = co. The purpose of this section is to conclude the proof of the
main theorem (Theorem 7.1 below) by combining the results of the previous

sections.

7.1 THEOREM. Let r be in N U {oco}. Then there exists a P-null-set
N C Q, such that for all p in C((X;)i_;) and all w in Q\ N, we have

tim [[p((X{™ (@))iz)|| = lp((a)izy)||

n—oo

We start by proving the following

7.2 LEMMA. Assume that v € N. Then there exists a P-null set N1 C €,
such that for all p in C((X;);_;) and all w in Q\Ny:

() dminf p(X @), X @) = Ipn )l
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Proof. We first prove that for each p in C(Xj,...,X,), there exists a
P-null-set N(p), depending on p, such that (7.1) holds for all w in Q\ N(p).
This assertion is actually a special case of [T, Prop. 4.5], but for the read-

ers convenience, we include a more direct proof: Consider first a fixed p €
C(X1,...,X,). Let k € N and put ¢ = (p*p)*. By [T, Cor. 3.9] or [HP],

(7.2) Tim_tr, (XM (W), ..., XM (W) = 7(q(a, ..., 22)),

for almost allw € Q. Fors > 1, Z € M,(C) and z € B, put || Z||s = tr,(|Z]*)"/*
and ||z||s = 7(]z]*)'/%. Then (7.2) can be rewritten as

(73)  dim [p(XV @), XP@) |5 = PG m)

for w € Q\N(p), where N(p) is a P-null-set. Since N is a countable set, we
can assume that N(p) does not depend on k£ € N. For every bounded Borel
function f on a probability space, one has

(7.4 71l = Jim £

(cf. [F, Exercise 7, p. 179]). Put a = p(x1,...,2,), and let I': D — C(D) be
the Gelfand transform of the Abelian C*-algebra D generated by a*a and 13,
and let p be the probability measure on D corresponding to 7p. Since 7 is

faithful, supp(u) = D. Hence, |T(a*a)|oo = |T(a*a)|lsup = lla*all. Applying
then (7.4) to the function f =TI'(a*a), we find that
(7.5) lall = fla*al["/* = lim [la”ally* = Jim [l
k—oo k—oo
Let £ > 0. By (7.5), we can choose k in N, such that

Ip(z1, - 2)llor > [lp(zr, - @) || — e
Since || Z||s < || Z]|| for all s > 1 and all Z € M,,(C), we have by (7.3)

timinf [[p(X("(@)..... XO@) || > lp(er, . .an)llos > o,z <.

for all w € Q\N(p), and since N(p) does not depend on ¢, it follows that (7.1)
holds for all w € Q\N(p). Now put N’ = UpeP N(p), where P is the set of
polynomials from C(X7, ..., X,) with coefficients in Q +iQ. Then N’ is again
a null set, and (7.1) holds for all p € P and all w € Q\N".

By [Ba, Thm. 2.12] or [HT1, Thm. 3.1], lim, .o [ X ()| = 2, i =
1,...,r, for almost all w € Q. In particular

(7.6) sup | XM (W)|| < 00, i=1,...,m,
neN

for almost all w € Q. Let N” C Q be the set of w € Q for which (7.6) fails
for some i € {1,...,r}. Then Ny = N'U N” is a null set, and a simple
approximation argument shows that (7.1) holds for all p in C(Xy,...,X,),
when w € Q\ V. O
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In order to complete the proof of Theorem 7.1, we have to prove

7.3 PROPOSITION. Assume that v € N. Then there is a P-null set

Ny C Q, such that for all polynomials p in r noncommuting variables and
all w € Q\ Ny,

limsup [|[p(X™ (@), ..., XD (@) || < p(z1,. .. 2]

r
n—oo

The proof of Proposition 7.3 relies on Theorem 6.4 combined with the
linearization trick in the form of Theorem 2.4. Following the notation of [BK]
we put

HMn((C) = {(Zn)?f:l ‘ Zy € My, (C), SuPneN”ZNH < OO}

and

ZMn(C) = {(Zn)?zozl ‘ Zn € My (C), limy, .|| Zp|| = 0}7

n

and we let C denote the quotient C*-algebra
(7.7) C= HMn((C)/ZMn((C).

Moreover, we let p : [], M,(C) — C denote the quotient map. By [RLL,
Lemma 6.13], the quotient norm in C is given by

(7.8) lo((Zw)ozs) || = limsup [ 2]

for (Z,)52, € [[ Mn(C).
Let m € N. Then we can identify M,,(C) ® C with

[T M (C) />~ Mina(©),

where [[,, Myn(C) and ), M, (C) are defined as [[,, M, (C) and ), M, (C),
but with Z,, € My,,(C) instead of Z,, € M,(C). Moreover, for (Z,)5
IL,, Mynn(C), we have, again by [RLL, Lemma 6.13],

(7.9) I(id ® p)((Zn)320) || = lim sup [ Za .

