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Sharp local well-posedness results
for the nonlinear wave equation

By HarT F. SMITH and DANIEL TATARU*

Abstract

This article is concerned with local well-posedness of the Cauchy problem
for second order quasilinear hyperbolic equations with rough initial data. The
new results obtained here are sharp in low dimension.

1. Introduction

1.1. The results. We consider in this paper second order, nonlinear hy-
perbolic equations of the form

(1.1) g (u) 3;0;u = q" (u) diu dju
on R x R”, with Cauchy data prescribed at time 0,
(1.2) u(0,z) = up(x), Oou(0,z) = uy(z).

The indices ¢ and j run from 0 to n, with the index 0 corresponding to the time
variable. The symmetric matrix g% (u) and its inverse g;j(u) are assumed to
satisfy the hyperbolicity condition, that is, have signature (n, 1). The functions
g gij and ¢" are assumed to be smooth, bounded, and have globally bounded
derivatives as functions of u. To insure that the level surfaces of ¢ are space-like
we assume that g% = —1. We then consider the following question:

For which values of s is the problem (1.1) and (1.2) locally well-
posed in H® x HS1 ?

In general, well-posedness involves existence, uniqueness and continuous
dependence on the initial data. Naively, one would hope to have these proper-
ties hold for solutions in C'(H®) N C'(H*™1), but it appears that there is little
chance to establish uniqueness under this condition for the low values of s
that we consider in this paper. Our definition of well-posedness thus includes
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an additional assumption on the solution u to insure uniqueness, while also
providing useful information about the solution.

Definition 1.1. We say that the Cauchy problem (1.1) and (1.2) is locally
well-posed in H® x H5~1 if, for each R > 0, there exist constants T, M, C > 0,
so that the following properties are satisfied:

(WP1) For each initial data set (ug,u1) satisfying

| (uo, ui) || gexm— < R,

there exists a unique solution v € C'( [T, T]; H*)NC* ([T, T]; H*~') subject
to the condition du € L*( [-T,T]; L>).

(WP2) The solution u depends continuously on the initial data in the above
topologies.

(WP3) The solution u satisfies

ldull 22 + HdUHLgoH:ifl <M.

(WP4) For 1 <r < s+ 1, and for each tg € [T, T], the linear equation

g (u) 9;0jv =0, (t,x) € [-T,T] x R",
(1.3)
v(lfo7 ) =1 € HT(R") , aov(to, ) = € Hr_l(R”)’

admits a solution v € C( [-T,T7; H’") N C’l( [—T,T]; H’"‘l) , and the following
estimates hold:

(1.4) [oll ey 4+ 100v]| oo gz < C' | (o, vi) e scrr—1 -

Additionally, the following estimates hold, provided p < r — % if n=2, and

p<7“—”Tf1 if n>3,

| (Dz)?vpip < C|l(vo, vi)llrscmr—, n=2,
(1.5)
| {(Dz)Pvllr2p < C|[(vo,v1)|lrscur—1, n >3,

and the same estimates hold with (D,)? replaced by (D,)’~!d.

We prove the result for a sufficiently small T, depending on R. However,
it is a simple matter to see that uniqueness, as well as condition (WP4), holds
up to any time T for which there exists a solution u € C([-T,T]; H*) N
C'([-T,T]; H*~1) which satisfies du € L*([-T,T]; L>).

Observe that we do not ask for uniformly continuous dependence on the
initial data. This in general is not expected to hold for nonlinear hyperbolic
equations. Indeed, even a small perturbation of the solution suffices in order
to change the Hamilton flow for the corresponding linear equation, which in
turn modifies the propagation of high frequency solutions.
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As a consequence of the L?L° bound for du it follows that if the initial
data is of higher regularity, then the solution u retains that regularity up to
time 7. Hence, one can naturally obtain solutions for rough initial data as
limits of smooth solutions. This switches the emphasis to establishing a priori
estimates for smooth solutions. One can think of the L?L2° bound for du as
a special case of (1.5), which is a statement about Strichartz estimates for the
linear wave equation. Establishing this estimate plays a central role in this
article.

Our main result is the following:

THEOREM 1.2. The Cauchy problem (1.1) and (1.2) is locally well-posed
in H® x H*~ provided that

3
s>g+1 for n=2,

>n+1
2

for n=3,4,5.

Remark 1.3. There are precisely two places in this paper at which our
argument breaks down for n > 6, occurring in Lemmas 8.5 and 8.6. Both are
related to the orthogonality argument for wave packets. Presumably this could
be remedied with a more precise analysis of the geometry of the wave packets,
but we do not pursue this question here.

As a byproduct of our result, it also follows that certain Strichartz esti-
mates hold for the corresponding linear equation (1.3). Interpolation of (1.4)
with (1.5), combined with Sobolev embedding estimates, yields

2 1 1
D)ol rss < Cllo,o)lrsirs, —+-<=, n=2,
p q 2
) 11
[(Dz)?vllzrrs < C[(vo,v1)||5rsmr—1 ’ + . <=, n=234,5
provided that
1
1<r<s+1, and r—p>ﬁ———ﬁ.
2 p g

Note that in the usual Strichartz estimates (which hold for a smooth metric g)
one permits equality in the second condition on p. The estimates we prove
in this paper have a logarithmic loss in the frequency, so we need the strict
inequality above. Also, we do not get the full range of L} L% spaces for n > 4.
This remains an open question for now.

1.2. Comments. To gain some intuition into our result it is useful to
consider two aspects of the equation. The first aspect is scaling. We note that
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equation (1.1) is invariant with respect to the dimensionless scaling u(t, z) —
u(rt,rx). This scaling preserves the Sobolev space of exponent s. = %, which
is then, heuristically, a lower bound for the range of permissible s.

The second aspect to be considered is that of blow-up. There are two
known mechanisms for blow-up; see Alinhac [1]. The simplest blowup mecha-
nism is a space-independent type blow-up, which can occur already in the case
of semilinear equations. Roughly, the idea is that if we eliminate the spatial
derivatives from the equation, then one obtains an ordinary differential equa-
tion, which can have solutions that blow-up as a negative power of (¢t — T).
For a hyperbolic equation, this type of blow-up is countered by the dispersive
effect, but only provided that s is sufficiently large. On the other hand, for the
quasilinear equation (1.1) one can also have blow-up caused by geometric fo-
cusing. This occurs when a family of null geodesics come together tangentially
at a point. Both patterns were studied by Lindblad [18], [19]. Surprisingly,
they yield blow-up at the same exponent s, namely s = "T+5. Together with
scaling, this leads to the restriction

{n n—|—5}
S > max .

20 4

Comparing this with Theorem 1.2, we see that for n = 2 and n = 3 the
exponents match, therefore both our result and the counterexample are sharp.
However, if n > 4 then there is a gap, and it is not clear whether one needs to
improve the counterexamples or the positive result. For comparison purposes
one should consider the semilinear equation

Ou = |dul?.

For this equation it is known, by Ponce-Sideris [21] for n = 3 (the same idea
works also for n = 2) and by Tataru [27] for n > 5, that well-posedness holds
for s as above, so that the counterexamples are sharp. (See also Klainerman-
Machedon [13] where the failure of the key estimate is noted for n = 3 and
s = 2.) However, if one restricts the allowed tools to energy and Strichartz
estimates, which are the tools used in this paper, then it is only possible to
deduce the more restrictive range in Theorem 1.2. Adapting the ideas in [27]
to quasilinear equations appears intractable for now.

To describe the ideas used to establish Theorem 1.2, we recall a classical
result!:

LEMMA 1.4. Letu be a smooth solution to (1.1) and (1.2) on [0,T]. Then,
for each s > 0, the following estimate holds

(1.6) | du(®)||ge-s < ||dw(0)]] gro—rec o Idumlidh

!See the footnote following Lemma, 2.3.
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For integer values of s this result is due to Klainerman [12]. For noninte-
ger s, the argument of Klainerman needs to be combined with a more recent
commutator estimate of Kato-Ponce [10]. As an immediate consequence, one
obtains

COROLLARY 1.5. Let u be a smooth solution to (1.1) and (1.2) on [0,T)
which satisfies ||du| 1~ < oo. Then u is smooth at time T', and can therefore
be extended as a smooth solution beyond time T'.

Thus, to establish existence of smooth solutions, one seeks to establish a
priori bounds on ||dul[zi7.. In case s > § + 1, one can obtain such bounds
from the Sobolev embedding H* C L°°. A simple iteration argument then
leads to the classical result of Hughes-Kato-Marsden [8] of well-posedness for
s > 5 + 1. Note that in this case one obtains L{°LZ° bounds on du instead
of L}L%°. The difference in scaling between L} and L{° corresponds to the
one derivative difference between the classical existence result and the scaling
exponent.

To improve upon the classical existence result one thus seeks to establish
bounds on ||dul|prre, for p < oo. This leads naturally to considering the
Strichartz estimates for the operator Og,). For solutions u to the constant
coefficient wave equation Ou = 0, the following estimates are known to hold:

HdUHLngc S oy wa) | e scmrs— s > %, n=2,

ldullzree S [ (uos un) s, s>, n>3.

To establish such estimates with O replaced by Oy, however, requires dealing
with operators with rough coeflicients. Indeed, at first glance one is faced with
having only bounds on [|dg|| 2 npe -1+ (Here and below, for simplicity we
discuss the case n > 3.) : .

The first Strichartz estimates for the wave equation with variable coeffi-
cients were obtained in Kapitanskii [9] and Mockenhaupt-Seeger-Sogge [20], in
the case of smooth coefficients. The first result for rough coefficients is due
to Smith [23], who used wave packet techniques to show that the Strichartz
estimates hold under the condition g € C?, for dimensions n = 2 and n = 3.
At the same time, counterexamples constructed in Smith-Sogge [24] showed
that for all @ < 2 there exist g € C'* for which the Strichartz estimates fail.

The first improvement in the well-posedness problem for the nonlinear
wave equation was independently obtained in Bahouri-Chemin [3] and Tataru
[28]; both show well-posedness for the nonlinear problem with s > % + 1.
The key step in the proof in [28] shows that if dg € L?LS°, then the Strichartz
estimates hold with a 1/4 derivative loss. Shortly afterward, the Strichartz
estimates were established in all dimensions for g € C? in Tataru [29], a condi-
tion that was subsequently relaxed in Tataru [26], where the full estimates are
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established provided that the coefficients satisfy d?g € L} L. As a byproduct,
this last estimates implies Strichartz estimates with a loss of % derivative in
the case dg € L; L, and hence well-posedness for (1.1) and (1.2) for Sobolev
indices s > ”TH + %. Around the same time, Bahouri-Chemin [2] improved
their earlier 1/4 result to slightly better than 1/5. This line of attack for
the nonlinear problem, however, reached a dead end when Smith-Tataru [22]
showed that the % loss is sharp for general metrics of regularity C*.

Thus, to obtain an improvement over the 1/6 result, one needs to exploit
the additional geometric information on the metric g that comes from the fact
that g itself is a solution an equation of type (1.1). The first work to do so
was that of Klainerman-Rodnianski [14], where for n = 3 the well-posedness

was established for s > ”TH + % The central idea is that for solutions u to
Ogu = 0, one has better estimates on derivatives of u in directions tangent to
null light cones. This in turn leads to a better regularity of tangential compo-
nents of the curvature tensor than one would expect at first glance, and hence
to better regularity of the null cones themselves. A key role in improving the
regularity of the tangential curvature components is played by an observation
of Klainerman [11] that the Ricci component Ric(l,l) admits a decomposi-
tion which yields improved regularity upon integration over a null geodesic.
Coupled with the null-Codazzi equations this can be used to yield improved
regularity of null surfaces. This is closely related to the geometric ideas used
to establish long time stability results in Klainerman-Christodoulou [6].

The present work follows the same tack, in exploiting the improved reg-
ularity of solutions on null surfaces. In this paper, we work with foliations
of space-time by null hypersurfaces corresponding to plane waves rather than
light cones, but the principle difference appears to be in the machinery used
to establish the Strichartz estimates. In this work we are able to establish
such estimates without making reference to the variation of the geodesic flow
field as one moves from one null surface to another (other than using estimates
which follow immediately from the regularity of the individual surfaces them-
selves.) We note that Klainerman and Rodnianski [15] have independently
obtained the conclusion of Theorem 1.2 in the case of the three dimensional
vacuum Einstein equations, where the condition Ric = 0 allows one to obtain
some control over normal derivatives of the geodesic flow field [ in terms of
tangential derivatives of [.

Although all the results quoted above point in the same direction, the
methods used are quite different. The idea of Bahouri and Chemin in [3]
and [2] was to push the classical Hadamard parametrix construction as far
as possible, on small time intervals, and then to piece together the results
measuring the loss in terms of derivatives. The results in Tataru [28], [29] and
[26], are based on the use of the FBI transform as a precise tool to localize
both in space and in frequency. This leads to parametrices which resemble
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Fourier integral operators with complex phase, where both the phase and the
symbol are smooth precisely on the scale of the localization provided by the
imaginary part of the phase. The work of Klainerman-Rodnianski [14] is based
on energy estimates obtained after commuting the equation with well-chosen
vector fields. Strichartz estimates are then obtained following a vector field
approach developed in [11].

A common point of the three approaches above is a paradifferential local-
ization of the solution at a given frequency A, followed by a truncation of the
coefficients at frequency A? for some a < 1. Interestingly enough, it is precisely
this truncation of the coefficients which is absent in the present paper. Our
argument here relies instead on a wave-packet parametrix construction for the
nontruncated metric g(u). This involves representing approximate solutions
to the linear equation as a square summable superposition of wave packets,
which are special approximate solutions to the linear equation, that are highly
localized in phase space. The use of wave packets of such localization to repre-
sent solutions to the linear equation is inspired by the work of Smith [23], but
the ansatz for the development of such packets, as well as the orthogonality
arguments for them, is considerably more delicate in this paper due to the
decreased regularity of the metric. We remark that a wave packet parametrix
has been used by Wolff [31] in order to prove certain sharp bilinear estimates
for the constant coefficient wave equation. The dispersive estimate we need is
simpler in nature, and the arguments necessary are significantly less elaborate
than those of Wolff.

1.3. Owerview of the paper. The next two sections of this paper are con-
cerned with reducing the proof of Theorem 1.2 to establishing an existence
result for smooth data of small norm. Precisely, in Section 2 we use energy
type estimates to obtain uniqueness and stability results, and thus reduce The-
orem 1.2 to an existence result for smooth initial data, namely Proposition 2.1.
Section 3 contains scaling and localization arguments which further reduce the
problem to establishing time 7" = 1 existence for the case of smooth, compactly
supported data of small norm, namely Proposition 3.1.

In Section 4 we present the proof of Proposition 3.1 by the continuity
method. At the heart of this proof is a recursive estimate on the regularity
of the solutions to the nonlinear equation, stated in Proposition 4.1. For the
recursion argument to work, in addition to controlling the norm of the solution
u in the Sobolev and L?L2° norms, we also need to control an appropriate
norm of the characteristic foliations by plane waves associated to g(u). This
additional information is collected in the nonlinear G functional.

The core of the paper is devoted to the proof of the estimates used in
Proposition 4.1. In Section 5 we study the geometry of the plane wave surfaces;
Proposition 5.2 contains the recursive estimate for the G functional. A key role
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is played by a decomposition of the tangential curvature components stated in
Lemma 5.8, analogous to the decomposition for Ric(Z,) in [11] which was used
later in [14]. It then remains to establish certain dispersive type estimates for
the linear equation with metric g(u).

In Section 6 we study the geometry of characteristic light cones, which
plays an essential role for the orthogonality and dispersive estimates. Sec-
tion 7 contains a paradifferential decomposition which allows us to localize in
frequency and reduce the dispersive estimates to their dyadic counterparts.

Section 8 contains the construction of a parametrix for the linear equation.
We start by using the information we have for the characteristic plane wave
surfaces in order to construct a family of highly localized approximate solu-
tions to the linear equation, which we call wave-packets. These are spatially
concentrated in thin curved rectangles, which we call slabs. We then produce
approximate solutions as square summable superpositions of wave packets. For
this we need to establish orthogonality of distinct wave packets, which depends
on the geometric information we have established for both the characteristic
light cones, as well as for the plane wave hypersurfaces.

Section 9 contains a bound on the number of distinct slabs which pass
through two given points in the spacetime. This bound is at the heart of
the dispersive estimates contained in Section 10, which complete the circle of
estimates behind the proof of Theorem 1.2. Finally, the appendix contains
the proof of the two dimensional stability estimate, which turns out to be
considerably more delicate than its higher dimensional counterpart.

1.4. Notation. In this paper, we use the notation X < Y to mean that
X < CY, with a constant C' which depends only on the dimension n, and
on global pointwise bounds for finitely many derivatives of g%, gi; and q4.
Similarly, the notation X < Y means X < C~'Y, for a sufficiently large
constant C' as above.

We use four small parameters

e3<ex<er <g K1

In order for all our estimates to fit together, we will actually need the stronger
condition

(1.7) g3 K g9 K €1 K €.

Without any restriction in generality we assume that ”T‘H <s<g+1
for n > 3, respectively % < s < 2 for n =2. Denote g = s — ”TH for n > 3,
respectively dg = s — E for n = 2, and let é denote a number with 0 < § < dp.
We denote by £ the space Fourier variable, and let

(€)= 1 +[>)>.
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Denote by (D,) the corresponding Bessel potential multiplier. We introduce a
Littlewood-Paley decomposition in the spatial frequency &,

1=50+ Z Sy,
A dyadic

where the spherically symmetric symbols of Sy and Sy are supported respec-
tively in the sets { [{| <1} and {|£] € [A\/2,2)\] }. We set

Sax= > Su.
8u<A

We let du denote the full space time gradient, and d,u the space gradient of
u, so that
du = (Opu, ... ,0nu), dyu = (O, ... ,00u).

Finally, let
Dguyv = 8" (1) 9i0;v.
We may then symbolically write

Og(u)v = —0fv + g(u) dydv .

2. Uniqueness and stability

In this section we reduce our main theorem to the case of smooth initial
data. Precisely, we show that Theorem 1.2 is a consequence of the following
existence result for smooth initial data.

