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On fusion categories

By PAVEL ETINGOF, DMITRI NIKSHYCH, and VIKTOR OSTRIK

Abstract

Using a variety of methods developed in the literature (in particular, the
theory of weak Hopf algebras), we prove a number of general results about
fusion categories in characteristic zero. We show that the global dimension of
a fusion category is always positive, and that the S-matrix of any (not nec-
essarily hermitian) modular category is unitary. We also show that the cate-
gory of module functors between two module categories over a fusion category
is semisimple, and that fusion categories and tensor functors between them
are undeformable (generalized Ocneanu rigidity). In particular the number of
such categories (functors) realizing a given fusion datum is finite. Finally, we
develop the theory of Frobenius-Perron dimensions in an arbitrary fusion cat-
egory. At the end of the paper we generalize some of these results to positive
characteristic.

1. Introduction

Throughout this paper (except for §9), k denotes an algebraically closed
field of characteristic zero. By a fusion category C over k we mean a k-linear
semisimple rigid tensor (=monoidal) category with finitely many simple ob-
jects and finite dimensional spaces of morphisms, such that the endomorphism
algebra of the neutral object is k (see [BaKi]). Fusion categories arise in several
areas of mathematics and physics — conformal field theory, operator algebras,
representation theory of quantum groups, and others.

This paper is devoted to the study of general properties of fusion cate-
gories. This has been an area of intensive research for a number of years, and
many remarkable results have been obtained. However, many of these results
were proved not in general but under various assumptions on the category.
The goal of this paper is to remove such assumptions, and to give an account
of the theory of fusion categories in full generality.

The structure of the paper is as follows.

In Section 2, we give our main results about squared norms, global dimen-
sions, weak Hopf algebras, and Ocneanu rigidity. This section contains many
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results which are partially or fully due to other authors, and our own results
are blended in at appropriate places.

Sections 3-7 are mostly devoted to review of the technical tools and to
proofs of the results of Section 2. Namely, in Section 3, we prove one of the
main theorems of this paper, saying that any fusion category has a nonzero
global dimension (in fact, we show that for k = C, the dimension is positive).
The proof relies in an essential way on the theorem that in any fusion category,
the identity functor is isomorphic to * s : V +— V*** (where V +— V* is
the duality in C), as a tensor functor, which is proved using the theory of
weak Hopf algebras (more specifically, the formula for the fourth power of the
antipode from [N]). We also prove that the SLa(Z)-representation attached to
any modular category over C is unitary.

In Section 4, we give a short review of the theory of weak Hopf algebras,
which are both a tool and an object of study in this paper, and prove the
isomorphism between the identity functor Id and * * %%, which is crucial for
the main theorem.

In Section 5, we prove a formula for the trace of squared antipode of a
semisimple connected regular weak Hopf algebra. Then we proceed to prove
a number of results (partially due to Miiger) about semisimplicity of the cat-
egory of module functors between module categories over a fusion category,
in particular of the dual and the Drinfeld center. We also generalize these
results to multi-fusion categories (the notion obtained from that of a fusion
category by relaxing the condition that End(1) = k). In particular, we prove
that a semisimple weak Hopf algebra over k is cosemisimple. Finally, we prove
a categorical version of the class equation of Kac and Zhu.

In Section 6, we consider a pair of semisimple weak Hopf algebras B C A
and study the subcomplex of B-invariants in the co-Hochschild complex of A
(this complex is a weak analog of the complex considered in [Sch], [EG1] for
Hopf algebras). We prove that this complex is acyclic in positive degrees.

In Section 7, we show that the complex considered in Section 6 coin-
cides with the deformation complex of a monodial functor between two multi-
fusion categories introduced independently by Yetter [Y1, Y2] and Davydov
[Da]. Using this, we establish “Ocneanu rigidity” (absence of deformations) for
arbitrary nondegenerate multi-fusion categories and tensor functors between
them. The idea of the proof of this result is due to Ocneanu-Blanchard-
Wassermann, and the fusion category case was worked out completely by
Blanchard-Wassermann in [Wa], [BWa] under the assumption that the global
dimension is nonzero.

In Section 8 we discuss the notion of Frobenius-Perron dimensions of ob-
jects in a fusion category, show that they are additive and multiplicative, and
have similar properties to categorical dimensions in a pivotal category. We
prove a categorical analogue of the Nichols-Zoeller freeness theorem (saying
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that a finite dimensional Hopf algebra is a free module over a Hopf subalgebra),
in particular prove the freeness theorem for semisimple quasi-Hopf algebras.
We also show that the global dimension of a fusion category is divisible by its
Frobenius-Perron dimension (in the ring of algebraic integers), and the ratio
is < 1. In particular, if the Frobenius-Perron dimension of a fusion category
is an integer, then it coincides with the global dimension. This result may
be regarded as a categorical version of the well-known theorem of Larson and
Radford, saying that the antipode of a semisimple Hopf algebra is involutive.
Further, we show that the Frobenius-Perron dimension of a fusion category
is divisible by the Frobenius-Perron dimension of its full subcategory, and use
this result to show that any fusion category of Frobenius-Perron dimension p (a
prime) is the category of representations of a cyclic group with a 3-cocycle. We
also classify fusion categories of dimension p?. Finally, we show that the prop-
erty of a fusion category to have integer Frobenius-Perron dimensions (which
is equivalent to being the representation category of a quasi-Hopf algebra) is
stable under basic operations with categories, in particular is “weak Morita in-
variant” (i.e. invariant under passing to the the opposite of the dual category).
At the end of the section we define group-theoretical fusion categories, which is
a subclass of fusion categories with integer Frobenius-Perron dimensions; they
are constructed explicitly from finite groups.

Many of the results of this paper have analogs in positive characteristic.
These generalizations are given in Section 9. In particular, we show that a fu-
sion category of nonzero global dimension over a field of positive characteristic
can be lifted to characteristic zero.

Throughout the paper, we are going to freely use the theory of rigid tensor
categories. We refer the reader to the textbooks [K]|, [BaKi] for details. We also
recommend the reader the expository paper [CE], where much of the content
of this paper is discussed in detail.

Acknowledgments. The research of P.E. was partially supported by the
NSF grant DMS-9988796, and was done in part for the Clay Mathematics
Institute. The research of D.N. was supported by the NSF grant DM.S-0200202.
The research of V.O. was supported by the NSF grant DM.S-0098830. We are
grateful to A. Davydov, A. Kirillov Jr., M. Miiger, and A. Wassermann for
useful discussions, and to E. Blanchard for giving us the formulation of the
result of [BWa| before publication.

2. Results on squared norms, global dimensions, weak Hopf
algebras, and Ocneanu rigidity

Let k be an algebraically closed field. By a multi-fusion category over k we
mean a rigid semisimple k-linear tensor category C with finitely many simple
objects and finite dimensional spaces of morphisms. If the unit object 1 of C
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is simple, then the category C is said to be a fusion category. Otherwise (if 1
is not simple), it is easy to see that we have 1 = @;¢ ;1;, where 1; are pairwise
nonisomorphic simple objects.

Let us list a few examples to keep in mind when thinking about fusion
and multi-fusion categories.

Ezxamples of fusion categories. 1. The category Vecq of finite dimensional
vector spaces graded by a finite group G (or, equivalently, finite dimensional
modules over the function algebra Fun(G, k).) Simple objects in this category
are evaluation modules Vy, g € G, and the tensor product is given by V,®V}, =
Vg, with the associativity morphism being the identity.

More generally, pick a 3-cocycle w € Z3(G, k*). To this cocycle we can
attach a twisted version Vecg,, of Vecg: the simple objects and the tensor
product functor are the same, but the associativity isomorphism is given by
Sy, v, v = w(g, h,k)id. The pentagon axiom then follows from the cocycle
condition

w(hs b, Dw(g, bk, D (g, b, k) = w(gh, k, (g, h, k).

Note that cohomologous cocycles define equivalent fusion categories.

2. The category of finite dimensional k-representations of a finite group G,
whose order is relatively prime to the characteristic of k.

3. The category of integrable modules (from category O) over the affine
algebra sl at level [ (see [BaKi]). The tensor product in this category is the
fusion product, defined at the level of objects by the Verlinde fusion rule

I—|it5—|

vev- Y. W
h=li—|
k=i+j mod 2

Ezxamples of multi-fusion categories. 1. The category of finite dimensional
bimodules over a finite dimensional semisimple k-algebra, with bimodule tensor
product. It has simple objects M;; with “matrix” tensor product M;; ® My, =
M;y; thus the identity object is 1 = @; M;;.

2. The category of finite dimensional modules over the function algebra
on a finite groupoid.

2.1. Squared norms and global dimensions. Let us introduce the notion of
the global dimension of a fusion category. First of all, we have the following
known result (see e.g., [O1]).

PROPOSITION 2.1. In a fusion category, any simple object V is isomor-
phic to its double dual V**.
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To prove this, it suffices to note that for any simple object V', the right
dual V* is the unique simple object X for which V ® X contains the neutral
object, while the left dual *V is the unique simple object X for which V & X
projects to the neutral object; so *V = V* by semisimplicity of the category,
and hence V = V** for any simple V.

Next, recall ([BaKi, p. 39]) that if V € C, and g : V' — V** is a morphism,
then one can define its “quantum trace” Try (g) € k by the formula

Try(g9) = evy- o (g ® ly-) o coevy,

where 1 is the unit object of C, coevy : 1 > V@ V* andevy : V@V — 1 are
the coevaluation and evaluation maps (see [BaKi|). It is easy to show (and well
known, see e.g. [BaKi]) that for any simple object V' and a nonzero morphism
a:V — V* one has Try(a) # 0. Indeed, otherwise there is a sequence of
nonzero maps 1 — V ® V* — 1 with zero composition, which would imply
that the multiplicity of 1 in V ® V* is at least 2 — a contradiction.

Now, following [Mul], for every simple object V of a fusion category C,
define the squared norm |V|? € k* of V as follows. Fix an isomorphisma : V —
V** (which exists by Proposition 2.1), and let |V|? = Try (a)Try-((a=1)*). Tt
is clearly independent on the choice of a (since a is uniquely determined up
to a scaling), and nonzero by the explanation in the previous paragraph. For
example, for the neutral object 1 we have |1|> = 1.

Definition 2.2 ([Mul]). The global dimension of a fusion category C is
the sum of squared norms of its simple objects. It is denoted by dim(C).

One of our main results is

THEOREM 2.3. If k = C then |V|?> > 0 for all simple objects V € C;
therefore dim(C) > 1, and is > 1 for any nontrivial C. In particular, for any
fusion category C one has dim(C) # 0.

Remark 2.4. Note that the second statement immediately follows from
the first one, since C is always defined over a finitely generated subfield &’ of k,
which can be embedded into C.

The proof of Theorem 2.3, which relies on Theorem 2.6 below, is given in
Section 3. Theorem 2.6 is proved in Section 4.

Remark 2.5. In the course of proof of Theorem 2.3 we show that for any
simple object V, the number |V|? is an eigenvalue of an integer matrix. In
particular, if K = C then |V|? is an algebraic integer. Thus, for ¥ = C Theorem
2.3 actually implies that |V|? is a “totally positive” algebraic integer, i.e. all
its conjugates are real and positive (since one can twist a fusion category by
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an automorphism of C and get a new fusion category). Similarly, dim(C) is
“totally” > 1, i.e. all its conjugates are > 1.

One of the main tools in the proof of Theorem 2.3 is

THEOREM 2.6. In any fusion category, the identity functor is isomorphic
to the functor x x xx as a tensor functor.

For the category of representations of a Hopf algebra, this result follows
from Radford’s formula for S* [R1]. In general, it follows from the analog of
Radford’s formula for weak Hopf algebras, which was proved by the second
author in [N] (see §4).

Definition 2.7. A pivotal structure on a fusion category C is an isomor-
phism of tensor functors i : Id — *x. A fusion category equipped with a pivotal
structure is said to be a pivotal fusion category.

We conjecture a stronger form of Theorem 2.6:
CONJECTURE 2.8. Any fusion category admits a pivotal structure.

For example, this is true for the representation category of a semisimple
Hopf algebra over k, since in this case by the Larson-Radford theorem [LR2],
the squared antipode is 1 and hence Id = *x. Furthermore, in Section 8 we will
show that the conjecture is true for the representation category of a semisimple
quasi-Hopf algebra.

2.2. Results on pivotal, spherical, and modular categories. Now let C be a
pivotal fusion category. In such a category, one can define the dimension of an
object V' by dim(V') = Try (i), and we have the following result which justifies
the notation |V|?.

PROPOSITION 2.9. In a pivotal fusion category ome has |V|> =
dim(V) dim(V™*) for any simple object V.. Moreover, if k = C then dim(V*) =
dim(V), so |[V|? = | dim(V) 2.

Proposition 2.9 is proved in Section 3.

This result can be further specialized to spherical (in particular, ribbon)
categories, (see [Mul]). Namely, recall from [Mul] that a pivotal fusion cat-
egory is spherical if and only if dim(V) = dim(V*) for all simple objects V.
Thus we have the following corollary.

COROLLARY 2.10. In a spherical category, |V|? = dim(V)2. In particular,
if k= C, then dim(V') is (totally) real.

Corollary 2.10 readily follows from Proposition 2.9.
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Remark 2.11. We note that in [Mul], the number |V|? is called the squared
dimension of V, and denoted d*(V). We do not use this terminology for the
following reason. In a pivotal category over C, the dimensions of simple ob-
jects do not have to be real numbers (it suffices to consider the category of
representations of a finite group G, where ¢ is given by a nontrivial central
element of G). Thus, in general dim(V*) # dim(V), and |[V|*> # dim(V)2.
Therefore, the term “squared dimension”, while being adequate in the frame-
work of spherical categories of [Mul], is no longer adequate in our more general
setting.

Now assume that C is a modular category (i.e., a ribbon fusion category
with a nondegenerate S-matrix; see [BaKi]). In this case one can define ma-
trices S and T of algebraic numbers, which yield a projective representation
of the modular group SL2(Z) ([BaKi]). We note that the matrix S is defined
only up to a sign, since in the process of defining S' it is necessary to extract a
square root of the global dimension of C. So to be more precise we should say
that by a modular category we mean the underlying ribbon category together
with a choice of this sign.

PROPOSITION 2.12. Ifk = C then the projective representation of SLo(Z)
associated to C is unitary in the standard hermitian metric (i.e. the matrices
S and T are unitary).

Proposition 2.12 is proved in Section 3.

Remark 2.13. As before, the proposition actually means that this repre-
sentation is totally unitary, i.e. the algebraic conjugates of this representation
are unitary as well.

Remark 2.14. 1t is interesting whether Proposition 2.12 generalizes to
mapping class groups of higher genus Riemann surfaces.

We note that the results of this subsection are known for hermitian cat-
egories [BaKi|. Our results imply that these results are valid without this
assumption.

2.3. Module categories, the dual category, the Drinfeld center. Let M be
an indecomposable left module category over a rigid tensor category C [O1] (all
module categories we consider are assumed semisimple). This means, M is a
module category which cannot be split in a direct sum of two nonzero module
subcategories. In this case one can define the dual category C3, to be the
category of module functors from M to itself: C}, = Fune(M, M) [O1]. This
is a rigid tensor category (the tensor product is the composition of functors,
the right and left duals are the right and left adjoint functors).
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For example, let us consider C itself as a module category over C ® C°P,
via (X,Y)®Z =X ®Z ®Y. Then the dual category is the Drinfeld center
Z(C) of C (see [01], [Mu2]; for the basic theory of the Drinfeld center see [K]).

The following result was proved by Miiger [Mul, Mu2] under the assump-
tion dim(C) # 0 (which, as we have seen, is superfluous in zero characteristic)
and minor additional assumptions.

THEOREM 2.15. For any indecomposable module category M over a fu-
sion category C, the category C}, is semisimple (so it is a fusion category), and
dim(C},) = dim(C). In particular, for any fusion category C the category Z(C)
is a fusion category of global dimension dim(C)?.

In fact, we have the following more general results, which (as well as the
results in the next subsection) are inspired by [Mul, Mu2].

THEOREM 2.16. For any module categories M1, Mo over a fusion cate-
gory C, the category of module functors Fung(M1, Ma) is semisimple.

Theorems 2.15 and 2.16 are proved in Section 5.

2.4. Multi-fusion categories. We say that a multi-fusion category C is
indecomposable if it is not a direct sum of two nonzero multi-fusion categories.

Let C be a multi-fusion category. Then for any simple object X € C there
exist unique ¢, j € J such that 1; ® X # 0 and X ® 1; # 0; moreover, we have
1,®X = X®1,; = X. Thus, as an additive category, C = @, nCrnn, Where Cp,yp,
is the full abelian subcategory of C with simple objects having ¢ = m,j = n.
It is easy to check that C;; are fusion categories for all 4, and C;; are (Cij, Cjj)-
bimodule categories, equipped with product functors C;; x Cj; — C; satisfying
some compatibility conditions. We will refer to C;; as the component categories
of C.

Since C;; are fusion categories, they have well-defined global dimensions. In
fact, the off-diagonal subcategories C;; can also be assigned global dimensions,
even though they are not tensor categories. To do this, observe that for any
simple object V' € C;;, and any morphism g : V' — V** one can define Try (g) €
End(1;) = k. Therefore, we can define |V|?> by the usual formula |[V|? =
Try (9)Trv-((g71)*), and set dim(C;;) := > ovennc,, V|2

ProposiTIiON 2.17. IfC is an indecomposable multi-fusion category, then
all the categories C;; have the same global dimensions.

The setup of the previous section can be generalized to the multi-fusion
case. Namely, we have the following generalization of Theorem 2.16 to the
multi-fusion case:
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THEOREM 2.18. IfC is a multi-fusion category, and My, Ms are module
categories over C, then the category Func(M1, Ma) is semisimple. In particu-
lar, the category C, is semisimple for any module category M.