7.4 LEMMA. Let m € N and let Z = (Z,);2, € 1, Mmn(C), such that
each Zy is normal. Then for all k € N

SP((idm ® p)(Z)) - U sp(Zn).



A NEW APPLICATION OF RANDOM MATRICES 759

Proof. Assume A € C is not in the closure of | ;7 , sp(Z,). Then there
exists an € > 0, such that d(\,sp(Z,)) > ¢ for all n > k. Since Z,, is normal,
it follows that ||(Alpy, — Z,) 71| < L for all n > k. Now put

o, fl<n<k-1,
TN Ol — 2071, ifn >k

Then y = (yn)pZy € [I, Mmn(C), and one checks easily that A (c)ec —
(idym ® p)(Z) is invertible in M, (C) ® C = [[,, Mmn(C) / >, My (C) with
inverse (id,, ® p)y. Hence A ¢ sp((id,, ® p)(Z)). O

Proof of Proposition 7.3 and Theorem 7.1. Assume first that r € N. Put
Q={weQ| supneNHXi(n)(w)H <oo,i=1,...,1}.

y (7.6), Q\Qp is a P-null set. For every w € €, we define

yi(w) € C = [[ Mu(©) / 3~ Mo (C)

by
(7.10) yi(w) = p(XW)2,), i=1,....7
Then for every noncommutative polynomial p € C(Xj,..., X,) and every w in
Qp, we get by (7.8) that
(7.11) [Py (@), ..,y (@))]| = limsup |[p(X]” (W), ..., X (w))]|.
n—oo

Let j € N and ag,aq,...,a, € Mp,(C)sa. Then by Theorem 6.4 there

exists a null set N(m, j,ao,...,a,), such that for

5p(a0 @ Ly + 27_10: @ X" (@) € splag @ 1 + X)_y0s @ i) + |=1, 3],

eventually, as n — oo, for all w € Q\N(m,j,ap,...,a,). Let Ny =
UN(m,j,ag,...,a), where the union is taken over all m, j € Nand ag, ..., a, €
M, (Q+iQ)ss. This is a countable union. Hence Ny is again a P-null set, and
by Lemma 7.4

sp(ao @ 1n + 20710 @ yi(w)) Csp(ao @ 1 + Xy @ 23) + [—5, 5],

for all w € Qp\ Ny, all m,j € N and all ag,...,a, € M,(Q + iQ)sa. Taking
intersection over j € N on the right-hand side, we get

sp(ao ® 1n + Y i_1ai @ yi(w)) Ssp(ao ® 1 + Xi_ja; @ i),
for w € Qo\Ng, m € N and ay, . ..,a, € M,(Q+iQ)sa. Hence, by Theorem 2.4,

oG (@), -y @) < lIp(er, - 20l
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for all p € C(Xy,...,X,) and all w € Q0\ Ny, which, by (7.11), implies that
timsup (X @), .., XO@)|| < Ip(ass o)l

for all p € C(Xy,...,X,) and all w € Qp\Np. This proves Proposition 7.3,
which, together with Lemma 7.2, proves Theorem 7.1 in the case r € N. The
case r = oo follows from the case r € N, because C((X;)°,) = UX,C((X;)I_;).

O

8. Ext(Cr,(F},)) is not a group

We start this section by translating Theorem 7.1 into a corresponding re-
sult, where the self-adjoint Gaussian random matrices are replaced by random
unitary matrices and the semi-circular system is replaced by a free family of
Haar-unitaries.

Define C'-functions ¢: R — R and 1: R — C by

—, if t< =2
(8.1) o(t) =< [iVa—s2ds, if —2<t<2,
, if t>2.
and
(8.2) Y(t) =e%D  (teR).

Let p© be the standard semi-circle distribution on R:

1
dpu(t) = o V4- t2 - 1 _pg(t) dt,

and let () denote the push-forward measure of pu by ¢, ie., o(u)(B) =
u(p~1(B)) for any Borel subset B of R. Since ¢'(t) = v4 — t2- Lj_g,9)(t) for all
t in R, it follows that ¢(u) is the uniform distribution on [—m, 7], and, hence,
() is the Haar measure on the unit circle T in C.

The following lemma is a simple application of Voiculescu’s results in [V3].