PROPOSITION 2.1. For each R > 0 there exist T, M,C > 0 such that, for
each smooth initial data (ug,u1) which satisfies

[ (o, wi)|| s < R,

there exists a smooth solution u to (1.1) and (1.2) on [-T,T] x R™, which
furthermore satisfies the conditions (WP3) and (WP4).

The uniqueness of such a smooth solution is well known.

2.1. Commutators and energy estimates. We begin with a slight general-
ization of Lemma 1.4. The purpose of this is twofold, both to make this article
self-contained, and to have a setup which is better suited to our purposes.
In the process we also record certain commutator estimates which are inde-
pendently used later on. We consider spherically symmetric elliptic symbols
a((€)), where the function a : [0,00) — [1,00) satisfies

zad (x) <
-

(21) rg < a(a:) 71,

a(l)y=1,
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for some positive rg, 1. This implies that

(€ < a((§)) <",

and also that a is slowly varying on a dyadic scale. Thus,
a((€)) = Y a(})Sx(e).
A dyadic
Then the following result holds:
LEMMA 2.2. Let a be as above, and A = a({D;)). Let u be a smooth

solution to (1.1) and (1.2) on [0,T] x R". Set m = sup, , |u(t,z)|. Then the
following estimate holds:

(2.2) |dAu(t)l|ze S |dAw(0)] gz et Jo lduMll<dn ¢ ¢ o, 7.

This yields Lemma 1.4 in the special case of a({¢)) = (£)*71. On the
other hand, it also allows for the use of weights which are almost but not quite
polynomial.

Proof. For the linear equation

(2.3) Ogv = f,
we have the associated energy functional
1 LI
Bm) =5 [ (- 0k + Y g oo ) dr.

ij=1

Then a standard computation leads to

B S [ (1911300] + |de] ldoP? ) de
and hence to
(24) SBO)3 S 170z + 1ds(6) 1 Bw(t)?

Return now to (1.1) and set v = Au. Then v solves (2.3) with
f=(g—AgA™ ") dydv + A(q(u)(du)?) .
We claim that the two terms in f satisfy the estimate
(25) (g —AgA™") duodvl|zz + [|A(a(u)(du)) |2 < lldul L ||dAul|Lz |
where the constant may depend on m. Given this, we can apply (2.4) to obtain
d

ZE() S e(m) dull- E(o(1))?

which by Gronwall’s inequality implies (2.2).
It remains to prove (2.5). This is a consequence of the next lemma:
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LEMMA 2.3. Suppose that a satisfies (2.1). Then the following estimates
hold:

(2.6) 1A (g(u)(du)®)l|rz S e(m) [|dullp~ || A du| L2,

(2.7) [Ads(g(w)llrz < e(m) |Adzul 2,

(2.8) [ACf Iz S 1 lleellAgllze + llglloe Al Lz,

(2.9) [A(fdeg)llzz S N fllLllAdegllzz + lgllr|Adefl L2,
(2.10) 1(8A — Ag)dewl|z S lldegllzee[[Awllzz + | A dagll Lz [[wl| e

The proof of Lemma 2.3 uses paraproduct type arguments. Estimate (2.6)
is of Moser type. Its proof involves writing the telescoping series

q(Souw)(dSou)* + D a(Saxu)(dS<xu)® = q(Scpj2u)(dScnjou)®
A dyadic

as a combination of three terms, each of which takes the form of an operator
of type 5(1),1 acting on du, where any given seminorm of the symbol is bounded
by c¢(m)|du| =, with ¢(m) an appropriate power of m.? The result is thus
reduced to showing that, if P is a pseudodifferential operator of type S?,p then

[APu| 2 < [|Aullzz,

which for the case A = (D,)® with s > 0 is due to Stein [25], and for the case
of A as above is a simple modification.

Estimates (2.7) through (2.9) are similarly reduced. To establish (2.10),
we first write

(gA - Ag) d;rw = _(d;rg)Aw + A(dacg)w + dw(gA - Ag)w .

The first two terms are treated as above. The bound on the last term is a
simple variation on the commutator estimate of Kato-Ponce [10], where the
result is established for the case A = (D,)®. For further details, we refer to
Chapter 3 of Taylor [30]. O

2.2. Stability estimates. The next step in the proof is to obtain stability
estimates for lower Sobolev norms. As an immediate consequence of these we

2This step requires that the coefficient ¢ (u) of (8ou)? be constant, since for one term
it involves transferring a factor of A from S<ydu to Shu. We can avoid this assumption by
weakening Lemmas 1.4 and 2.2 to require L?L> bounds on du instead of L'L> bounds,
which suffices for our application.
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obtain the uniqueness result. Later on we also use them in order to show the
strong continuous dependence on the initial data.?

LEMMA 2.4. Suppose that u is a solution to (1.1) and (1.2) which satisfies
the conditions (WP3) and (WP4). Let v be another solution to the equation
(1.1) with initial data (vo,v1) € H® x HS™Y, such that dv € L°HS =1 N L2L°.
Then, for n = 2,

(2.11) ld(u = )| e 10 < Co [ (w0 = vo, ur = v1) | arascr-1/
and for n = 3,4, 5,
(2.12) Hd(u - ’U)HLchg § Cv H(uo — Vo, U1 — vl)HHle"’ s

where Cy, depends on u, and on ||dvl| e pra-172 0 -
We note that for the proof it does not suffice to only use the Sobolev
regularity of v and v; we also need the dispersive estimates in Proposition 2.1.

On the bright side, it suffices to know these only for u, and therefore to have
a less restrictive condition for v.

Proof. We prove the result here for the case n > 3. The case n = 2 is
considerably more delicate and is discussed in the appendix. The first step is
to note that the function w = u — v satisfies the equation

(2.13) Ogyw = apdw + a1 w,
where the functions ag and a; are of the form
ap = q(v) d(u,v), a; = a(u,v)dzdv+ b(u,v) (du)?,

with ¢, a,b smooth and bounded functions of u,v. By interpolation,

2(n—1)

dve LPHS ' N LILY®  —  dydve L, L Hre

for some € > 0. This yields

2(n—1)

ap € L2, ay € L,"* LT,

On the other hand, the Strichartz estimates implied by (WP4) show that, if

Og(wyw = 0, then

Hnh SJ H(w07w1)HH1><L2 ,

x

w
.,

3For the case n = 2, which we handle in the appendix, we strengthen condition (WP4)
to include additional estimates which play a crucial role in the n = 2 stability of solutions.
This has no effect on the rest of the paper.
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for all € > 0, and consequently
llao dw + ay w[rz2r2 S [[(wo, w1)|[Hrx L2 -

By the Duhamel principle and a contraction argument, this is sufficient to show
that, for T' small, solutions to (2.13) satisfy

ldwl[Lgrz S Nl (wo, wi)llErxzz -

The result may then be easily extended to any interval on which the conditions
of the lemma hold. 0O

2.3. Ezistence, uniqueness and stability for rough data. Again we argue
in the case n > 3; obvious changes are required for n = 2. Consider arbitrary
initial data (ug,u;) € H® x H*~! such that

| (o, w1) | goxms— < R.

Let (uf, u¥) be a sequence of smooth data converging to (ug,u1), which also
satisfy the same bound. Then the conclusion of Proposition 2.1 applies uni-
formly to the corresponding solutions u*.

In particular, it follows that the sequence du* is bounded in the space
C([-T,T); H5~1). We can use compactness to improve upon this. More pre-
cisely, since (uf,uf) converges to (ug,u1) in H® x H*~! it follows that there

is a multiplier A satisfying (2.1), such that

Ca()
8 gt

:OO7

while the sequence Adu®(0) is still bounded. By Theorem 2.2, it follows that
Adu* is bounded in C([~T,T); L?). On the other hand, by Lemma 2.4 the
sequence du” is Cauchy in L{°L2. Combining these two properties, it follows
that du® is Cauchy in C([~T,T]; H*~'), and we let u denote its limit.

As a consequence of (2.5) applied to A = (D,)*"!, the right-hand
sides q(u¥)(du®)? of the equations for u* are uniformly bounded in the space
L?([~T,T); H*=1). Then (WP4) combined with Duhamel’s formula show that
du® is uniformly bounded in L?([~T,T];C%). Together with the above this
implies that du” converges to du in L?( [T, T]; L>).

The above information is more that sufficient to allow passage to the limit
in the equation (1.1) and show that u is a solution in the sense of distribu-
tions, yielding the existence part of (WP1). The conditions (WP3) and (WP4)
hold for u since they hold uniformly for «*. The uniqueness part of (WP1)
then follows by Lemma 2.4. Finally, if (uf,u}) is any sequence of initial data
converging to (ug,u1), it follows as above that u* converges to u in both the
Sobolev and L? L norms.



304 HART F. SMITH AND DANIEL TATARU

3. Reduction to existence for small, smooth,
compactly supported data

In this section we take advantage of scaling and the finite speed of prop-
agation to further simplify the problem. Denote by ¢ the largest speed of
propagation corresponding to all possible values of g = g(u). The intermediate
result which will be established in subsequent sections is the following:

PROPOSITION 3.1. Suppose (1.7) holds. Assume that the data (ug,u1) is
smooth, supported in B(0,c+ 2), and satisfies
luoll e + lluall - < e
Then the equations (1.1) and (1.2) admit a smooth solution u defined on R™ x
[—1,1], and the following properties hold:

(i) (energy estimate)

(3.1) ldull o prz+ < 2,

(ii) (dispersive estimate for u)
|dullLacs < e2, n=2,
(3.2)
ldullr2cs <e2,  n=3,4,5,

(iii) (dispersive estimates for the linear equation). For 1 <r < s+ 1 the
equation (1.3) with g = g(u) is well-posed in H" x H"™' and the following
estimate holds:

(D)l pare S (vo, vi)llgrxer—,  p<r—1%, n=2,

(3.3)
1{Da)Poll 2 S Nl(vosv1) |l Hrosrr— s p<r—"51, n=34,5,

and the same estimates hold with (D,)? replaced by (D;)*~1d.
In the remainder of this section we show that Proposition 3.1 implies
Proposition 2.1.
3.1. Scaling. Consider a smooth initial data set (uo,u1) which satisfies
uollzre + lJur|l e < R.

For this we seek a smooth solution u to (1.1), (1.2) in a time interval [T, 7.
We rescale the problem to time scale 1 by setting

a(t,x) = u(Tt, Tx).
Then we ask that @ be a solution to the equation (1.1), and note that its initial

data satisfies
|@(0)[| o + 1@ (0)| o < RT*" 2,
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and
[@(0) [ + @ (0)]| L2 < RT™= .

Let €3 be as in Proposition 3.1, and choose T so that
RT % < e3.
By doing this we have reduced the problem to the case where 7' = 1, and where
ol gs + llurll o < €3,

while
uollL= < R, ol + |lurl|z: < M,

for some large M.

3.2. Localization. In the previous step there is seemingly a loss, because we
had to replace homogeneous spaces by inhomogeneous ones. This is remedied
here by taking advantage of the finite speed of propagation. Since c is the
largest possible speed of propagation, the solution in a unit cylinder B(y, 1) x
[—1,1] is uniquely determined by the initial data in the ball B(y, 1+ c). Hence
it is natural to truncate the initial data in a slightly larger region. Some care is
required, however, since we need the truncated data to be small, which means
we only want to use the control of the homogeneous norms, which might not
see constants, or, more general, polynomials. In our case we are assuming that
s < g + 1, therefore it suffices to account for the constants in wg.

Let x be a smooth function supported in B(0, ¢ + 2), and which equals 1
in B(0,c+ 1). Given y € R™ we define the localized initial data near y,

uf(z) = x(z —y) (w0 —uo(y)),  uf =x(z—y)u.

Since s < 5 + 1, it is easy to see that
1, w e S N (wo, w)ll s o »

so that

||(“g,ug1/)||stHs—1 <e3.
Hence, by Proposition 3.1 we have a smooth solution ¥ on [—1,1] x R™ to the
equation
Og(uvuo(y)) = 47 (W + uo(y)) Oiu? dju?
w(0) = ug, uf(0)=uj.

Then the function u¥ + ug(y) solves (1.1), and its initial data coincides with
(uo,u1) in B(y,c+ 1). We now consider the restrictions, for y € R,

(W 4+ up(y))|gv, KY={(t,z):ct+]z—yl<c+1,|t|<1}.
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The restrictions solve (1.1) and (1.2) on KY, therefore, by finite speed of prop-
agation, any two must coincide on their common domain. Hence we obtain a
smooth solution w in [—1,1] x R™ by setting

u(t,z) =u’(t,x) +uo(y), (t,x)e KY.

It remains to show that u satisfies (WP3) and (WP4). We consider the
cartesian grid n~2Z" in R™, and a corresponding smooth partition of unity

1= Z ¢($ - y) )
yeniéZ"

such that the function 1 is supported in the unit ball.
For (WP3) we first obtain the corresponding estimates for u¥. Applying
the energy estimates in Lemma 1.4 yields

ldu? || pee gz S N, ud) | aze sz -

On the other hand, (3.3) combined with Duhamel’s formula yields
ldu? ||z S 1l (s ud) [l + lla” (u? + uo(y)) Opu O | 1y e -
By (2.5) with A = (D,)*"! we can estimate the last term to conclude that
ldu? |1z Lo SN (ugy ui) o xcrre—r + [ldu || oo o= | du? || L2 0
S (g, ui) e e + €2 [|du| 2 -
0 t e
Since €2 < 1, this implies
ldull Lz < N (g, wd) e sro -

It remains to sum up the estimates for ¥ in order to obtain the estimates
for u. We have

u(z,t) = Z Y(z —y)(u¥(2,t) + uo(y)),

yen’%Z"
therefore
”duH%gL;ongoHifl S Z ||d(¢(l‘ - y)(uy + UO(y))HifL;OﬁLfoHifl
yEn_%Z"
S D @ —y)(uo,w) [ Fre e + [uo(y)?
yEnféZ"

S H(U/O)ul)HstHsfl .

For (WP4) we consider the solutions v¥ for the localized linear equations

{ Dg(uv+uoy) v’ =0,
vY(0) = x(z —y)vo, 7 (0) = x(xz—y)v:.
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We again use the finite speed of propagation to conclude that v, = v in K.
Then we can represent v as

v(z,t) = Z Y(x — y)v¥(x,t),
yEnféZ"

and use (3.3) to estimate

KDa)Pdvl|Ze e S Y (e — y)o¥ (2, )l

yEnféZ"

S ) @ —y) (o, )z
yEn7%Z"

S Mo, vl -

4. A recursive argument

We will establish Proposition 3.1 via a continuity argument. More pre-
cisely, we consider a one-parameter family of smooth initial data (hug, hui)
with h € [0, 1]. Since the data (ug,u1) is smooth, for small h the equation has
a smooth solution u”. We seek to extend the range of h for which a solution
exists to the value h = 1. We do this by establishing uniform bounds on the u"
in the norm of L?C? ; this in turn implies uniform bounds on u” in the Sobolev
norm.

Our proof of the bounds on the u” in L?C? relies on a parametrix con-
struction, which in turn depends on the regularity of certain null-foliations of
space time. Rather than attempt to obtain the regularity of these foliations
directly, we build their regularity into the continuity argument. This works
since we need only assume that the appropriate norm G(u) of the foliations is
small compared to 1 in order to deduce that it is in fact bounded by a multiple
of the norm of the initial data. We set aside for the moment the definition of
G(u) and outline the general recursive argument.

Let n¥ be the standard Minkowski metric,

% =1, =1, 1<j<n, N =0 if i#j.
After making a linear change of coordinates which preserves dt we may assume
that g¥(0) = n*.

For technical reasons it is convenient to replace the original metric function
g by a truncated one. Let x be a smooth cutoff function supported in the region
B(0,3 + 2¢) x [—3, 3], which equals 1 in the region B(0,2 + 2¢) x [—1,1]. Set

g(t, €L, u) = X(tv :L”)(g(u) - g(O)) + g(O) ) q(t> €L, u) = X(tv 1") Q(u) )
and introduce the truncated equation

(4.1) Og(tzu)t = q" (t, z,u)0u oju.



308 HART F. SMITH AND DANIEL TATARU

Because of the finite speed of propagation, any solution to (4.1) for t € [—2, 2]
with initial data supported in B(0, 24c) is also a solution to (1.1) for ¢ € [—1, 1].

We denote by H the family of smooth solutions u to the equation (4.1) for
t € [—2,2], with initial data (ug,u1) supported in B(0,2 + ¢), and for which

(4.2) lluollgs + lurl| s <es,
(4.3) ldul| o -2 + |l dul| 205 < 22

On H we use the induced C'*° topology. Then our bootstrap argument can be
stated as follows:

PROPOSITION 4.1. Assume that (1.7) holds. Then there is a continuous
functional G : H — R, satisfying G(0) = 0, so that for each u € H satisfying
G(u) < 2e1 the following hold:

(i) The function u satisfies G(u) < €.
(ii) The following estimate holds,

(4.4) [dull poe gz + ldul[ 205 < 2.

(iii) For 1 <r < s+ 1, the equation (1.3) with g = g(t,x,u) is well-posed
in H" x H"™', and the Strichartz estimates (3.3) hold.

Proposition 4.1 will follow as a result of Propositions 5.2 and 7.1. We pro-
vide the definition of G(u) shortly; here we show that Proposition 4.1 implies
Proposition 3.1. Thus, consider initial data (ug,u;) which satisfies

luoll s + llurl|zs— < e3.

We denote by A the subset of those h € [0,1] such that the equation (4.1)
admits a smooth solution u" having initial data

u(0) = hug, uM0) = huy,

and such that G(u") < e; and (4.4) holds. We trivially have 0 € A, since
u? = 0. Proposition 3.1 would follow if we knew that 1 € A, and so it suffices
to show that A is both open and closed in [0, 1].

A is open. Let k € A. Since u* is smooth, a perturbation argument
shows that for h close to k the equation (4.1) has a smooth solution u”, which
depends continuously on A. By the continuity of G, it follows that for h close
to k we have G(u") < 2¢; and also (4.3). Then by Proposition 4.1 we obtain
G(u") < 1 and (4.4), showing that h € A.

