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The Lyapunov exponents of generic
volume-preserving and symplectic maps

By JalrRO BocHI and MARCELO VIANA*

To Jacob Palis, on his 60" birthday, with friendship and admiration.

Abstract

We show that the integrated Lyapunov exponents of C'! volume-preserving
diffeomorphisms are simultaneously continuous at a given diffeomorphism only
if the corresponding Oseledets splitting is trivial (all Lyapunov exponents are
equal to zero) or else dominated (uniform hyperbolicity in the projective bun-
dle) almost everywhere.

We deduce a sharp dichotomy for generic volume-preserving diffeomor-
phisms on any compact manifold: almost every orbit either is projectively
hyperbolic or has all Lyapunov exponents equal to zero.

Similarly, for a residual subset of all C'! symplectic diffeomorphisms on
any compact manifold, either the diffeomorphism is Anosov or almost every
point has zero as a Lyapunov exponent, with multiplicity at least 2.

Finally, given any set S C GL(d) satisfying an accessibility condition, for a
residual subset of all continuous S-valued cocycles over any measure-preserving
homeomorphism of a compact space, the Oseledets splitting is either dominated
or trivial. The condition on S is satisfied for most common matrix groups and
also for matrices that arise from discrete Schrodinger operators.

1. Introduction

Lyapunov exponents describe the asymptotic evolution of a linear cocycle
over a transformation: positive or negative exponents correspond to exponen-
tial growth or decay of the norm, respectively, whereas vanishing exponents
mean lack of exponential behavior.

*Partially supported by CNPq, Profix, and Faperj, Brazil. J.B. thanks the Royal In-
stitute of Technology for its hospitality. M.V. is grateful for the hospitality of College de
France, Université de Paris-Orsay, and Institut de Mathématiques de Jussieu.
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In this work we address two basic, a priori unrelated problems. One is to
understand how frequently Lyapunov exponents vanish on typical orbits. The
other, is to analyze the dependence of Lyapunov exponents as functions of the
system. We are especially interested in dynamical cocycles, i.e. those given
by the derivatives of conservative diffeomorphisms, but we discuss the general
situation as well.

Several approaches have been proposed for proving existence of nonzero
Lyapunov exponents. Let us mention Furstenberg [14], Herman [16], Kotani
[17], among others. In contrast, we show here that vanishing Lyapunov ex-
ponents are actually very frequent: for a residual (dense Gs) subset of all
volume-preserving C'  diffeomorphisms, and for almost every orbit, all
Lyapunov exponents are equal to zero or else the Oseledets splitting is dom-
inated. This extends to generic continuous S-valued cocycles over any trans-
formation, where S is a set of matrices that satisfy an accessibility condition,
for instance, a matrix group G that acts transitively on the projective space.

Domination, or uniform hyperbolicity in the projective bundle, means
that each Oseledets subspace is more expanded/less contracted than the next,
by a definite uniform factor. This is a very strong property. In particular,
domination implies that the angles between the Oseledets subspaces are bounded
from zero, and the Oseledets splitting extends to a continuous splitting on the
closure. For this reason, it can often be excluded a priori:

Example 1. Let f : S' — S! be a homeomorphism and j be any invariant
ergodic measure with supp p = S*. Let A be the set of all continuous A : S* —
SL(2,R) nonhomotopic to a constant. For a residual subset of A/, the Lyapunov
exponents of the corresponding cocycle over (f, ) are zero. That is because
the cocycle has no invariant continuous subbundle if A is nonhomotopic to a
constant.

These results generalize to arbitrary dimension the work of Bochi [4],
where it was shown that generic area-preserving C! diffeomorphisms on any
compact surface either are uniformly hyperbolic (Anosov) or have no hyper-
bolicity at all; both Lyapunov exponents equal zero almost everywhere. This
fact was announced by Mané [19], [20] in the early eighties.