8.1 LEMMA. Letr € NU{oo} and let (z;)]_; be a semi-circular system in
a C*-probability space (B, T), where T is a faithful state on B. Let ¢p: R — T
be the function defined in (8.2), and then put
u; = P(x;), (i=1,...,7).

Then there is a (surjective) x-isomorphism ®: CY (F,.) — C*((u;)j_;), such
that

CD()\(gZ)) = U4, (i:1,...,T),

where g1, ..., g, are the generators of the free group F,., and \: F, — B(¢*(F}))
is the left reqular representation of F, on (*(F}).
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Proof. Recall that C (F) is, by definition, the C*-algebra in B(¢*(F}))
generated by A(g1),...,A(gr). Let e denote the unit in F, and let &, € ¢*(F})
denote the indicator function for {e}. Recall then that the vector state n =
(+0¢,0e): B(E2(F,)) — C, corresponding to d, is faithful on C* ;(F,). We recall
further from [V3] that A(g1),...,A(gr) are x-free operators with respect to 7,
and that each A(g;) is a Haar unitary, i.e.,

1, if n=0,

n(Ag)") = {0, it nez\{0}.

Now, since (x;);_, are free self-adjoint operators in (B,7), (u;)i_, are x-free
unitaries in (B, 7), and since, as noted above, 1(u) is the Haar measure on T,
all the w;’s are Haar unitaries as well. Thus, the x-distribution of (A(g;))i_;
with respect to i (in the sense of [V3]) equals that of (u;);_; with respect to 7.
Since n and 7 are both faithful, the existence of a *-isomorphism ®, with the
properties set out in the lemma, follows from [V3, Remark 1.8]. O

Let r € NU {co}. As in Theorem 7.1, we consider next, for each n in N,
independent random matrices (XZ-(n))’i":1 in SGRM(n, --). We then define, for

1
n

each n, random unitary n X n matrices (Ui(n));-":l, by setting

(8.3) UM (w) = (XM W), (=12,...,r)

where ¢: R — T is the function defined in (8.2). Consider further the (free)
generators (g;)/_; of F,.. Then, by the universal property of a free group, there
exists, for each n in N and each w in €2, a unique group homomorphism:

Tnw -+ F. — U(TL) = U(MH(C)),
satisfying

(8.4) Tnw(gi) = Ui(n)(w), (1=1,2,...,r).

8.2 THEOREM. Let r € NU {oo} and let, for each n in N, (UZ»("));":1 be
the random unitaries given by (8.3). Let further for each n in N and each w
in Q, Tpw: Fr — U(n) be the group homomorphism given by (8.4).

Then there exists a P-null set N C Q, such that for all w in Q\ N and
all functions f: F, — C with finite support, we have

L D S COL Yl I SN ACOPYCY
~y€EF, YEF,

Y

where, as above, \ is the left regular representation of F, on (*(F}).

Proof. In the proof we shall need the following simple observation: If
ai,...,as, by,...,bs are 2s operators on a Hilbert space K, such that | a;]|,
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IIbi]] <1 forall¢in {1,2,...,s}, then
S
(8.5) larag -~ ag — biby -+ bl| <> [lai — bill.
i=1

We shall need further that for any positive ¢ there exists a polynomial ¢ in one
variable, such that

(8.6) lg(t)| <1,  (te€[=3,3]),
and
(8.7) () —q(t)| <e,  (te€[=3,3]).

Indeed, by Weierstrass’ approximation theorem we may choose a polynomial
qo in one variable, such that

(8.8) () —qo(t) <e/2,  (t€[=3,3]).

Then put ¢ = (1 + ¢/2) g and note that since |(t)] = 1 for all ¢ in R, it
follows from (8.8) that (8.6) holds. Furthermore,

g(t) —q(®)] < 5le@)] < 5, (t€[=3,3]),

which, combined with (8.8), shows that (8.7) holds.

After these preparations, we start by proving the theorem in the case
r € N. For each n in N, let XYZ),...,XT@) be independent random matri-
ces in SGRM(n, 1) defined on (Q,F,P), and define the random unitaries

Uln)7 e U™ as in (8.3). Then let N be a P-null set as in the main theo-
rem (Theorem 7.1). By considering, for each ¢ in {1,2,...,7}, the polynomial
p(X1,...,X,) = X;, it follows then from the main theorem that

lim HXi(n)(w)H =2,

n—oo

for all w in Q \ N. In particular, for each w in Q \ N, there exists an n,, in N,
such that

HXZ(")(W)H < 3, whenever n > n, and i € {1,2,...,r}.