A is closed. Let h; € A, hj — h. Then (4.4) implies that the sequence
du” is bounded in L?CS. Lemma 1.4 then shows that the sequence u"
fact bounded in all Sobolev spaces. We thus can obtain a smooth solution
u as the limit of some subsequence. The continuity of G' then shows that
G(u) < €1, and similarly (4.4) must also hold for u".

i s In
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4.1.  The Hamilton flow and the G functional. Let u € H, and consider

the corresponding metric g = g(¢, z, u), which equals the Minkowski metric for

€ [-2, —%} For each § € S"~! we consider a foliation of the slice t = —2 by

taking level sets of the function rg(—2,x) = 6 -x + 2. Then 0 - dx — dt is a null

covector field over t = —2 which is conormal to the level sets of r9(—2). We
let Ag be the flowout of this section under the Hamitonian flow of g.

A crucial step in the proof of the Strichartz estimates is to establish that,
for each 6, the null Lagrangian manifold Ay is the graph of a null covector
field given by drg, where rg is a smooth extension of 6 - x — ¢, and that the
level sets of ry are small perturbations of the level sets of the function 8-z —t
in a certain norm captured by G(u). In establishing Proposition 4.1 we will
actually establish that u € H implies Ay is the graph of an appropriate null
covector field drg, so we only define G(u) in this situation.

Thus, assume that Ag and r¢ are as above, and let X, for r € R denote
the level sets of 7. The characteristic hypersurface g , is thus the flowout of
the set 0 - x = r — 2 along the null geodesic flow in the direction 6 at t = —2.

We introduce an orthonormal sets of coordinates on R™ by setting xg =
6 - =, and letting xj be given orthonormal coordinates on the hyperplane per-
pendicular to 6, which then define coordinates on R™ by projection along 6.
Then (¢, z)) induce coordinates on Xy, and Xy, is given by

29,1" = { (t,l') P Xy — ¢9,r = 0}

for a smooth function ¢g,(t,z)). We now introduce two norms for functions
defined on [-2,2] x R™,

lullsoc= sup  sup [|fu(t, )|l ses ),
~2<1<2 0<j<1

2 ) 2
|||u|||s,2=( [ sw ||a£u<t,->\|?m(w>dt> .
-2 0<5<1

The same notation applies for functions in [-2,2] x R*~1. We denote

IS s2m0, =11 f s,

where the right-hand side is the norm of the restriction of f to X ,, taken over

$,2 9

the (t,z)) variables used to parametrise ¥y ,. Similarly,

1l )

denotes the H*(R™"!) norm of f restricted to the time ¢ slice of ¥y, using the
ay coordinates on 3f .
We now set

(4.5) G(u) = Sup ldde,r — dt|

)

’572729,7~ .
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Note that G is nonlinear, as ¢y, depends in a nonlinear way on u. Since all
functions in H are supported in a fixed compact set, it follows that we can
restrict ourselves to a compact set of values for . Then the continuity of G as
a function of u with respect to the C'"*°-topology easily follows.

5. Regularity of null surfaces

The goal of this section is to establish the following. The functional G(u)
is defined in (4.5).

PROPOSITION 5.1. Let uw € H so that G(u) < 2e1. Let g\ denote the
localization, in the x-variables, of g to frequencies less than or comparable
to A. Then

g — 172, + I(A(g"” — &Y), dgy, A~ 0xdg ls-12,5,, Se2.

PROPOSITION 5.2. Let u € H so that G(u) < 2e1. Then G(u) < es.
Furthermore, for each t it holds that
(5.1) ldo.r(t:-) = dtllcrp@ny S €2+ Sup ldg" (¢, )l ca@n) -

Proposition 5.1 is essentially a variation on the theme of characteristic
energy estimates for the variable coefficient wave equation. The assumption
on G(u) implies that each Xy, is the graph of a function with fixed bounds
on the appropriate derivatives. We then use characteristic energy estimates
to control the trace of g on Xy, by controlling Ogg, which we will show is of
size €9.

The first part of Proposition 5.2 is a much deeper result which, together
with Proposition 7.1, lies at the heart of proving the recursive estimate, part
(i) of Proposition 4.1. We control d¢ via estimates on a certain null field {
which is g-normal to each ¥y ,, hence dual to d¢ via g. We in turn control
[ via the Raychaudhuri equation, following Christodoulou-Klainerman [6] and
Klainerman [11], together with the special form of the curvature tensor on
fields tangent to the null foliation X, established in Corollary 5.9.

5.1. Setup. Since the proof of Propositions 5.1 and 5.2 is lengthy, it is
useful to summarize at this stage the information we have about the function
u and the metric g.

In this section, we deal more generally with equations of the form
(5.2) g (t, x,u) 0 Oju = Q(t, x,u; du) ,
where @) takes the form

Q(t,x,u;du) = Z ¢ (t,x, w)Ojudju + Z ¢ (t,x, w)Oju + qo(t, z, u)u,

] J

and g¥, ¢", ¢, and ¢g are smooth functions of the variables t, z, u.
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By doing so, we note that we may also write such an equation as
0 g (t, x, u) Oju = Q(t, z,u;du),

for a different @ of the same form, and by combining terms we may assume
that g% = 0 for j # 0. This means that the coefficients of the Lorentzian form
(-, )g are given by %(g” + gji) , rather than by g . Furthermore, for each
k,l, we may also write

(5.3) g (t, x,u) 9; 0; g (t, 2, u) = Q(t, x, u; du)
with @ of the same form. Recall also that g¥(0) = 1"/, and that
gl =n" if |t|>32 or |v|>3+2c.
The function u belongs to H, therefore it satisfies
(5.4) ldullzzes + lullsoo S 25

In particular u is pointwise small, |u| < e2. Thus |g(u) —n| < €2, which in turn
yields a similar bound for g,

(5:5) ldg” | zzcs + I8 — 0 ls.0 S €2-

For the proof of Propositions 5.1 and 5.2 it suffices to consider the case
where 6 = (0,...,0,1) and » = 0. We fix this choice, and suppress 6 and r in
our notation. Instead of (zg,x)) we use (xy,2'). Then 3 is defined by

2= {xn - ¢(t7x/) = 0}
The hypothesis G(u) < 2e; implies that
(5.6) lde(t, ") — dt

52,y < 2¢e1.

Note that by Sobolev embedding, this implies that

(5.7) ldg(t, 2') = dt|| acrp + 10:dd(E, 2) |z cs, S €1
As a consequence of this it follows that ¢ — ¢ is small in C*.

5.2. Characteristic energy estimates. We use a basic fact about Sobolev
norms, which is a simple paraproduct result.

LEMMA 5.3. Suppose that 0 < 7,7’ < & andr+1" > 4. Then

(5.8) ||f9||H’“+’“/*%(Rn) < Cryp fHH"(]R") ||g||HT/(R")'
If —r <7v' <r andr > % then
(5.9) 1 fall g @y < Cr | fllr @y 91 e gy -

As a consequence we have the following facts about the triple norm.
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LEMMA 5.4. Forr > 1, we have

(5.10) S 1 g3 gy < CrlF 2
S 1l g3 ey < Crllfllr2z -

Ifr > (n+1)/2, then

(5.11) Ifgllr2 < Crllfllr2 llglrz-

Similarly, if r > n/2, then

(5.12) 17 9llr2s < Collfllr2s lgll2s -

Proof. The first result follows from the trace theorem:

r—1 r—1
171 = 1D s S 1D Flszapkey = 1z

The bound (5.10) follows similarly. To establish (5.11), we use (5.9) and the
preceding estimate to bound

Ifgllr2 < W gllLz b+ + Id(f ) 2 pr
SN, s (gl e+ Mgl e =) + ldf Nl 2z N
S ll-2 g

The inequality (5.12) follows similarly. O

r—3%
L&H,

72 -

We now show that the triple norm of u is preserved under the change of
coordinates which flattens X .

LEMMA 5.5. Let w(t,z) = w(t, 2’ x, + &(t,2")). Then

l@lls.00 S Nwlscor  lld@llLzre S lldwlpzre -

Proof. The second inequality is immediate from the C'' bounds on ¢. For
the first, recall that s = m + o, where 0 < ¢ < 1. Since ¢ is C", we need to
show that, for |a| < m, and with 0% involving at most one derivative in ¢, we
have

(0+ (0¢)9y,) w € L°HY .

The product may be expanded as a sum of terms
(0¢) (0°10¢) -+ (9*:99) 9w,

where ag+ a1+ -+ ar = a, and ag # 0, and each term involves at most one
s—|o

derivative in ¢. By (5.8) we may bound the H; "' norm of the product by

0017 {10961y v+ 107Dy e |00l v .
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Remark. A similar proof shows that, for 0 < s’ < s, we have for all ¢

(5.13) (s ey < llw )y -

We continue with the characteristic energy estimate:

LEMMA 5.6. Assume that w satisfies the linear equation
al-(gij 8jw) =F.

Then
ldwlls-1,25 < dwl| poe e+ + [dw||z2re + [|F[[ 221 -

Proof. Let
ol o s + Il zzrs + 1Pl = &

Under the change of coordinates x,, — x,, — ¢(¢,2'), the equation transforms

to
n

Z (0i — (9i¢)0n) (gU (8] - (aj¢)an)w) = Fa

i,j=0
where ~ denotes the function expressed in the new coordinates. Recall that
we have g = —1, and g% = 0 for j # 0, and that ¢ is independent of x,,.
For i # 0 we now define
hV = g7 6" (00)§"— 8™ (0x9)6""+ 6767 (09) (0e)E""~ 667 (D09,

and set h%" = —1 and h% = 0 for j # 0. Then the above equation takes the
form

> 0 (h05i) =F — (95) 0o = G
1,j=0

We use the following bounds on h¥ .

ij ij 1 <
(5.14) b2 + /b ”L?OH;*?(E) ~
AT ij 5 <

The first term in (5.14) is bounded using (5.5), (5.6), and (5.11). The second
term in (5.14) is bounded using (5.9), (5.10), and the trace theorem applied
to g . The first term in (5.15) uses the uniform bounds on g¥ and d¢, as well
as the L?L° bounds on dg” and d?¢, the latter a consequence of (5.6) and
the Sobolev embedding H*~1(X!) ¢ L°°(X!). For the second term in (5.15),
by the line above we need only consider the case 0, replaced by 0, , for which
case we use the inequality

06) (9§ <logl* | |ogh s
100 O3y SOOIy 1087,

x

FH, *(

x
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To continue write
0; (hij 8j(8x<Dz/>S_2w)) = 8m<Dx/>S_2G — [8¢3x<D$/)5_2, hij] 0w
+(0:0) 0, (D )* 2050 .

By the Kato-Ponce commutator estimate, noting that ¢ 0 in the commutator
term, we have for each fixed ¢ the bound

| 8:0(D2)* 2 0] By | 1y < 0¥ lip, 1ol s + [0 1 ol

where all norms are taken over an arbitrary slice ¢ = constant, and we use
(5.13) to bound norms of @ by the same norms of w. Also,

|de(Dar)* 2 Gl 2 SIF | gz + 1058l e [|0nw]| o1 + 105D | o 190w oo
and
1(8ih7) 0, (Dar)* 2050 22 S (| || e |05 w]| o+ -

Consequently,

161 (0% 0;(02(De)* ) || 10 S -

Recall that ¥ is a null surface, defined in these coordinates by z,, = 0. By the
energy inequality, we thus obtain

10102 Dar)* | 2 (5) + 100 (Do) 20| 2 S €

The trace theorem shows that ||dw||z2(x) < €, and it therefore remains to show
that

107 (Dar)* 20| 25y S € -
Since h? = —1, we may write
Of = F — (930) O + > > 0;(hY 9;ib) .
i=1 j=0

To handle the contribution from the first two terms we apply the trace theorem
and the fact that s — 1 > ”T_l to get

(D2 )* 2 Fll 12y S IIF |l 2ot S &
and

{Da)* 72 (856 0nd) | 12 S 1{Dar)* ™ 050N 25y D )* ™2 Onw | £o 12, (5
S [1dolls 2.5 10nw]| oo prz—

Se.
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For the remaining terms we first note that, since 2s —3 > (n — 1)/2, we
may apply (5.8) and (5.15) to bound

T YT s—2 < T 3 T 3
1(00) (0 0)| e o2y < [I(Oiha )HL?CH;—ﬁ(Z) (3gw)\!L?QH§7§(Z)

< i : oo ppa—1

S0t g Nl
Se.

Next, since ¥ is null and is defined by z,, = 0, we get h™" =0 on X. Then,

1{Da)*~2 0; 050 | 125

9. O i
W9 0,0, 2772 S Iy o
Se,
where we use (5.14) and the fact that ¢ # 0 and (3, j) # (n,n). O

COROLLARY 5.7. Suppose that w satisfies the conditions of Lemma 5.6.
Then

(A (w = wy), dwx, A= dOsw) lls—1,2.5 S ldwll g gz pe - + 1] 2 -

Proof. As before, let
lduwll o grss + Idwlzrse + 1Bl e s = 2

Suppose that P is a standard multiplier of order 0 on R, such that P is
additionally bounded on L (R). Then

0;(g70; Pw) =G = (0;g”) POjw + [g",9;P] 0jw + PF .
The Kato-Ponce commutator estimate and the assumptions on g imply
Gl 2z S e
and Lemma 5.6 then shows that
(5.16) |ldPw|ls—125 Se.

To control the norm of A (w — w)), we write
n
)\(w—w,\) = Z@kPkw,
k=1

where Py satisfies the above conditions for P. Applying (5.16) yields the
desired bound.
Finally, applying (5.16) to P = S—y and P = A719,S.) shows that

ldwalls—1.2.5 + A7 ld dswrlls-125 S e O
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5.3. Proof of Proposition 5.1. This is an immediate consequence of Lemma
5.6 and Corollary 5.7, and (5.5), once we verify that, for each k, ¢,
Hgijai o gM”Lij’l Ser.

To begin, suppose that f(t,z,u) is a smooth, compactly supported function of
its arguments. Then since s > 5, we have the bound

Hf(t’xvu)HL?on < C’

where C' depends on uniform bounds on a finite number of derivatives of f.
Consequently, by (5.4) we have the bound

1t 2z, u) (w, Oi)|| oo o= + (1 (£, 2, w) Oju Ojul| gz S €2,
where the second term is bounded as a consequence of the inequality
1(du)?[| g1 S lldull o | dul| gz -

The result now follows as a consequence of (5.3). O

5.4. The null frame and an elliptic estimate. We introduce a null frame
along ¥ as follows. First, we let

V= (dr)",

where r is the defining function of the foliation Y, and where * denotes the
identification of covectors and vectors induced by g. Then V is the null geodesic
flow field tangent to . Let

(5.17) c=dt(V), l=0'V.

Thus [ is the g-normal field to ¥ normalized so dt(l) = 1, hence
(5.18) I = (dt,dw, — do)g" (dan —do)",

so the coefficients I/ are smooth functions of u and d¢. Conversely,
(5.19) dan —do = (1,00,)5 I,

so that d¢ is a smooth function of u and the coefficients of [.

Next we introduce vector fields e, : 1 < a < n—1 tangent to the fixed-time
slices ¥t of ¥. We do this by applying Grahm-Schmidt orthogonalization in
the metric g;; : 1 <4, < n to the ¥'-tangent vector fields 9;, + (9z,¢) Ox,, -

Finally, we let

L=1+2(dt)".

It follows that {l, [ ,eq} form a null frame in the sense that

<l7 L>g =2, <€a, eb>g = Oab »

<l7l>g = <L7 £>g = <lvea>g = <l7€a>g =0.
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The coeflicients of each of the fields is a smooth function of v and d¢, and by
assumption it also follows that we have pointwise bounds

lea = Op, |+ 11— (Or+0z,) |+l — (=0 +0u,) | S

LEMMA 5.8. Suppose that g 0;0;w = F. Let (t,a', ¢(t,2’)) denote the
projective parametrisation of ¥, and for 0 < i,j <n — 1, let §; denote differ-
entiation along ¥ in the induced coordinates. Then, for 0 < i,5 <n —1, one
may write

Pi @i (wls) = U(f2) + f1,

where
1ol zrer sy + 1l i me ()
S lldwl e g + ldwl 2o + 1Fl 2 pe=r + 1F | Lrere o sy
and for each value of t,

122, Mcs, =0 S Nldw(t, - )l cany -

Proof. Let
ldwl oo = + ldwl gz poe + 1Fll 2 e + IF g2y = €
The conditions of Lemma 5.6 are satisfied since

1(0:g) 05wl 2 a1 S g™ || 2 poe [|dw | e o1 + 1A || oo e | duw ]| L2 £
<e.
~Y

Consequently ||dw|s—125x S €. We make the change of coordinates z, —

xn — P(t, 2') as before, which reduces X to the set z;,, = 0. In these coordinates
the equation takes the form

h¥ 9, 0,0 = F + g (0}, 0y¢p) Ot = F1 ,
where now
h' = g7 — 6 (0k0) 8" — 8™ (940) 07" + 3" 67" (O) (9r0) 8
The metric h¥ satisfies the bounds (5.14) and (5.15) as before. Also,
Il sy S €

To see this, we note that H;Tl(Zt) is an algebra, and that by the trace theorem,
(5.13), and (5.6), and by Lemma 5.6, we have

o,
18" o rre sy + 10ROl 2o (m) S 1 1Onwll 2o sy S €

We let I*, 1%, e} denote the coefficients of the null frame {I,,e,} in
these coordinates. Thus, [ = 1, and [" = e? = 0. Each coefficient may
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be written along ¥ as a smooth combination of the h¥ | and is equal to its
constant coefficient version for |z| large. Consequently, (5.6), Proposition 5.1,
and (5.12) together imply

(5.20) 7 =852 + 1117+ 6% = 207|528 + [leg — 8% ls25 Ser.
In particular,

Hli”LfCHifl(z) <1

9

(5.21) |
1PV Lzmrerr sy NP LM L2re sy + 1P€all 2oy S 1
Since ||dw|[ 2 fy=-1(s) < €, we may reduce matters to showing that we can write
Ok Orw=1(f2)+ f1, where 1<k {<n-—1.
We define
n—1 o
Aw = Z e, el 0; 0w .
i?jva::l
Since {l, [, e,} is a null frame, we have
n . .
Aw = — Z I’ U&@jw—kFl
i,j=0
— I(lw)+ G,

where G' = [(17) 0;w + F} satisfies Gl (sy S € by (5.21). We thus write

O Opw =1(0, 0 A (Lw)) + [0 A 1] (Lw) + AR B A7'G,

where, with A, = Z?;ll 0? , we may expand
-1 R ij ij ~1\F
00 8 = 000G (07— cied) 1 085")
k=0

which by (5.20) and the algebra property of H2 '(3¢) is for each t a bounded
operator on H* *(X!) with norm independent of t. Tt follows that

|| Ok Oe A_l(éw)HLfH;’fl(E) Se,

10k 0 A7 Gl o1y S €

To handle the commutator term, it suffices to show that

H [(52] - ezeé)ala]A617l]fHLtlH:/*l(E) g HfHL%H;fl(E) .
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To do this, we bound the left-hand side by

Hl(eflef;) aiajAEIfHLgH;,—l(z) + (67 - eieg)aiajﬁgl((aklk)f) ||L}H-;,—1(E)
+ (69 — elel) [5i5'jak¢51alk]f”Lgijl(z) ;
where we have 1 < k < n — 1, since [° = 1. The first two terms have the

desired bound by the algebra property of H.,~ 1. For the third term, we use
the Kato-Ponce estimate

1 0:0;06 8 1% f o1z Sl 1 — 6", ) 1 ez ()
I = 0" e, 20y 11l 2o 20y
S " — 5k0HH;,(E‘) ||f”H;71(2t) :

To conclude the proof, we need establish the C%, bounds on fa(t,-). By
(5.20), it follows that the coefficients of the null frame belong to C¢,(Xt), with
uniform bounds over ¢. As above we may thus reduce consideration to 0; 9; w,

in the projective coordinates on ¥. Since (5.20) shows that ||e’ e — 6% s, (520
<e1, we have '

1208, s, w0 = 10: 0 A7 (Lw) (- lles, (2 S lldw(t, - Mloz@ny - O

COROLLARY 5.9. Let R be the Riemann curvature tensor for the met-
ric g, and let eg = 1. Then for any collection 0 < a,b,c,d < n — 1, we may
write

(R(easep) ec, ea)g |s = U1(f2) + f1,
where
Ifoll 2o sy + Ml i sy S €2,

and for each value of t,

f2(ts s, () S sup [dg? (¢, )l csen -
l?]