Proposition 2.17 and Theorem 2.18 is proved in Section 5.

Remark 2.19. We note that it follows from the arguments of [O1], [Mul]
that if C is a multifusion category and M is a faithful module category of M,
then M is a faithful module category over C},, and (C},)}, = C.

2.5. Results on weak Hopf algebras. A convenient way to visualize (multi-)
fusion categories is using weak Hopf algebras (see §4 for the definitions).
Namely, let C be a multi-fusion category. Let R be a finite dimensional semi-
simple k-algebra, and F' a fiber functor (i.e. an exact, faithful tensor functor)
from C to R-bimod. Let A = Endy(F) (i.e. the algebra of endomorphisms of
the composition of F' with the forgetful functor to vector spaces).

THEOREM 2.20 ([Sz]). The algebra A has a natural structure of a semi-
simple weak Hopf algebra with base R, and C is equivalent, as a tensor category,
to the category Rep(A) of finite dimensional representations of A.

Remark 2.21. In order to lift the naturally existing map A — A ®g A to
a weak Hopf algebra coproduct A — A ®; A, one needs to use a separability
idempotent in R ® R. We will always use the unique symmetric separability
idempotent. In this case, the weak Hopf algebra A satisfies an additional
reqularity condition, saying that the squared antipode is the identity on the
base of A.

One can show that for any multi-fusion category C, a fiber functor F exists
for a suitable R. Indeed, let M be any semisimple faithful module category
over C, i.e. such that any nonzero object of C acts by nonzero (for example,
C itself). Let R be a semisimple algebra whose blocks are labeled by simple
objects of M: R = @ prerr(m)Bnr, and Ry are simple. Now define a functor
F :C — R —bimod as follows: for any object X &€ C set

F(X) = ®p nerrmyHompm (M, X @ N) @ By,

where By is the simple (Ry, Rjr)-bimodule. This functor has an obvious
tensor structure (coming from composition of morphisms), and it is clearly
exact and faithful. So it is a fiber functor.

Therefore, we have

COROLLARY 2.22 ([H], [Sz]). Any multi-fusion category is equivalent to
the category of finite dimensional representations of a (nonunique) regular se-
misimple weak Hopf algebra. This weak Hopf algebra is connected if and only
if C is a fusion category.
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Remark 2.23. In particular, we can choose R to be a commutative algebra
(i.e., all blocks have size 1). Thus, any multi-fusion category is equivalent to
the category of representations of a weak Hopf algebra with a commutative
base. This result was proved by Hayashi in [H], where weak Hopf algebras
with commutative bases appear under the name “face algebras”.

The language of weak Hopf algebras is convenient to visualize various
categorical constructions. One of them is that of a dual category. Indeed, let
C be the category of representations of a weak Hopf algebra A. Let R be the
base of A. Then we have a natural fiber functor from C to the category of
R-bimodules — the forgetful functor. This functor defines a natural structure
of a module category over C on the category M = R — bimod. In this case,
the dual category C}, is simply the representation category of the dual weak
Hopf algebra A*“°P with the opposite coproduct (see [O1]). Furthermore, as
we just showed, this example is general, in the sense that any faithful module
category over a multi-fusion category can be obtained in this way.

The global dimension of the category of representations of a connected
weak Hopf algebra is closely related to the trace of squared antipode in this
weak Hopf algebra. This connection is expressed by the following theorem.

Let a fusion category C be the representation category of a regular se-
misimple weak Hopf algebra A. Let S be the antipode of A. Let ¢; be the
primitive idempotents of the center of the base A;, and n; the block sizes of
the matrix algebras g; A;.

THEOREM 2.24. One has Tr(Sz\quS(qi)) = dim(C)n%n?. In particular,
over C one always has Tr(S?|; 4s(q,)) > 0.

Remark 2.25. Theorem 2.24 implies that Tr(S5?| 4) =dim(Rep(A))dim(4;)?

We also have the following result, which generalizes the Larson-Radford
theorem for Hopf algebras [LR1].

THEOREM 2.26. A semisimple weak Hopf algebra over k is also cosemi-
stmple.

Theorem 2.24 is proved in Section 5. Theorem 2.26 follows from Theorem
2.18, since the representation category of the dual weak Hopf algebra is the
dual category.

2.6. Vanishing of the Yetter cohomology. The cohomology theory that
controls deformations of tensor categories and tensor functors is the cohomol-
ogy theory developed in [CY], [Y1, Y2|, [Da], which we will call the Yetter
cohomology theory. This theory associates to any tensor category C and a
tensor functor F for C to another tensor category C’, a sequence of cohomology
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spaces H%(C) (see §7). If F is the identity functor, then these groups are sim-
ply denoted by H'(C). Namely, first order deformations of C are elements of
H3(C), while first order deformations of a tensor structure on a given functor
F between fixed tensor categories C,C’ are elements of H%(C). Obstructions
to such deformations lie, respectively, in H*(C) and H3.(C).

For multi-fusion categories, the Yetter cohomology often vanishes. Namely,
we have the following result.

THEOREM 2.27. Let C, C' be multi-fusion categories, and F : C — C' be a
(unital) tensor functor from C to C'. Then H(C) =0 for i > 0.

Theorem 2.27 is proved in Section 7, using weak Hopf algebras. The idea
of this proof is due to Ocneanu, Blanchard, and Wassermann.

2.7. Ocneanu rigidity. The statement that a fusion category over a field
of characteristic zero cannot be nontivially deformed is known as Ocneanu
rigidity, because its formulation and proof for unitary categories was suggested
(but not published) by Ocneanu. Later Blanchard and Wassermann ([BWa],
[Wal) proposed an algebraic version of Ocneanu’s argument, which proves the
following result.

THEOREM 2.28. A fusion category does not admit nontrivial deforma-
tions. In particular, the number of such categories (up to equivalence) with a
given Grothendieck ring (=fusion rules) is finite.

Remark 2.29. This theorem is proved in [BWal, [Wa] under the assump-
tion that dim(C) # 0, but as we know from Theorem 2.3, this assumption is
superfluous in zero characteristic.

In fact, one has the following somewhat more general theorem.
THEOREM 2.30. Theorem 2.28 is valid for multi-fusion categories.

This theorem follows directly from Theorem 2.27 for ¢ = 3 and F' = Id
(this is, essentially, the proof of Ocneanu-Blanchard-Wassermann). A sketch
of proof is given in Section 7.

Note that Theorem 2.30 implies that any multi-fusion category is defined
over an algebraic number field.

Question. Is any multi-fusion category defined over a cyclotomic field?

Note that the answer is yes for fusion categories coming from quantum
groups at roots of unity, for the categories of [TY], and for group-theoretical
categories discussed in Section 8. Also, it follows from the results of subsection
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8.10 that the global dimension of a fusion category belongs to a cyclotomic
field. We also have

THEOREM 2.31. A (unital) tensor functor between multi-fusion categories
does not have nontrivial deformations. In particular, the number of such func-
tors (up to equivalence) for fized source and target categories is finite.

Remark 2.32. In particular, Theorem 2.31 implies that a given fusion
category has finitely many fiber functors. This is also shown in [IK] in the
special case of categories coming from subfactors (see Theorem 2.4 in [IK]).

Remark 2.33. Theorem 2.31 also implies Ocneanu’s result that a given
fusion category has finitely many braidings. Indeed, any braiding in particular
defines an equivalence of tensor categories between C and C°P.

The proof of Theorem 2.31 is analogous to the proof of Theorem 2.30.
Namely, the first part of the result follows directly from Theorem 2.27 for
i = 2. The second part is a consequence of a combinatorial fact that there
are only finitely many homomorphisms between the Grothendieck rings of the
categories under consideration; this fact is a consequence of Proposition 2.1 of
[O1] since the second Grothendieck ring can be considered as a based module
over the first one.

Remark 2.34. One says that an indecomposable multi-fusion category C’
is a quotient category of an indecomposable multi-fusion category C if there
exists a tensor functor F' : C — C’ such that any object of C’ is a subobject
of F(X), X € C (see §5). It follows from the above that a given multi-fusion
category C has only finitely many quotient categories.

COROLLARY 2.35. A module category M over a multi-fusion category C
does not admit nontrivial deformations. In particular, the number of such
module categories (up to equivalence) with a given number of simple objects is
finite.

To prove Corollary 2.35, it suffices to choose a semisimple algebra R with
number of blocks equal to the number of simple objects in M, and apply
Theorem 2.31 to the functor F': C — R — bimod associated with M.

Remark 2.36. We note that this result was conjectured in [O1].

3. Fusion categories over C

The goal of this subsection is to prove Theorem 2.3, Proposition 2.9,
Proposition 2.12, and discuss their consequences.



ON FUSION CATEGORIES 593

Let C denote a fusion category over C. We will denote representatives of
isomorphism classes of simple objects of C by X;, ¢ € I, with 0 € I labeling
the neutral object 1. Denote by * : I — I the dualization map. (We note that
at the level of labels, there is no distinction between right and left dualization,
since by Proposition 2.1, V' is isomorphic to V** for any simple object V).

3.1. Proof of Theorem 2.3. By Theorem 2.6, there exists an isomorphism
of tensor functors g : Id — * % %x. Let us fix such an isomorphism. So for
each simple V' € C we have a morphism gy : V — V*** such that gyew =
gv ® gw, and gy~ = (g‘;l)*. For all simple V', let us fix an isomorphism ay :
V — V** such that a} = gy (a} makes sense as Hom(V, V**) is canonically
isomorphic to Hom(V**, V****) and so ay can also be regarded as an element
of Hom(V**, V***)). Then ay- = ey(ay')*, where ey = £1, and eyey- = 1.
Define d(V)) = Try(ay), in particular d; = d(X;). These numbers are not at
all canonical — they depend on the choices we made. Nevertheless, it is easy
to see from the definition that |V|? = ey d(V)d(V*).

Now let us take any simple objects VW & C and consider the tensor
product ay @ awy : VW — (Ve W)™ We have V@ W = @yHom(U,V ®
W) ® U, so we have ay ® aw = @b,V ® ay, where b,V : Hom(U,V @ W) —
Hom (U**, V** @ W**). The source and target of this map are actually canoni-
cally isomorphic, so we can treat bgW as an automorphism of Hom(U, V@ W).
Also, since a%/ =gy and gygw = gv ® gw, we get (bgW)2 =1.

Let b;k = b))g]X" Let T;k = tr(bék). Since (I)é-k)2 = 1, its eigenvalues are
+1, hence T;k are integers.

By the definition of b;k, we have

didy =Y _Tj*d;.
j€elI
Let T; be the matrix such that (T3)y; = T}'k, and let d be the vector with
components d;. This vector is clearly nonzero (e.g., dy # 0), and we have

T;d = d;d.

Thus, d is a common eigenvector of T; with eigenvalue d;.

Let €; = ex,. Then we have: d is an eigenvector of the matrix A; = ¢;,1;7;-
with eigenvalue | X;|%.

We claim that Tj- = ¢7}. This implies the theorem, as in this case
A; = Tin, which is nonnegative definite (since the entries of 7; are integer,
hence real), so its eigenvalues, including | X;|?, have to be nonnegative.

To prove that T} = T, we need to show that T]”“ = eiT,z]. But this, in
turn, follows from the equality b;k = q(bg)* (which makes sense since we have
canonical isomorphisms Hom(U, V@ W) — Hom(V* @ U, W) — Hom(W,V*®
U)*, the latter by semisimplicity).
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It remains to prove the last equality. Let f : X; — X;®X}, be a morphism.
By the definition, b;-kf =(a; ® ak)faj_l. On the other hand, f gives rise to an
element f': X;» @ X; — Xj, given by f' = (ev; ® 1)(1 ® f), and hence to a
linear function on Hom(X}, X3+ ® X;) given by

f"(h) = (evi ® 1)(1;+ ® f)h € End(Xy) = C

(for brevity we omit associativity maps and use the same notation for a mor-
phism and its double dual). Now, we have

(B3 )" () = (evi ® 1) (13- @ (a; @ ag) fa; ' )h
= cap(ev; ® 1)(a;.' @ faj_l)h
=e(evi®1)(1® f)(a;' ® aj_l)hak
=¢;(ev; ® 1)(1® f)(a; ® aj)ha’,

where the last equality due to the facts that gyew = gv ®gw, and ay = gva;vl.
Thus,

(B F)'(h) = f"(b,7h),

as desired. Theorem 2.3 is proved.

Remark 3.1. Here is a modification of the above proof, which is simpler
but requires an extension of the category C.

The first step is to prove the result in the case of pivotal categories. This
is a substantially simplified version of the above proof, since in the pivotal case
€; and bé-k are 1, so T;k are equal to V. ]Z:k, the multiplicity of X, in X; ® Xj.

The second step is reduction to the pivotal case. To do this, take the
isomorphism g : Id — * * %% as tensor functors constructed in the proof of
Theorem 2.6. Define the fusion category C, whose simple objects are pairs
(X, f), where X is a simple object of C, and f : X — X** is an isomorphism,
such that f**f = g. It is easy to see that this fusion category has a canonical
pivotal structure. Thus, | X|? > 0 in C. However, we have the forgetful functor
F:C — C, F(X,f) = X, which obviously preserves squared norms. Hence,
|[V|? > 0 for simple objects V in C (since for any V there exists f : V — V**
such that f**f = g), which completes the proof.

3.2. Proof of Proposition 2.9. The first statement is straightforward. To
prove the second statement, let N; be the matrix whose entries are given by
(N;)g; = dimHom(X;, X; ® Xj;). Then, like in the proof of Theorem 2.3,
N;d = d;d. Let us multiply this equation on the left by d* (the hermitian
adjoint). We have d*N; = (N!d)* = (N;-d)* = d;-d*. Thus the multiplication
will yield

di-|d|? = d;|d|?.

Since |d|? > 0, this yields the second statement. The proposition is proved.
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3.3. Proof of Proposition 2.12 and properties of modular categories. It is
well known (see [BaKi]) that the matrix T is diagonal with eigenvalues being
roots of unity. So we only need to show that the S-matrix is unitary. The
entries s;; of the S-matrix are known to satisfy s;; = s;;, and Zj 5ijSj1 = 04
([BaKi]). So it suffices to show that s;-; = 5j;.

Recall that s;jo = +dim(V;)/V'D, where D is the global dimension of the
category. So sjg is a real number. Further, by the Verlinde formula ([BaKi,
3.1]), if v, is the m'" column of S then

Sim

Nivm = Vi,

Som
for all 7. Let v;, denote the row vector, Hermitian adjoint to v,,. Then

Py
* m
v Nivp, = .

’Vm‘2~
om

One the other hand, since NiT = N,~, and N; is real, we have

S;=
vy Nivy, = (NZ-TVm)*Vm = (Nip-vin) vin = (42 vi) Vi = \Vm]2.
Som Som

Since |v,,|? # 0, the statement is proved.
Remark 3.2. An important property of modular categories is

PRrOPOSITION 3.3 ([EG4, Lemma 1.2]). The dimension of every simple
object of a modular category divides /D, where D is the global dimension of
the category.

This implies that in a ribbon category, dimensions of objects divide the
global dimension (this is seen by taking the Drinfeld center and using Theorem
2.15 and the well-known fact that the Drinfeld center of a braided category
contains the original category). This fact is useful in classification of modular
categories (see §8).

In conclusion of this subsection let us give a simple application of Theorem
2.3 to modular categories.

Let ¢ € C/8Z be the Virasoro central charge of a modular category C,
defined by the relation (ST)3 = e?™¢/852 (see [BaKi]), and D be the global
dimension of C. Let f : (—o0,1] — [1,00) be the inverse function to the
monotonely decreasing function g(z) = (3 — x)/x /2.

PROPOSITION 3.4. One has
D > f(sign(so) cos(rc/4)).

Remark 3.5. The number sy equals :I:l/\/ﬁ.
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Proof. We need to show that

sign(sgo) cos(me/4) > (3 — D)VD/2.

mwic/4

To prove this, recall [BaKi] that the number e can be expressed via a

Gaussian sum: ‘
sign(soo)e™* = | X;|*0;/V/D,
where 0; are the twists. This means that
SigIl(Sgo)@mc/4 — Dil/2 = Z ’XZ|291/\/5
i#0
Taking squared absolute values of both sides, and using that [0;|] = 1, and
|X;|? > 0 (by Theorem 2.3), we get

, - _ D —1)?
gn(son)e™/ = D722 < (33220 = L2
i#0
After simplifications, this yields the desired inequality. O

Remark 3.6. Sometimes this inequality is sharp. For example, for ¢ =
+2/5,4£22/5, it yields an estimate D > (5—+/5)/2, which becomes an equality
for the well-known Yang-Lee category (¢ = —22/5, see [DMS]) and three its
Galois images. The same is true for ¢ = +14/5,£34/5, in which case the
estimate is D > (5 ++/5)/2 (it is attained at four Galois images of the Yang-
Lee category). Also, it goes without saying that the inequality is sharp for
c = 0, where it becomes an equality for the trivial category.

These considerations inspire the following questions.

Questions. Does there exist a sequence of nontrivial fusion categories over
C for which the global dimensions tend to 17 Does there exist such a sequence
with a bounded number of simple objects? Is the set of global dimensions of
fusion categories over C a discrete subset of R?

We expect that the answer to the first question is “no”, i.e. the point
1 of the set of possible dimensions of fusion categories is an isolated point
(“categorical property T7).

4. Weak Hopf algebras and their integrals

Below we collect the definition and basic properties of weak Hopf algebras.
4.1. Definition of a weak Hopf algebra.