Our strategy is to tackle the higher dimensional problem and to analyze
the dependence of Lyapunov exponents on the dynamics. We obtain the fol-
lowing characterization of the continuity points of Lyapunov exponents in the
space of volume-preserving C" diffeomorphisms on any compact manifold: they
must have all exponents equal to zero or else the Oseledets splitting must be
dominated, over almost every orbit. This is similar for continuous linear co-
cycles over any transformation, and in this setting the necessary condition is
known to be sufficient.
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The issue of continuous or differentiable dependence of Lyapunov
exponents on the underlying system is subtle, and not well understood. See
Ruelle [29] and also Bourgain, Jitomirskaya [9], [10] for a discussion and fur-
ther references. We also mention the following simple application of the result
just stated, in the context of quasi-periodic Schrodinger cocycles:

Example 2. Let f: S' — S! be an irrational rotation. Given E € R and
a continuous function V : ST — R, let A : S1 — SL(2,R) be given by

4(6) = (E —1V(9) —01> ‘

Then the cocycle determined by (A, f) is a point of discontinuity for the
Lyapunov exponents, as functions of V' € C°(S', R), if and only if the expo-
nents are nonzero and FE is in the spectrum of the associated Schrédinger op-
erator. Compare [10]. This is because E is in the complement of the spectrum
if and only if the cocycle is uniformly hyperbolic, which for SL(2,R)-cocycles
is equivalent to domination.

We extend the two-dimensional result of Mané-Bochi also in a different
direction, namely to symplectic diffeomorphisms on any compact symplectic
manifold. Firstly, we prove that continuity points for the Lyapunov expo-
nents either are uniformly hyperbolic or have at least two Lyapunov exponents
equal to zero at almost every point. Consequently, generic symplectic C dif-
feomorphisms either are Anosov or have vanishing Lyapunov exponents with
multiplicity at least 2 at almost every point.

Topological results in the vein of our present theorems were obtained
by Millionshchikov [22], in the early eighties, and by Bonatti, Diaz, Pujals,
Ures [8], [12], in their recent characterization of robust transitivity for dif-
feomorphisms. A counterpart of the latter for symplectic maps was obtained
by Newhouse [25] in the seventies, and was recently extended by Arnaud [1].
Also recently, Dolgopyat, Pesin [13, §8] extended the perturbation technique
of [4] to one 4-dimensional case, as part of their construction of nonuniformly
hyperbolic diffeomorphisms on any compact manifold.

1.1. Dominated splittings. Let M be a compact manifold of dimension
d>2. Let f: M — M be a diffeomorphism and I' C M be an f-invariant set.
Suppose for each x € T one is given nonzero subspaces E} and E? such that
T.M = El® E?, the dimensions of E} and E? are constant, and the subspaces
are D f-invariant: Df,(E.) = E}(I) forallz € I" and i =1, 2.

Definition 1.1. Given m € N, we say that Tr M = E! @ E? is an
m~dominated splitting if for every x € T,

(L.1) IDf el - (D ) T < 5
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We call TrM = E' @ E? a dominated splitting if it is m-dominated for some
m € N. Then we write E' = E2.

Condition (1.1) means that, for typical tangent vectors, their forward
iterates converge to E' and their backward iterates converge to E2, at uniform
exponential rates. Thus, E' acts as a global hyperbolic attractor, and E?
acts as a global hyperbolic repeller, for the dynamics induced by Df on the
projective bundle.

More generally, we say that a splitting 7rM = E' @ --- @ E*, into any
number of sub-bundles, is dominated if

EF'®---@F ~F'q...9E¥ forevery1<j<k.

We say that a splitting 7TrM = E'@---@® E*, is dominated at x, for some point
x € I, if it is dominated when restricted to the orbit {f"(x); n € Z} of .

1.2.  Dichotomy for volume-preserving diffeomorphisms. Let p be the
measure induced by some volume form. We indicate by Diff}l(M ) the set of
all p-preserving C! diffeomorphisms of M, endowed with the C! topology. Let
fe Diﬁt(M ). By the theorem of Oseledets [26], for p-almost every point
x € M, there exist k(z) € N, real numbers Xl(f,x) > > j\k(m)(f,x), and

a splitting T,M = El & --- @ El;(w) of the tangent space at x, all depending
measurably on the point x, such that

1 . .
(1.2) lirin - log | Df(v)|| = Aj(f,z) for all v € EJ ~ {0}.

The Lyapunov exponents Xj(f, x) also correspond to the limits of 1/(2n) log py,
as n — oo, where p, represents the eigenvalues of D f"(x)*Df™(x). Let
A(f,x) > Xa(f,xz) > -+ > Aa(f, ) be the Lyapunov exponents in nonincreas-
ing order and each repeated with multiplicity dim E%. Note that \i(f,z) +
-+ Xg(f,x) = 0, because f preserves volume. We say that the Oseledets
splitting is trivial at  when k(z) = 1, that is, when all Lyapunov exponents
vanish.