Considering then the polynomial ¢ introduced above, it follows from (8.6)
and (8.7) that for all w in 2\ NV, we have

(8.9) Hq(XZ.(")(w))H <1, whenever n > ny, and i € {1,2,...,7},
and
(8.10)

HUi(n)(w) - q(Xi(n)(w)) | <e, whenever n > n,, and i € {1,2,...,r}.
Next, if v € F, \ {e}, then 7 can be written (unambiguesly) as a reduced
word: 7y = Y172 -+ 7s, where v; € {g1,92,-,9r,91 195 5.+, 9, '} for each j
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in {1,2,...,s}, and where s = || is the length of the reduced word for . It
follows then, by (8.4), that 7, (y) = aiaz - - - as, where

Qa; :Wn,w(’yj)
e (UM (W),..., UM (w), UM (W),.... UMW}, (G=1,2...,5).

Combining now (8.5), (8.9) and (8.10), it follows that for any ~ in F,. \ {e},
there exists a polynomial p, in C(Xy,..., X,), such that

(811) [|mnw(r) = py (XM (@), ... XM ()| < I,
whenever n > n, and w € Q\ N.

Now, let {z1,...,z,} be a semi-circular system in a C*-probability space (B, ),
and put u; = ¥(x;), s = 1,2,...,7. Then, by Lemma 8.1, there is a surjective
*-isomorphism ®: C* ,(F,.) — C*(u1,...,u,), such that (® o X)(g;) = w;, © =
1,2,...,r. Since ||lx;|| < 3,7 =1,2,...,r, the arguments that lead to (8.11)
show also that for any v in F) \ {e},

(8.12) [(@0N)(7) = py(z1,... m) || < [,

where p,, is the same polynomial as in (8.11). Note that (8.11) and (8.12) also
hold in the case v = e, if we put p.(X1,...,X,) =1, and |e] = 0.

Consider now an arbitrary function f: F,, — C with finite support, and
then define the polynomial p in C(Xy,...,X,), by: p = Z%FT f(7)py. Then,
for any w in Q\ N and any n > n,,, we have

(8:13) || 32 0)mne(n) = (X @), XD @) < (32 1501 1)
YEF, YEF
and

814) || D 1) @e @) = plar, o w)| < (D2 151 e,

YEF, YEF,

Taking also Theorem 7.1 into account, we may, on the basis of (8.13) and
(8.14), conclude that for any w in Q \ N, we have

| PR |- > I @e || < 2:( X 1701 1)
veL,
Since £ > 0 is arbitrary, it follows that for any w in Q \ N,

fim | 2 somao]| = 2 100 @enm] - !

where the last equation follows from the fact that ® is a *—1sornorph1sm. This
proves Theorem 8.2 in the case where r € N. The case r = oo follows by trivial

lim sup
n—oo

modifications of the above argument. O
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8.3 Remark. The distributions of the random unitaries Ul(n), e ﬁn) in

Theorem 8.2 are quite complicated. For instance, it is easily seen that for all
nin N|

P{we | UM () =-1,}) >0.
It would be interesting to know whether Theorem 8.2 also holds, if, for each

n in N, Ul(n)7 cee U}n) are replaced be stochastically independent random uni-

taries Vl(n), .. .,W(n), which are all distributed according to the normalized
Haar measure on U(n).

8.4 COROLLARY. For any r in NU {oo}, the C*-algebra C}  (F,) has a
unital embedding into the quotient C*-algebra

¢ =TI Mu(C) /3" Ma(©),

introduced in Section 7. In particular, C} (F,) is an MF-algebra in the sense
of Blackadar and Kirchberg (cf. [BK]).

Proof. This follows immediately from Theorem 8.2 and formula (7.8). In
fact, one only needs the existence of one w in 2 for which the convergence in
Theorem 8.2 holds! O

We remark that Corollary 8.4 could also have been proved directly from
the main theorem (Theorem 7.1) together with Lemma 8.1.

8.5 COROLLARY.  For any r in {2,3,...} U {0}, the semi-group
Ext(C}4(F})) is not a group.

Proof. In Section 5.14 of Voiculescu’s paper [V6], it is proved that
Ext(C7 4(F)) cannot be a group, if there exists a sequence (7, ),en of unitary
representations 7, : F,, — U(n), with the property that

(8.15) T [ 37 rmam| = || 32 serm)
yeF, yEF,

for any function f: F, — C with finite support.
For any r € {2,3,...} U {oc}, the existence of such a sequence (m,)nen
follows immediately from Theorem 8.2, by considering one single w from the

)

sure event 2 \ N appearing in that theorem. O

8.6 Remark. Let us briefly outline Voiculescu’s argument in [V6] for the
fact that (8.15) implies Corollary 8.5. It is obtained by combining the following
two results of Rosenberg [Ro] and Voiculescu [V5], respectively:

(i) IfT is a discrete countable nonamenable group, then C7(I") is not quasi-
diagonal ([Ro]).
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(ii) A separable unital C*-algebra A is quasi-diagonal if and only if there
exists a sequence of natural numbers (ng)reny and a sequence (¢k)reN
of completely positive unital maps ¢r: A — My, (C), such that

lmy e [4(@)]| = [lal] and limyo. [pe(ab) — gx(@)oe(8)] = O for all
a,be A ([V5)).