Definition 4.1 ([BNSz]). A weak Hopf algebra is a vector space A with
the structures of an associative algebra (A, m, 1) with a multiplication m :
A®r A — A and unit 1 € A and a coassociative coalgebra (A, A, €) with a
comultiplication A : A — A ®; A and counit € : A — k such that:



ON FUSION CATEGORIES 597

(i) The comultiplication A is a (not necessarily unit-preserving) homomor-
phism of algebras:

(1) A(hg) = A(h)A(g),  h,g € A.
(ii) The unit and counit satisfy the following identities:
(2) (ARidAM)=(A1)e )1 A1) =1 A(1))(A(1)® 1),
(3) e(fgh) =€(fgn)) e(gyh) = e(f9(2)) €(g()h),
for all f,g,h € A.

(iii) There is a linear map S : A — A, called an antipode, such that

(4) m(id ® $)A(h) = (e  id)(A(1)(h @ 1)),

(5) m(S @ id)A(h) = (id ® ) (1 ® h)A(1)),

(6) S(h) = S(h@))h2)S(hes)),
for all h € A.

Remark 4.2. We use Sweedler’s notation for a comultiplication: A(c) =
1) @ ¢2)-

Axioms (2) and (3) above are analogous to the usual bialgebra axioms of
A being a unit preserving map and € being an algebra homomorphism. Axioms
(4) and (5) generalize the properties of the antipode in a Hopf algebra with
respect to the counit. Also, it is possible to show that given (1)—(5), axiom (6)
is equivalent to S being both anti-algebra and anti-coalgebra map.

The antipode of a finite dimensional weak Hopf algebra is bijective [BNSz,
2.10].

Remark 4.3. A weak Hopf algebra is a Hopf algebra if and only if the
comultiplication is unit-preserving and if and only if € is a homomorphism of
algebras.

A morphism between weak Hopf algebras A; and As isamap ¢ : A1 — As
which is both algebra and coalgebra homomorphism preserving 1 and e and
which intertwines the antipodes of A; and As, i.e., ¢0.S1 = Sy 0¢. The image
of a morphism is clearly a weak Hopf algebra.

When dimg A < oo, there is a natural weak Hopf algebra structure on the
dual vector space A* = Homy (A, k) given by

(7) oY(h) = (¢ @ Y)(A(R)),
(8) A(¢)(h ® g) = ¢(hg)
9) S(¢)(h) = #(S(h)),

for all ¢, € A*, h,g € A. The unit of A* is € and the counit is ¢ — ¢(1).
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The linear maps defined in (4) and (5) are called target and source counital
maps and are denoted €; and &5 respectively:

(10) €t(h) = 6(1(1)h)1(2), Es(h) = 1(1)€(h1(2)),
for all h € A. The images of the counital maps
(11) A =e(A), As =e5(A)

are separable subalgebras of A, called target and source bases or counital sub-
algebras of A. These subalgebras commute with each other; moreover

Ar={(p®id)A(1) |pc A"} ={hec A|A(h) = A(1)(h® 1)},
A ={(id®¢)A(1) |p € A"} ={he A| A(h) = (1@ h)A(1)},

i.e., Ay (respectively, Ay) is generated by the right (respectively, left) tensor
factors of A(1) in the shortest possible presentation of A(1) in A ® A.

The category Rep(A) of left A-modules is a rigid tensor category [NTV].
The tensor product of two A-modules V and W is V ®4, W with the A-module
structure defined via A. The unit object 1 of Rep(A) is the target counital
algebra A; with the action h -z = e¢(hz) for all h € A, z € A;.

For any algebra B we denote by Z(B) the center of B. Then the unit
object of Rep(A) is irreducible if and only if Z(A) N A; = k. In this case we
will say that A is connected. We will say that that A is coconnected if A* is
connected, and that A is biconnected if it is both connected and coconnected.

If p # 0is an idempotent in A;NAsNZ(A), then A is the direct sum of weak
Hopf algebras pA and (1 —p)A. Consequently, we say that A is indecomposable
if AinAsNZ(A) = kl.

Every weak Hopf algebra A contains a canonical minimal weak Hopf sub-
algebra A, generated, as an algebra, by A; and Ag [N, §3]. In other words,
Amin is the minimal weak Hopf subalgebra of A that contains 1. Obviously,
A is an ordinary Hopf algebra if and only if Ay, = k1. Minimal weak Hopf
algebras over k, i.e., those for which A = A, were completely classified in
[N, Prop. 3.4].

The restriction of S? on Ay, is always an inner automorphism of App;
see [N].

Remark 4.4. Unless indicated otherwise, in what follows we will use only
weak Hopf algebras satisfying the following natural property:
(12) S?| Ay = id.

This property has an easy categorical interpretation. Let 1 = A; be the trivial
A-module. Then (12) is satisfied if and only if the canonical isomorphism
1 — 1% is the identity map.

Definition 4.5. We will call a weak Hopf algebra satisfying (12) regular.
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Remark 4.6. It was shown in [NV, 6.1] that every weak Hopf algebra can
be obtained as a twisting of some regular weak Hopf algebra with the same
algebra structure.

4.2. Integrals. The following notion of an integral in a weak Hopf algebra
is a generalization of that of an integral in a usual Hopf algebra [M].

Definition 4.7 ([BNSz]). A left integral in A is an element ¢ € A such
that

(13) he = ei(h)l, (rh =res(h)) for all h € A.
The space of left integrals in A is a left ideal of A of dimension equal to
Any left integral X\ in A* satisfies the following invariance property:
(14) g hge)) = S(hay)A(he)g),  g.h €A
In what follows we use the Sweedler arrows — and <+ for the dual actions:
(15) h— ¢(g) = ¢(gh) and ¢ < h(g) = ¢(hg).

for all g, h € A, ¢ € A*.

Recall that a functional ¢ € A* is nondegenerate if om is a nondegenerate
bilinear form on A. Equivalently, ¢ is nondegenerate if the linear map h —
(h — ¢) is injective. An integral (left or right) in a weak Hopf algebra A
is called nondegenerate if it defines a nondegenerate functional on A*. A left
integral ¢ is called normalized if e,(¢) = 1.

It was shown by P. Vecsernyés [V] that a finite dimensional weak Hopf
algebra always possesses a nondegenerate left integral. In particular, a finite
dimensional weak Hopf algebra is a Frobenius algebra (this extends the well-
known result of Larson and Sweedler for usual Hopf algebras).

Maschke’s theorem for weak Hopf algebras, proved in [BNSz, 3.13], states
that a weak Hopf algebra A is semisimple if and only if A is separable, and
if and only if there exists a normalized left integral in A. In particular, every
semisimple weak Hopf algebra is finite dimensional.

For a finite dimensional A there is a useful notion of duality between
nondegenerate left integrals in A and A* [BNSz, 3.18]. If £ is a nondegenerate
left integral in A then there exists a unique A € A* such that A — ¢ = 1. This
A is a nondegenerate left integral in A*. Moreover, £ — A = e. Such a pair of
nondegenerate integrals (¢, A) is called a pair of dual integrals.

An invertible element g € A is called group-like if A(g) = (g ® g)A(1) =
A(1)(g ® g) [N, Def. 4.1]. Group-like elements of A form a group G(A) under
multiplication. This group has a normal subgroup Go(A) := G(Amin) of trivial
group-like elements. If A is finite dimensional, the quotient group G(A) =
G(A)/Gp(A) is finite. It was shown in [N] that if A is finite dimensional and
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£ € A and X\ € A* is a dual pair of left integrals, then there exist group-like
elements o € G(A*) and a € G(A), called distinguished group-like elements,
whose classes in G(A*) and G(A) do not depend on the choice of £ and A, such
that

(16) SWl)=a—14 and S(A)=a— A

(Note that « and a themselves depend on the choice of ¢ and A.)
The following result is crucial for this paper. It is an analogue of Radford’s
formula for usual Hopf algebras.

THEOREM 4.8 ([N, Th. 5.13]). One has
(17) Sth)y=aYa—h—aNa
for all h € A.

A weak Hopf algebra A is said to be unimodular if it contains a nonde-
generate 2-sided integral; equivalently, A is unimodular if the coset of « in
G(A¥) is trivial. A semisimple weak Hopf algebra is automatically unimodular
[BNSz].

4.3. Proof of Theorem 2.6. Let C be a fusion category over k. By The-
orem 2.22, C is the representation category of a semisimple connected weak
Hopf algebra A. Since A is semisimple, it is unimodular, and hence one can
choose a left integral £ such that the corresponding element o = e¢. Thus, by
Theorem 4.8, one has S*(h) = a~ha, for some group-like element a € G(H),
and hence for any simple object V' € C = Rep(A), the operator a~!|y defines
an isomorphism V — V***_ Since a is group-like, this isomorphism respects
the tensor product. The theorem is proved.

4.4. Canonical integrals. Using the squared antipode, one can construct
integrals on a weak Hopf algebra A called the canonical integrals. Namely,

we have the following proposition, a particular case of which was proved in
[BNSz].

PROPOSITION 4.9. Let A be a finite-dimensional weak Hopf algebra and
let {q;} be primitive central idempotents in Ay. Then x;(h) := Tr(LhoSQ|AS(qi)),
where Ly, € Endg(A) is given by Lp(x) = hx, h,x € A, defines a left integral
in A* such that

(18) Xi(Qj) = Tr(S2‘quS(qi)) and
(19) xi(gh) = x(hS?(g)),

for all g,h € A.
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Proof. The identities (18) and (19) follow immediately from the definition
of X, since A is regular and S? o L, = Lg2g) 0 S? for all g € A.

Next, for all ¢ € A* we define Ry € Endi(A) by Ry(z) = =z — ¢,
x € A*. Then Ry(xS(q;)) = Ry(x)S(q;) so that AS(q;) is Rg-invariant.
A direct computation shows that L. g) = Ry, © Lp o Rg-1(g,,) for all
he A, ¢ € A*; hence,

(6 @ xi) (A(h)) =Tr(Lpg) © S| as(q)
— TI'(R@U o Lh o Rs—1(¢(2)) o S2‘AS(qi))
=Tr(Re,(g) © Ln © 8% as(4.))»

therefore, (id ® x;)A(h) = (e: ® xi)A(h) for all h € A, i.e., x; is a left integral
in A*. O

4.5. Sufficient conditions for semisimplicity. The next proposition is a
refinement of [N, Prop. 6.4] and is analogous to the Larson-Radford theorem
[LR1] for usual Hopf algebras which says that if A is a finite dimensional Hopf
algebra with Tr(52%|4) # 0 then A is semisimple and cosemisimple.

PROPOSITION 4.10. Let A be a finite dimensional weak Hopf algebra. If
for every primitive idempotent p in Ay NZ(A) there exist idempotents qp, q; in
pA; such that

(20> Tr(52|quS(q;)) 7é 0,
then A is semisimple.
Proof. Let £ and X be a dual pair of nondegenerate left integrals in A and
A* respectively. Then ({5 — \) ® qu_l(ﬁ(l))S(q;) is the dual bases tensor
for q,AS(qy,), cf. [N]. Therefore,
07 Tr(S%[g, as(1))
= (L) = A S (1)) S(qp))
= (A gpes(g0) )
Therefore, y, := €5(q,f) # 0. Next, we compute
ypl =S (£(1y)S(q,) (2!
= S(l))S(ap)er(fiz))l
= S(ly)et(bi2))S(gp)l = S(O)yp.
Let &, be an element in A} (here and below we write A} := (A*);, A% := (A*),)

such that £, — 1 = y,. Then from the previous computation we have

(21) ypl = (a = O)yp,
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where «a is a distinguished group-like element of A*. Arguing as in [N, Prop. 6.4]
one gets

(22) & = S(&p)a,

whence « is trivial, i.e., « € A, . This means that one can choose ¢ in
such a way that o = ¢, i.e., £ = S(¢). Hence, y, € As N Z(A) is a nonzero
multiple of S(p). We conclude that y := &5(3_, ¢,f) = >_, yp is an invertible
central element of A. Hence, ¢ = y~'¢ is a normalized right integral in A. By

Maschke’s theorem, A is semisimple. O

Let ¢ qnd ¢’ be idempotents in A, and let p = € «— ¢ and p' = € — ¢'.
Then p and p’ are idempotents in Aj.

LEMMA 4.11. The space pA*S(p') may be identified, in an S*-invariant
way, with the dual space of ¢AS(q).

Proof. Tt is easy to check that for all h € A and ¢ € A* one has
(&, qhS(¢")) = (ppS(p'), h), whence the statement follows. O

The next three corollaries refine [N, Cors. 6.5-6.7].

COROLLARY 4.12. Let A be a finite dimensional weak Hopf algebra. If
for every primitive idempotent w in Ay N A% there exist idempotents pr, ph. in
mA} such that

(23) Tr(52|p,rA*S(p;r)) # 0,

then A is semisimple.

Proof. This immediately follows from Proposition 4.10 and Lemma 4.11,
since the latter implies Tr(S?|, a-g(,)) = Tl"(Sz\qus(q;))- O

COROLLARY 4.13. Let A be a connected finite dimensional weak Hopf al-
gebra. If there exist idempotents q, ¢' in A; such that Tr(5’2|qAS(q/)) £ 0 then
A is semisimple.

COROLLARY 4.14. Let A be a biconnected finite dimensional weak Hopf
algebra. If there exist idempotents q, ¢’ in Ay such that Tr(52|qAS(q/)) £ 0 then
A and A* are semisimple.

5. Tr(S?) and the global dimension

5.1.  Proof of Theorem 2.24. Let A be a connected semisimple weak
Hopf algebra. Then C = Rep(A) is a fusion category. In particular, V** is
isomorphic to V for any simple object V, which means that S? is an inner
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automorphism of A (this is also proved in [BNSz, 3.22]). So let g € A be such
that S?(z) = grg ! forallz € A. Then gly : V — V* : v+ g-v is an
isomorphism of representations.

The calculation of Try (g) and Try ((g71)*) yields

(24) Trv (g)lda, =Tr(S(9) 1 v-)lo),
(25) Try-((g~")*)Ida, =Tr(g "Ly lv)1(2).

Remark 5.1. We note an important distinction between the quantum trace
in an object V of a morphism V — V** which is denoted by Try, and the
usual trace of a linear operator in the vector space V', which is denoted just
by Tr.

Let {g;} be primitive idempotents in Z(A:) and for every i let n? =
dimg(q;As) (i.e., n; is the dimension of the irreducible representation of A,
corresponding to ¢;). Multiplying equations (24) and (25) on the right by g;
and g; respectively, applying Tr|4,, and using that for a regular weak Hopf
algebra Tr(z|4,) = €(z) for all z € A; [N], we get

Try (9)n? = Tr(glg,v), Trv-((g~ )" )n? = Tr(g  s(gv):

and hence,

(26) Tr(glg,v)Tr(g  s(gv) = [V[*nin;.
Taking the sum over all isomorphism classes of simple V', we obtain:
(27) Tr(5%],, as(q)) = dim(Rep(A4))n?n.

This proves the first statement of the theorem. The second one follows from
Theorem 2.3. Theorem 2.24 is proved.

5.2. Proof of Theorem 2.15. Let C be a fusion category, and let M be an
indecomposable module category over C. Let us show that C}, is semisimple.

Choose a semisimple algebra R with blocks labeled by simple objects of
M. Let F be the fiber functor F' : C — R — bimod associated with M, R as
explained in Section 2. Let A = Endi(F) be the corresponding weak Hopf
algebra. Consider the weak Hopf algebra A*°°P. The representation category
of A*P is Cy,. Thus, A*°P is connected (as M is indecomposable). So, A
is biconnected. Also, by Theorem 2.24, we have Tr(S%|, as5(4)) = dim(C)n?n?
# 0. Thus, by Corollary 4.14, A*°P, and hence C}, is semisimple. The equality
dim(C) = dim(C},) follows from Theorem 2.24 and Lemma 4.11 (noting that
the block sizes corresponding to the idempotents ¢ and € < ¢ are the same).

Theorem 2.15 is proved.

5.3. Proof of Theorem 2.16. Let M be a possibly decomposable module
category over C. So M = @M, is a direct sum of indecomposable subcat-
egories. Now for each i choose semisimple algebras R; with blocks labeled
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by simple objects of M;, and let R = @R;. Let F be the fiber functor
C — R—bimod, associated to (M, R), and let B = Endy(F’) be the correspond-
ing weak Hopf algebra. Then by Theorem 2.24 and Corollary 4.12 applied to
A = B*, we find that B* is semisimple. In other words, the category C}, is
semisimple. This implies Theorem 2.16, since the category Fung(Mi, Ms) is
contained in Cj, 4 r,- Theorem 2.16 is proved.

5.4. A refinement of Theorem 2.24. Let A be a connected, but not nec-
essarily coconnected, semisimple weak Hopf algebra. Let m; be the primitive
idempotents in A7 N Z(A*), and let A;; C A be defined by Aj; = mA*S(m;).
It is easy to see that A;; = pjAp;, where p; are the primitive idempotents of
As N Az, In particular, A;; are semisimple algebras.

In fact, for every i the algebra A;; has a natural structure of a biconnected
weak Hopf algebra, and its representation category Rep(A;;) is equivalent to
Rep(A) via the usual Morita equivalence V' — p;V, V € Rep(A). Indeed, this
map is a tensor functor since A(p;) = (p; ® p;)A(1). To prove that it is an
equivalence it suffices to show that the central support p; of p; equals 1. From
the formula for A(p;) above we have A(p;A) C p;A ® p;A. But p; A contains
the matrix block ggA corresponding to the trivial representation of A (which
is irreducible since A is connected). Hence, A(gpA) C p;A®p; A and so p; = 1.

Let g;r be the primitive idempotents of Z(A,,). Let nfr = dim(qir (Apr)t)-
We have the following refinement of Theorem 2.24.