It should be stressed that these are purely asymptotic statements: the
limits in (1.2) are far from being uniform, in general. However, our first main
result states that for generic volume-preserving diffeomorphisms one does have
a lot of uniformity, over every orbit in a full measure subset:

THEOREM 1. There ezists a residual set R C DiﬁL(M) such that, for each
f € R and p-almost every x € M, the Oseledets splitting of f is either trivial
or dominated at x.

For f € R the ambient manifold M splits, up to zero measure, into dis-
joint invariant sets Z and D corresponding to trivial splitting and dominated
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splitting, respectively. Moreover, D may be written as an increasing union
D = Upen D, of compact f-invariant sets, each admitting a dominated split-
ting of the tangent bundle.

If f € R is ergodic then either u(Z) = 1 or there is m € N such that
w(Dy,) = 1. The first case means that all the Lyapunov exponents vanish
almost everywhere. In the second case, the Oseledets splitting extends contin-
uously to a dominated splitting of the tangent bundle over the whole ambient
manifold M.

Example 3. Let f; : N — N, t € S', be a smooth family of volume-
preserving diffeomorphisms on some compact manifold NV, such that f; = id for
t in some interval I C S, and f; is partially hyperbolic for ¢ in another interval
J c S'. Such families may be obtained, for instance, using the construction
of partially hyperbolic diffeomorphisms isotopic to the identity in [7]. Then
f:SYxN — SYx N, f(t,z) = (t, fi(z)) is a volume-preserving diffeomorphism
for which D D S' x J and Z D S! x I.

Thus, in general we may have 0 < u(Z) < 1. However, we ignore whether
such examples can be made generic (see also Section 1.3).

Problem 1. Is there a residual subset of Diffi(M ) for which invariant sets
with a dominated splitting have either zero or full measure?

Theorem 1 is a consequence of the following result about continuity of
Lyapunov exponents as functions of the dynamics. For j =1,...,d — 1, define

LE;(f) = /M M(foz)+ -+ N (f, 2)] du(z).

It is well-known that the functions f € Diﬂ'lll(M ) — LE;(f) are upper semi-
continuous (see Proposition 2.2 below). Our next main theorem shows that
lower semi-continuity is much more delicate:

THEOREM 2. Let fy € Diff,ﬂ(M) be such that the map
f € Diff (M) — (LE1(f),...,LEq_1(f)) € R¥!

is continuous at f = fo. Then for pu-almost every x € M, the Oseledets splitting
of fo is either dominated or trivial at x.

The set of continuity points of a semi-continuous function on a Baire
space is always a residual subset of the space (see e.g. [18, §31.X]); therefore
Theorem 1 is an immediate corollary of Theorem 2.

Problem 2. Is the necessary condition in Theorem 2 also sufficient for
continuity?
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Diffeomorphisms with all Lyapunov exponents equal to zero almost ev-
erywhere, or else whose Oseledets splitting extends to a dominated splitting
over the whole manifold, are always continuity points. Moreover, the answer
is affirmative in the context of linear cocycles, as we shall see.

1.3. Dichotomy for symplectic diffeomorphisms. Now we turn ourselves to
symplectic systems. Let (M?7,w) be a compact symplectic manifold without
boundary. We denote by u the volume measure associated to the volume form
w? = wA -+ Aw. The space Sympl} (M) of all C'' symplectic diffeomorphisms
is a subspace of Diff,ll(M ). We also fix a smooth Riemannian metric on M, the
particular choice being irrelevant for all purposes.

The Lyapunov exponents of symplectic diffeomorphisms have a symmetry
property: \;(f,z) = —Aag—j1(f,z) for all 1 < j < ¢q. (That is because in this
case the linear operator D f™(x)*D f"(x) is symplectic and so (see Arnold [3])
its spectrum is symmetric; the inverse of every eigenvalue is also an eigenvalue,
with the same multiplicity.) In particular, A\;(x) > 0 and LE,(f) is the integral
of the sum of all nonnegative exponents. Consider the splitting

T.M=EfeEoE,,

where Ef, EY, and E; are the sums of all Oseledets spaces associated to
positive, zero, and negative Lyapunov exponents, respectively. Then dim E;f =
dim E; and dim EY is even.

THEOREM 3. Let fo € Sympll (M) be such that the map
f € Sympl,, (M) — LE,(f) € R

is continuous at f = fo. Then for p-almost every x € M, either dim EQ > 2
or the splitting T,M = E} @& E is hyperbolic along the orbit of x.