Let A be a separable unital C*-algebra. Then, as mentioned in the in-
troduction, Ext(.A) is the set of equivalence classes [r] of one-to-one unital
x-homomorphisms 7 of A into the Calkin algebra C(H) = B(H)/K(H) over a
separable infinite dimensional Hilbert space H. Two such *-homomorphisms
are equivalent if they are equal up to a unitary transformation of H. Ext(.A)
has a natural semi-group structure and [7] is invertible in Ext(A) if and only
if 7 has a unital completely positive lifting: ¥: A — B(H) (cf. [Arv]). Let
now A = C%(F,), where r € {2,3,...} U {oo}. Moreover, let m,: F. — Uy,
n € N, be a sequence of unitary representations satisfying (8.15) and let H
be the Hilbert space H = @,~, C". Clearly, [],, M,(C)/>", M,(C) embeds
naturally into the Calkin algebra C(H) = B(H)/K(H). Hence, there exists a
one-to-one *-homomorphism 7: A — C(H), such that

m1(h) 0
m(A(R) = p mh) ],
0 :
for all h € F, (here p denotes the quotient map from B(H) to C(H)). Assume
[r] is invertible in Ext(A). Then 7 has a unital completely positive lifting
¢: A — B(H). Put pu(a) = pup(a)pn, a € A, where p, € B(H) is the
orthogonal projection onto the component C™ of H. Then each ¢, is a unital
completely positive map from A to M, (C), and it is easy to check that

Tim [lpu(AR)) = ma(B)| =0, (h € Fy).
From this it follows that
Tim [ga(@)] = la and  lim ga(ab) — pu(@)ea®)] =0, (abe A
so by (ii), A = CF4(F) is quasi-diagonal. But since F, is not amenable for

r > 2, this contradicts (i). Hence [r] is not invertible in Ext(.A).

8.7 Remark. let A be a separable unital C*-algebra and let 7: 4 —
C(H) = B(H)/K(H) be a one-to-one *-homomorphism. Then 7 gives rise
to an extension of A by the compact operators K = K(H), i.e., a C*-algebra
B together with a short exact sequence of *-homomorphisms

0-K5BL A0

Specifically, with p: B(H) — C(H) the quotient map, B = p~1(n(A)), ¢ is
the inclusion map of K into B and ¢ = 7! o p. Let now A = C*4(F}), let
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m: A — C(H) be the one-to-one unital *-homomorphism from Remark 8.6, and
let B be the compact extension of A constructed above. We then have

a) A= C} (F,) is an exact C*-algebra, but the compact extension B of A
is not exact.

b) A= C% ,(F) is not quasi-diagonal but the compact extension B of A is
quasi-diagonal.

To prove a), note that C ,(F;) is exact by [DH, Cor. 3.12] or [Ki2, p. 453,
1. 1-3]. Assume B is also exact. Then, in particular, B is locally reflexive
(cf. [Ki2]). Hence by the lifting theorem in [EH] and the nuclearity of K, the
identity map A — A has a unital completely positive lifting ¢: A — B. If we
consider ¢ as a map from A to B(H), it is a unital completely positive lifting
of m: A — C(H), which contradicts that [r] is not invertible in Ext(.A4). To
prove b), note that by Rosenberg’s result, quoted in (i) above, C}  (F;) is not
quasi-diagonal. On the other hand, by the definition of 7 in Remark 8.6, every
x € B is a compact perturbation of an operator of the form

Y1 0
Y= Y2 :
0 .

where y,, € M, (C), n € N. Hence B is quasi-diagonal.

9. Other applications

Recall that a C*-algebra A is called exact if, for every pair (B, J) consist-
ing of a C*-algebra B and closed two-sided ideal J in B, the sequence

(9.1) 0-ART—-ARB—-A®B/T)—0

min min min
is exact (cf. [Kil]). In generalization of the construction described in the

paragraph preceding Lemma 7.4, we may, for any sequence (Ay)2°; of
C*-algebras, define two C*-algebras

[T An={(@)2 | an € An, sup,enllan]l < oo}

n

S A= (@) | an € Au, limyoollan || = 0}.