THEOREM 5.2. One has Tr(52|quArsS(q,-s)) = dim(Rep(A))nJQ-Tn?s.

Proof. The proof is completely analogous to the proof of Theorem 2.24.
Namely, let g be an element of A such that grg~! = S%(z). Then p,gp,
realizes S? in A,,.. Hence, as was shown in the proof of Theorem 2.24 for any
V € Rep(A), one has

qu) =Try (g)n?r,

Tr(prgpr

and
2

Te(prg ™ 'prls(gyv) = Trv (97 )ni-
Now, A,s = BypsV ® (pTV)*, and S2‘Am = PsgPs ® (prg_lpr)*- Hence, taking
the sum over all V', we arrive at the result. O

5.5. Proof of Proposition 2.17. Let C be an indecomposable multi-fusion
category. Fix an index r and let M = @,C;,. It is clear that M is an inde-
composable C-module category, and the category C}, := Fune(M, M) equals
Crr.

Choose a semisimple algebra R with blocks labeled by simple objects
of M. Let R; be the two sided ideal in R whose blocks are labeled by simple
objects of @;C;; C M. Let n? = dim(R;). Let F' be the corresponding fiber
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functor, and B = Endg(F) the corresponding weak Hopf algebra, and let
A = B*. Then A is connected and semisimple. Therefore, by Theorem 5.2,
Tr(52|quA“5(q“)) = dim(Rep(A))nZn? . Thus, using Lemma 4.11, we get

s jT’

dim(C, )nzn Tr(S ]6,_% e S'(ef—qw))

is'jr rs

—TI‘(S ’q]rA,gS q,g))
= dim(Rep(A))n2,n?

jr

so dim(C,s) = dim(Rep(A)), as desired.

5.6. Proof of Theorem 2.18. Without loss of generality it can be assumed
that the multi-fusion category C is indecomposable. Let M, Mgy be module
categories over C. Let 1; be the simple constituents of the unit object of C.
Then it is shown in the standard way that for each i, the restriction functor
Fung(Mip, M32) — Fune, (1;M1,1;M3) is an equivalence of categories (one
can construct a quasi-inverse functor by extending a functor from 1;M; to
1;M; by tensoring with objects of C;; and checking various compatibilities).
Therefore, the result follows from Theorem 2.16.

5.7. Surjective and injective functors. Let C, D be multi-fusion categories,
and F : C — D be a unital tensor functor.

We will say that F' is injective if it is fully faithful (in this case F' identifies
C with a full tensor subcategory of D). We will say that F' is surjective if any
simple object X of D is contained in an object of the form F(T), T € C. If
F' is surjective and C,D are indecomposable, then D is said to be a quotient
category of C.

Now let M be a faithful module category over D. Then it is also a faithful
module category over C. Let R be a semisimple algebra with blocks labeled
by simple objects of M, and G the corresponding fiber functor D — R-bimod.
Let A = End(G), B = Endg(G o F') be the corresponding weak Hopf algebras.
Then the functor F' induces a morphism of weak Hopf algebras ¢p : A — B,
and vice versa. It is easy to check that F' is surjective, respectively injective if
and only if ¢ is injective, respectively surjective.

Let us now consider the corresponding dual categories C*, D* (we will
drop the subscript M, since the only module category we will consider in this
subsection will be M). We have a natural dual functor F* : D* — C*, since
any D-linear functor ® : M — M has a natural C-linear structure, defined
using F'. It is clear that the morphism ¢p- : B* — A* is given by ¢p- = ¢}

PROPOSITION 5.3. Let F' : C — D be a unital tensor functor between
multi-fusion categories. If F is surjective (injective) then F* is injective
(surjective).
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Proof. The claim is equivalent to the statement that surjectivity of ¢p is
equivalent to injectivity of ¢}, and vice versa, which is obvious. O

5.8. The induction functor and the class equation for fusion categories.
In finite group theory, an important role is played by the “class equation”
> os ﬁ = 1, where the summation is over conjugacy classes of a finite group
G, and G, are the corresponding centralizers. There is a similar formula for
semisimple Hopf algebras (due to G. I. Kac and Y. Zhu, see [Ka], [Zhu]), which
is also very useful. Here we will prove a class equation for any fusion category,
which generalizes the results of Kac and Zhu.

Let C be a fusion category. Let I : C — Z(C) be the induction functor,
defined by the condition Homz ¢ (I(V'), X) = Home(V, X), V € C, X € Z(C).

Let [X : Y] denote the multiplicity of a simple object Y in an object X.
For X € Z(C), let X|¢ denote the corresponding object of C. Then I(V) =

Dxem(zc)lXle : VIX.
PROPOSITION 5.4. One has [(V)|c = ®ycm)Y @V @Y™,

Ezample 5.5. If G is a finite group and C = Rep(G), then I(1) is the
following representation of the quantum double D(G) = C[G| x O(G): it is
the regular representation of the function algebra O(G), on which G acts by
conjugation. In this case proposition 5.4 for trivial V is the standard fact that
for conjugation action, O(G) = @y emep(c)Y @ Y™

Proof. Let C = Rep(A), where A is a weak Hopf algebra. Then Z(C) =
Rep(D(A)), where D(A) is the quantum double of A (see [NTV]). As a space,
D(A) = A*®4,,. A. So we have [(V)|c = D(A) @4V = A*®4,,, V, with
the action of A defined by h(¢ ® v) = hizy — ¢ — S(h(1)) ® hyv for all
he A, ¢ € A, v € V. This yields exactly @yepr )Y ® V ® Y™, where the
tensor product is taken in the representation category of A. The proposition
is proved. O

PROPOSITION 5.6. The number ) xery(zcylXle 1]? is equal to the
number of simple objects of C.

Proof. This sum equals dim End(I(1)), which is the same as [I(1)|¢ : 1].
But by Proposition 5.4 we know that I(1)|c = @ycrnr(c)Y ® Y™, so the result
follows. O

PROPOSITION 5.7 (The class equation). LetC be a pivotal category. Then

one has )
Z [X|C : 1]— = 17
mx
Xelrr(C):[X|c:1]£0
where mx = C‘fiirrnn)c( s an algebraic integer.
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Proof. The proposition is immediately obtained by computing the dimen-
sion of I(1) in two ways. On the one hand, this dimension is equal to dimC
by Proposition 5.4. On the other hand, it equals ) [X|¢ : 1]dim X. The fact
that mx is an algebraic integer follows from Proposition 3.3. The proposition
is proved. O

Ezample 5.8. Let C = Rep(G). In this case Z(C) = RepD(G), so simple
objects are parametrized by pairs (conjugacy class, irreducible representation
of the centralizer). The simple objects X € Z(C) for which X|¢ contains 1 are
exactly those for which the representation of the centralizer is trivial. Thus,
the equation of Proposition 5.7 is exactly the class equation for G.

5.9. Graded categories. Let G be a finite group.

Definition 5.9. A G-grading on a tensor category C is a decomposition
C = @yealy, such that @ : Cg X Cp — Cgp, 1 € Ce, and * : Cg — Cy-1. We will
say that the grading is faithful if C;, # 0 for any g € G.

It is clear that if C is a G-graded category, then C. is a tensor category,
and C,4 are left and right module categories over C,.
Let C be a fusion category, G a finite abelian group.

PROPOSITION 5.10. Suppose that Z(C) contains, as a full tensor subcate-
gory, the category of modules G over O(Q), and that all simple objects of this
subcategory map to the neutral object of C under the functor Z(C) — C. Then
C admits a faithful GV -grading (where GV is the dual group to G).

Proof. Let g € G be a simple object. Since g is trivial as an object of C,
it defines a tensor automorphism of the identity functor of C. Thus we have
a homomorphism G — Autg(Id), and hence any simple object of C defines an
element of the dual group GV. This is obviously a faithful grading. O

5.10. Deformations of weak Hopf algebras. It is well known that a non-
semisimple finite dimensional algebra can be perturbed into a semisimple one.
However, for (connected) weak Hopf algebras the situation is different. Namely,
we have the following result.

PROPOSITION 5.11. Let H; be a continuous family of finite dimensional
reqular connected weak Hopf algebras over C depending of a real parameter
t € (a,b) (i.e., Hy is independent of t as a vectors space, and the structure
maps continuously depend on t). Then either Hy is semisimple for all t or Hy
is nonsemisimple for all t.

Proof. The set U C (a,b) where H; is semisimple is open. Assume that
this set is nonempty. The function f(t) = Tr(S?|p,) is a continuous function
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of t. By Corollary 4.13, f is zero on the complement U¢ of U. Also, by
Theorem 2.3 and Remark 2.25, f is a nonzero algebraic integer for any ¢t € U.
Since f is continuous, this implies that f is constant (and nonzero) on each
connected component of U. Thus, U¢ is empty. We are done. O

5.11. Sphericity of pivotalization. In this section we allow the ground field
to have a positive characteristic, different from 2.

Let A be a quasitriangular weak Hopf algebra, i.e., such that Rep(A) is
a braided monoidal category. Let R € (A ® A)A(1) be the R-matrix of A. It
was shown in [NTV] that the Drinfeld element u = S(R®)R(M) is invertible,
satisfies S2(h) = uhu~! for all h in A, and

(28) A(’U,_l) = RglR(U_l & U_l).

Furthermore, the element uS(u)~! is group-like and implements S* via the
adjoint action.

Observe that for any group-like element n € G(A*) the element g, =
RW (n, R is group-like in A and the map n — g, is a group homomorphism
from G(A*) to G(A°P).

Recall that distinguished elements of A and A* were defined in Section 4.2.
In the next lemma we extend a result of Radford [R2] relating the distinguished
elements and uS(u)~!.

LEMMA 5.12. Let a € A and o € A* be a pair of distinguished group-like

elements chosen as in Section 4.2. Then gaa = S(u)u=1.

Proof. Let ¢ € A be a nondegenerate integral from which a and a are
constructed. It follows from [N, §5] that

Ci2) ® Ly =1y ® S*(Lz))a™
Lyh ® Loy =Ly @ L2)S(h — ), h e A.
Using these identities and properties of integrals and R-matrices we compute
Uy S(RP — a)RW @ 1) = L5yRM ® £y R
= R(l)g(l) ® R(2)g(2)
=RWS(R) 1) @ Ly
=RWS(RE)S2(g))a™" @ Ly,

whence S(R? — a)RM = RWS(RP)a~t = S(u)a~" by nondegeneracy of /.
On the other hand, from the axioms of R-matrix we have S(R®?) — a)R(1) =
S(R(Q))R(l)ga = ug,, which completes the proof. O
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Recall [NTV, §7] that a central v € A is a ribbon element if v = S(v) and
A(r) = RaiR(v ® v). A quasitriangular weak Hopf algebra A has a ribbon
element if and only if Rep(A) is a ribbon category.

COROLLARY 5.13. Suppose that A is a unimodular quasitriangular weak
Hopf algebra and that « is gauged to be €. If g € A is a group-like element
such that g*> = a=! and S?(h) = ghg™! for all h € A then v = u~'g is a ribbon
element of A.

Proof. In this case we have g, = 1. Since both u and g implement S2, the
element v is central. It follows from equation (28) that A(v) = RaiR(v @ v).
Finally, S(v) = S(u)"'¢~! = u~!'g = v by Lemma 5.12. O

Recall that in Remark 3.1, it was shown that to every fusion category
C one can associate a twice bigger fusion category C, which has a canonical
pivotal structure.

PROPOSITION 5.14. If dimC # 0 then the canonical pivotal stucture of
the category C is in fact a spherical structure.

Proof. Let us realize C as the representation category of a regular weak
Hopf algebra A. In this case, the pivotal structure of C is defined by a group-
like element g € A, such that g?> = a~!, where a is the distinguished group-like
element of A. Assume that the distinguished group-like element o € A* is
gauged to be e. Consider the Drinfeld center Z(C), i.e., the representation
category of the Drinfeld double D(A). One can check that a is also the distin-
guished group-like element for D(A). Since g is a group-like element such that
grg~! = S?%(z) for x € D(A), and g = a™!, it follows from Corollary 5.13 that
D(A) is ribbon; hence, Z(C) is ribbon.

Thus, we have dim(V) = dim(V*) in Z(C) [K]. Hence, the same holds
in C (i.e., C is spherical). Indeed, let I : C — Z(C) be the induction functor
defined in subsection 5.8. Then by Proposition 5.4, for any V € C, (V) =
D xem@)X ©®V ® X* as an object of C. Hence, dim I(V) = dim V dimC. On
the other hand, I(V)* = I(V*), which implies the statement. O

COROLLARY 5.15. In any pivotal fusion category C over C, the dimension
of a simple object is a positive number times a root of unity.

Proof. Consider the category C. It has two pivotal structures by,bo :
V — V**. Namely, b; comes from C and by is the canonical pivotal structure.
By Proposition 5.14, by is spherical. On the other hand, 62_1 o by is a tensor
endomorphism of the identity functor, which obviously acts by roots of unity
on simple objects. This implies the statement. O
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6. The co-Hochschild complex of a cosemisimple unimodular weak
Hopf algebra and its subcomplex of invariants

6.1. The definition. Let A be a weak Hopf algebra and let B C A be
a weak Hopf subalgebra. We will define a complex C*(A, B) that generalizes
the subcomplex of the co-Hochschild complex of a Hopf algebra consisting of
invariants of the adjoint action; cf. [S], [Sch].

We set C°(A, B) = A;NZ(A), the algebra of endomorphisms of the trivial
A-module; and for all n > 1, we set

(29)
C™(A,B) == {f € A®" | f = Ad(1)f and Ad(h)f = Ad(e,(h))f, Vh € B},

where Ad(h) denotes the adjoint action of h, i.e.,

Ad(h)f = A"(hq)) FA™(S(h)))

for all h € B and f € A®". Here A" : A — A®" is the iteration of the
comultiplication (we set Al = id). Note that A®" is a nonunital B-module
with respect to Ad. The conditions of (29) mean that f liesin A®g4, - ®a4, 4
(where A is an As;-bimodule via 21 - h - z9 = 215(22)h for h € A, 21,29, € Ay)
viewed as a subspace of A®" and that f commutes with A™(h) for all h € A.

Let us define a linear map 0" : C"(A, B) — A®+D by §0(f) = f — S(f)

and

(30) &"(f)=Ad(1 {1®f+z )'(idi—1 ® A@idy—i)(f) + (-1)"" f @ 1}
i=1

for n > 1.

LEMMA 6.1. For all n > 0 we have Im(6") C C"*1(A, B) and §"*1 o 6™
=0, i.e., the collection {C"(A, B), 0" }n>0 is a complex.

Proof. That 6"(f), f € C™(A, B) is Ad(1) stable is a part of definition
(30). For all h € B we compute

Ad(h)s"(f)
=Adh)(1® f) — Ad(h)(A®@idp—1)f +

c A (1) Ad(R)(idn—1 @ A) f + (= )”HAd( (f®1)
Zh(1)5(h( ) @ Ad(hg) f — (A ®idp—1)(Ad(h)f) +

A (=)™ (idp—1 @ A)Ad(R) f + (—1)" TP A" (hp)) FA™(S(hs))) @ er(hy2))

= 1( yee(h) ® Ad(1(g))f — (A @idp—1)(Ad(ee(R))f) +- -

A (=)™ (idp1 @ A)Ad(er(h)) f + (=1)" T A™(11))Ad(e1(h)) f @ 1)
Ad(et(h))fsn(f),
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where we used the identity (id®e;)A(x) = (1®x)A(1) for all x € A. Therefore,
§"(f) € C"(A, B). Thus, §"(C™(A, B)) C C"*1(A, B).

That 6"*! 06" = 0 can be checked in a direct standard way, by cancelling
the similar terms with opposite signs among (n + 3)(n + 2) tensors in §"*! o

5(f)- O
The n'" cohomology group of the pair A, B is
(31) H"(A, B) :== H"(C*(A, B)) = Ker(6")/Im(6" 1), for n > 0.

6.2. The vanishing theorem for cohomology. Now let A be a regular finite-
dimensional semisimple (and hence, cosemisimple) weak Hopf algebra.

LEMMA 6.2. Suppose that A is indecomposable. Let q; be a primitive
idempotent in Z(Ay) and let x := x; be the corresponding canonical left in-
tegral in A* from Proposition 4.9. Then u = 1(1)x(1(2)) s an invertible scalar.

Proof. Since x is a left integral in A*, we have
(32) u=11)x(12) = S(La)x(le) =S(u) € AsN A
Next, the following identities hold in every weak Hopf algebra A:
A(l)(h®1) = (id®et)A(h), (h@ 1)A(1) = (id ® e/P)A(h), he A,

where &/ is the target counital map in A°P.
Using Proposition 4.9 we compute for all h € A:

Layhx(Li2)) = hayx(et(hz))) = hayx(he)S(hs)))
=hyx(S~ (hz)ha) = hayx(P (b))
=h1l1x(L2));
hence, u € AsN A NZ(A) = kly.
For any primitive central idempotent ¢; in A; we have
X(gj) = Tr(5%|g, as(q,)) = dim(Rep(A))ninf # 0,
where n? =dimy(¢;A;) and n? =dimy(g;As). Therefore, x|, #0 and ©u#0. O

THEOREM 6.3. Let C be the complexr associated to A, B as above. Then
H°(A,B)=A;NAsnNZ(A) and HY(A,B) =0 for alln > 1.