Proof. The curvature expression takes the form R;ji¢ efleie’geg, where
1 g
Rijie = 5 0; O gje + 0j Op ik, — 0 Ok Biv — 03 Oy gjk} +Q(g", dgij) ,

where @ is a sum of products of coefficients of g¥/ with quadratic forms in ag;; .
It follows by Proposition 5.1, which applies to g;; as well as g  that the term Q
satisfies the bound required of f; . We therefore look at the term e’ e¥9; 0y gjt,
which is typical. By (5.20) and Proposition 5.1, the term e, (e¥) Okgj¢ satisfies
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the bound required of fi, so we consider e,(e.g;¢) . Finally, since the coeffi-
cients of e, in the basis @; have tangential derivatives bounded in L} HZ (%),
we are reduced by Lemma 5.8 to verifying that

g™ o; 9; ng”Lij‘l + |g” o 9; gkf“L}H;fl(E) Sez.

The bound on the first term follows by the proof of Proposition 5.1. The same
proof, together with the bound [|9;ul| 21 (5 < €2, also bounds the second
term. : |

5.5.  Connection coefficients and the Raychaudhuri equation. We will
work with the following selected subset of the connection coefficients for the
null frame with respect to covariant differentiation along X,

Xab = (De,l, €p)g l(Ino) = =(Dyl,l)g toab = (Diea, €p)g-

1
2
For o set the initial data o = 1 at time —2. The coefficients of [ and e, are
combinations of coefficients of g and d¢, by (5.18) and the orthogonalization
process. Consequently by (5.12), together with Proposition 5.1 and (5.6), it
follows that

(5.22) IXabll 2o sy + 100 | L2 o1 sy + 0abll 25 () S €1
Similarly, if we expand [ = [*@, in the tangent frame 0, d,» on X, then

(5.23) =1, sup  1%ls2x Ser-

1<a<n-—1
LEMMA 5.10. Let xqp be defined as above. Then, for 1 <a,b<n—1,

HXabHLfH;fl(z) Sez.

Furthermore, for each value of t,

IXab(t-)llcs, () < €2 + sup ldg™ (¢, )| cs ey -
Z?]

Proof. Tt follows from (5.23) and Sobolev embedding that the tangent
field I, expressed in the basis 9,0,/ of tangent vector fields on ¥ in (¢,z’)
coordinates, differs from J; by a field with coefficients of small norm in L?Cifs .
Consequently, if we introduce coordinates (t,y’) on X, such that I(y") = 0 and
y' =2’ at t = —2, then the 3/ are a small C! perturbation of z’.

We use the transport equation for xgp,

Z(Xab) = <R<l7 ea)ly eb>g — XacXcb — l( In U) Xab + Hoac Xcb + Hobe Xac -
By Corollary 5.9, we may write this in the form

l(Xab - élb) = ffb — XacXcb — l( In U) Xab + M0ac Xeb + H0obe Xac -
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As before, let A5~ be the fractional derivative operator in the 2/ variables.
Then, since HE, *(X) is an algebra, we may for each ¢ bound the norm of the
right-hand side in H% ! (3) by

ha(t) + ha(t) sup A" (xas — f5°)(t )z, () »

a,b

where by (5.22) and Corollary 5.9 we have

Ihllpr(—2,2) S €2, lhallr2(—2,2) S €1-
We next bound

AT 00 = £5°) () 2, 9y < I(@el®) (ab = F8°)(E ) e (2
+ A e 1 O — f57) () [z, 2 5

which by the Kato-Ponce commutator estimate and the Sobolev embedding
theorem is bounded by
sup 19t e, ey 1A°H (xab = f8°) (8 ) e sy
1<c<n—1 ’ @

By (5.23) we thus have the bound

sup 1A (xap — £5°) (8, )l 22, (29

< ha(t) + ho(t) Sup IA* ™ (xab = £5°) (85 )l 2, (229
where hq(t) and ho(t) satisfy the bound above. Since the flow of [ is C! as
noted above, together with Gronwall’s lemma this implies that

sup 1(xab — f5°)(2, W1z Se2-
The conclusion now follows by Corollary 5.9 and Sobolev embedding. O

5.6.  Proof of Proposition 5.2. Recall that we have fixed r = 0 and 0 =
(0,...,0,1). Note that since ¢(t,a’) =t for t < —% , it follows by (5.10) and
Sobolev embedding that

lo(t,2") —tller S Nldo(t,2") — dt

so it suffices to dominate the latter quantity by 2. By (5.19), together with
(5.12) and the bounds on ||g® —n%||s 2,5 from Proposition 5.1, this in turn will
follow as a consequence of the bound

|H [ — (at - axn)ms,Q,E 5 €2,

where it is understood that one takes the norm of the coefficients of | — (9, —9,.,)
in the standard frame on R™!. The geodesic equation, together with the
bound for Christoffel symbols HF;kH 2L S €2, imply that

1= (0 = O )iz, S €2,

tw NN

5,25
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so it suffices to bound the tangential derivatives of the coefficients of
I — (9 — dy,) in the norm L?H: '(X). Finally, we claim that we can now
reduce matters to dominating the coefficients of D;l and D, ! in the tangent
frame {eq,l}. To see this, we note that the coefficients of e, and [ are small
perturbations of their constant coefficient analogs in the L? H:(¥) norm. Also,
by Proposition 5.1, we have the bounds for the Christoffel symbols

TSkl 2 e sy S 2
so that, for instance,
”F;"keglkHLij,’l(E) S ez,
and in particular the covariant derivatives of ; — d,, are small in L?H% (%)
Thus, we need to establish the following bound,
{De.l; ev)gll 2 o1 oy I De,ls Dgll 2 o1 oy H KD Dgll oo sy S €2

The first term is x4 which is bounded by Lemma 5.10. For the second we note
that
<D€al7 L>g = <D6ul7 Q(dt)*>g = -2 <D€a (dt)*7 l>g :

Since the coefficients of (dt)* are combinations of the g%, bounds for this term,
as well as the last, follow from Proposition 5.1.
It remains to show that

1d(t,-) = ditll a1y S €2+ dg™ (t, )|l csrn) »
for which it suffices to show that
1) = 0 = Oz )l ey S 2+ 1dg (t, )l s ) -

The coefficients of e, are small C?,(X*) perturbations of their constant coeffi-
cient analogs, so it suffices to show that

I(De, 1, en)g (t, s, (5 +11(De, b, gt )llos, 0y S e2+Ildg? (¢, ) llos n)-
The first term is bounded by Lemma 5.10, and the second by noting that

(De, ()", D (t, Mlos, ) < lldg? (¢, s en) - m

6. Geometry of cones

The purpose of this section is to show that any two null foliations ¥, and
Y, as defined in Section 5, intersect at each point at an angle comparable to
lw—0].

Precisely, let [, be the g-normal field to the foliation ¥, normalized as
before so that dt(l,) = 1. We use o(r) to denote a quantity that is bounded
by cr, where c is a small constant which can be made arbitrarily close to 0 by
taking €2 of (5.4) and (5.3) small.
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PROPOSITION 6.1. For all unit vectors w, 8 € S™ ' uniformly at all
points in space-time,

(6.1) ly—lgp=w—0+o0(lw—10]).

As an immediate consequence of this and the fact that [, and Iy are null
in g, we have that, uniformly at all points in space-time,

1
(6.2) qu@g:-Epu—9F+ouw—9Py

We also establish the following fact about the geodesic flow from a point.
For a given point x1, we let g9 denote the null geodesic curve, reparametrised
by t, such that vy (t1) = x1, and 4(t1) lies along the direction 6.

PROPOSITION 6.2. For all (t1,x1), with t; € [-2,2], and all t € [—2,2],
(6.3) Yolt) =70(t) = (t = t1) (w = 0) + o( [t — t1] |w —0]).

To establish (6.1) and (6.2) at a given point (t1,x1), we study the cone
spanned by the null geodesics through that point.

For the rest of this section, we fix a point (¢1,21), with t; € [-2,2].
Given w € S"71, let r(w) > 0 be defined so that the vector (1,7(w)w) is null at
(t1,21) . Then r(w) = 140(1), and d,r(w) = o(1) . Let (¢,7.,(t)) for t € [-2,2]
be the null geodesic curve such that

d
Yolt) = a1, i%@g:r@mk
At t = —2, the metric g is the standard Minkowski metric, and hence we may

write

dVe
E<_2) = 0(w),

which defines w — (w) as a map S"~' — S"~! . Note that 6(w) is the vector
such that ~,, is tangent to the foliation $“) . Our proof establishes that 8(w)
is a small C! perturbation of the identity map, which yields (6.1). Since f(w) is
the normal map to the t = —2 slice of the light cone with vertex at (¢1, 1), this
in effect says that the map 7,,(—2) is a small C? perturbation of multiplication
by —(2+t1) w. We prove this in turn by first establishing (6.3), which implies
that v,(—2) is a small C! perturbation of —(2 +#;)w, and then showing that
the second fundamental form of the cone is a small C? perturbation of that of
the tangent cone over (f1,x1). We begin by establishing (6.3).
We start by noting that the bounds on the Christoffel symbols,

IT5 |20 = 0(1)
imply that

4

(1) = r(w)w + of|t — ta]%),
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hence that
(6.4) Yot) =z1+ (t—t1)r(w)w+o( |t —t1]2).
Given a tangent vector v to S" ! at w, we let Z, denote the purely spatial
vector field along (¢,7,(t)),
Zy (t) =0+ 0wV (t) )

so that
Dz,

dt
As a variation of reparametrised geodesics, Z,(t) differs from a Jacobi field
along (t,7,(t)) by a multiple of 4, (¢). Hence, using % to denote covariant
differentiation along 7, , we see that

D?*Z, dIn(o) DZ,
= Yo Lo ) Yo —
gz~ B Z0) at dt

Here, o denotes where s is any affine parametrisation of the geodesic ,,.

Zy(t1) =0, (t1) =v-0u(1,r(w)w) = (0,v+o(|v])).

mod () .
dt

ds’
By taking s to be the parametrisation with o(—2) = 1, then o = 0y(,,) where

op is defined as in (5.17). In particular, we have that

Hdln(o) (D).

(6.5) =

L2(~2,2)

The above together imply that (Z,,4.)g = 0 for all t. We now fix a set
eq of purely spatial vector fields along (¢, 7, (t)), orthonormal under g, which
together with (1,4,) span the ortho-complement of (1,4,) under g. We may

choose e, such that
De,

dt
for instance by parallel translating an orthonormal frame along ~, and sub-
tracting a multiple of 4, to make them purely spatial. We set

y(t) = <Zv(t)7€a(t)>ga

= 0 mOd (’YOJ) )

z

and derive the formula
d2z® dln(o) dz¢
- = (R Y Y €a b — -
dt2 < (7 7eb)7 € >g ZU dt dt

By the parallel transport equations, the coefficients of e, relative to the frame
O, have derivative with small L? norm. Hence we may apply Corollary 5.9 to

rewrite this equation in the form (along ~,,)

d (dzy ab b\ _ fab [ 9%y ab _b ab b
E( a2 Z’“)_ 2 (dt 2 Z”)+f1 &

where )
||f§lb”L2(—2,2) + ||f§lb||L2(—2,2) + Hffb||L1(—2,2) =o(1).
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Since z%(t1) =0, and |2%(¢1)| < 2|v|, this implies that

20(t) = (¢ — 1) Z4(0) + ol [t — | [o]).
Since eq(t) = eq(t1) + o(|t — t1|g) (relative to the frame 0,), this yields
DZ 3
Zu(t) = (t = t)—=(t) +o([t = ta]> vl ),

again relative to the frame 0,, . Consequently,
(6:6)  w(t) —y0(t) = (t—t1) (r(w)w = r(0)0) +o( |t — ta]* |w — 6] ),
which in particular implies (6.3).

Together, (6.4) and (6.6) imply that the map w — ~,(—2) is an embed-
ding of S”~! into R™, which is a small C' perturbation of the mapping w —
—(2 4 t1) w. It remains to show that the function 6(w) = 4,(—2), considered

as a function on this manifold, is a small C' perturbation of the function w.
To do this, we show that, uniformly for each w,

(6.7) —(24+t1) (De,0(w), ep)g = 0ap + 0(1) .
Together with (6.4) and (6.6), this implies (6.1).
We fix w, and along 7, (t) we set
Hep(t) = <Dea,(t) Yo (t), eb(t»g :

Then H,;(t) is well defined and smooth in ¢ for t # 1, since the above argument
and dilation show that w — 7,(t) is a C*™ embedding for ¢ # t1, as gg is
assumed to be C°. A dilation argument shows that

(6.8) Heap(t) = (t —t1) " Gap + han(t)
where
(6.9) sup |hap(t)] < oo.
£t
Furthermore, for ¢ # t1, we have
dj;ltab = (R( Vs €a ) Y €b >g - dlgi(ﬂ Hyp — Hoe Hep -

Applying Corollary 5.9 as before, and setting fo = —dIn(o)/dt, we obtain upon
substitution for H,, the differential equation for Ay,

dhay _ dfs" | o t— 1) Fobup + fohap — 2(t — t1) " hap — hach

7 _W—i_fl +(t—t1)"" fodap + fohap — 2(t —t1)™ hap — hachey ,
which we may rewrite in the form

d

E((t_tl)z(hab_ 9§ ) ==2(t —t1) f§° + (t — t1)* f{* + (t — t1) f2 Oup
+(t_t1)2f2hab_(t_t1)2hachcb,
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where as before

1£5% 0 r2(—2.2) + 1 F2ll22(—0.2) + 1 F12N 11 (—0,2) = o(1).
Applying (6.9) leads to the inequality

t ~ t
has(®)] < 18570+ 21t =t [ (1157 + | Fobo] Y s+ [ |75 ds
ty ty

t t
+/ ‘f?hab|ds+/ ‘hachcb‘dsa
t1 t1

with the order of integration reversed for ¢t < t;. We next note that the first
integral on the right-hand side is dominated pointwise in ¢ by M (f$?)+ M ( fg) ,
where M is the Hardy-Littlewood maximal function, hence the second term has
small norm in L?(dt). A continuity argument in r applied to ||hapl z2(jt—t,|<r)
shows that

HhabHL"‘(—QQ) =o(1).
Furthermore, since f§?(t) = 0 for t < —1, we have
|hav(=2)] = o(1).
Together with (6.8) this implies (6.7).

7. The paradifferential decomposition

To conclude the proof of Proposition 4.1 we establish the following:

PROPOSITION 7.1. Suppose that uw € H, and that G(u) < 2e1. Then
condition (WP4) is satisfied with g(u) replaced by g(t,xz,u). That is, the linear
equation Og(y v = 0 is well-posed for data in H" x H=1if1<r<s41,
and the solutions satisfy the Strichartz estimates (3.3).

First we show that this yields Proposition 4.1. By Proposition 5.2, we
need to show that

ldull e ety Seas lldullpzes Ses-

The first of these is a consequence of Lemma 1.4, since by assumption ||dul|z2¢s
< 2e5 . Tt remains to bound du in L?CS. The bound would follow directly from
Proposition 7.1 if the right-hand side of (1.1) were zero. In our case, the result
follows by the Duhamel variation of parameters formula, upon verifying that

la(t,z,u) (du)2||Lg(H;:—1) Ses-
But this follows from the fixed time multiplicative estimate
latt, 2, w) ()] g+ S ldull = dull -+

which is in turn a consequence of (2.5) with a(¢) = (€)1, O
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We will establish Proposition 7.1 via an appropriate parametrix construc-
tion for the equation Ogv = 0. The first step in the construction is to make a
paradifferential decomposition in order to localize the problem in the frequency
variable dual to x. Given a frequency scale A > 1, we consider the regularized
coefficients

gr=S5«\g,

which we use to study the localized problem at frequency A. We will begin by
showing that Proposition 7.1 is a result of the following

PROPOSITION 7.2. Suppose that u € H, and that G(u) < 2¢1. Then for
each (vo,v1) € H' x L? there exists a function vy in C*([—2,2] x R™), with
support vy (£,-)(§) S {€ : A/8 < [€] <8},
such that

10g, vAllLir2) S o (lvollar + llvillz2)
(7.1)
ua(—=2) = Shvg, wr(—2) = Syvy,

and such that the following Strichartz estimates hold, provided r > % if n=2,
and r > "T_l ifn>3,

loallseey Seo * A (llvollar + lloallze),  n=2,
(7.2)

loallzzzey S €0 X7 (ool + llorllzz) . n=3,4,5.
Roughly speaking, this says that we can find a “good” approximate solu-
tion vy for the equation
(7.3) Og,vn =0, va(—2) = Syvo, oA (—=2) = Sy .