In the second alternative, what we actually prove is that the splitting is
dominated at x. This is enough because, as we shall prove in Lemma 2.4,
for symplectic diffeomorphisms dominated splittings into two subspaces of the
same dimension are uniformly hyperbolic.

As in the volume-preserving case, the function f +— LE,(f) is continuous
on a residual subset Ry of Sympll (M). Also, we show that there is a residual
subset Ry C Sympll (M) such that for every f € Ry either f is an Anosov
diffeomorphism or all its hyperbolic sets have zero measure. Taking R =
R1 N R, we obtain:

THEOREM 4. There exists a residual set R C Sympll (M) such that every
f € R either is Anosov or has at least two zero Lyapunov exponents at almost
every point.

For d = 2 one recovers the two-dimensional result of Mané—Bochi.
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1.4. Linear cocycles. Now we comment on corresponding statements for
linear cocycles. Let M be a compact Hausdorff space, p a Borel regular prob-
ability measure, and f : M — M a homeomorphism that preserves u. Given
a continuous map A : M — GL(d,R), one associates the linear cocycle

(1.3) Fa:MxRE— M xR, Fy(z,v) = (f(z), A(z)v).

Oseledets’ theorem extends to this setting, and so does the concept of domi-
nated splitting; see Sections 2.1 and 2.2.

One is often interested in classes of maps A whose values have some spe-
cific form, e.g., belong to some subgroup G C GL(d,R). To state our results
in greater generality, we consider the space C(M,S) of all continuous maps
M — S, where S C GL(d,R) is a fixed set. We endow the space C(M,S)
with the C%-topology. We shall deal with sets S that satisfy an accessibility
condition:

Definition 1.2. Let S C GL(d,R) be an embedded submanifold (with
or without boundary). We call S accessible if for all Cy > 0 and € > 0,
there are v € N and a > 0 with the following properties: Given &, n in
the projective space RPd_iwith <(&m) < a, and Ag,..., A, 1 € S with

|AEY| < Cp, there exist Ag,...,A,_; € S such that ||A; — A;]| < & and
Ay_l e Ao(f) = Ay_l e Ao(n).

Ezample 4. Let G be a closed subgroup GL(d,R) which acts transitively
in the projective space RP4"!. Then S = G is accessible and, in fact, we
may always take v = 1 in the definition. See Lemma 5.12. So the most
common matrix groups are accessible, e.g., GL(d,R), SL(d,R), Sp(2¢,R), as
well as SL(d, C), GL(d,C) (which are isomorphic to subgroups of GL(2d,R)).
(Compact groups are not of interest in our context, because all Lyapunov
exponents vanish identically.)

Ezample 5. The set of matrices of the type already mentioned in Exam-

ple 2:
t —1
s;{(l O>;teR}CGL(2,R)

is accessible. To see this, let v = 2. If £ and 7 are not too close to R(0, 1),
then we may find a small perturbation Ay of Ag such that Ag(¢) = Ag(n), and
let A; = A;. In the other case, Ag(€) and Ag(n)) must be close to R(1,0); then
we take Eo = Ag and find a suitable Xl.

THEOREM 5. Let S C GL(d,R) be an accessible set. Then Ay € C(M,S)
18 a point of continuity of

C(M,S) > A (LE{(A),...,LE;_1(A)) e R !
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if and only if the Oseledets splitting of the cocycle Fy at x is either dominated
or trivial at p-almost every x € M.

Consequently, there ezists a residual subset R C C(M,S) such that for
every A € R and at almost every x € X, either all Lyapunov exponents of Fa
are equal or the Oseledets splitting of Fa is dominated.

COROLLARY 1. Assume (f,p) is ergodic. For any accessible set S C
GL(d,R), there exists a residual subset R C C(M,S) such that every A € R
either has all exponents equal at almost every point, or there exists a domi-
nated splitting of M x R which coincides with the Oseledets splitting almost
everywhere.

Theorem 5 and the corollary remain true if one replaces C(M,S) by
L>*(M,S). We only need f to be an invertible measure-preserving transfor-
mation.

It is interesting that an accessibility condition of control-theoretic type
was used by Nerurkar [24] to get nonzero exponents.