Proof. It suffices to prove this theorem in the case when A is indecom-
posable. In this case we have H(A, B) = Ker(6°) = A, N A, N Z(A) = k. Let
f e C"A,B),n > 1 be a cycle, ie., §"(f) = 0. We will show by a direct
computation that

(33) f=(idn1 @ x)(f)
belongs to C"~1(A, B) and that f is a scalar multiple of the differential "1 (f).
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We will write f = f1) ® - ® f™, where a sum of some set of tensors is
understood. We have:

Ad(1)f
= 1(1)f(1)S(1(2n—2)) @& 1(n—1)f(n_1)5(1(n))X(f(n))
= A" (1) 1)) (f ®'~®f("71))A"*1(5(1(2) )X (1) fS(1(3))
=A"H (1, )(f(1 @ T AMTH(S (1)) x (1) f S (15)) =

where 1’ stands for a second copy of 1 and we use that in any regular weak
Hopf algebra one has (1(1) ©®1®1® 1(3))A%(1) = A%(1). Next, we have for all
heB:

Ad(R) f=hay fYS(hin-2) ® -+ @ hi1) f"7S () x (f™)
=hay IS (han-1)) @+ ® b1y f"Y ES(h(n))S(h(n-i—l)) (f™)
=haf <1>S(h<2n 1) @ @ b VS (A X (£ S (65 (hn))

)
=hy fYS(hizny) @ -+ @ hin—1) F DS (Bns2)) X By ™ S (i)
= (idp—1 ® X)(Ad(h) f) = (idn—1 @ x)(Ad((h)) ) = Ad(e(h)) .

Here we used that
(34) f=f1®---®1A(1))
for all f € C"(A, B), the weak Hopf algebra identities
tesrm) =2 and  (y@ DA(L) = (18 5L ()A(1)
for all z € A and y € A, (cf. [NV]), and Proposition 4.9.
Hence, f € C" (A, B). Next, since (id, ® x)(0"(f)) = 0, we get
0= (id, ® X)Ad(l){l ® f(l) R ® f(”) _ A(f(l)) R ® f(n)
NI (_1)nf(1) ‘® A(f(n)) + (- )n+1f Dg...@fg 1}
—Ad{1® fY - " Ux(fm) - <f“>> @ fO (™)

+oo (—1)”f(” @@ (i[d@)A™)} + (-1 )”“fA”(l(l))x(l(z))-

Let u = 1(1))((1(2)) Then
fA™Mu) = (=1)"5""(f)
FAAD{fY @@ (d@x)A(™) - fO
® -2 fD @ x(fM)1}.

Let us show that

(35) Ad(D{(idp—1 @ x)(f) ® 1 = (idn @ X)(idn-1 @ A)(f)} =0

for all f € C™(A,B). Observe that the left-hand side of (35) belongs to
C"t(A, B).



ON FUSION CATEGORIES 613

We compute:

AdM{fY @@ fm D@ ™4 (f™ )}
=Yoo Do S(1h)x(1e /™)
=fVg..® i )f(n—l) ® 1’(2)5(1(1))X(1(2)f("))
:f(1)®...®1’ 1)f"_ ®1( (1(2)f(n))
=fDg.. '®11)f ®1(2)X(f( )
=Ad({fM @ @ D @ x ()1}

Here 1’ stands for another copy of 1. We used the definition of a left integral,
several identities in a weak Hopf algebra, and equation (34) applied to f and f .

Therefore, fA"(u) = (—1)"6""1(f). Now u is a nonzero scalar by Lemma
6.2, hence f = 6" 1((=1)"u"1f), i.e., Ker 0" C Im 6"~ ! and H"(A, B) = 0 for
n > 1. O

7. The Yetter cohomology of a tensor category
and Ocneanu rigidity

7.1. The definition. The following cohomology of a tensor category with
respect to a tensor functor was defined in [Y1, Y2], motivated by the previous
work [CY], and independently in [Da).

Let C,C’ be tensor categories over a field k, and F : C — C’ be a (unital)
tensor functor.

For a nonnegative integer n, let C" denote the n*® Cartesian power of C. In
particular, C° has one object (empty tuple ()) and one morphism (identity). De-
fine the functor T,, : C" — C by T,,(X1,..., X,) = X1 ®---®X,,. In particular,
Ty : CY — C is defined by Tp(#)) = 1, and Ty = Id. Let C%(C) = End(T,, o F®™)
(so e.g., C%(C) = End(1¢/)). We define a differential d : C™(C) — C™"*1(C) by
the formula

df =1d® fa, _nt1— fi2,.nt1+ f1,23,. nt1

where for instance fi23,..n+1 is the endomorphism of the product of n objects
F(X,)® F(X2),F(X3),...,F(Xnt+1), and we use the identification F'(X;) ®
F(X2) — F(X1 ® X3) defined by the tensor structure on F'.

It is easy to show that d> = 0. Thus (C*(C),d) is a complex. We will call
the cohomology groups H7(C),n > 0 of this complex the Yetter cohomology
groups of C with respect to F'. In the important special case C = C’, F' = Id, we
will denote this cohomology simply by H*(C) and call it the Yetter cohomology
of C.

As usual, low dimensional Yetter cohomology groups have an independent
meaning [Y1, Y2], [Da]. The group H+(C) classifies derivations of F as a tensor
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functor. The group H%(C) classifies first order deformations of the tensor
structure on the functor F. The group H3(C) classifies first order defomations
of the associativity constraint in C, i.e. of the structure of C itself. As usual,
obstructions to these deformations live in the cohomology groups one degree
higher.

To illustrate this definition, we give a few examples.

Ezample 7.1. If C is Rep(H) for a Hopf algebra H and F' the forgetful
functor, then H} (C) is the usual Hochschild cohomology of H as a coalgebra.

Ezxample 7.2. Let G be an affine proalgebraic group over k, and C =
Rep(G) be the category of algebraic representations of G. Then H'(C)
H(O(@G)), the Hochschild cohomology of O(G) as a coalgebra, where O(G
is the Hopf algebra of algebraic functions on G. In other words, H*(C)

~—

H leg(G’ k), the algebraic group cohomology of G.

Ezxample 7.3. Let G be a reductive algebraic group over k with Lie alge-
bra g. Let Rep(G) denote the category of algebraic representations of G. Then
Hi(Rep(G)) = (Alg)¥ for all i. Indeed, Rep(G) = Rep(O(G)*). Therefore,
C™(Rep(G)) = (O(G™)*)Y, where G acts diagonally by conjugation. Since
G is reductive, the cohomology of this complex is the G-invariants in the
Hochschild cohomology of O(G) with coefficients in the trivial representation
(corresponding to 1 € G). This cohomology is well known to be Ag, so the
answer is (Ag)®, as desired. Thus, if g is a simple Lie algebra, then there
are no nontrivial derivations or tensor structure deformations of the identity
functor, but there exists a unique (up to scaling) first order deformation of the
associativity constraint, corresponding to a basis element in (A3g)G. It is easy
to guess that this deformation comes from an actual deformation, namely from
the deformation of O(G) to the quantum group Oy(G).

7.2. Comparison of two compleres. The following proposition shows that
for categories and functors coming from weak Hopf algebras, the Yetter com-
plex defined here is the same as the complex defined in the previous section.

PROPOSITION 7.4. Let A be a weak Hopf algebra, B a weak Hopf subal-
gebra in A, C = Rep(A), C' = Rep(B), and F : C — C' be the restriction
functor. Then the complex C3.(C) coincides with the complex C*(A, B) defined
in Section 6.

Proof. Let us show that End(T;,0 F®") = C"(A, B). For this, define a map
¢ :C"(A, B) — End(T,,). Recall that for any representations Xy, ..., X, of A,
the representation X ®¢ - - - ®¢ X, is defined to be the image of the projection
A"(1) acting on X1 ® --- ® X, [NTV]. Therefore, any element a € C"(A, B)
defines an operator on the usual tensor product X; ® - - - ® X,, which preserves
the subspace X; ®¢ -+ ®c X, (since a = Ad(1)a). Let us denote by £(a) its
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restriction to this subspace. Since a is invariant under the adjoint action, we
find that £(a) is not only a linear map but also a morphism of representations.
So we have defined the map &.

Now we need to show that the map £ is an isomorphism. For this purpose,
we construct the inverse map. Take f € End(7T, o F®"). Extend it by zero
to the space KerA"(1) in X; ® --- ® X,,. Then we get a linear operator f on
X, ® -+ ® X, which is functorial in X1,...,X,. Thus, f corresponds to a
unique element f of A®™. It is clear that f = Ad(1) f, since both sides define
the same operators in X; ® --- ® X,,. It is also clear that f is invariant under
adjoint action, as f is a morphism in the category. Finally, it is clear that
£(f) = f, and £(a) = a. Thus, £ is an isomorphism.

Finally, it is easy to see that the map £ identifies the differentials of the
two complexes. The proposition is proved. O

7.3. Proof of Theorem 2.27 and Theorem 2.30. Let C,C’ be multifusion
categories, and F' : C — C’ a tensor functor between them. We can assume
without loss of generality that F' is faithful and surjective. Let R be a se-
misimple algebra, and let G : C' — R — bimod be a fiber functor on C’' (we
know by now that it necessarily exists for a suitable R). Let B = End(G)
be the corresponding weak Hopf algebra. Let A = End(G o F'). Then B is a
weak Hopf subalgebra of A, ' = Rep(B), C = Rep(4), and F is the restric-
tion functor. Thus, by Proposition 7.4, the complex C%(C) is isomorphic to
the complex C*(A, B). Now, since A is semisimple, it is also cosemisimple by
Theorem 2.26. Hence, by Theorem 6.3, C}.(C) is acyclic in positive degrees.
Theorem 2.27 is proved.

Now let us prove Theorem 2.30. Let C be a multifusion category. By
Theorem 2.27, we have H*(C) = 0, i > 0, in particular H3(C) = 0.

Now consider the set of all admissible associativity constraints for a tensor
category with the same Grothendieck ring as C. It is an affine algebraic variety.
This variety is acted upon by the group of twists. By a standard argument,
one finds that the quotient of the tangent space to this variety at the point C
by the tangent space to the orbit of C is equal to H3(C). Since H?(C) = 0, the
group action is locally transitive, and hence has finitely many orbits. We are
done.

In conclusion we give the formulation of Ocneanu rigidity for semisimple
weak Hopf algebras. This is a generalization to the weak case of Stefan’s

rigidity theorem for semisimple Hopf algebras [S], which was conjectured in
[N, 3.9].

THEOREM 7.5. A regular semisimple finite dimensional weak Hopf alge-
bra does not admit nontrivial deformations in the class of regular weak Hopf
algebras. In particular, there are finitely many such weak Hopf algebras in each
dimension.
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Proof. Let A be a regular semisimple weak Hopf algebra, Rep(A) its
representation category, R its base, and let F' : Rep(A) — R — bimod be the
forgetful functor. Suppose we have a deformation of A. Then by Theorem 2.30,
this deformation produces a trivial deformation of Rep(A) as a tensor category.
It is also clear that the base R of A, being a semisimple algebra, is deformed
trivially. This means that this deformation comes from a deformation of the
forgetful functor F' as a tensor functor (indeed, a regular weak Hopf algebra is
completely determined by the associated forgetful functor, since the symmetric
separability idempotent is unique). But the deformation of F' must also be
trivial, by Theorem 2.31. This implies the first statement of the theorem. The
second statement follows from the first one as in the proof of Theorem 2.30. O

8. Frobenius-Perron dimensions

In this section we will give some applications of the Frobenius-Perron
theorem to the theory of fusion categories. We work with categories over C.

8.1. Definition of the Frobenius-Perron dimensions. We start by recalling
the Frobenius-Perron theorem (see [Gal).

THEOREM 8.1. Let A be a square matriz with nonnegative entries.

(1) A has a nonnegative real eigenvalue. The largest nonnegative real eigen-
value N(A) of A dominates absolute values of all other eigenvalues of

A.

(2) If A has strictly positive entries then A(A) is a simple positive eigenvalue,
and the corresponding eigenvector can be normalized to have strictly pos-
itive entries.

(3) If A has an eigenvector £ with strictly positive entries, then the corre-
sponding eigenvalue is A\(A).

Now let A be a unital based ring of finite rank in the sense of Lusztig (see,
e.g., [O1] for a definition). Let b; be the basis of A (by = 1), and [b;] be the
matrix of multiplication by b; € A in the basis b;. This matrix has nonnegative
entries. Let A\; be the largest nonnegative eigenvalue of [b;]. Since b; is clearly
not nilpotent, this eigenvalue is actually positive.

We will call \; the Frobenius-Perron dimension of b;. We note that
Frobenius-Perron dimensions for commutative based rings were defined and
used in the book [FK].

THEOREM 8.2. The assignment b; — \; extends to a homomorphism of
algebras A — R.
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Proof. For any j define z; = >, b;b;jb;. We claim that z; is central.
Indeed, let bb; = >, NEby.. Then NJ = Ni. , so

brzj = br D bibibf =Y NEbpbibi = N bbb = > bpbjbpeby = 2;b,.

Let z =}, z;. Since z; contain b; as a summand, the matrix [z] of multiplica-
tion by z = > ; #j has strictly positive entries. Let f be the unique eigenvector
of [z] with positive entries and fo = 1 (its existence and uniqueness follows
from the Frobenius-Perron theorem). Then [b;]f must be a multiple of f, since
f has positive entries and [2][b;] = [b][z]. So by the Frobenius-Perron theorem,
[b;]f = A\;f, whence the statement follows. O

We note that b; — )\; is the unique homomorphism of A to R such that
images of the basis vectors are positive. This is demonstrated by the following
simple and probably well-known lemma.

Let A be a Z.-ring of finite rank with Z, -basis b; (see [O1] for definition).

LEMMA 8.3. If there exists a homomorphism ¢ : A — R such that ¢(b;)
> 0 for all i, then ¢ is unique.

Proof. Let [b;] be the matrix of multiplication by b; in the basis b;, and
f be the column vector with entries ¢(b;). Then [b;]f = ¢(b;)f. But [b;] is
a matrix with nonnegative entries, and f has positive entries. Thus, by the
Frobenius-Perron theorem, ¢(b;) is the largest positive eigenvalue of [b;], and
hence is uniquely determined. The lemma is proved. O

Remark 8.4. M. Miiger pointed out to us that for any ¢ one has A\; > 1;
moreover if \; < 2 then \; = 2cos(w/n) for some integer n > 3 (this follows
from the well-known Kronecker theorem on the eigenvalues of positive integer
matrices).

One can also define the Frobenius-Perron dimensions of basis elements of
a based module over a unital based ring. Indeed, let M be an indecomposable
based A-module with basis m; (see [O1] for definition).

PROPOSITION 8.5. There exists a unique up to scaling common eigenvec-
tor m of the matrices [b;]|ar of the operators b; in M, which has strictly positive
entries. The corresponding eigenvalues are \;.

Proof. Let z be the element from the proof of Theorem 8.2. The matrix
[2]|ar has strictly positive entries. Let m be an eigenvector of [z]|ps with
positive entries. It exists and is unique up to a positive scalar, by the Frobenius-
Perron theorem. Hence, it is an eigenvector of [b;]|as, and the eigenvalues are
A; by Lemma 8.3. O
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Now let C be a fusion category. Let K(C) be the Grothendieck ring of C.
For any object X € C, define the Frobenius-Perron dimension of X, FPdim(X),
to be the largest positive eigenvalue of the matrix [X] of multiplication by X
in K(C). Since K(C) is a unital based ring of finite rank, Theorem 8.2 implies
the following result.

THEOREM 8.6. The assignment X — FPdim(X) extends to a homomor-
phism of algebras K(C) — R.

Similarly, one can define Frobenius-Perron dimensions of simple objects of
a module category over a fusion category. Namely, let M be an indecomposable
module category over a fusion category C. For any X € C let [X]aq be the
matrix of action of X on the Grothendieck group of M. Since the Grothendieck
group K (M) is an indecomposable based module over K (C), Proposition 8.5
implies

PROPOSITION 8.7. There exists a unique up to scaling common eigenvec-
tor m of the matrices [X|am, which has strictly positive entries. The corre-
sponding eigenvalues are FPdim(X).

The entries u; of m are called the Frobenius-Perron dimensions of simple
objects M; of M. Unlike Frobenius-Perron dimensions of objects of C, they
are well defined only up to scaling.

8.2. Frobenius-Perron dimension of a fusion category. Let C be a fusion
category. Define the Frobenius-Perron dimension FPdim(C) of C to be the sum
of squares of Frobenius-Perron dimensions of simple objects of C.

Also, define the regular representation Re to be the (virtual) object
D xen(c)FPdim(X) X, where Irr(C) is the set of isomorphism classes of simple
objects of C. It is clear that FPdim(C) = FPdim(R¢).

ProPOSITION 8.8. Let F': C — D be a surjective tensor functor between

fusion categories. Then F(R¢) = %RD.

Proof. Let X be an object of C such that F'(X) contains all simple objects
of D. Tt exists since F' is surjective. The vectors of multiplicities of F(R¢) and
Rp are eigenvectors of the matrix of multiplication by F'(X). The matrix and
the vectors have strictly positive entries. By the Frobenius-Perron theorem,
this implies that F'(R¢) and Rp differ by a positive scalar. This scalar is readily
found to be the claimed one by taking FPdim of F(R¢) and Rp. O

COROLLARY 8.9. Let A C B be an inclusion of finite dimensional semi-
simple quasi-Hopf algebras. Then B is free as a left A-module.

Proof. In this case Frobenius-Perron dimensions coincide with the usual
ones, so if C = Rep(B), D = Rep(A) then R¢c = B, Rp = A, proving the claim.
O
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Remark 8.10. For Hopf algebras, Corollary 8.9 is the well-known freeness
theorem of Nichols and Zoeller [NZ] (it is true in the nonsemisimple case as
well). In the quasi-Hopf case it was independently obtained by P. Schauenburg
(without the semisimplicity assumption), [Scha].

COROLLARY 8.11. If F: C — D is surjective then FPdim(C) is divisible
by FPdim(D) (i.e. the ratio is an algebraic integer).