This result is almost trivial if egA < 1. Indeed, in this case we can let vy = Syv,
where v is the exact solution to Og, v = 0 with data (v, v1), in which case

10g,0Allzz2 S &Y, 0S5 950 || L2z + 1S3 (0igY ) (95v)I 212
Slldgd ez rl105v|| Lo L2

Seo (lvoller + vnllz2) -

The Strichartz estimates then follow from the Sobolev embedding and the
energy estimates. Hence, in the next section we will restrict ourselves to es-
tablishing Proposition 7.2 in the case that

goA > 1,
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in which case we will show that (7.2) holds without the factors of g on the
right-hand side. For the rest of this section we show that Proposition 7.2
implies Proposition 7.1.

7.1. Replacing L} L? by L?L2. We prove here that v can be chosen so
that a stronger version of (7.1) holds, namely so that

10g,vallrzre S o (lvollar + [Jvilz2) -

We fix a Littlewood-Paley cutoff S, so that S)\S, = Sy, and so that Sy is
supported in the range €] € [\/8,8)].

Suppose we are given initial data (vg, v1) with frequencies supported in the
range [A/8,8\]. Then Sy (vo,v1) vanishes except for a fixed number of dyadic
values. Applying Proposition 7.2 to each of these pieces and summing up the
resulting approximate solutions we produce a function v which is localized at
frequency A and satisfies

10g,vllLize S eo (lvollar + [loillze),  v(=2) =vo, w(—=2) =wv1.

(We use the fact that one may replace gy by gy with X € [\/4,4)] without
changing the result of Proposition 7.2.) We set vy = S\v and compute

Og,vx = Sxf1 + fo, fi=0gv, f2=[Og,,S)]v.
The commutator term can be estimated as above,
(7.4) I0g., SxlvllLzrz < lldgllpz e lldvl| L2 -
We thus obtain a smooth function vy with
vA(—2) = Shvo, dor(—2) = Sy,
and such that Og, vy = Sy f1 + f2, where

(7.5) Ifillziee + 120z e < €0 (lvollas + villc2) -

This is already an improvement over (7.1), since Og, vy is the sum of a good
term f> and a bad term which has the special form S) f; . We want to eliminate
the bad term using an iterative argument based on the Duhamel variation of
parameters formula. To do so, we need to construct approximate solutions
for Cauchy data specified at arbitrary initial time to € [—2,2], and not just
to = —2.

Precisely, given (wg,w1) € H' x L?, we seek wy so that

(7.6) Dgxw,\ =S f1+ fz, w(to) = Sywy, wt(to) = Sywq ,

and such that (7.5) and also the Strichartz estimates (7.2) are satisfied with v
replaced by w.
For this, we start with the exact solution w to

Dg)\w — 0, w(to) =wo, ’LUt(tO) = wi,
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and let vy = S)v be the approximate solution constructed as above, with
vo = Shw(=2), vi = Sh\wi(—2). Then by energy estimates and (7.5), vy
satisfies the correct estimate,

Og,va = Sxfi+ for I filleezz + | follze < o (llwollms + [Jwillrz)

as well as the Strichartz estimates (7.2), but it does not match exactly the
data at time ty. However, we have

Shwg — va(to) = SAw(l), w(l) = S wy — v(to) ,
Sywy — Oy (to) = S,\w}, w% = S\wy — ve(to) -

We can use energy estimates and the commutator estimate (7.4) to bound the
size of the error,

lwg e + llwillze < [|Og,y (Sxw = )|z 2
S8 vllpize + I[Ogy s SaJwllzzre
Seo (llwollm + [lwillz2) -

Since the norm of the error is much smaller than the initial size of the data,
we may repeat this process with data (wg,w}), and sum the resulting series to
obtain a smooth function wy with data Sy(wp,w;) at time tg, such that the
Strichartz estimates (7.2) are satisfied, and such that Ogw = Sy fi + f2, with

I fillzizz + I fellzeze S €0 (Nlwolla + [lwillze) -

An iteration argument now allows us to eliminate the bad term Sy f1 in
Og,vx. Note also that the above argument implies the result of Proposition 7.2
with —2 replaced by arbitrary ¢ty € [—2,2]. Combining these results, we obtain
the following strengthening of Proposition 7.2,

COROLLARY 7.3. Suppose that u € H, and that G(u) < 2e1. Then for
each (vo,v1) € H' x L?, and each tg € [—2,2], there exists a function vy in
C>®([-2,2] x R™), with

support vy (t,-)(§) C{E& : N\/8 < |€] < 8A},
such that
10g,vallzzzz < €o (llvollm + lorllze)
uA(to) = Savo,  Gra(te) = Sxvr,
and such that the Strichartz estimates (7.2) hold.

7.2. The case r = 1. We now are assuming Corollary 7.3, and showing
that Proposition 7.1 follows as a consequence. We first consider the case of
Proposition 7.1 where r = 1. Since dgy € L?L%, it follows that equation (1.3)
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is well-posed in H' x L?, and its solution satisfies the energy estimates. It
remains to show that its solution v also satisfies the Strichartz estimates (3.3).
Without loss of generality we take tg = 0.

Given arbitrary initial data (vg,v1) € H! x L?, and general ty € [-2,2],
we take the Littlewood-Paley decomposition

UOZZS)\UOa U1 :ZS)\UM

and for each X take the corresponding vy as in (7.1). Set

’U:ZUA.

Then v matches the initial data (vg, v1) at time to, and satisfies the Strichartz
estimates (3.3) (with a constant depending on ey). We claim that v is also an
approximate solution for Og, in that

10gvllzzrz < eo (Nlvolle + llvllze) -
Indeed, we have
Ogv = Z Og,vx + Z Ug g,V -
A dyadic A dyadic

The first sum is controlled by Corollary 7.3 since the terms have finite overlap
on the Fourier transform side. For the second, we first observe that it contains
no second order time derivatives, since g?° = 1. We set wy = dvy € LL2,
and rewrite the second term as

Z (g - g)\) dzwy -

A dyadic

The bound on this term follows from the fixed time estimate

I3 (- e dewn iz S ldglios (D llali )

A dyadic
which follows from the bound
g —exlle SAIgllcs -

Given F € L; L2, we now form the function

t
TF(t,x) = / v¥(t,x)ds,
0
where v® is the approximate solution formed above, with Cauchy condition
v¥(s) =0, (Ow®)(s)=F(s,-).
Then the above shows that

| OgTF — Fllrzr2 SeollFllrizz -
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Hence the contraction principle implies that we may write the solution v in
the form

v=0+4+TF,

where 0 is the approximate solution formed above for data (v, v1) specified at
time t = 0, and

1F|lz2r2 S o (Nlvollar + Jvrllz2) -

The Strichartz estimates now follow since they hold for each v*.

7.3. The case r = 2. Again we consider tg = 0. Given data (vg,v1) €
H? x H' | we seek a solution of the form v = (D,) !w. Then we require that
w have Cauchy data (D,)(vg,v1) € H! x L?, and that w solve

Dgw = (Og — (Dy)Og(Dy) M w
=[g"”, (Da)] (D) ™' 005w,

where we may assume that ¢ # 0.

For F € L?L2, we form TF as above, but with v* the exact solution to
Ogv® = 0, so that OgTF = F', and TF has vanishing Cauchy data at ¢ = 0.
Let @ be the solution for the homogeneous equation Ogw = 0, with Cauchy
data (D,)(vo,v1) € H x L%, at time 0. Then we may find a solution w of the

form w = @ + TF, provided that we show
1187, (D)) (Do)~ 0:0;TF || 212 S €0 | Fllp2re -
This, however, follows from the fixed-time commutator estimate of Coifman
and Meyer [7]
118", (D)) fllcz < lldgliee [ £z 5
and the bound
l[dTF|perz S 1F iz -

At this point, we note that the Duhamel principle implies that for v solving
the inhomogeneous problem

ng = Ga U(O) = Yo, Ut(()) =1

and for r = 1 and r = 2, we have the bounds

7 {Dz)?vll s S N (vo, vl s + Gl gy 0 =2,

[{(Dz)Pvlz2r < (o, vi)llrxmr— + |Gl gy =2, 7 =3,4,5,

foran,andr—p>”T_1 for n > 3. As an easy

), we will now show that the following bounds hold for

provided r — p >
consequence of (7.

=~ i~
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r=1andr =2,
(78) (D) dv|[ s S Nl (o, v0)llrscrr— + |Gl i n=2,
{Da)fdvllr2re S Nl (vo, v) e xmr—r + 1Gll g1, n=3,4,5,

providedr—p>£ for n = 2, andr—,0>"TJrl forn > 3.
To establish (7.8) for r = 2, we first consider the case G = 0. Then

ngv = (dg“)@-@jv S L?Li ,

and it is seen from the equation Ogv = 0 that the Cauchy data of dv is of
regularity H! x L? if the Cauchy data of v is of regularity H? x H'. The
estimate (7.8) with r = 2 then follows from (7.7) with » = 1 applied to dv. To
handle the case G # 0, we use the Duhamel formula for v, and note that

(DI)"(ll/0 vs(t,$)ds:/0 (Dg)Pdv®(t,z)ds.

To establish (7.8) for » = 1, we note that, if v has Cauchy data of regularity
H' x L?, then (D,) v has Cauchy data of regularity H?> x H', and

||Dg<Dz>_1U||L}H; = H(Dw>Dg<Da:>_1U||L§L§
S [(Da), g7ND2) " 0050l 212 + Gl Lz

and the commutator term is bounded by the Coifman-Meyer estimate together
with energy estimates on v.

7.4. The general case 1 < r < s+ 1. To handle the general case, we first
show that the following estimate holds for 1 <r < s+ 1,

1O (D)™ YD) " wll 22 S o (ldwllzerz + [{De) ™ dwl p2r)
provided m > 1 — s. To see this, we apply analytic interpolation to the family
w — [Og, (Dz)" (D) “w.

For Rez = 0, we let u = J;w, and use the fixed time commutator estimate
I, (D2)0sullz S lldg” || L= llullrz
which follows by (3.6.35) of [30] , where we recall that ¢ # 0.
For Re z = s, we use the fixed time commutator bound
18", {D2)* (D) *Oyul| 2
S Ndg¥ e llullzz + g — 0|l az (D)™ 0sul| L=,

which is a consequence of the Kato-Ponce commutator estimate, see (3.6.14)
of [30]. The estimate now follows by analytic interpolation and the fact that

Ildg || 20 + 18”7 — 0 ||z b: S e0 -
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For Cauchy data (vg,v;) of regularity H” x H"™!, we seek a solution of
the form v = (D,)!~"w , where w solves

Ogw = (Og — (D) ' 0g (D) " w.

We may obtain a solution of the form w = w’+TF, with FF € L?L2, and where
w solves Ogw = 0, with Cauchy data (D;)""!(vg,v1) of regularity H' x L?,
provided we show that

1(Og — (D) 'Og(De)' ") TF|| 222 S €0 | Fllzzze -

This, however, is a consequence of the above commutator estimate, provided
we show that, for some m > 1 — s, we have

|dTF |z + (D)™ dTFll 2 pee S 1F iz -

This in turn follows from the case r = 1 of (7.8), since we can take 1 — s <
m<1an ifn23,and1—s<m<—% if n=2.

8. The parametrix construction

8.1. The construction of wave packets. We introduce in this section the no-
tion of a wave packet, which is central to our parametrix construction. Roughly,
a wave packet is an approximate solution to the equation Ogu = 0, which has
a finer spatial localization than a traveling (plane) wave solutions. More pre-
cisely, a frequency A\ wave packet is localized within A~! of a characteristic
surface X, but also roughly within A" of a bicharacteristic ray on X, .
Thus, the support of a wave packet is contained in a curved rectangle which is
roughly of size 1 x A1 x (A72)""L. In the sequel we shall call such a region a
slab.

While the natural idea might be to start with initial data which is spatially
localized in a A7! x ()\_%)"*1 rectangle, as well as frequency localized in the
dual rectangle at frequency A, and transport it along the geodesic flow of g,
such a construction does not seem to work, essentially because applying Og
to such a wave packet yields an expression which involves (badly behaved)
derivatives of the null frame in the direction [ transversal to the characteristic
surfaces.

To avoid having to deal with the behavior of the null foliations >, in
transversal directions, we construct wave packets by starting with a flow-
invariant measure on some X, (essentially surface measure multiplied by a
Az bump function on ¥, ), then mollifying it on the A~! scale. The advan-
tage of this approach is that derivative estimates for a wave packet involve only
the tangential behavior of restrictions of various functions to the characteristic
surfaces ¥, ,, as opposed to their regularity within the support of the wave
packet.
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Another aspect worth noting in our construction stems from the fact that
one cannot localize sharply in both space and frequency. For most of our
arguments a sharp spatial localization is more convenient, but the sharp local-
ization in frequency is exploited in order to gain the orthogonality of the wave
packets. Consequently, our definition of a wave packet u involves a sharp spa-
tial localization, but the approximate solutions at frequency A to Ogu = 0 are
constructed as superpositions of Syu. At all instances where we need to take
advantage of spatial localization we are able to discard the harmless factor S).

We introduce a spatially localized mollifier T by setting

Thf=vx*f, UAly) = A" (A1),

where ¢ € C°(R") is supported in the ball |z| < 55, and has integral 1. By
choosing 1 appropriately, any function v with frequency support contained in
|€] < 4X can be factored u = Ty, where [|i][zz ~ |lul|r2 .

Finally, we note that our definition of a wave packet involves the small
parameter €q , which is introduced in order to assure that Ogu is of small norm,

so that we may later obtain exact solutions by an iteration argument.

Definition 8.1. Let v = ~(t) be a geodesic for g, and let ¥, , be the null
surface introduced in Section 4 that contains 7y, defined by

Ywr={t2) : vy — Pur(t,xl,) =0},

where z,, = (w,z), and z/, € R™ are projective coordinates along w. A nor-
malized wave packet around -« is a function w of the form

n—1

n—7
u=-¢ey* X3 Th(vw),

where

(i) The function v is simple surface measure on 3, ,
v(t, ) = 8(Tw — Pur(t z,)),

(ii) The function w has the form

w = wo((eo))} (&, — 2L(1)))

where wg(z') is a smooth function, supported in the set |2/| < 1, with uniform
bounds on its derivatives
|02 wo(2")] < cq -

As mentioned above, the small parameter €y will play an essential role in
insuring that Ogu not only belongs to L} L2, but that it is also of small norm in
this space. It would be possible to replace this by relying instead on a rescaling
argument in (¢, x), but that moves the burden to a different part of the proof.
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Given €g, the construction which follows is of interest only if the frequency A
is large enough, namely if
A>egy L

This is assumed throughout the rest of the paper.

8.2. An estimate for single wave packets. Our first goal is to verify that
a normalized wave packet is an approximate solution to the wave equation,
normalized with respect to the H' x L? energy. For a single wave packet u,
this means establishing an L}L? estimate on Ogu, which is fairly straight-
forward. However, we will later need similar estimates for square summable
superpositions of wave packets, so it is useful to be more precise at this stage.

We introduce two notations. We use L(u,v) to denote a translation in-
variant bilinear operator of the form

Lu,o)(w) = [ Ky, 2)ule + ) ol +2) dydz.

where K (y,z) is a finite measure. The particular operator L that arises in
Proposition 8.2 below is fixed, and not dependent on either g or .

If X is a Sobolev of Holder space, then we use X, to denote the same
space but with the norm obtained by dimensionless rescaling by a,

Jullx, = llu(a-)|x -
We note that, since 2(s — 1) > n — 1, then for a < 1 we have
HUHH;*I(RH) S HUHHs—l(Rn_l).

PROPOSITION 8.2. Let u be a normalized wave packet. Then there is an-
other normalized wave packet U, and functions ¥, (t,x))), 7 =0,1,2, so that

(8.1) Og S = L(dg,dSyii) +25° AT HTh > 60 (20 — dur),
m=0,1,2

where the functions ¥m = Vm(t, zl,) satisfy the scaled Sobolev estimates

(8.2) Womllgzme-2 SeoA'™™, m=0,1,2, a=(c0A)2.

As an immediate consequence, we obtain

COROLLARY 8.3. Let u be a normalized wave packet. Then

(8.3) [dSxullpe(z2y S 1, ||BgSaullpzr: < eo-
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Proof of Proposition 8.2. For the purpose of this proof we consider the
case w = (O 0, ,1), and dispense with the indices w and r. Then z, = =y, ,
and z, = /. We erte

(8.4) Og, Sau = A7 ([Ogy, SATA] + SaTaOg, ) (vw) .

For the first term, we use the fact that g is supported at frequency < A/8 to
conclude that only the frequency A part of vw is contributing. Then we can
write

[ng S)\TX] = [ng S)\T)\] SAT)\

for some multipliers S\ ,T,\ which have the same properties as Sy, 7. Hence
it remains to show that

[Og., )3T u = L(dg, du) .

This, however, is a straightforward consequence of the kernel bounds for S)T).
For the second term in (8.4), we use the Leibniz rule

(8.5) Og, (vw) = w Og, v + (ggj + gg\z) Oiv 05w + v Og, w.

We consider the three terms separately. In the following computations, the
greek indices take values 0 < o, < n — 1. We let v denote the conormal
vector field along ¥, v = dx,, — d¢(t,z').