The latter C*-algebra is a closed two-sided ideal in the first, and the norm in
the quotient C*-algebra [],, A,/ >, An is given by

(9.2) |p((@n)pey) || = limsup ||z, ],
n—oo
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where p is the quotient map (cf. [RLL, Lemma 6.13]) . In the following we
let A denote an exact C*-algebra. By (9.1) we have the following natural
identification of C*-algebras

A®<HM )/;Mn(C)) (A@HM )/(A@ZM )

min min min

Moreover, we have (without assuming exactness) the following natural identi-

A ZM )= M,(A

fication

min

and the natural inclusion

A® HM ) €[] Ma(A

min

If dim(A) < oo, the inclusion becomes an identity, but in general the inclusion
is proper. Altogether we have for all exact C*-algebras A a natural inclusion

93) Ao (HM )/ > Ma(©)) € [T MalA) /3 MalA)

Similarly, if ny < ny < ng < ---, are natural numbers, then
k k

After these preparations we can now prove the following generalizations of
Theorems 7.1 and 8.2.

9.1 THEOREM. Let (Q,F,P), N, (XZ»(n))r 1 and (x;);_; be as in Theo-
rem 7.1, and let A be a unital exact C*-algebra. Then for all polynomials p in
r noncommuting variables and with coefficients in A (i.e., p is in the algebraic
tensor product A ® C((X;)i_,)), and all w € Q\N,

(9-5) hm HP( n)<w))§=1)||Mn(A) = Hp((%‘)le)"A®,],i,10*((a:i);-:1,15)'

Proof. We consider only the case » € N. The case r = oo is proved
similarly. By Theorem 7.1 we can for each w € Q\ N define a unital embedding
m, of C*(x1,...,2p,1p) into [[,, M, (C)/ >, My (C), such that

mo(z) = p(X(W)2,), i=1,...,rm,

where p: [[,, M(C) — T[], Mn(C)/ >, M,(C) is the quotient map. Since
A is exact, we can, by (9.3), consider id4 ® m, as a unital embedding of
A®min C* (21, ..., 2y, 15) into [], My (A)/ >, My (A), for which

(idg ® mp)(a @ x;) = ﬁ((a@Xi(n)(w));O:l), i=1,...,r
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where p: [],, Mn(A) — 1, Mn(A)/ > My,(A) is the quotient map. Hence, for
every pin A® C(Xy,...,X,),

(ida @) (p(1, - 2r)) = A((P(XT (@), -, XD (@)))22).

n=1

By (9.2) it follows that for allw € Q/N, and every p in AQC(X1,..., X, ),
. (n) n
Hp(ml, ey fl??")HA@minC*(th’%,,ls) = hglsogp Hp(Xl (W)7 cee qu )(w)) HM,L(A)'
Consider now a fixed w € Q\N. Put

o = liminf [[p(X]” @), ., X @) [y 4y

n—oo r
and choose natural numbers n; < ng < ng < ---, such that

a = lim [|p(X;™) @), X" (@))|| 1y, )

By Theorem 7.1 there is a unital embedding 7/, of C*(z1,...,2,,15) into the
quotient [[, My, (C)/ >, My, (C), such that

(@) = p (X" W)e,), i=1,...m,

where p': [[, My, (C) — 1 Mn,(C)/ >\ My, (C) is the quotient map. Using
(9.4) instead of (9.3), we get, as above, that

lp(21, ... 7xr)||A®minc*(x17---7xr715) :liin sup Hp(XYLk)(w), . ,Xﬁ”’“)(w)) HMn(A)
—00
=q

= liminf [[p(X{” @), ., X @) [y 0

n—oo

This completes the proof of (9.5). O

9.2 THEOREM. Let (Q,F,P), (U)_,, Tpw, A and N be as in Theo-
rem 8.2. Then for every unital exact C*-algebra A, every function f: F, — A
with finite support (i.e. f is in the algebraic tensor product A @ CF,), and for

every w € Q\N
tim || 3 r@me|, =] X s e

noeell SR fouy A®minCloa (Fr)
Proof. This follows from Theorem 8.2 in the same way as Theorem 9.1
follows from Theorem 7.1, so we leave the details of the proof to the reader. O

In Corollary 9.3 below we use Theorem 9.1 to give new proofs of two key re-
sults from our previous paper [HT2]. As in [HT2] we denote by GRM(n,n, 02)
or GRM(n, 0?) the class of n x n random matrices Y = (Yij)1<i,j<n, Whose en-
tries y;;, 1 <i,j < n, are n? independent and identically distributed complex
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Gaussian random variables with density (7ra )~ texp(—|z[2/0?), z € C. Tt is
elementary to check that Y is in GRM(n, 02), if and only if Y = %(X1 +iXy),
where

1 i} 1
SV YY), Xo=

are two stochastically independent self-adjoint random matrices from the class
SGRM(n, o?).