Proof. Taking the multiplicity of the neutral object of D in Proposi-
tion 8.8, we find }_ y ¢y ) FPAim(X)[F(X) : 1] = %, which yields the
statement. O

PROPOSITION 8.12. For any fusion category C, one has FPdim(Z(C)) =
FPdim(C)?.

Remark 8.13. If C is a representation category of a quasi-Hopf algebra A,
then Proposition 8.12 is saying that the Frobenius-Perron dimension of Z(C) is
dim(A)2. This is a simple consequence of the result of Hausser and Nill [HN],
who constructed a quasi-Hopf algebra D(A) (the double of A), isomorphic to
A ® A* as a vector space, such that Z(C) = Rep(D(A)).

Proof. Recall from Section 5 that V' — I(V') denotes the induction functor.
By Proposition 5.4, we have

FPdim(I(V))= >  FPdim(X)[I(V): X]

Xelrr(Z(0))
= ) FPdim(X)[X]c: V]

Xelrr(Z(0))
_ . FPdimZ(C) . FPdimZ(C) _
=[Rz): V] = W[RC V)= WFPdlm(V).

. . FPdimZ(C
In particular, FPdim(/(1)) = ﬁmé).

On the other hand, by Proposition 5.4, I(1) = @yen(c)Y ® Y*, which
implies the desired statement (since the dimension of the right-hand side is

FPdim(C)). The proposition is proved. O

COROLLARY 8.14. Let C be a fusion category and C* be its dual with re-
spect to an indecomposable module category. Then FPdim(C) = FPdim(C*).

Proof. This follows from Proposition 8.12 and the fact that Z(C) is equiv-
alent to Z(C*) [O1], [Mu2]. O

PRrROPOSITION 8.15. Let C be a full tensor subcategory of a fusion cate-
gory D. Then FPdim(D)/FPdim(C) is an algebraic integer.
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Proof. Consider the decomposition of D, as a left module category over C,
in a direct sum of indecomposables. We have D = @;_; M,.. Let us consider
the duals of C and D with respect to this module category. We have D* = DP,
and C* is a multi-fusion category C* = @] ,_,C};, where C}; := Fun(M;, M;).
Note that the Frobenius-Perron dimensions of C}; are equal to FPdim(C) by
Corollary 8.14.

Let E;; denote nonzero virtual objects of C;kj, which satisfy the condition
X ® Eijj ® Y = FPdim(X)FPdim(Y)E;j, X € C;, Y € Cj;. Since the category
C;"j is an indecomposable bimodule over C}; and ;‘j, by the Frobenius-Perron
theorem, the object E;; is unique up to scaling. We require that the coefficients
in E;; be positive, which determines it uniquely up to a positive scalar.

To fix the scaling completely, we will require that E;;, which is a multiple
of the regular representation R;; in CJ;, be actually equal to FPdim(C)*lRZ-Z-.
Further, we normalize Ej; arbitrarily, then normalize Ej; by the condition
Ej1 ® Eyj = Ejj, and finally define Ej;, as Ej; ® Eyg. It is easy to see that Ej;
satisfy the matrix unit relations F;; ® Ey = 05 Ey.

Now let F' : D* — C* be the natural functor, R be the regular repre-
sentation of D*, and consider F(R) € C*. We claim that '(R) = @®; jb;; Eij,
where b;; > 0. Indeed, F(R)®? = FPdim(D)F(R), so for any i the virtual ob-
ject L; := @;b;; E;; is an eigen-object of the functor of right multiplication by
F(R). Since the category &,C/; is an indecomoposable right module over C*,
by the Frobenius-Perron theorem such eigen-object with positive coefficients
is unique up to scaling. Thus, for any X € C;, X ® L; = ¢(X)L;, where ¢(X)
is a scalar. By the Frobenius-Perron theorem ¢(X) = FPdim(X). Similarly,
Pj := @;bij Ei; satisfies P; ® X = FPdim(X)P;, X € Cj;. This implies the
claim.

Now let B be the matrix (b;;). Since F(R)®? = FPdim(D)F(R), and
E;; behave like matrix units, we have B? = FPdim(D)B. Thus eigenvalues
of B are FPdim(D) and zero, and B is diagonalizable. Since b;; > 0, by the
Frobenius-Perron theorem the multiplicity of the eigenvalue FPdim(D) is 1, so
the rank of B is 1. Hence Tr(B) = FPdim(D).

On the other hand, let us compute b;. We have

> FPdim(X)[F(X) : 1;] = b;i/FPdim(C)
Xelrr(D)

(as B = R;;/FPdim(C)). Thus, b;/FPdim(C) is an algebraic integer. Sum-
ming over all 4, we find that Tr(B)/FPdim(C) = FPdim(D)/FPdim(C) is an
algebraic integer, as desired. O

Remark 8.16. Since b; > 1, we see that FPdim(D)/FPdim(C) dominates
the number of indecomposable blocks in D as a left C-module category.
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Remark 8.17. Let My = C. Then C; = M,;. It is easy to see that
F(R)it = - xer(m,) FPdim(X)X. By uniqueness of eigen-object of F(R) in
®,Cj;» we have F(R)i1 ® F(R)1; = FPdim(C)F(R);;. Thus,

=FPdim(M;)/FPdim(C).

This implies the refinement of Theorem 8.15 stating that FPdim(M;)/FPdim(C)
is an algebraic integer.

Remark 8.18. We do not know if the global dimension of a fusion category
is divisible by the global dimension of its full tensor subcategory.

Ezample 8.19. The following example shows that Proposition 8.15 is a
property of tensor categories and not just of based rings.

Let G be a finite group and n a nonnegative integer. Consider the based
ring A, (G) with basis GU{ X}, with multiplication given by the usual multipli-
cation in G and the relations gX = Xg = X,g € G, and X2 = nX + deG g.
Such rings for special n,G can arise as Grothendieck rings of fusion cate-
gories (for example, the categories of [TY], or representation categories of
affine groups Aff(IF;)). We claim that if A, (G) is categorifiable, then the num-
ber (n++/n2 + 4|G|)?/4|G| is an algebraic integer. In particular, for n # 0 one
has |G| < 2n%. (For n = 1 we find |G| = 1,2, so G = 1 or G = Z/27Z, which
was proved by T. Chmutova even for nonrigid categories.) Indeed, let C be
a fusion category with Grothendieck ring A, (G). Then the Frobenius-Perron
dimensions of elements of G are 1, while the Frobenius-Perron dimension of
X is the largest root of the equation 22 — nx — m = 0, where m = |G|. Thus
z = 2(n+ vn?+4m). By Proposition 8.15, 22/m should be an algebraic
integer.

ProposiTiON 8.20. If a fusion category C is faithfully graded by a finite
group G, then the Frobenius-Perron dimensions of C4 are equal for all g € G.
In particular, |G| divides FPdim(C).

Proof. Let R be the regular object of C. Then R = @R,, where R, is
a virtual object of C;. We have R ® R;, = FPdim(Rp,)R. Taking the gh'®
component of this equation, we find Ry ® R, = FPdim(Ry)Rg,. Similarly,
R,®R = FPdim(Ry) R, which yields R;®@ R}, = FPdim(Ry)Ryp,. Since Ry, # 0,
we get FPdim(R,) = FPdim(Ry,), i.e. FPdim(R,) = FPdim(X)/|G|. O

8.3. Comparison of the global and Frobenius-Perron dimensions.

PROPOSITION 8.21. Let C be a fusion category. Then for any simple ob-
ject V of C one has |V |*> < FPdim(V)?, and hence dim(C) < FPdim(C). Hence,
if dim(C) = FPdim(C) then |V|?> = FPdim(V)? for all simple objects V.
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Proof. Let X; be the i*! simple object of C, and d; = d(X;) be its dimension
introduced in the proof of Theorem 2.3. Then |d;|*> = |V|?, and d; is an
eigenvalue of the matrix T;. It follows from Section 3 that the absolute values
of the entries of T; are dominated by the corresponding entries of the matrix
N; of multiplication by X;. Let f; be the Frobenius-Perron dimension of Xj,
and consider a norm on the Grothendieck group Gre(C) given by || > a; X;|| =
> fila;|. Let us estimate the norm of the operator T;. We have

ITall = > 1D (Tjear] <D fi(N)jelarl = £ felarl = fillal|.
j k .k 2

Thus, ||T;|| < fi- This implies that [V|* < f2, which proves the proposition. [

ProPOSITION 8.22. Let C be a fusion category of global dimension D and
Frobenius-Perron dimension A. Then D/A is an algebraic integer, which is
<1.

Proof. By Proposition 8.21, we only need to prove that D/A is an algebraic
integer.

First of all, we can assume without loss of generality that C is a spherical
category. Indeed, if C is not spherical, then, as explained in Proposition 5.14,
we can construct a spherical fusion category C which projects onto C. It is
easy to see that this category has global dimension 2D and Frobenius-Perron
dimension 2A, so the ratio of dimensions is the same.

Now assume that C is spherical. Consider the Drinfeld center Z(C). This
is a modular category of global dimension D?, and by Proposition 8.12, its
Frobenius-Perron dimension is A%, Let S = (s;;) be its S-matrix. It follows
from Verlinde’s formula (see [BaKi]) that the commuting matrices IV; of mul-
tiplication by simple objects X; of Z(C) have common eigenvectors v; with
eigenvalues s;;/so;. In particular, there exists a unique (by nondegeneracy
of S) distinguished label j = r such that s;./so, = fi, the Frobenius-Perron
dimension of X;. Since S is symmetric, and S? is the charge conjugation ma-
trix, we have A? = 3", f2 = 6.+ /s%,. Thus r = r* and A? = 1/s%. = D?/d2,
where d,. is the categorical dimension of the r*! simple object. So D?/A? = ¢2
is an algebraic integer. O

8.4. Pseudo-unitary categories. Let us say that a fusion category C is
pseudo-unitary if dim(C) = FPdim(C). This property is automatically satisfied
for unitary categories, which occur in the theory of operator algebras, but it
fails, for example, for the Yang-Lee category.

PROPOSITION 8.23. Any pseudo-unitary fusion category C admits a unique
pivotal (in fact, spherical) structure, with respect to which the categorical di-
mensions of all simple objects are positive, and coincide with their Frobenius-
Perron dimensions.
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Proof. Let g : Id — % % %x be an isomorphism of tensor functors, a :
Id — ** an isomorphism of additive functors, such that a®> = ¢, d; be the
dimensions of simple objects X; associated to a as in Section 3.1, and d the
vector with components d;. Then T;d = d;d, and |d;| = f; is the Frobenius-
Perron dimension of X;. But |(7;) x| < (IVi);k. Thus,

fifj = |didj| = 1> (Ti)jedel <Y (Ni)jufi = fif;.

This means that the inequality in this chain is an equality. In particular
(T3)jx = £(N;)jk, and the argument of d;d; equals the argument of (7;)rdy
whenever (N;);r > 0. This implies that whenever X}, occurs in the tensor
product X; ® X, the ratio d?d? / dz is positive. Thus, the automorphism of the
identity functor o defined by o|x, = d?/|d;|? is a tensor automorphism. Let us
twist g by this automorphism. After this twisting, the new dimensions d; will
be real. Thus, we can assume without loss of generality that d; were real from
the beginning.

It remains to twist the square root a of g by the automorphism of the
x, = d;i/|d;]. After this twisting, new T; is N;

and new dj, is fi. This means that bzk = 1 and a is a pivotal structure with

identity functor 7 given by 7

positive dimensions. It is obvious that such a structure is unique. We are done.
O

8.5. Fusion categories with integer Frobenius-Perron dimension.

PROPOSITION 8.24. Let C be a fusion category, such that A := FPdim(C)
is an integer. Then C s pseudo-unitary. In particular, the category of rep-
resentations of a semisimple finite dimensional quasi-Hopf algebra is pseudo-
unitary.

Proof. Let D be the global dimension of C. Let Dy = D, Ds,..., Dy be
all the algebraic conjugates of D, and gi,...,gn the elements of Gal(Q/Q)
such that D; = g¢;(D). Applying Propostion 8.22 to the category g¢;(C), we
find that D;/A is an algebraic integer < 1. Then [[,(D;/A) is an algebraic
integer < 1. But this product is a rational number. So it equals 1 and hence
all factors equal 1. Hence D = A, as desired. O

Remark 8.25. We note that Proposition 8.24 may be regarded as a cate-
gorical analog of the well-known theorem of Larson and Radford [LR2], saying
that in a semisimple Hopf algebra, the square of the antipode is the identity.
More precisely, using Proposition 8.24, one can obtain the following proof of
the Larson-Radford theorem (which is close to the original proof). Let A be a
finite dimensional semisimple Hopf algebra with antipode S. Since S has finite
order, S? is semisimple, and its eigenvalues are roots of 1. Now, for every
simple A-module V, S? preserves End(V) C A (as V** is isomorphic to V),
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and |V[* = Tr(S%|gna(v)), while FPdim(V)? = dim(V)? = dim End(V). Thus,
by Proposition 8.24, Tr(S?|g,q(v)) = dimEnd(V). Since S? is semisimple and
its eigenvalues are roots of unity, we have S? = 1.

Remark 8.26. In general, the Frobenius-Perron dimension of a fusion cat-
egory may not only be different from its global dimension, but may in fact be
not conjugate to the global dimension by the Galois group action. The same is
true for the numbers FPdim(V)? and |V|? for a simple object V. An example
is a tensor product of the Yang-Lee category and its Galois conjugate. It has
global dimension 5, but Frobenius-Perron dimension 5(3 4 v/5)/2. Also, this
category has a simple object V with |V|? = 1 but FPdim(V)? = (7 + 3v/5)/2.

One may wonder if a fusion category C with integer FPdim(C) must have
integer Frobenius-Perron dimensions of simple objects. Unfortunately, the
answer is “no” (see [TY], where dimensions of some simple objects are square
roots of integers). However, the following weaker result is true. Let C,q be the
full tensor subcategory of C generated by objects occurring in X ® X*, where
X € C is simple (if C = Rep(G) for a group G then C,q is the representation
category of the adjoint group G/Z(G) — the quotient by the center).

PROPOSITION 8.27. Suppose that FPdim(C) is an integer. The Frobenius-
Perron dimensions of simple objects in Caq are integers. Furthermore, for any
simple object X € C, one has FPdim(X) = vV N, where N is an integer.

Proof. The second statement follows from the first one, since for any
simple object X &€ C the object X ® X* lies in C,q. To prove the first statement,
consider the object B = @;X; ® X" € C,q, where X; are the simple objects
of C. For some n the matrix of multiplication by the object B®" has strictly
positive entries. On the other hand, the vector of dimensions of objects of C,q
is an eigenvector of this matrix with integer eigenvalue FPdim(C)™. Thus, by
the Frobenius-Perron theorem its entries are rational (as dp = 1), and hence
integer (as they are algebraic integers). O

8.6. Fusion categories of Frobenius-Perron dimension p™.

THEOREM 8.28. Let C be a fusion category of Frobenius-Perron dimen-
ston p", where n > 1 is an integer, and p is a prime. Then:

(i) There exists a nontrivial automorphism g € Autg(Ide) of order p, so
that C is Z/pZ graded: C = EB?;&C]-, where C; is spanned by simple objects
X such that g|x = e2™i/P . The Frobenius-Perron dimension of the fusion

category Co and module categories Cj over it are equal to p" L.

(ii) C admits a filtration by fusion subcategories C D cH 5 ... ch
= <1>7 where dim C® :pn—z"
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Remark 8.29. For representation categories of semisimple Hopf algebras,
this theorem says that a semisimple Hopf algebra of order p™ has a central
group-like element of order p, so one can take a quotient and obtain a Hopf
algebra of dimension p"~!. This result is due to Masuoka [Ma].

Proof. Tt is clear that (ii) follows from (i), so it suffices to prove (i). Since
the Frobenius-Perron dimension of C is an integer, it is pseudo-unitary. In
particular, it is spherical. By Proposition 3.3, the dimensions of all objects
X € Z(C) which occur in I(1), are divisors of p™. In addition, they are all
integers, since the image of X in C belongs to C,q. By the class equation
(Proposition 5.7), there have to be at least p such objects X, which are in-
vertible. This means, the group of invertible objects of Z(C) is nontrivial. By
Proposition 8.15, the order of this group must divide p?. In particular, this
group contains a cyclic subgroup G of order p. The group G maps trivially
to C, so by Proposition 5.10 we get a faithful GV-grading on C. The rest follows
from Proposition 8.20. The theorem is proved. O

The following corollary of this result is a categorical generalization of (the
semisimple case of) the well-known result of Y. Zhu [Zhu] saying that a Hopf
algebra of prime dimension is a group algebra.

COROLLARY 8.30. Let C be a fusion category of Frobenius-Perron dimen-
sion p, where p is a prime number. Then C is the category of representations
of the group Z/pZ, in which associativity is defined by a cohomology class in
H3(Z/pZ,C*) = Z/pZ.

Proof. The corollary is immediate from Theorem 8.28. Indeed, this theo-
rem shows that C is faithfully graded by Z/pZ, so by Proposition 8.20, all C,
are 1-dimensional; i.e., C4 contains a single simple object, which is invertible.
Thus, C has p simple objects, which are invertible, and we are done. O

COROLLARY 8.31. A semisimple quasi-Hopf algebra of prime dimension
p 1s twist equivalent to the group algebra of a cyclic group of order p, with
associator defined by a 3-cocycle.

The following proposition classifies fusion categories of dimension p?.