The first term in (8.5). We expand Ug, v as a sum of terms
gl 00 =g viv; ol — g3 00500,
_g)\ (t 2, ) viv; 5( ) (8ng§\j)(t,x',¢) Vi vj 5237(1)
+(0280)(t, 2, ) vi v 5;0)_ o~ 8 (2, 6) Badsp o),
+(9u83") (8,2, 6) 0205031,
Here, 69, = (8/6)(xn
f(S) 61 (s) = £(0) 6™ (s) = 2f(0) 5V (s),
F(5) 6@ (s) = £(0) 6 (s) — 20£(0) 6™ (5) + 87 £(0) 5 (s).
Since ¥ is characteristic, it follows that g (¢, 2, ¢) v; v;j = 0. We thus take
do=w (e )(t 2", 0) viv; + (Dng]”)(t: 7', 6) Dadpo]
V1 =w (200,85 (t, 2, 6) viv; — 837 (1,2, 6) Dad0]
1/}2 =w (g)\ - gw)(ta 1"/7 ¢) vivj.
It remains to verify that the 1, have the appropriate regularity. The function

2')), and we use the Leibniz rule

w is a smooth bump on the (60)\)_% scale, and therefore harmless. Also

(g, v, A\ Mgy ) € LZH,, (%),

T
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so these factors can also be neglected. The conclusion then follows from Propo-
sition 5.1 and (5.6).

The second term in (8.5). Let g = $(g" + g/’). We have

gij Oiv Ojw = giﬁ Ogw 5&)—¢
= v g (t,a',8) Dpw '), — v (0ugl) (8, 2", 0) D 6.

Then we take
¢0 =V (angi\ﬁ)(tv xlv ¢) 85’(/) ’ ¢1 =V g;ﬁ(ta $/> d)) aﬁw .

For 1 we argue as before; differentiating w yields an (50)\)% factor which is
less than the egA we are allowed to lose. The analysis of v is more delicate;
a rough argument yields the same (60)\)% loss, but we are not allowed to lose
anything. The first useful observation is that we can replace g, by g in 1, as
the error can be controlled as above. The second is the fact that

(i g7)(t,7(1)) dpw = 0.

This follows since (1,5(t)) is proportional to (v; g¥)(t,v(t)), by (5.18). Con-
sequently, we can write

n—1 A A

b1 =Y [wig”)(t, 2, ¢) — (ig”)(t,7(1) ] Opw .

3=0
Again, the function dgw equals (50)\)% times a unit bump on the (Eo)\)fé
scale. Also, the function d(v;g"%) has norm < gy in LZHS ' (X). Then within
the support of w, the above difference has size (£g\) " Ze; in L?H:7H(X), which

suffices to obtain the desired bound.

The third term in (8.5). This is the easiest one. It only contributes to
Yo by
o = g3 (12, 0) Dadpuw -

The factor gf\w(t,x, o(t,x")) belongs to LfOH;/_%(E), and is therefore negligi-
ble. Two spatial derivatives of w yield an egA loss, which is precisely what
we are allowed to lose. When differentiating in time we get smooth unit
bumps multiplied by either egA(¥)2, or by (50)\)%&. Both are acceptable since
191z S 1 O

8.3. Superpositions of wave packets. Given an arbitrary initial data set
(ug,u1) in H' x L?, we will construct in the next section a square summable
superposition of wave packets,

. n—1 n—17
u= g Ay ju”? =gyt A4

w,j

T E g ;U7 W
w7j
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such that the Cauchy data of S\u at t = —2 equals S)(ug, u1) . The purpose of
this section is to obtain estimates on S)yu and OgS)u, and so we outline here
the important details about the decomposition.

The index w, which stands for the initial orientation of the wave packet

1 n—1 .
A2z unit

n—

at t = —2, varies over a maximal collection of approximately 58 2

vectors separated by at least sé)\_%. For each w we have the orthonormal
coordinate system (z,,x),) of R", where z,, = z - w, and z/, are projective
along w.

Next, we decompose R™ by a parallel tiling of rectangles, with length
(8\)! in the z,, direction, and (4c9A)” 2 in the remaining directions x!,. The
index j corresponds to a counting of the rectangles in this decomposition. We
let R, ; denote the collection of the doubles of these rectangles, and >, ; will
denote the element of the X, foliation upon which R, ; is centered. Distinct
Y., are thus separated by at least (8)\)~! at t = —2, and thus by (9A)~! at all
values of ¢, as shown in (8.6) below. Let +,, ; denote the null geodesic contained
in ¥, ; which passes through the center of R, ; at time ¢t = —2.

We let T, ; denote the (32A)~! neighborhood of the set

g V{12 = Y ()] < (€0X) 72 } .

For each w the slabs T, ; satisfy a finite-overlap condition; indeed, slabs as-
sociated to different elements of ¥, are disjoint, and those associated to the
same Y, have finite overlap in the 2/, variable, since the flow restricted to any
Y 18 C" close to translation. The fixed-time cross sections TfJ, j of a slab are
thus C! close to the translates of the rectangle R, j, but their C? regularity
can be much worse. In particular, the time sections T fj’j are not necessarily
comparable to rectangles.

The wave packets u“~ that arise in the superposition are normalized wave
packets associated to X ; and 7, ; as in Definition 8.1, with u“J supported
in Tw,j-

We record here some useful facts about the geometry of slabs. We first
observe that the results of Section 5 imply a crucial result about the separation
of the surfaces g, as r varies. Precisely, it follows as a result of the estimates
on the null field { following (5.17), and the estimate (5.22), that

|drg — (0 - dx — dt)| S ey,
pointwise uniformly over [—2,2] x R™. This implies that
(8.6) |Bo,r (8, 2) — Po. (t,7p) — (r =) S er|r —1'],

or that the surfaces 3, in the foliation essentially maintain a constant sepa-
ration.
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This in turn implies Hélder—% bounds on the variation of d¢y, as r varies.
More precisely, from the estimate (8.6) above and the fact that, for each fixed ¢,

Hdi;@,ﬂ«(t, ) — d?c;d)w,r’ (t, x:u)HL;Z Sextpt),
where p(t) = ||dg(t,-)||cs, we obtain
(8.7) s, G (£ 2,) = dar, o (82 122 S (e2 4 p(2))2 |7 =72

Since dx,, —d¢,, is null, and since dg < p(t), this also implies Hélder—% bounds
on dey . To put these in the form we need, suppose that (t,z) € X, , and
(t,y) € Sw,, that |2/, —y/,| < 2(0A)"%, and that |r — /| < 2A~!. Then by
(5.18), we have

lo(t,2) — Lo(t,y)] S e5AT2 + &g 2 p(t)A"2 .

~

Since 4, = l,, and [|pllzz < €0, it follows that any geodesic in X, which
intersects a slab T;, ; must then be contained in the similar slab of half the
scale. Alternatively, if (t,x) € T, ;, where T, ; is of scale A, then T, ; is
contained in the slab of scale \/4 centered on the geodesic v, through (t,z).
This also shows that the slab T;, ; is comparable to the image of R, ; under
the geodesic flow tangent to X, up to a change in the scale A.

We now state the counterpart of Corollary 8.3 for superpositions of wave
packets.

PROPOSITION 8.4. Assume that n < 5. Let

i
U= E a ju”?

w,J
where u“ are normalized wave packets supported in T, ;. Then

(8.8) ldSyullre < (Ya2,)”

w?j

(8.9) 10g,Saullzize S 50( > ad; ) .

w7j

Proof. Instead of (8.8) we prove a weaker estimate, namely
(8.10) ldSyul ez < ( S, ) .
w’j

This suffices, since (8.8) follows from (8.9) and (8.10) by energy estimates.
The result will follow from certain fixed time orthogonality estimates for
expressions of the form

n—1

J— 4
V=€

n

NS (69900, . 00 )

w7j
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We do this in several steps. The size of p(t) = ||dg(t, - )|lc: plays an essential
role in our arguments. We begin with “good” time sections, namely for which
p(t) is small.

LEMMA 8.5. Let v be as above, and t such that p(t) = ||dg(t)|lcs < eo.
Let 0 < p < 6. Then

(8.11) lo@®lZ: S ||¢“’j(t)||2n%+u ,a=(g0A)" 2.

w?j

Proof. We begin by noting that it suffices to prove the result for a col-
lection of wave packets whose time t sections intersect a fixed cube @ of size
(50)\)7%, since the following argument is easily modified to include appropriate
polynomial weights. Consider one such wave packet u“*/, which is supported
in the slab T, ;. Since ||dg(t)|lcs < €0, it follows that the characteristic surface
%L, ; has the regularity [|@,, ;(t)]|gz+s < €0. Thus the time ¢ section T, ; of T,

is contained within a rectangle @, ; of size A™* x [(e0A)~2]" L. Tt also follows
that the conormal direction to Efu, ; varies at most by 5§ A"2 within T £ e
Within @, ; we will work with orthonormal coordinates yi,y’ so that
|dy1 — (dzy — doy ;)| S 5§ Az, and hence such that Qu,j is contained in a
rectangle { |y1 —c1| S A7, \yl’—c’| < (g0M) 72 }. The choice of these coordinates

admits the freedom of a O (g )\_%) rotation, which we shall exploit shortly. We
claim that in such coordinates the following estimate holds:
(812) T g a) ot SN I i,

Y1 Ta,y’ a,x!,

for a = (60)\)_% . Assume for the moment that this is true, and let us see how
to conclude the argument. Because of Proposition 6.1 we know that the angle
between two intersecting rectangles @, j and Q. j is comparable to the angle
between w and w’. Actually, Proposition 6.1 applies to intersecting surfaces,
however (8.7) shows that the conormals to different elements of 3¢, intersecting
the same (@), ; are comparable.

Hence, for each @), ; the number of the Q). j’s which intersect it and whose

1

2 is bounded from above by
an absolute constant. We now relabel the rectangles as follows. We choose a

conormal direction is at angle less than 10eZ A~

collection 2 of directions which are 53)\7% separated on the unit sphere, and

to each @), ; we associate a direction 6 € €} which is angle at most 6(%)\_% to
dx, — d¢, ;. For a fixed 6 € Q we label the associated @, ;’s intersecting
based on their position with respect to the @ direction, in increments of A~!
(the thickness of our rectangles). Thus we may write

{Quj: QuiNQ#0}={Qou; 0€Q, 1<k<eyAi}.
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This is somewhat imprecise in that more than one rectangle may have the
same label 0, k. However, the above argument shows that the number of such
repetitions is bounded from above by an absolute constant, so we shall neglect
it.

We also use the same association to relabel the functions as follows,

TN, e, ,)

vy = S,\Zue’k.
k

For each 6 we fix orthonormal coordinates yg , ¥, with y9 = 6-x . By combining
(8.12) with the A\~! separation in k, we conclude that

oty S (EN)T ZHWHQ vy a=(e0N) 7.

To sum up the vg’s we use an orthogonahty argument in the frequency variable.
We have, with a = (eg\)™

lollZs = 15x(€) D TullZ

n—1

0.k _ 1
=g

u

and set

2
Jell?,

) aye

02
_no1 02
= [ S3©[ X a1+ algh) =1+ algy) = F
0eq
/(Z‘“G L+ algl) T ) $36) Yo (1 +alg) T ae.
0eQ en
However,
Hvé)(l +a|§6|) -H'“HLz = a%||v9‘|iz JREIRIS Z H¢9 k||2 ’

Yo a;e
therefore we have
—(n—1)—2
Jolftz D107 IR s sup [S36) S (1-+algl) ™7
0.,k 3 0cQ

To conclude the argument it suffices to verify that the above supremum is

bounded by some absolute constant. This is true because each term in the
1

sum is essentially concentrated within an (eg\)2 neighborhood of the line with

direction 6. At frequency A these regions are disjoint due to the ¢ A"z angular
separation between different directions. Precisely,

—(n—1)—2 —(n—1)—2
SO (A talglh) "V Y (1 R) V<0
e keZn—1
It remains to prove (8.12) in the coordinates (y1,y’) = (g, yy). We begin

by noting that it suffices to prove the bound using the coordinates

ylzyﬁze'm’ y/:xi},
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since these have the same level sets yy = ¢. We let o’ be the vector perpendic-
ular to w such that w — o/ = |w — &/ §. Then, since the angle of w — d¢,, j to

f is bounded by Eg A2 , and since both d;¢,, ; and o’ are perpendicular to w,
it follows that
1 1
|of — dydojl SegA 2,

uniformly over @), ; . We now write
Ty = Guj(t,xl,) = |w—alys = (¢u;t,2),) — o' - x)

= Jw—o|(yn—oty)),

to see that we are reduced to establishing the bound

ITA (600 o)), oten SAFIGI s @ = (20X) 5,

where within the support of ¥ we have ¢ € C**9 |d¢| < aé A2, We can
also subtract a constant from ¢ to insure that |¢| < A~1, which implies that
¢ € C29 . with a as above.
The Fourier transform of (/) dy,—g(y) in the yy direction equals ¢ ene
therefore it suffices to show that
el o S (1427 )Y 12

y'a @

After rescaling n by A and ¢’ by a, we are reduced to verifying that

; N
e ozt S (41007 10l gt s Ndllezss 1.

But
; 246
€] cars < (L4 [n])"°,

therefore the conclusion follows from the multiplicative estimate

n—1

HS5 .0 c s, 0<u<s.

Note that this requires n < 5. O

Our next step is to obtain a fixed time estimate for values of ¢ at which dg
is large. The following estimate is a simple variation of the preceding argument,
n—1

which unfortunately is useful only when *5= < 2, that is, for dimensions n <'5.

LEMMA 8.6. Let v be as above, and t such that p(t) = ||dg(t)|lcs > eo.
Let 0 < pp < 6. Then

(8.13) lo@)lf: Se * p(t)F Y W‘”’j(t)\!;n;lﬂ , a=(g0A)" 2.
’j ¢
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Proof. If p(t) > A, then the above bound follows from the Schwartz
inequality by noting that, for each fixed w,

. 2 .
[5n o ae 0 ) |, <2 IR, -
j : j )

This estimate in turn is a simple consequence of the fact that wave packets
on the same Y, ; have finite overlap, together with the fact that the X, ; are
small C! perturbations of flat surfaces, with uniform separation of order A~!.
We thus subsequently assume that p(t) < A.

By Proposition 5.2, we have ||d2¢.;llcs < p(t). It follows that, within
a cube of size r, the conormal direction to ELJ varies by at most p(t)r. At
frequency scale A this leads to a frequency spread of Ap(t)r, which is consistent
with a decomposition into cubes of size r provided that

r=p(t) A7z,
We thus take a partition of unity on each qu’j over cubes of sidelength r in z/,

to split
W=D xXm
m

Then each term TA(sz/J“”j 5%,(;5%].) is supported in a rectangle Q. j, of di-
mensions A1 x L

The analogue of (8.12) is the estimate, for a = (gg\)
(8'14) ”T)\(vav/)w’j(sxwfdu,j) nolin S A2 ”waHH”;‘JﬂL )

a

1
z and r as above,

I, .

Yo 7‘,yé

where 6 is such that, uniformly over the support of X,
|16 — (daey — dutpuj) | S p(t)r = (M)~

The proof of (8.14) is similar to that of (8.12). Indeed, on the one hand

mewWJHHn;lJru S HwWJHHn;lJru )

T a

since 7 < a. On the other hand, we may work in the coordinates y1 = yg, v/ =
zl,, in which case we may assume that |d; ¢, ;| < (Ar)~! within the r cube Q,
which contains the support of x,,¥*”, and after subtracting a constant that
|¢wj| < A7'. Combined with the relation |¢y j|cevs S p(t) = r~2A~! this
implies .

/\HﬁbHc,?“(Qr) SRR

and the proof of (8.14) proceeds as before.

At this point we repeat the argument in the proof of Lemma 8.5 to obtain
a square summability result within a cube @, of size r. For the most part
this requires simply replacing g by p(¢) in the previous argument. We take
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the collection Q. of directions to be p(tﬁ)\ > separated, and consider the

collection
{Qok + 0€Qyp, 1<k<pt) =)z}

of rectangles of size A™! x "1 contained in Q, and with dimension A~! in

the direction ¢. To each @y we want to associate the truncated wave packet
sections which are supported within it. However, the angles of the Qg ’s are

separated on the p(t)%)\_% scale, while the angles of wave packets are only

separated on the 6§ A7z, The estimate (8.7) shows that if two truncated wave
packet sections are associated to the same (g, then their initial angles w and
w' must satisfy

=] Sp(t)2 A2,
'n,T—l

which implies that each Qg supports approximately p(t)%sa truncated

wave packet sections. Hence, we can relabel

{E(iTA%TA(Xm¢W,j5zw_¢w7j) P QuimNQr # 0}
= {ue,k,l 1 0eQ,t), 1<k< p(t)fé)\% ,1<i< P(t)%aa% }.

Denote
k= Zug’k’l, vy = S,\Zua’k, vQ, = ng.
l k 0
By (8.14),
n—1
0,k 2 Al B 1
I L NE N U RO

Summing over [ and using the Cauchy—Schwartz inequality we see that
G,k:HQ
et

0,k,l12
AT ORI L

2
Yo gy 7 Y

[ u

The A~! separation in the yy direction yields

2 0,k 12
ol et S ST, o

Yo T,ys hys

1+M'

Finally, repeating the orthogonality argument in frequency with respect to 6
in the proof of Lemma 8.5 yields
2
lvg. 172 S p()~"F Z [[vgl L HT

'
™Yg

We now combine the last four relations to obtain

log.lfe S > IR s,

w?]
Qu,;NQ-#D

, a=(g0\)"2
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The above bound also holds with appropriate polynomially growing weights,
so that the vg, may be considered orthogonal for different Qr When sum-

ming over the different Q,, each wave packet gets counted p(t) =z 50 N times,
therefore we obtain

lo®I3: < p(6) ey Z IIW’]H2

. a=(g0)\) 2. O

We can now conclude the proof of Proposition 8.4. We begin by estab-
lishing (8.10). If we apply (8.11) and (8.13) with Sy replaced by A~1d,.Sy, and
Y = ay jw?d, we get

ldeSauld)l2s S (14 p(8)3 ey 7 Zw

Since ||pl|zz < €0 and n <5, this gives (8.10) for d replaced by d, . To handle
the time derivative of u, we note that we may write
Ow = (1) (eoN) 0, 03 — duag) = 10 00 (1 = dus)

The first term is handled as above since 4(t) € L and (gA)2 < A. The
second term will be handled below, noting that the term v is harmless.