X1 = Y =Y7)

9.3 COROLLARY ([HT2, Thm. 4.5 and Thm. 8.7]). Let H,K be Hilbert
spaces, let ¢ > 0, let r € N and let ay,...,a, € B(H,K) such that

T T

* *

H E a;a;|| <c and H E a;a;
i=1 i=1

and such that {aja; | i,j =1,...,7} U{lg@sy} generates an eract C*-algebra
A C B(H). Assume further that Yl(n), ey Y,ﬂ(n) are stochastically independent
random matrices from the class GRM(n, L), and put S, = >3_ a; ® Yi(n).
Then for almost all w in the underlying probability space €2,

(9.6) lim sup max {sp(Sy (w)*Sp(w))} < (Ve + 1)2.
If, furthermore, ¢ >1 and Y_;_, afa; = clp), then

(9.7) ligri)i(gfmin{sp(Sn(w)*Sn(w))} > (Ve —1)2

Proof. By the comments preceding Corollary 9.3, we can write

v = S X, =1

where an),...,Xéf) are independent self-adjoint random matrices from
SGRM(n, %) Hence S}, is a second order polynomial in (XYL), .. .,Xé:’))
with coefficient in the exact unital C*-algebra A generated by {aja; | i,j =

7} U{lgmy}. Hence, by Theorem 9.1, there is a P-null set N in the
underlying probability space (€2, F, P) such that

hm | (w H—H(Zal®yl) (iai@)yi) )

where 1; = \%@21‘—1 + iz9;) and (x1,...,x9,) is any semicircular system in

a C*-probability space (B,7) with 7 faithful. Hence, in the terminology of
V3], (y1,...,yr) is a circular system with the normalization 7(yfy;) = 1,
i=1,...,r. By [V3], a concrete model for such a circular system is

yizfgifl—}-é;ia iZl,...,T
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where /1, ..., 0o, are the creation operators on the full Fock space
T=TL)=CoLoL®

over a Hilbert space £ of dimension 2r, and 7 is the vector state given by the
unit vector 1 € C C 7(L). Moreover, 7 is a faithful trace on the C*-algebra
B=C*(y1,---,Y2r, 18(7(r)))- The creation operators £1,.. ., fa, satisfy

1 i
co= {10
0, ife#j.
Hence, we get

T

Z%@yi = (Zai@)@i—l) + (Zai®f§¢> =z +w,

=1 =1 i=1

where

:(;afai>®18(7) and ww” _<Zaz >®IB

Thus,

r 1 r
HZ(M@ZM 2—!—”2%@2‘
i=1 i=1

This proves (9.5). If, furthermore, ¢ > 1 and )i, afa; = c - 1g(3), then
2"z = cl ygp(1) and, as before, [[w|| < 1. Thus, for all § € HRT, ||2¢]| = /c|[¢]|
and [[wé]| < [|€].. Hence

(Ve=DIEN < Iz +w)éll < (Ve +DIEL, EeH@T),

which is equivalent to

(\/_ — 1) 18(H®T) (Z + ZU) (Z + w) < (\/E + 1)213(7.[@7-),

r 1
< Izl + ol < | > aia, SV IS}

—2Velpmer) < (24 w)* (2 + w) — (c+ Dgmuer) < 2Vl pmer),

and therefore
(9.8) (2 + w)* (2 +w) — (e + Dlsgam|| < 2V

Since S5, is a second order polynomial in (X§n), e ,Xé:)) with coefficients
in A, the same holds for S;;.S;,—(c+1)1y, (4)- Hence, by Theorem 9.1 and (9.8),

lim || Sy (w)*Sn(w) = (¢ + D1y, ()|

=H(erai®yl) (Zm@y@) (c+ Do)
i=1
< 2v/c.
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Therefore, liminf, o min{sp(S,(w)*Sy(w))} > (¢ + 1) — 24/c, which proves
(9.7). O

9.4 Remark. The condition that {afa; | i,j = 1,...,7} U {lgs} gen-
erates an exact C*-algebra is essential for Corollary 9.3 and hence also for

Theorem 9.1. Both (9.6) and (9.7) are false in the general nonexact case (cf.
[HT2, Prop. 4.9] and [HT3]).