PROPOSITION 8.32. Let C be a fusion category of Frobenius-Perron di-
mension p?, where p is a prime number. If p is odd, then simple objects of C
are invertible, so C is the category of representations of a group of order p?
with associativity defined by a 3-cocycle. If p = 2, then either C is the repre-
sentation category of a group of order 4 with a 3-cocycle, or it has three objects
of dimensions 1,1 and \/2, and thus belongs to the list of [TY].
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Proof. Assume that not all simple objects of C are invertible. Our job is
to show that p = 2. Indeed, in this case the dimension is 4, and we have a
subcategory of dimension 2 by Theorem 8.28. Since dimensions of all simple
objects are square roots of integers, there is room for only one new object of
dimension v/2. All such categories are listed in [TY] (there are two of them,
and they correspond in physics to “Ising model”).

Assume the contrary, i.e. that p is odd. We have a grading of C by Z/pZ,
and for all j € Z/pZ the dimension of C; is p by Proposition 8.20. Clearly, Cy
holds p invertible simple objects, and no other simple objects. It is also clear
that all invertible objects of C are contained in Cy (as by Proposition 8.15, the
order of the group of invertibles is a divisor of p?). Further, any object X in
Cj, j # 0, must be invariant under tensoring (on either side) with invertibles
from Co, since otherwise the dimension of C; would be greater than p (as the
dimension of X is greater than 1). This means that X ® X* contains all the
invertibles from Co, and hence the dimension of X is at least \/p. Since the
dimension of C; is p, we find that the dimension of X is exactly \/p, and X is the
only simple object of C;. Let j,k € Z/pZ be nonzero and distinct (they exist
since p > 2). Let X;, X}, be the only simple objects of C;,C. Then X; ® X}
is a p-dimensional object, which is an integer multiple of a ,/p-dimensional
object, which spans C;_;. Contradicton. The proposition is proved. O

8.7. Categories with integer Frobenius-Perron dimensions of simple 0b-
jects.

THEOREM 8.33. Let C be a fusion category. The following two conditions
are equivalent.

(i) For all X € C, the number FPdim(X) is an integer.

(ii) C is a representation category of a finite dimensional quasi-Hopf alge-
bra A.

Remark 8.34. It is shown in [EG2| that A is determined uniquely up to
twisting.

Proof. (i)— (ii). Let F' : C — Vect be the additive functor that maps
simple objects X; of C to vector spaces F(X;) of dimension FPdim(X;). For
any 1, j, choose any isomorphism J;; : F'(X;) ® F(X;) — F(X; ® X;) (this is
possible by Theorem 8.6). Then by a standard reconstruction argument the
algebra Endy(F) has a natural structure of a quasi-Hopf algebra (changing J
corresponds to twisting the quasi-Hopf algebra). We note that A is not, in
general, a Hopf algebra, since J is not required to be a tensor structure on F'.

(ii)— (i). This is clear since for C = Rep(A), FPdim(X) = Dim(X), where
Dim(X) denotes the dimension of the underlying vector space. O
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It is obvious that the class of fusion categories with integer Frobenius-
Perron dimensions is closed under the operations of tensor product, passing to
the opposite category, and taking a fusion subcategory. The following theorem
shows that it is also closed under taking duals (i.e., in the language of [Mul],
[O1] the property of integer Frobenius-Perron dimensions is weak Morita in-
variant).

THEOREM 8.35. Let C be a fusion category with integer Frobenius-Perron
dimensions, M be an indecomposable module category over C. Then the fusion
category Cy, has integer Frobenius-Perron dimensions.

Proof . We know from [Mul], [O2] that Z(C) is canonically equivalent to
Z(C}y)- So let V be an object of Z(C) such that the matrix of multiplication
by V' in both C and C}, has strictly positive entries (it exists, since both C and
Ci, are fusion categories, and so the natural functors Z(C) — C, Z(C*) — C},
are surjective).

Let [X],[X]+ be the matrices of multiplication by X € Z(C) in the
Grothendieck groups K(C), K(C},), respectively. For a square matrix A with
nonnegative entries, let ¢(A) be the largest real eigenvalue of A. By the assump-
tions of the theorem, ¢([V]) is an integer (it is the Frobenius-Perron dimension
of V' as an object of C). Since the asssignments X — ¢([X]), X — ¢([X].),
X € Z(C), are both homomorphisms of algebras, Lemma 8.3 implies that
t([V]) = t([V]«). Hence, t([V].) is an integer.

The vector of Frobenius-Perron dimensions of simple objects in C} is the
unique, up to scaling, eigenvector of [V], with eigenvalue ¢([V].). Since the
matrix [V], has integer entries, the entries of this vector are rational numbers
(as the zeroth entry is 1). This means that they are integers (as they are
eigenvalues of integer matrices and hence algebraic integers). The theorem is
proved. O

COROLLARY 8.36. The class of fusion categories with integer Frobenius-
Perron dimensions is closed under the operation of taking a component of a
quotient category.

Proof . Let C be a fusion category with integer Frobenius-Perron dimen-
sions, D an indecomposable multi-fusion category, and and F : C — D be a
surjective tensor functor (so D is a quotient of C). Let M be an indecompos-
able module category over D. Then F* : D* — C* is an injective tensor functor
between the corresponding dual fusion categories (C* is fusion since M is in-
decomposable over C, by surjectivity of F'). By Theorem 8.35, C* has integer
Frobenius-Perron dimensions. Hence, so does D* as its full subcategory. But
any component category Dj; of D is dual to D* with respect to the i*" part
of M as a D*-module. Thus, D;; has integer Frobenius-Perron dimensions by
Theorem 8.35. O
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PRrOPOSITION 8.37. Let C be a fusion category with integer Frobenius-
Perron dimensions. Then for any indecomposable module category M over C,
the Frobenius-Perron dimensions of objects in M are integers (under a suitable
normalization).

Proof. Since the matrix [V]a from Proposition 8.7 has integer entries,
and its largest real eigenvalue FPdim(V') is an integer and has multiplicity 1,
the entries of m are rational. O

In [O3], it is asked whether there are finitely many fusion categories with
a given number of simple objects, and proved that the answer is “yes” for
representation categories of Hopf algebras. Using the above techniques, one
can show that the answer is “yes” for fusion categories with integer Frobenius-
Perron dimension (which includes Hopf and quasi-Hopf algebras). Namely, we
have

PropPOSITION 8.38. There are finitely many fusion categories of integer
Frobenius-Perron dimension with a given number of simple objects. In par-
ticular, there are finitely many equivalence classes of semisimple quasi-Hopf
algebras with a given number of matrixz blocks.

Proof. Let C be such a category with N simple objects. Since the
Frobenius-Perron dimension of C is an integer, it is pseudo-unitary, in particu-
lar has a canonical spherical structure. Let d; be the categorical (=Frobenius-
Perron) dimensions of simple objects of Z(C) which occur in (1), and D be its
global (=Frobenius-Perron) dimension. Then d; are integers (by Proposition
8.27, since for X; occuring in (1), X;|¢ lies in C,q by Proposition 5.4). Thus,
D/d; = m; are (usual) integers by Proposition 3.3, and ), [X;|c : l]mL = 1.
The number of summands 1/m; here is Y [Xj|¢ : 1], which is at most N by
Proposition 5.6. By a classical argument of Landau (see [O3] and references
therein), the number of such collections m; is finite for any given N. On the
other hand, myp = D (as Xy is the neutral object). Thus, D is bounded by
some function of N. But for a given D, there are only finitely many fusion
rings, and hence, by Ocneanu rigidity, finitely many fusion categories. O

8.8. Group-theoretical fusion categories. An example of a fusion category
with integer Frobenius-Perron dimensions is the category C(G, H, w, ) associ-
ated to a quadruple (G, H,w, 1), where G is a finite group, H is a subgroup,
w € Z3(G,C*) is a 3-cocycle, 1 € C?(H,C*) a 2-cochain such that dy) = w|gy
(see [02]). Namely, let Vecg,, be the category of finite dimensional G-graded
vector spaces with associativity defined by w. Let Vecg ,(H) be the subcat-
egory of Vecg,, of objects graded by H. Consider the twisted group algebra
A = Cy[H]. Since dip = w|g, it is an associative algebra in this category. Then
C(G,H,w,) is defined to be the category of A-bimodules in Vecg,,.
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Remark 8.39. If (w',4’) is another pair of elements such that o' =
w +dn, Y = +nlg +dx, n € C*(G,C*), x € C*(H,C*), then C(G, H,w, 1)
is equivalent to C(G, H,w',4’). Thus, the categories C(G, H,w,1) are para-
metrized by the set S(G, H) of equivalence classes of pairs (w,) under the
above equivalence, which is a fibration over Ker(H3(G,C*) — H3(H,C*)) with
fiber being a torsor over Coker(H?(G,C*) — H?(H,C*)).

Definition 8.40. A fusion category is said to be group-theoretical if it is
of the form C(G, H,w, ).

Remark 8.41. We note that there may be more than one way to represent
a given fusion category in the form C(G,H,w,). In particular, G is not
uniquely determined. However, |G| is uniquely determined, since it equals the
global dimension of C(G, H,w, ).

Group-theoretical fusion categories have the following simple characteri-
zation. Let us say that a fusion category D is pointed if all its simple objects
are invertible. Any pointed fusion category has the form Vecg,,.

PROPOSITION 8.42 ([02]). A fusion category C is group-theoretical if and
only if it is dual to a pointed category with respect to some indecomposable
module category.

COROLLARY 8.43. Group-theoretical fusion categories have integer
Frobenius-Perron dimensions of simple objects. In particular, they are pseudo-
unitary.

Proof. This follows from Proposition 8.42, Theorem 8.35, and the fact
that any invertible object has Frobenius-Perron dimension 1. O

It is clear from the results of [O2] that the class of group-theoretical cate-
gories is closed under tensor product, taking the opposite category, and taking
the dual category with respect to an indecomposable module category. More-
over, the following result shows that this class is also closed under taking a
subcategory or a component of a quotient category.

PROPOSITION 8.44. (i) A full fusion subcategory of a group-theoretical
category is group-theoretical.

(ii) A component in a quotient category of a group-theoretical category is
group-theoretical.

Proof. (i) Let C C D be fusion categories (C is a full subcategory), and let
D be group-theoretical. Let M be an indecomposable module category over D
such that D* is Vecg,,. Then by Proposition 5.3, C* is a quotient of Vecg,,.
Let I label the component categories of C*. It is clear that for each g € G and
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i € I there exists a unique ¢(i) € I such that the functor g® is an equivalence
Cir — Cy(i), for each r € I. So we have an action of G on I. Let j € I and H be
the stabilizer of j in G. For any g € H, denote by g;; the projection of g to the
fusion category C7;. Then the assignment g — gj; is a surjective tensor functor
Vecp, — C;;. This functor must map invertible objects to invertible objects.
Hence, all simple objects of C;j are invertible, so C;‘j is pointed, and hence C is
group-theoretical (as it is dual to C;j with respect to a module category).

(ii) Let D be group-theoretical, F' : D — C be surjective (C is indecompos-
able), and C;; a component of C. We need to show that C;; is group-theoretical.
Let M be an indecomposable module category over C. It suffices to show
that C* is group-theoretical, as C* is dual to C; with respect to the " part
of M. But by Proposition 5.3, C* is embedded into D*, so it suffices to know
that D* is group-theoretical, which follows by duality from the fact that D is
group-theoretical. O

8.9. A question. We think that the following question is interesting.

Question 8.45. Does there exist a finite dimensional semisimple Hopf
algebra H whose representation category is not group-theoretical?

Remark 8.46. Hopf algebras with group-theoretical category of represen-
tations can be completely classified in group-theoretical terms (see [02]). There-
fore, a negative answer to Question 8.45 would provide a full classification of
semisimple Hopf algebras.

Remark 8.47. The answer to Question 8.45 is “no” for triangular Hopf
algebras, as follows from [EG3]. However, if the answer is “yes” in general, then
it is “yes” already for quasitriangular Hopf algebras. Indeed, if Rep(D(H))
is group-theoretical then so is Rep(H) ® Rep(H**°P) (as a dual category to
RepD(H)), from which it follows by Proposition 8.44 that so is Rep(H).

Remark 8.48. 1t is interesting that there exists a quasi-Hopf algebra H
whose category of representations is not group-theoretical. Namely, recall that
in [TY], there is a classification of fusion categories whose simple objects are
elements of a group G and an additional object X = X* with fusion rules
gRX =X®g=X, XX = decg (and the usual multiplication rule
in G). The result is that G must be abelian, and for each G the categories
are parametrized by pairs (g, r) where ¢ is a nondegenerate symmetric bilinear
form on G with coefficients in C*, and r is a choice of \/@ . Let us denote
such category by TY (G, q,r). It is clear that TY (G, ¢q,7) is a representation
category of a quasi-Hopf algebra (i.e. has integer Frobenius-Perron dimensions)
if and only if |G| is a square. So let us take G = (Z/p)?, where p > 2 is a prime,
and let ¢ be given by q¢((z,v), (z,v)) = az? — by?, where a,b € F, and a/b is a
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quadratic nonresidue (i.e. the quadratic form az? — by? is elliptic). Then one
can check by direct inspection that TY (G, g, ) is not group-theoretical. (We
note that TY (G, ¢, r) is not a representation category of a Hopf algebra; on the
other hand, if ¢ is a hyperbolic form, then TY (G, ¢, ++/|G]|) is a representation
category of a Hopf algebra, but is group-theoretical.)

8.10. Cyclotomicity of dimension functions. The forgetful functor Z(C) —
C induces a homomorphism of rings F' : K(Z(C)) — K(C). It is clear that the
image of this map is contained in the center Z(K(C)) of the ring K(C).

LEMMA 8.49. The map K(Z(C)) @ Q — Z(K(C)) ® Q is surjective.

Proof. Recall that I : C — Z(C) denotes the induction functor, that is
the left adjoint to the forgetful functor Z(C) — C. We will denote the induced
map K(C) — K(Z(C)) by the same letter. Let b; be the basis of K(C). We
have by Proposition 5.4 F(I(x)) = ), bjab; for any € K(C). In particular
for x € Z(K(C)) we have F(I(x)) = =), b;b;. Finally note that the operator
of multiplication by the element )", b;bf € Z(K(C)) is a self-adjoint positive
definite operator K(C) — K(C) (with respect to the usual scalar product

defined by (b;,b7) = d;;) and hence invertible. The lemma is proved. O

Remark 8.50. In the special case C = Rep(H) for some Hopf algebra H
Lemma 8.49 was proved in [KSZ, 6.3].

THEOREM 8.51. Let C be a fusion category over C and let L be an irre-
ducible representation of K(C). There exists a root of unity & such that for any

object X of C one has Tr([X], L) € Z[¢].

Proof. First of all we can assume without loss of generality that the
category C is spherical. Indeed as explained in Proposition 5.14 we can con-
struct a spherical fusion category C which projects onto C; moreover the map
K(C) — K(C) is surjective and the simple objects of C map to the simple
objects of C.

Now let C be spherical and let b; be the basis of K(C). The element
er, = »_,; Tr(b;, L)b} is proportional to a primitive central idempotent in K (C),
seee.g. [L] 19.2 (b). By Lemma 8.49 there exists a primitive central idempotent
ér € K(Z(C)) such that ey is proportional to F(ér). The element é; can
expressed in terms of S-matrix of the category Z(C); see e.g. [BaKi]. By
Theorem 10.1 there exists a root of unity £ such that the entries of S-matrix
lie in Q(£) and thus é;, € K(Z(C)) ® Q(£). Hence ey, is proportional to some
element of K(C) ® Q(£). Now the coefficient of by =1 € K(C) in ey, equals to
dim(L) € Q(§) and is nonzero. Hence ef, € K(C) ® Q(&) and Tr(b;, L) € Q(&).
Obviously the number Tr(b;, L) is an algebraic integer and the ring of integers
in Q(¢) is Z[¢]. The theorem is proved. O
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Remark 8.52. Again in the case when C = Rep(H) for some Hopf alge-
bra H, Theorem 8.51 is proved in [KSZ, 6.3].

COROLLARY 8.53. Any irreducible representation of K(C) is defined over
some cyclotomic field. In particular for any homomorphism ¢ : K(C) — C we

have ¢(b;) € Q[E] for some root of unity &.

Proof. Let Q*" be the field of all cyclotomic numbers. We already proved
that K(C) ®0Q2* decomposes into direct sum of simple algebras (such decompo-
sition is the same as the decomposition of 1 € K(C) into the sum of primitive
central idempotents). Now it is well known that the Brauer group of Q2 is
trivial. The result follows. 0O

COROLLARY 8.54. Let C be a fusion category over C. There exists a root
of unity & such that for any object X of C one has FPdim(X) € Z[¢].

8.11. Module categories over products. Let a,b be two algebraic integers.
We say that a,b are coprime if there exist algebraic integers p,q such that
pa +qb = 1.

ProproSITION 8.55. Let C,D be nondegenerate fusion categories with co-
prime Frobenius-Perron dimensions. Then any indecomposable module cate-
gory over C @ D is M @ N, where M is an indecomposable module category
over C, and N over D.

Proof. Let B be an indecomposable module category over C ® D. Let
us restrict it to C. We get Bl¢ = @;M,;, where M; are indecomposable.
Thus the action of D on B can be regarded as a tensor functor F' : D —
@®; jFunc(M;, M;). Let D' be the image of this functor, i.e. the category
generated by subquotients of F'(X). Then D’ is a multifusion category, which
is indecomposable (as B is indecomposable over C ® D). Since the functor
F : D — D' is surjective, the Frobenius-Perron dimension d of any component
category of D’ divides FPdim(D). On the other hand, each component category
of D' is a tensor subcategory in Fung(M;, M;) for some i. The latter is a dual
category to C, so it has the same Frobenius-Perron dimension as C. Hence,
d must divide FPdim(C). Thus, d = 1 by the coprimeness condition. Hence
D' = A—bimod, where A is a semisimple algebra, and furthermore, all M; are
equivalent to a single module category M. The functor F' : D — D’ defines a
module category N over D, and it is clear that B = M @ N. We are done. [J

Ezxample. Let Cp, be the fusion category associated to the quantum group
Uq(so3) for ¢ = e™/h. The Frobenius-Perron dimension of this category is

d(h) = 4$in+(7r/h) (this follows from [BaKi, (3.3.9)]). The denominator of this
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fraction is an algebraic integer. Thus, our result implies that if h; are pairwise
coprime then any indecomposable module category over &;Cp. is the product
of those over Cp,.