To prove (8.8) we use the representation in (8.1). On the one hand, by
(8.10) we have

| L(dg, dg/\ﬂ)HL}Lg S ”dgHLgL;oHdSAaHLng Ser.

On the other hand, we can apply (8.11) and (8.13) for the remaining three
right-hand side terms in (8.1). If we set

f :S?A"TJSAT/\ZGMJ Z wm] 5£Tz¢w,j

w,J m=0,1,2
then
If @17 S (1+p(0)F & = Z a; Y AT )II2 ,
m=0,1,2

which yields

Hf”%ng S </1+P()22 €0 B dt)

(/Z > NI dt).

m=0,1,2
By hypothesis, ||p(t)||z2 < €0- Combining this with (8.2) we obtain

1
I fllzize < 50( Zai,j ) .
w7j

which concludes the proof of (8.9). O
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8.4. Matching the initial data. In order to complete the construction of an
approximate solution for the initial value problem, it remains to verify that the
approximate solutions which are superpositions of wave packets can be chosen
so that they match the initial data at time ¢ = —2. Since the metric g equals
the Minkowski metric for times ¢ in a neighborhood of —2, it actually suffices
to work with wave packets near t = —2 for the Minkowski wave operator, since
the definition of a wave packet, together with the regularity of the X, ;, show
that these may be continued to wave packets for g up to time t = 2.

PROPOSITION 8.7. Given any initial data (ug,u1) € H' x L?, there exists

a function of the form
U= Zanu‘”’J ,
w7j

where the functions u,, ;j are normalized wave packets, such that
S)\U(*Q) = S/\u(), atS/\u(*Q) = S)\ul .

Furthermore,
> a2 < (ldauolF + uall7s ) -

whj

Proof. We consider a maximal collection of unit vectors €2 in R"” with

n—1

1 — n—1
spacing €3 A"2. Then © contains about gy > Az elements. Without loss of
generality, we may assume that (ug,u1) have Fourier transform supported in
the range A/4 < |¢| < 4\. Via a partition of unity, we may decompose

w w
UOZE Ug U1:§ Uy,

weN we

1
where the Fourier transform of w7 is supported in a (4X) x (455)\%)”*1 rect-
angle, with the long direction parallel to w. The approximate solution to the
Minkowski equation with Cauchy data (uy,u{) is the function

u = % [uf (z + tw) + ug (v — tw)
+ ((w- Dz)_lu‘f)(x + tw) — ((w- Dm)_luj")(x —tw)],

which involves wave packets in both the w and —w directions. We will show
that we may write the function u§ (z —tw) as an appropriate sum of normalized
wave packets in the w direction, which implies the desired result.

Because of the support condition on @ , we may write uf = Th\ug, where
@4 is of comparable L? norm. We extend the Fourier transform of @4 as
a periodic function of period 16mAw, which we also denote by g, so that
Shug = ShThag. Then 4y has the form

~w o w,k (.0
uy = § W (z,) 5%7% )
keZ
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where the functions w**(z! ) have Fourier transform supported in the region
1
|€/,] < 4(eoM)2 , and satisfy the Plancherel identity

S A gl
k w
We now take a partition of unity on the (60)\>_% scale with respect to the

1= Zwl(%),
I

transversal variables z/

and set

Then

R I T

Z wa,k,l
l

As a result of the support property of the Fourier transform of w***, we also
obtain

SOl w R, < caleod) w2,
! “ )

Consolidating the indices k,[ into a single index j, we obtain the desired de-
composition

S)\u%’ = SATAZw“”j(x;)ém k() - O

PN
J

9. Overlap estimates

An essential role in the proof of Proposition 10.1 is played by an upper
bound estimate on the number of A-slabs that contain two given points in
space-time. Given two points P, P» we denote by Ny)(Pp, P») the number
of A slabs containing both P; and P». In order to obtain sharp bounds on
Ny (P, P;) we introduce some additional notation.

We set Py = (t1,21), Pa» = (t2,x2). Without any restriction in generality
we assume that ¢t; < to. We denote by Kp, the forward light cone starting
at P;. The analysis in Section 6 shows that Kp, is smooth; in addition, by
Proposition 6.2, its time t5 section Kffl is o([t2 — t1])-close in the C* topology
to the sphere of radius t3 —t; centered at x;. Changing notation slightly from
Section 6, for each 6 we let 7y be the null geodesic contained in ¥y such that
Yo(t1) = x1, and set Qp = Yo(t2) € K}3.

Let d denote the distance of z9 to the t3 slice of the light cone K p, centered
at Pl,

d= wéglfil ‘1'2 — ’}/w(tz)‘ )
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We use the functions ry(t, z) defined in Section 4.1, whose level sets yield
the Xy foliation,

Yo, ={(tx) : ro(t,z) =1},
If we work in the null frame {lg, lg,e,0} associated to Xg,, then lgry =
€q,079 = 0, while
lo(Lore) = [lo, Lolre = 5([1(97 Lol,lg) Loro = (lgInag) Lyry,

where the connection coefficient oy, introduced in Section 5.5, measures the
infinitesimal separation between neighboring surfaces in the ¥y foliation. As
the functions [ 479 and oy agree at time —2, it follows that

(9.1) dro(t,x) - v =0g(t,x) (ls(t,2),v)g
where d denotes the differential in the (¢, x) variables. By (6.5), we have
(9.2) og(t,x) =1+ o0(1).

We next introduce the parameter m defined by

m = max r,(P)—r,(P1),
wesn—1

and fix some wy at which the maximum occurs. As we prove next, m plays the
role of a signed distance to the cone. Since K %1 is suitably close to a sphere,
its interior and exterior are well defined.

LEMMA 9.1. The parameter m is negative if Ps is inside the light cone
Kp, , and positive if Py is exterior to Kp,. Furthermore, |m| = d.

Proof. (a) If P, is on the cone Kp, , then x5 = Qg for some § € S~ 1,
which shows that r¢(P) = 79(P1). For any other w € S™!, we use (9.1) to
write

ro(Py) — 1o (Py) = /t " 0 (5,70(5)) (Lo, lp)g ds < 0.

This shows that m = 0. In addition, the functions ry are Lipschitz continuous
in z with Lipschitz norm 1+ o(1). This implies that in general

Im| < (1+o0(1))d.

(b) Suppose that P, is outside Kp,. Choose 6 which minimizes the eu-
—
clidean distance |Qgx2| of x2 to points on K}?l. The outer normal direction to

Kf;l at Qg is o(1)-close to 6, therefore Qpza = (0 + o(1))|Qox2|. Set

p(s) = sx2+ (1 —s)(te).
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Since rg(P1) = rg(t2, Qp), by (9.1) we compute

1
P2 = ro(P) = [ oulta, () (). lhds
0
=(1+0(1))|Qox2| = d.
This implies the missing inequality m = d.

(c) Suppose that P; is inside Kp,. Then d < (ta—t1)+o(ta—t1). We choose
—
6 as before, but now we have Qpzs = —(0 + 0(1)) |Qgx2|. Given w € S™7!,
and p as before, we write

ro(Py) — 1(PL) = / (5, 70(5)) (lo Io)e ds

1
" /0 0 (b2, 1(5)) (i) L) ds

(&4 00)) (t2 — t)l6 — wf? — 48+ o(1)

2
<—d+o(d),
where we estimated the first integral using (6.1). O

We are now ready to state our main result:

PROPOSITION 9.2. For all points Py = (t1,x1) and Pa = (t2, x2) in space-
time, and egA > 1, the number Ny(Py, P2) of slabs of scale X\ that contain both
P, and P» satisfies the bound

e TNT (LM T L+ Al — )", mely
NA(Pr, P2) S 55%A%(1+Ad)_1, m € Iy
0, m¢ L UL
where

L={-4\"'"<m<min(2ts —t1|, Ceg "N o —ta| 1)},

_1 1
_[2:{2‘t2—t]_| SmSCEOQ)\_E}7
and C is a large constant.

Proof. The above result coincides with the estimate that holds in the
constant coefficient case. The challenge in the proof is that the surfaces we
work with are not C? close to their constant coefficient analogues, so we need
to work only with the aspects of the geometry which we control.

By the comments following (8.7), if a slab in direction w contains both
Py and P», then the slab centered on ~, of scale A\/4 must also contain P;.



350 HART F. SMITH AND DANIEL TATARU

Thus we seek to bound the number of sg A~z balls needed to cover the set
Ay C 8™ 1 defined by

Ay = {w s Irulta,m2) — ot o)l £ A7 huta) — 2 < (00)7H.

For each § € Ay, we may choose Q2 € R" with |Q2 — x3| < 27!, such that
ro(t2, Q2) — ro(t1, 1) = 0, and observe that

Ay C {w srw(te, Q2) — ro(ty, z1)| < 3N, Yw(t2) — Q2| < 3(50)\)_5} )

Continuing, we let ug(s) denote the C' path for s € [0,1] contained in = ,
r = rg(t1,x1), which goes from Qp = ~(t2) to @2, and which is obtained
by projecting the straight line segment QQ—QS onto the surface Zg , along the
direction 6. We note that 7

(9.3) f1g — QoQ2 = o(1Qs — Q2|) , 0-QoQ2=0(|Qy—Q2|) .
We now write
T (t2, Q2) — rw(t1, o1)

to 1
:/t UW(377€(8))<lw,le>gdS+/0 ou(te, o)) (lw, fto)g ds .

By (6.2) and (9.2) applied to the first integral, and by (6.1),(9.3), and (ly, fi9)g
= 0 applied to the second integral, we then have

(94) 7ulta, Q) = rultr, z1) =5 (t2 — 1) | — O + (w — ) - Qo3
+o(|t2 — t1] |w—9\2) +o(|w—0]1Qs — Q2 ) .
We consider several cases with respect to the values of m and to — 1.
Case 1. |m| < —4\~1. In this case N\(Py, Py) = 0.
Case 2. |m| < 4\71, (t2 —t1) < 2A~1. Here we use the trivial bound

NA(P,Po) Sy 2 A5

Case 3. |m| < 4\71, (ta —t1) > 2A~1. Then by (9.4) it follows that
Ay C{w: lw—wo| < CA: (t2 —tl)_% },

—1

which is covered by ~ C" " le, 2 (tg — tl)f% balls of radius ag)\fé .

Cased. AN"1 <m <2 (ta—t1) . Then for 6 € Ay, if Q2 is chosen as above
depending on 0, it follows that

max Tw(t2, Q2) — ro(ti, 1) = m,
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which by (9.4) implies that
ma|Qp— Qo (2 —t1) P Seg' At —t1) 7!,

_1
where we are assuming Ny (Py, ) # 0 to conclude that |Qp— Q2| < 2¢, 2 A3
Since the maximum, up to A™!, occurs at w = wy, it follows that, for all § € A,

N =

160 — wo| ~ |Q2 — Qo (ta — t1) "L~ m= (to — t1)~

We can thus cover Ay by &~ ¢! of balls of radius p = cm: (t2 — tl)_%.

Consequently, we are reduced to showing that the intersection of Ay with a
ball B,(6) of radius p, centered on § € Ay, can be covered by the indicated

number of balls of radius €2 )\_%, for sufficiently small c.
If now ¢’ is any point in B,(6) such that r¢ (t1,z1) — e (t2, @2) = 0, then
applying (9.4) to 6 = 6’ yields that, for w € B,(6),

rw(t2, Q2) — Tw(t1, 1) = (w—0') - Qo Q2 + o(|w — 8| |Qo — Q2|)
=(w—0)-QoQ2+o(|w—0]1Qy — Q2|),

where we use (6.3) in the second step. By the second part of (9.3), it follows
that the set of ¢’ € B,(6) for which ry (t1, 1) — 7 (t2, Q2) = 0 forms a graph in
the direction QQ_QQ) , with small Lipschitz constant, and that the set AyN B, ()
is contained in a neighborhood of this graph of thickness 4 \~! |Qp — Q2| !.
We have |Qg — Q2| < 4 (g0A) 2, since Qg and x5 are in the same slab, and

hence the thickness is bounded below by &2 A7z We may therefore control the
number of 53)\7% balls needed to cover Ay N B,(6) by

3 _1

(95)  gp 2 A7 p"Qo— Qo PRy T AT PV EmT (g —th) 2.
The result follows since d ~m > A~1, and p < m2 (to — tl)_é .

Case 5. 2(ta —t1) < m, 4A~1 < m. In this case, |Qy — Q2| ~ m for all 0,
which by (9.4) and the second part of (9.3) implies that, for § € Ay, we have
|6 —wo| ~ 1. We may thus bound Ay by ~ ¢!~" balls of radius ¢, and the proof
proceeds as above. O

For the proof of the dispersive estimates in the next section we do not
need the full strength of Proposition 9.2. Instead, it suffices to consider the
worst case for fixed t1,ts. This happens if |m| < 4A~! for n = 2, if —4A"1 <
m < 2(ta—t1) < (e0A) "2 for n =3, and if m ~ 2(ty —t1) < (60)\)_% for n > 4.
We obtain

COROLLARY 9.3. For all points P1 = (t1,x1) and Py = (t2, z2) in space-
time, and eg\ > 1, the number Nx(Py, P3) of slabs of scale A that contain both
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P, and P» satisfies the bound

n—1
n_-1 . _

NA(P1,P) Sey 2 A > [t1 —ta| 71, n>3,

W |-

N/\(Pl,Pg),Ssa |t1—t2’_%, n=2.

Another variation on the same theme is required for the proof of the two
dimensional stability estimates in the appendix.

COROLLARY 9.4. Setn =2. Let P, = (t1,x1), and let QE be a square at

time ta, of sidelength R, with R < (eo\)"2. Then

0 |-

NA(P1, Q%) Seg? [t — ta] "2 (1 4+ AR)? .

Proof. The result is trivial if [t; — to| < A7, or if [t — t2| < R. Hence
assume that R + A1 < [t — ta].

Case 1. If the distance d between Q'ﬁ and Kf;"l is at least R, then we
consider a set of points PQj spaced by (4\)~! on the boundary of R. The slabs
have thickness A, so each slab intersecting Q% must also contain at least one
of the points P2j . Since there are ~ AR such points, using Proposition 9.2 we
obtain

NA(PL, Q%) < ST NA(PLP) SARep * A3 (1+Ad) 2 S e *As(AR)?
J

=

which is stronger than we need.

Case 2. If the distance between Q% and Kfﬁl is at most R then 4Q§§ and
Kf.?l intersect. Fix @y in the intersection. Then any slab through P; which
intersects Q% must have direction w with |w—6| < ¢, for some small c. We take
the line L through Qy and of direction @, and a (4\)~! spaced set {Pg}|j|§32/\R
on L extending 8R on both sides of Q. If a slab through P, intersects %,
then the slab with g replaced by (/2 must contain at least one of the points
P2j . Since PQj is at distance d ~ jA~! from the cone section K%l, we can again
use Proposition 9.2 to compute

NA(PLQR)< Y Nu(PLP))
7|<32AR

< Y e PAT(AH At — o) E(L44) 7
71<32AR

Seg PAT(1+ Aty —to]) "2 (14 AR)= . O
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10. Dispersive estimates

Our proof of the dispersive estimates for the parametrix (7.2) uses only
pointwise bounds on the wave packets, not their oscillation. Since normalized

n—-1
wave packets have size at most O(g,* AT ), the estimate (7.2) is a conse-
quence of the following result.

ProrosiTioN 10.1. Let

w= > arxr,

TeT
where Y 5 a2 < 1. Then
lullsre) Seo *(A)?,  n=2,
lllszesy Seo * AT NP, nz3.

Proof.
Case 1. m = 2. We consider X points P; = (t;,x;), where the t; are
separated by A~!, but with x; arbitrarily chosen. Then we need to show that

D lulty, zp)|* S egtA(log M)
J

We may assume that |ap| > aé)\*%, since each point lies in at most ~ £T3A:
slabs. We then decompose the sum u = Y arxr dyadically with respect to
the size of az. It thus suffices to prove the result, with (log A\)? replaced by
log A, in the case that we have a sum over exactly N slabs T' € T for which
‘GT‘ ~ N7z,

We next decompose the sum over j via a dyadic decomposition in the
number of slabs containing (¢;, z;). We may assume that we are summing over
M points (t,z;), each of which is contained in approximately L slabs. Then

Ju(t, z;)] S N™:L and

> lulty, z)* S L*MN 2.
J

Hence, to conclude, we need to prove that
(10.1) LM < e ' ANZ.

This is a counting problem, which we will solve by evaluating in two different
ways the number K of pairs (i,j) for which P; and P; are contained in a
common slab, counted with multiplicity. For T" € 7y, we denote by nr the
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number of points P; contained in 7. Then
2
K=~ Z n%ZN_l( Z nT> .
nr>2 nr>2
Note that ) ;7 nr ~ ML. We consider two cases. If

ZHTS ZHT,

TLTZQ TLT:1

then N ~ ML. Combined with the trivial bound L < ¢, 5)\%, this directly
gives (10.1). Otherwise, we have the following lower bound,
(10.2) K> N"'M?L2%.
On the other hand, by Corollary 9.3, the number of slabs which contain both
(ti,x;) and (t;,2;) is dominated by &, 2|t; — tj|7%. Hence
KSe® Y Iti—t] =
1<ijg<Mm

i#j
The sum is maximized in case the t; are as close as possible, that is, if the ¢;
are consecutive multiples of A~!. Thus,

(10.3) K<eg s Y |i—jl7s Seg?AiMs.
1<ij<M
i#]
Combining (10.2) and (10.3) yields (10.1).

Case 2. n > 3. We proceed in a similar way, with the same notation. We
need to prove that

S fulty, o) Sep T AT (log A)°.
J

We make similar decompositions of the sums as for n = 2. Then, since
S lufty, 2) ~ LAMN L,
J
it remains to prove that

(10.4) I2M <&, * AT Nlogh.