We turn next to a result about the constants C(r), r € N, introduced by
Junge and Pisier in connection with their proof of

(9.9) B(H) ® B(H) # B(H) @ B(H).

max

9.5 Definition ([JP]). For r € N, let C(r) denote the infimum of all C' €
R4 for which there exists a sequence of natural numbers (n(m))>°_; and a
sequence of r-tuples of n(m) x n(m) unitary matrices

@™ ulmyee

such that for all m,m’ € N, m # m/

T
(9.10) I u™en™| <c,
i=1
where agm') is the unitary matrix obtained by complex conjugation of the

(m")

entries of w,

To obtain (9.9), Junge and Pisier proved that lim, Cff) = 0. Subse-
quently, Pisier [P3] proved that C(r) > 2y/r — 1 for all r > 2. Moreover, using
Ramanujan graphs, Valette [V] proved that C(r) = 2y/r — 1, when r = p+1
for an odd prime number p. From Theorem 9.2 we obtain

9.6 COROLLARY. C(r) =2v/r —1 for allr € N, r > 2.

Proof. Let r > 2, and let gi1,...,9, be the free generators of F, and
let A denote the left regular representation of F,. on ¢*(F,). Recall from [P3,
Formulas (4) and (7)] that

=2vr—1

(9.11) H ET: A(gi) ® vs
=1

for all unitaries v1,...,v, on a Hilbert space H. Let C > 2y/r — 1. We will
construct natural numbers (n(m))s°_; and r-tuples of n(m) x n(m) unitary
matrices
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such that (9.10) holds for m,m’ € N, m # m’/. Note that by symmetry it is
sufficient to check (9.10) for m' < m. Put first
n(l)=1 and ugl) =..=uM =1

r

Proceeding by induction, let M € N and assume that we have found
n(m) € N and r-tuples of n(m) x m(n) unitaries (ugm), e ,ugm)) for 2 < m
< M, such that (9.10) holds for 1 <m/ <m < M. By (9.11),

| ik(gi) @u™| =2vr=T,
=1

for m =1,2,..., M. Applying Theorem 9.2 to the exact C*-algebras A,,, =
My (C), m" =1,..., M, we have

lim ‘Zﬂ'n7w(gi)®a§m/) :2\/7’—1<C, (mI:1,2,...,M),
i=1

n—oo

where 7, ,,: . — U(n) are the group homomorphisms given by (8.4). Hence,
we can choose n € N such that

H i Tnw(9i) @ ﬂz(‘ml)
=1

)<C, m =1,..., M.

Put n(M +1) = n and uZ(MH) = Tnw(gi), 1 =1,...,r. Then (9.10) is satisfied

for all m,m’ for which 1 < m’ < m < M + 1. Hence, by induction we get
the desired sequence of numbers n(m) and r-tuples of n(m) x n(m) unitary
matrices. O

We close this section with an application of Theorem 7.1 to powers of
random matrices:

9.7 COROLLARY. Let for each n € N'Y,, be a random matriz in the class
GRM(n,%), i.e., the entries of Y, are n® independent and identically dis-
tributed complex Gaussian variables with density %e‘"'ZP, z € C. Then for
allpeN

(p+ 1)”*1)5

| .
oy = (25

for almost all w in the underlying probability space 2.

Proof. By the remarks preceding Corollary 9.3, we have
1

1y = (G5 +ix() )
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where, for each n € N, X l(n), Xén) are two independent random matrices from
SGRM(n, %) Hence, by Theorem 7.1, we have for almost all w €

Jim (V@) = 1”1,

where y = \%(wl + izg), and {x1,z2} is a semicircular system in a C*-prob-
ability space (B, 7) with 7 faithful. Hence, y is a circular element in B with
the standard normalization 7(y*y) = 1. By [La, Prop. 4.1], we therefore have

Iyl = ((p + 1)P*1/pP)3. O

9.8 Remark. For p = 1, Corollary 9.7 is just the complex version of
Geman'’s result [Ge] for square matrices (see [Ba, Thm. 2.16] or [HT1, Thm. 7.1]),
but for p > 2 the result is new. In [We, Example 1, p.125], Wegmann proved
that the empirical eigenvalue distribution of (Y,})*Y,} converges almost surely
to a probability measure j;, on R with

(p+ 1P

I
This implies that for all € > 0, the number of eigenvalues of (Y;')*Y,}', which are
larger than (p+ 1)PT!/pP + ¢, grows slower than n, as n — oo (almost surely).

Corollary 9.7 shows that this number is, in fact, eventually 0 as n — oo (almost
surely).

max(supp(pp)) =
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