9. Fusion categories in positive characteristic

In this section we will consider fusion and multi-fusion categories over an
algebraically closed field k of positive characteristic p. We will show that many
of the results of the previous sections continue to hold in this case after very
minor modifications.

9.1. List of modifications. Fusion and multi-fusion categories in charac-
teristic p are defined in the same way as in charactersitic zero. Below we will
describe the modifications which need to be made to validate the statements
from the previous sections in this case.

Section 2. The statements of subsections 2.1, 2.2 which make sense gener-
alize without changes, except the last statement of Theorem 2.3, which claims
that the global dimension of a fusion category is nonzero. This is in fact false
in positive characteristic. For example, if GG is a finite group whose order is di-
visible by p, then the category of modules over the function algebra Fun(G, k)
is a fusion category of global dimension |G| = 0. This is the main difference
between the zero and positive characteristic case. To deal with this difference,
we introduce the following definition.

Definition 9.1. A fusion category over k is said to be nondegenerate if
its global dimension is nonzero. An indecomposable multi-fusion category is
nondegenerate if at least one of its component categories is nondegenerate. A
multi-fusion category is nondegenerate if all its indecomposable parts are non-
degenerate. A regular semisimple weak Hopf algebra over k is nondegenerate
if its category of representations is a nondegenrate multi-fusion category.

Theorems 2.15, 2.16, 2.18 remain valid if the category C is nondegenerate.
Proposition 2.17 remains true without any additional conditions.

In Section 2.5 (and at other places throughout), the algebra R has to be
chosen in such a way that its block sizes are not divisible by p (since only such
algebras admit a symmetric separability idempotent). Theorem 2.20 is valid
for such R. Corollary 2.22 and Theorem 2.24 also remain valid. Theorem 2.26
is valid for nondegenerate weak Hopf algebras.

Theorems 2.27, 2.28, 2.30, 2.31, and Corollary 2.35 remain valid for non-
degenerate categories. More precisely, in Theorems 2.27, 2.31 one only needs
nondegeneracy of the category C.

Remark 9.2. We note that the nondegeneracy condition is essential. For
example, if A is the Hopf algebra Fun(G, k), where the order of G is divisible
by p, then Theorem 2.15 is false for Rep(A), and Theorem 2.26 is false for A.
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Similarly, Theorem 2.27 is false for Rep(A) and the identity functor, since the
corresponding cohomology is H*(G, k), which may be nonzero if the order of
G is divisible by p. However, we do not know a counterexample to Theorem
2.28 in positive characteristic.

Sections 3—7. While Section 3 makes no sense in positive characteristic,
the material of Section 4 generalizes without changes, as long as one considers
regular weak Hopf algebras. The only change in Section 5 is that one should
always choose nonzero block sizes for the algebra R (except subsections 5.8,5.9
where the characteristic should be zero). Theorems 6.3 and 7.5 are valid for
nondegenerate weak Hopf algebras.

Section 8. The results of Section 8.1 generalize without changes, since
they have nothing to do with the characteristic of the ground field. So do the
results of Section 8.2, except Proposition 8.12, Corollary 8.14, and Proposition
8.15, which are valid for nondegenerate categories. Finally, let us point out
that Theorem 8.33 is valid in positive characteristic.

Ezxample. A semisimple Hopf algebra H is nondegenerate if and only if it
is cosemisimple. Indeed, if H is nondegenerate, then so is Rep(H ), and hence
H* is semisimple, since Rep(H*°P) is a dual category to Rep(H). Conversely,
if H is cosemisimple, then Tr(S?) # 0 ([LR1]), so the global dimension of
Rep(H) is nonzero, and H is nondegenerate.

9.2. Lifting theorems. In this subsection we will show that a nondegener-
ate multi-fusion category over a field of characteristic p, and a tensor functor
between such categories, can be lifted to characteristic zero. It is an analog of
the result of [EG1], where this was shown for semisimple cosemisimple Hopf
algebras and morphisms between them.

First of all, we need to define fusion categories over any commutative
ring. To do this, recall that a fusion category over a field k£ can be regarded
as a collection of finite dimensional vector spaces HZ = Hom(X; ® X;, X})
(multiplicity spaces), together with a collection of linear maps between ten-
sor products of these spaces (associativity morphism, evaluation, coevaluation
morphisms), satisfying some equations (axioms of a rigid tensor category).
Now let R be a commutative ring with unit, and define a fusion category over
R to be a collection of free finite rank R-modules H, fj together with a collection
of module homomorphisms satisfying the same equations.

Tensor functors between fusion categories over k can be defined in similar
terms, as collections of linear maps satisifying algebraic equations; this allows
one to define tensor functors over R in an obvious way.

Now let W (k) be the ring of Witt vectors of k. Let I be the maximal ideal
in W (k) generated by p. If C is a fusion category over k, then a lifting of C to
W (k) is a fusion category C over W (k), together with an equivalence C/I — C,
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where C/I is the reduction of C modulo p. In a similar way one defines a lifting
of a module category and, more generally, a lifting of a tensor functor.

THEOREM 9.3. A nondegenerate multi-fusion category C over k admits a
unique lifting to W (k). Moreover, a tensor functor F between nondegenerate
fusion categories C,C" over k admits a unique lifting to W (k). In particular,
a module category over a nondegenerate multi-fusion category C has a unique
lifting to W (k).

Proof. The theorem follows from the facts that H3(C) = 0, H*(C) = 0,
HZ%(C) =0, H3(C) = 0, proved in Section 7, in the same way as in [EG1]. O

COROLLARY 9.4. A nondegenerate braided (symmetric) fusion category
over k is uniquely liftable to a braided (resp. symmetric) fusion category over

W (k).

Proof. A braiding on C is the same as a splitting C — Z(C) of the tensor
functor Z(C) — C. By Theorem 9.3, such splitting is uniquely liftable. Hence,
a braiding on C is uniquely liftable.

Now let us prove the result in the symmetric case. A braiding gives rise
to a categorical equivalence B : C — C°P. A braiding is symmetric if and only
if the composition of two categorical equivalences B and B?! is the identity.
Thus, the corollary follows from Theorem 9.3. O

Remark 9.5. Corollary 9.4 is false for degenerate categories. For example,
let C be the fusion category corresponding to the quantum group Uy(sla) at
g = e™/P where p is an odd prime. This category is known to have semisimple
reduction to F,, which is symmetric. However, this reduction does not lift to a
symmetic category, since it has noninteger Frobenius-Perron dimensions. This
example also shows that there exist semisimple and cosemisimple triangular
weak Hopf algebras over k which do not come from group algebras. For usual
Hopf algebras, this is impossible (see [EG3]).

9.3. Faithfulness of lifting. In this section we will show that the lifting
procedure of nondegenerate fusion (braided, symmetric) categories is faithful,
i.e. if two such categories over k have equivalent liftings, then they are equiva-
lent. We will also show that if two tensor functors from a nondegenerate fusion
category over k to another fusion category have isomorphic liftings, then they
are isomorphic.

Let R be a complete local ring, F the fraction field of R, I C R the
maximal ideal, and and k = R/I the residue field.

THEOREM 9.6. (i) Let C1,Co be fusion categories defined over R, such
that the fusion categories C1/1, Co/I are nondegenerate, and the categories
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Ci1®rF,Ci @rF are tensor equivalent. Then Cy,Co (and hence C1/1,Co/I) are
tensor equivalent.

(ii) The same statement is valid for braided and symmetric fusion cate-
gories.

Proof. (i) Pick a tensor equivalence E : C; ®g F — C; @ g F. Now pick an
equivalence of C1, Co as additive categories, which is the same as E at the level
of isomorphism classes of objects. By doing this, we may assume without loss
of generality that C; and Cy are really one category (C,®) with two different
associativity isomorphisms ®1,®s € C3(C) and evaluation maps evy,evy (the
coevaluation maps of simple objects of both categories may be identified with
any fixed collection of such maps by renormalization).

We know that there exists an invertible element J of C?(C) ®gF such that
(®1,evy)” = (P2, eve) (where 7 denotes the twisting by J). Our job is to show
that such J can be found in C?(C), without localization to F.

Consider the affine group scheme 7' (defined over R) of all invertible ele-
ments of C%(C). Let Ty be the subscheme of T' consisting of “trivial” twists,
i.e. those of the form A(z)(z~! ® x71), where x is an invertible element of
CY(C) (i.e. the center of C). It is clear that Ty is central in 7.

Remark. Since the algebra C?(C) is a direct sum of matrix algebras (split
over R), T is a direct product of general linear groups.

Let Z be the affine scheme of all invertible associators ® € C3(C) and
collections of evaluation morphisms ev satisfying (together with the fixed co-
evaluation morphisms) the axioms for a rigid tensor category (i.e. the pentagon
relation, the unit object axiom, and the duality axioms). The group scheme
T acts on Z by twisting (and then renormalizing the coevaluations to be the
fixed ones): (®,ev) — (®,ev)’. The restriction of this action to T} is trivial, so
we get an action of T'/Ty on Z. Consider the regular mapping ¢ : T/Ty — Z,
given by J — (®1,evy)”.

LEMMA 9.7. The mapping ¢ is finite.

Proof. By Nakayama’s lemma, it is sufficient to check the finiteness of the
reduction ¢|, of ¢ modulo I.

First of all, we have H?(C;/I) = 0, which implies that the stabilizer of
(®1,evy) in T'/Tp is a finite group. Thus the map @l : T/To — ¢|(T/Tp) is a
finite covering.

It remains to show that ¢|x(7/Tp) is closed in Z. To do this, consider
its closure Z’. Points of Z’ represent fusion categories over k, all of which
are nondegenerate. Indeed, the global dimension is a regular (in fact, locally
constant) function on Z, and it is nonzero on C;/I, so it must be nonzero for
all points of Z’. But for a nondegenerate fusion category D over k we have
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H3(D) = 0, which implies that the action of T//Ty on Z’ is locally transitive.
This means that Z’ is in fact a single orbit of T'/Tp, i.e. ¢|i(T/Tp) is closed.
The lemma is proved. O

Thus we have a homomorphism ¢* : R[Z] — RI[T/Tp], which makes
R[T'/Tp] into a finitely generated R[Z]-module.

Now let J € (T/Tp)(F) be such that (®1,evy)”’ = (@2, evs). Thus, J can be
regarded as a homomorphism J : R[T/Tp] — F. This homomorphism satisfies
the condition J(af) = v(a)J(f), f € R[T/Ty], a € R[Z]. where v: R[Z] — R
corresponds to the point (®2,eve). Now, by Lemma 9.7, for any f € R[T/Tp]
there exist by, ...,b, € R[Z] such that f* + by f* ! +-.- +b, = 0. But then
J(F)™ + (1) J(f)" L + - +~(bn) = 0. Now, since y(b;) are integers, we see
that J(f) is an integer, so J in fact belongs to (T'/Tp)(R). But it is easy to see
that the map T(R) — (T'/Tp)(R) is surjective. Hence, there exists J € T'(R)
such that (®1,evy)’ = (®2,eva), as desired. The theorem is proved.

(ii) The proof is the same, since, as we showed, the integrality of J € T'/Ty
follows already from the equation (®1,evy)’ = (®a, eva). O

THEOREM 9.8. Let C,C’ be fusion categories defined over R, such that the
fusion category C/I is nondegenerate. Let Fy,Fy : C — C' be tensor functors,
which become isomorphic after tensoring with F. Then Fy, Fy (and hence their
reductions modulo I) are isomorphic.

Proof. The proof is analogous to the proof of Theorem 9.6. As in The-
orem 9.6, we may assume that Fy; = F, = F as additive functors, with two
different tensor structures Ji, Jo. Let G be the group scheme of invertible el-
ements of CL(C). Let S be the scheme of tensor structures on F. The group
scheme G naturally acts on S by “gauge transformations”, J — J9. We know
there exists g € G(F) such that J{ = J, and need to show that this g is in
fact in G(R).

Using the fact that HL(C) = H%(C) = 0, one finds that the action map
X : G — S given by g — J{ is finite. Now the proof that ¢ € G(R) runs
analogously to the proof that J € (T'/Ty)(R) in Theorem 9.6. Theorem 9.8 is
proved. O

Now let K be the algebraic closure of the field of quotients of W (k).

COROLLARY 9.9. (i) If two nondegenerate fusion (braided, symmetric)
categories over k have equivalent liftings to K, then they are equivalent.

(i) If two tensor functors between nondegenerate fusion categories over k
have isomorphic liftings to K, then they are isomorphic.

Proof. (i) follows easily from Theorem 9.6, (ii) from Theorem 9.8. O
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To give the next corollary, recall that in [EG1] it was proved that a se-
misimple cosemisimple Hopf algebra over k has a unique lifting to K. In fact,
this is a special case of the lifting theory developed in this paper, since a se-
misimple cosemisimple Hopf algebra is nothing but a pair (C, F'), where C is a
nondegenerate fusion category over k, and F' a fiber functor on C.

COROLLARY 9.10. If two semisimple cosemisimple Hopf algebras over k
have isomorphic liftings to K then they are isomorphic.

Proof. We can regard these two Hopf algebras as pairs (Cy, F1) and
(Cq, F3). By theorem 9.9(i), we can assume that C; = Cy; then by Theorem
9.9(ii), F} is isomorphic to Fy. The corollary is proved. O

The same theorem applies to quasitriangular, triangular Hopf algebras.
The proof is parallel.

9.4. Some applications of lifting.

COROLLARY 9.11. Let C be a nondegenerate fusion category over k. Then
its Frobenius-Perron dimension A is not divisible by p.

Remark 9.12. We do not know if the converse statement is true. For
Hopf algebras the converse statement is the well-known conjecture that if H
is a semisimple Hopf algebra whose dimension is not divisible by p then H is
cosemisimple.

Proof. Assume that A is divisible by p. Let C be the lifting of C, and
c=¢C ®w (k) K, where K is the algebraic closure of the field of fractions of
W (k). Then by Theorem 8.22, the global dimension D of C is divisible by A,
hence by p. So the global dimension of C is zero. Contradiction. O

COROLLARY 9.13. Let D be a nondegenerate fusion category over k, and
C be a full subcategory of D of integer Frobenius-Perron dimension N. Then
C is nondegenerate.

Remark 9.14. We do not know if this result is valid without assuming
that N is an integer.

Proof. Consider the lifting D of D. This lifting necessarily contains a
lifting C of C. Consider the corresponding categories C, D over the algebraically
closed field K of zero characteristic. Let D be the global dimension of D, A
its Frobenius-Perron dimension. Then D is divisible by A by Proposition 8.22.
Also, the Frobenius-Perron dimension of € is N (an integer), hence it is equal
to the global dimension of C by Proposition 8.24. But by Theorem 8.15, N
divides A, and hence D. But D is not divisible by p, hence N is not divisible
by p. Thus, C is nondegenerate, as desired. O
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10. Appendix: Galois properties of S-matrix

The remarkable result due to J. de Boere, J. Goeree, A. Coste and
T. Gannon states that the entries of the S-matrix of a semisimple modular
category lie in a cyclotomic field, see [dBG, CG]J. This result is used in Sec-
tion 8. For the reader’s convenience in this Appendix we reproduce a proof of
this result.

THEOREM 10.1. Let S = (s45)ijer be the S-matriz of a modular fusion
category C. There exists a root of unity § such that s;; € Q(§).

Proof. Let {X,}icr be the representatives of isomorphism classes of simple
objects of C; let 0 € I be such that X is the unit object of C and the involution
1+ 4" of I be defined by X = X..

By the definition of modularity, any homomorphism f : K(C) — C is
of the form f([X;]) = si;j/s0; for some well defined j € I. Hence for any
automorphism g of C one has g(s;;j/s07) = Sig(j)/S04(;) for a well-defined action
of gon I.

Now we are going to use the following identities (see [BaKi]):

(1) 22, sijSik = ik~
(i) sij = sji;
(iii) soi = spi # 0.
Thus, >, sijsji- = 1 and hence (1/s0;)? = >(8ji/50i)(8ji+ [ s0i-). Apply-

ing the automorphism g to this equation we get

(36) g(i) _ g(z ﬂsﬂ Z Sjg(i) Sig(i _ 6g(i)g(i*)*
2

54i — soi 30@ S0g(i) Sog(i*)  S0g(i)S0g(iv)

It follows that g(i*) = ¢g(4)* and g((sm) ) = (S04())*- Hence

9((si5)*) = 9((513/507)% - (507)*) = (sig(s))*-
Thus g(sij) = E8ig(j)-
€¢(1)s0g(i) is well defined since so; # 0, and g(si;) = g((sij/505)505) = €4(3)Sig(5)
= eg(z)sg( )j- In particular, the extension L of Q generated by all entries s;; is
finite and normal, that is Galois extension.
Now let h be another automorphism of C. We have

Moreover the sign €,(i) = =£1 such that g(sp;) =

gh(sij) = g(en(F)sin)) = €9()en(d)sgane)
and
hg(sij) = h(eg(i)sqei);) = €en(d)eg(D)sg(iynis) = gh(sij)
and the Galois group of L over Q is abelian. Now the Kronecker-Weber theorem
(see e.g. [Ca]) implies the result. O
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