As above, there are two cases to consider: either N =~ ML, or the estimate
(10.2) holds. In the first case, (10.4) follows from the trivial bound L <

1

€ ° AT . In the second case, we have the following substitute for (10.3),

K g 53%)\"771 Z It —t;] 7! < Mea%)\%l log A.
1<ij<M
i#]
Together with (10.2) this yields (10.4). O
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Appendix A. The stability estimates in 2 + 1 dimensions

The aim of this section is to establish the n = 2 part of Lemma 2.4,
namely the estimate (2.11). This turns out to be considerably more difficult
than the higher dimensional estimate. The crux of the problem is the need for
improved low frequency estimates for the product of two high frequency waves.
Such estimates are known to be true in the constant coefficient case; see [17].
In our case, the line of argument in [17] appears hopeless. Furthermore, we
need such estimates in a context where the two factors solve different wave
equations. This motivates us to think of the bilinear estimates as a byproduct
of certain multiscale linear estimates. Similar use of multiscale estimates to
control low frequency components has appeared in [4] and [16].

To describe our results, we first introduce the appropriate function spaces.

1

Given p > 1, we decompose the space-time into cubes of sidelength p~*, and

introduce the notation
PU(LTL) = BIE(L{ L) s

L cube, and the P13 norm

where the L} L] norm is evaluated within each pu~
is then taken with respect to the collection of such cubes. Our main estimate

has roughly the form

1

D) 20l 38 0 1oy, S 12 (lldv(O)lzz + 10gvlLizs ) -

The indices can be improved in the constant coefficient case, but the above
suffices for our purposes. Similar estimates also hold in higher dimensions,
and are in fact easier to prove. The 2 + 1 dimensional case has certain unique
features which make it more delicate.

The plan of this appendix is as follows. In A.1 we obtain localized energy
estimates on intermediate scales between A\~! and A~3. This is combined in
Section A.2 with the modified overlap result in Corollary 9.4 to show that
our frequency localized parametrix satisfies the new estimates. These are then
extended to the exact solutions in A.3, which also contains the crucial H i x
H s well-posedness result for the linear equation. Finally, in A.4, we use these
estimates to prove the stability result (2.11). To keep the notation simple we
neglect the parameter g, which is irrelevant for the arguments here.

A.1. Localized energy estimates. In this section we prove an energy es-
timate for superpositions of wave packets restricted to smaller cubes. Let
A IT<R< A", We seek an L?E estimate for a superposition of A-wave packets
in a cube Qg of size R. We denote by 7, the family of A-slabs introduced in
Section 8.4, and by 7)(Qr) the subset of A-slabs which intersect Qr. By Propo-
sition 6.1, if two characteristic surfaces X, ,, and X, ,, pass within distance
A~ at some point in Qp, then their respective intersections with Qg remain
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within distance A~! of each other, provided that |w; — wa| < (AR)™!. Conse-
quently, two A-slabs which intersect within Qg have essentially the same inter-
section with Qg provided that their initial angles differ by less then (AR)~!.
This motivates a decomposition

T\(Qr) = Uje T (QR)

where for each j € J, T)\](Q Rr) contains a family of slabs which intersect within
Qr and which have initial angle less than (AR)~! from each other. The number
of distinct groups needed is |J| ~ AR?, and each 7(Qr) contains about
A2 R~ slabs. Furthermore, for any given angle, the subcollection of TAJ(Q R)
with that initial angle has the finite overlap property.

LEMMA A.1. Let xg, be a smooth cutoff to Qr, and let ur be a family
of normalized wave packets associated to T € Ty. Then

1 2
(A1) Sy Y xeeorurF: S pF A (Y arl )
TeT, J TeT{(Qr)
where

p(t) = max{ ||dg(t)l|z= , R7*A7" }.

Proof. We use the same computation as in the proof of Lemma 8.6 but
with p(t) chosen as above. This guarantees that the decomposition scale r
satisfies

r=p(t)":A"2 <R.
Within a sub-cube @), of size r, the argument in the proof of Lemma 8.6 shows
that we have almost orthogonality for angles which are at least (\r)~! =
p(t)%)\_% separated. More precisely, we have

lasy - xo.arur 3 £rad 0 (X0 arl)

TeT, i TeTI(Q-)
where the factor r\z represents the square Lgn norm of the gradient of a nor-
malized wave packet in an 7 cube. Each set 7} (Q,) has elements 7 in common

with at most Rr~! sets ’T/\](Q r). Hence, an application of the Schwarz in-
equality yields

1Sy Y xq.arur [ SRA:> ( > \aT!)z :

TeTh J TeTI{(Qr)
TNQ,#0

To conclude, we sum over a grid of r-cubes in Qr. Each T € T)\] (QR) intersects
at most Rr—! cubes Q,, hence

1dSy 3 xguarur [ S B MY (Y arl)

TeT, I TeT{(Qr)
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The conclusion follows now since

R2r7 12z = p(t)z R2 . O

A.2. Dispersive estimates. The dispersive/energy estimate we establish
here is

LEMMA A.2. For T € 1\ we consider a family ur of normalized wave
packets. Then

1

(AQ) ‘d‘s’)\ Z (ZT’UJTHZ Bl (L16L2), 5 (1Og )‘) )‘% _% ( Z ‘aT|2)5
TGTA TETA

Proof. The result is a straightforward consequence of the energy estimates
if < )\%, and of the dispersive estimates in Proposition 10.1 if A < u. Hence
in what follows we assume that Az < w< A

We select a family of p~! space-time cubes {Qﬁ}k:Lu which are p~
equidistant in time but arbitrarily chosen spatially. We denote by Ij, the cor-

responding time sections. Within each Qk we choose an arbitrary time section
k tk

1

at time t;. We claim that the following estimate holds:

1
4

(A.3) [Z(Z( 3 |aT|>2>2] g(log)\)B)\i(Z!aTP),

BT Teri@u™) Teh,

We postpone for now the proof of (A.3) and instead show that, together
with (A.1), it implies (A.2).
Within each section Qﬁ’t we apply (A.1) with R = ! to obtain

lasy 3 xoparur(®l: < o032 (X larl)

TeT, I TeTI(Qn")

where
p(t) = max{ ||dg(t)|| L, A7 }.

Integrating over ¢, this yields

1dSx > xqrarur| L

TET)\
1 i1 2\ 1
Sl p M (s (X arl) )"

"I TeTI QL)
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We sum over k£ and apply Hélder’s inequality to yield

(S 0dss Y xagorurl gy )
k TeT,
,sup@u-%[z(supz( 3 |aTr)2)2]
k

tel, < :
i Tery@b

1
4

Since dg € L{ L, it follows that ||p(t)]| s S p*A~!. To conclude, we observe

x

that we may bound the quantity
sup|dSx ) arur|perz(o,)
# TeTy
taken over cubes @), belonging to the same time slice Ij, by an expression of
the form

sup || dSx Z XQ“CLTUTHL}GLga
I3 TeT,

taken over the same cubes, since inserting an appropriate polynomially grow-
ing weight leaves such an expression unchanged. Thus, the last inequality
combined with (A.3) implies (A.2).

It remains to prove (A.3). We begin by partitioning the initial angles into
sectors of size A™'41, and take a corresponding partition of 7y,

=7

For each j,k,t the set ’T)\J( ,’it) consists of packets with initial angles within
A1 of each other, therefore it is contained in finitely many 7’s. Then

S0 5 )] 2SS 5wy

ke J o TeTi(Qu'*) I TeTENTI Q') .

SE[S(E( T )y

I TeTenTi(Qu'™) .

1
2

(M

which implies that (A.3) can be reduced to the case where all slabs are con-
tained in a single 7,”. The advantage of this reduction is that the intersections
of such slabs with the sections Q,’i’t’“ are easier to describe. To describe their
intersections, we use a A~! spaced subset of the foliation ¥, to decompose each
set Qﬁ’tk into approximately p~!\ curved rectangles, which we call leaves. Any
slab in 73’ can intersect at most a bounded number of leaves, and so there is
essentially a one-to-one correspondence between the sets 7" N T)‘\j( ﬁt’“) which

are nonempty, and the leaves of Q,kjt’“.
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We are now in a position to use an argument similar to that in the proof
of Proposition 10.1. By taking successive decompositions of the index sets for
T, j, and k, with at most (log A\)? terms in all, we may reduce to the case that
in the sum there are

- N slabs in 7y, for which ar =1,

- each leaf in the sum is intersected by about L slabs,

' contains roughly P leaves,

- there are a total of M sections Qﬁ’t’“.

Then (A.3) reduces to the estimate

- each section QZ

(A.4) MP?*L* <AN?.

We index the chosen slabs by s, the chosen leaves by ¢, and set x(s,¢) =1
if s intersects ¢, and x(s,!) = 0 otherwise. Set

K(K)ZZX(SJ)ZX(&E/)? K:ZK@)
s 14 l

Thus, K (¢) is the number of leaves, including ¢, which can be reached from ¢
by the selected slabs, counted with multiplicity.

Since there are M P indices ¢ and N indices s, an application of the
Schwarz inequality yields the lower bound

K>NYMPL)?.
Hence it remains to establish the upper bound
K < M:PA:,
for which it suffices to show that, for each ¢,
K(0) < M=)z,

Given a leaf ¢, we fix a point Py = (tg,zp) € ¢. Then if a chosen slab s
intersects ¢, since we are restricting ourselves to slabs within angle uA=! of w,
it follows that the slab of half the frequency must contain FPy. Thus, we need
show that

K(Py) S M3)3,

where K (Py) has the obvious definition. At this point, we recall Corollary 9.4,

which says that the number of slabs which intersect both Py and the p~! square

time section Q,kj’t’“ at time ¢ is at most

K(Po,Qﬁ’t’“) < min [)\%’ %} .
to —tr)2
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Since each slab passes through at most a fixed number of leaves in any given

ﬁ’t", and since the time slices are spaced by u~!, it follows that

1

M 1
St S S
=1

tO - tk‘) k=1

m|>—A

N =
M S
lo|>—t
MI

O

m|>~

A.3. Linear local well-posedness. Here we improve the Sobolev well-
posedness range in Proposition 7.1 for the linear equation

Ogv=0 in [-7,7T] x R?
(A.5)
’U(to) = g, 8tv(t0) =1,

and complement it with the new dispersive/energy estimates.
We assume that u is the smooth solution on [T, T] x R? to the equation

Oyt = 47 (u) dudju

produced in the proof of Proposition 2.1. We first show that for this solution
we may strengthen the condition (WP4) to the following result.

LEMMA A.3. For 2 < r < s+ 1, the equation (A.5) with g = g(u) is
well-posed in H™ x H™™1, and the following estimates hold:

loll e my + 100l e gy S M (vo, vi) | e
{D2)?vll s pee + {D2)?~ dvll s S (o, v0) | rscrrr,  p <7 — 1

_1 3
||<Dx>pdv\|l1575lw(L16L2)“ Su [(vo, vi)lEr s, p <7 — 3

Proof. We will prove the result for T = 1 with g replaced by g. The
arguments of Section 3 then yield the result as stated.

By (A.2), we know that the desired estimates hold for our frequency local-
ized parametrix, so it remains to show that they hold for the actual solution v.
In the range 1 < r < s+1, the arguments in the proof of Proposition 7.1 apply
with virtually no change. Hence we only need to consider the case % <r<l,
which we illustrate in the case r = % .

We set w = (D) 1v. Then w must solve
(A.6) Ogw = [g — (Dy) " 3g(Dy) 7] dyduw .
We solve this equation with Cauchy data (D,) 7 (vo,v1) by using the r = 1

local well-posedness result combined with a fixed point argument. Given F €
LiL2, we let w ¢ denote the unique solution to the equation

Oegwp = F
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with Cauchy data (D,)"1(vg,v1), and we set
LF = B(g,dwr) = [g — (Dx) " 1g(D) ] daduwp

If F'is a fixed point for L, then wp solves (A.6). We find F using the contraction
principle. For this it suffices to prove the estimate

(A7) ILF 22 S o (I1vo, vl gyt + 1 Flzire ) -

To prove (A.7), we use the bounds for w which follow from the r» = 1 case
of Lemma A.3 combined with Duhamel’s formula, namely that the quantity

_3_g 1 _1_g
”dw”Lf"L;{ + ||<D~T> 4 (’i’w||lffl/;o + p2 H<D$> 2 dw”[%lw([/w[p)”

for any § > 0 is bounded by the quantity

[ (o, v)ll gt + 1F | Leze -

For g, on the other hand, we use the bounds for A > 1,

||dgHL;%cgngoH;—l Seos ||S/\g||l°°l2(L°oL2)M SeoA’.

The second bound is a consequence of energy estimates and finite propagation
velocity arguments applied to S)g.
We take a paradifferential decomposition of LF,

LF =Y B(S<xg, Sxdwr) + B(Sxg, Scxdwr) + B(S\g, Sxdwr) .
A

The first term is localized at frequency ), and we can bound the sum in L?L2
using orthogonality over A\ together with the fixed time commutator estimate,

I1B(S<xg, Sxdwr)(®)]|z2 < lldg )]z [|Sxdwr (t)]| 22 -

The second term is also localized at frequency A, but this time there is no
gain from the commutation. Instead, the two components of B are estimated
separately at fixed time, to obtain

IB(Sx8, S<xdwr) ()] 2 S [[Sxdg(®)l| e [[(De) ™5 P wpe(t)] 1 -

For the third term, one handles the case A = 1 as for the first term. For
A > 1, there is again no gain from the commutation, and we handle the two
components of B separately. The first component is easy to estimate,

Y 1(Sx&)(Sadadwr)(t)llze S Idg(t)lles ldwr(t)| 1z -
A

The second component, (D)~ (Sxg)(Dy) 1dySxdwp, is the term which causes
the most difficulties. Because the product of two frequency A functions con-

tributes to all lower frequencies, we need a better estimate due to the (D,) ™4
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operator. We first bound
{Dz)~ (S)\g)<Dz>%d:vS>\dwFHL§Lg

»l>|>—‘

ZW 15, [ SAg)<Dm>ide)\dwF]HL§Lg
S

~ 1l 5 (1S, [(Sxg)(Da) s du Sxdwp]||iziz (1212, -
HSA

Since S, is mollification on the ut

inequalities to bound this by

>l [[(Sxg)(Da)id wNAWF |3 2 fro gy, -
BSA

scale, we may use the Young and Holder

The Holder inequality is now used to bound this by

Z |:U’| HS)\g”l“P(LWLz)H)‘ ||S>\dUJF||l Bl (L18L2),

B
7 1
S Z )‘4+6HS)\ng°°l2(L°°L2)H ‘,U,‘ 2 H<D > dwFHl—loo (L16L2),
BSA
The desired bound now follows. O

A.4. Stability estimates. Here we prove the two dimensional stability
estimate in Lemma 2.4 which for convenience we restate below. We prove
stability under stronger conditions than those stated in Lemma 2.4, but the
existence of the stronger solution shows that Lemma 2.4 can be used as stated.

LEMMA A.4. Let u be a solution to (1.1) and (1.2) on [-T,T] x R2
which satisfies the conditions (WP3) and (WP4), as well as the conclusion
of Lemma A.3. Let v be another solution to the equation (1.1) with initial data
(vo,v1) € H® x H*™Y, such that dv € LPHS N LILS. Then

(A.8) [d(u — U)||L?CH;% < Cy[[(uo —vo,ur —v1)ll ya 1t

where C, depends on u and on ||dv|| pe a1z -
Proof. The function w = v — v solves the equation
(A.9) Ogyw = apdw + a1 w,
where the functions ag and a1 are of the form
ap = q(v) d(u,v), a; = a(u,v)dydv+ blu,v) (du)?.

To show that (A.9) is well-posed in H: x H™ i, we use the conclusion of
Lemma A.3, together with a fixed point argument based on the Duhamel
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principle. Given F € L} H,
equation

1
4

, we denote by wr the unique solution to the

Dgywr = F,
with Cauchy data (wg,w), and we set
LF = agdwp + aqwp .

If F'is a fixed point for L then wp solves (A.9). The uniqueness of this fixed
point, together with the easily verified condition that, for v and v as given, we
have

N

apd(u—v)+ay (u—v) € LY°Hy *,

will show that w must coincide with wg.

To show that L is a contraction on L} H,

1
4

, it suffices to show that

1 < 3 1 1.
(A.10) IILFHL?H;Z S l(wo, wi)ll -5 -1 + HFHLgH;Z
We denote
M= H(/wO?wl)HH*%XH—% + HF”L%H:% .

By the conditions of Lemma A.3 and the Duhamel principle, we have
||dwFHLOOH7% + ||<Da:>_1_6ldwF||L§L;° SM,

<M7

1 _3_
sup /’L2H<DCE> 4 dwFHl%loo(LmLz) ~
o Iz

for each &' > 0. On the other hand, for ag and a; we have the estimates

+

3.5 _il4s
ap € 2L NLPH: ™, ay € L°H, *° N d 2L

In addition, we have the localized energy bounds
3 1
AP Sxao =iz (rer2y, + A7 Shan iz (1o 22y, S Co

as a consequence of the Sobolev bounds for v and v and finite propagation
velocity.

We estimate LF' using a paraproduct decomposition on each fixed time
slices. We consider the term agdwp; the estimate for the second term is
similar. Taking the paraproduct decomposition (see Bony [5], or also Taylor
[30, Ch. 3]), we write

ag dwp = Taodwp + waFao + R(ao, d’LUF) .
The first two terms are easy to estimate:

|Taodwr(t)|| -1 < dwr ()| -1 [lao®) ||z
respectively

1 Tawrao(®)]l -1 S Nlao(®) s 1(De) ™ P dewpe (8)]| = -
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It is more difficult to estimate the remainder
R(CLQ, dwF) ~ Z(S)\ao)(S)\dwF) .
A

As in the proof of Lemma A.3, we used the improved bound on pu-cubes for
uw S AL We first bound

(D)~ % (Sxao)(Sxdwr)|| 2 2

<1l 5 180 [(Saao) (Sadwp)] 2
wSA

~Z|M| 15, [(Sxao) (Sxdwr)[|i2i2 212y, -
BSA

Since S, is mollification on the p~! scale, we may as before use the Young and

Hoélder inequalities to bound this by
> 1117 [[(Sxao) (Sadwr)|

1%12(L16L1)H
pSA
1

S Z |M|2 ”S)\GOHZOCP(LOCLQ)MHS)\dwFHl%loo(Lng)“

HSA

348 1 _3_5

S Z)‘4+6 S)\ao”lo"l?(LOOLQ)u ’N’z H<D$> o dwF”l%loc(LmLz)“

BSA
< \O-0 O
S (log\) M .
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