1.5. Eaxtensions, related problems, and outline of the proof. Most of the
results stated above were announced in [5]. Actually, our Theorems 3 and 4
do not give the full strength of Theorem 4 in [5]. The difficulty is that the
symplectic analogue of our construction of realizable sequences is less satisfac-
tory, unless the subspaces involved have the same dimension; see Remark 5.2.
Thus, the following question remains open (see also Remark 2.5):

Problem 3. Is it true that the Oseledets splitting of generic symplectic C!
diffeomorphisms is either trivial or partially hyperbolic at almost every point?

Problem 4. For generic smooth families RP — Diﬁi(M ), Sympll (M),
C(M,S) (i.e. smooth in the parameters), what can be said of the Lebesgue
measure of the subset of parameters corresponding to zero Lyapunov expo-
nents?

Problem 5. What are the continuity points of Lyapunov exponents in
Diﬂ“}f’“(M) or C"(M,S) for r > 07

Problem 6. Is the generic volume-preserving C' diffeomorphism ergodic
or, at least, does it have only a finite number of ergodic components?

The first question in Problem 6 was posed to us by A. Katok and the
second one was suggested by the referee. The theorem of Oxtoby, Ulam [27]
states that generic volume-preserving homeomorphisms are ergodic.

Let us close this introduction with a brief outline of the proof of Theorem 2.
Theorems 3 and 5 follow from variations of these arguments, and the other
main results are fairly direct consequences.
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Suppose the Oseledets splitting is neither trivial nor dominated, over a
positive Lebesgue measure set of orbits: for some 4 and for arbitrarily large m
there exist iterates y for which

(1.4) IDf™ i (D™

)7 > b

where Eit = E}@---®E} and E,- = E}t1 & -@Eg(y). The basic strategy is
to take advantage of this fact to, by a small perturbation of the map, cause a
vector originally in Eﬁ to move to B, z = f™(y), thus “blending” different
expansion rates.

More precisely, given a perturbation size € > 0 we take m sufficiently large
with respect to €. Then, given x € M, for n much bigger than m we choose
an iterate y = f(z), with £ ~ n/2, as in (1.4). By composing D f with small
rotations near the first m iterates of y, we cause the orbit of some D f£(v) € Eit
to move to E~. In this way we find an e-perturbation g = f o h preserving
the orbit segment {z,...,f"(z)} and such that Dg3(v) € E'* during the
first ¢ ~ n/2 iterates and Dg3(v) € E'~ during the last n — £ — m =~ n/2
iterates. We want to conclude that Dg} lost some expansion if compared to
Df?. To this end we compare the p'" exterior products of these linear maps,
with p = dim E**. While [|[AP(Df2)| ~ exp(n(A1 + -+ + )\p)) we see that

Ap + )‘10-&-1>>7

IV (DGI| S exp (m(hr + -+ Ayt + 2

where the Lyapunov exponents are computed at (f,z). Notice that A\,11 =
Aiy1 is strictly smaller than A\, = ;. This local procedure is then repeated for
a positive Lebesgue measure set of points x € M. Using (see Proposition 2.2)

1 n
LE,(g) = inf - [ 1og[|(Dg") | du

and a Kakutani tower argument, we deduce that LE, drops under such arbi-
trarily small perturbations, contradicting continuity.

Let us also comment on the way the C! topology comes into the proof.
It is very important for our arguments that the various perturbations of the
diffeomorphism close to each f*(y) do not interfere with each other, nor with
the other iterates of = in the time interval {0,...,n}. The way we achieve
this is by rescaling the perturbation g = f o h near each f*(y) if necessary, to
ensure its support is contained in a sufficiently small neighborhood of the point.
In local coordinates w for which f*(y) is the origin, rescaling corresponds to
replacing h(w) by rh(w/r) for some small » > 0. Observe that this does not
affect the value of the derivative at the origin nor the C'' norm of the map,
but it tends to increase C" norms for r > 1.

This paper is organized as follows. In Section 2 we introduce several
preparatory notions and results. In Section 3 we state and prove the main
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perturbation tool, the directions exchange Proposition 3.1. We use this propo-
sition to prove Theorem 2 in Section 4, where we also deduce Theorem 1.
Section 5 contains a symplectic version of Proposition 3.1. This is used in Sec-
tion 6 to prove Theorem 3, from which we deduce Theorem 4. Similar ideas,
in an easier form, are used in Section 7 to get Theorem 5.

2. Preliminaries

2.1.  Lyapunov exponents, Oseledets splittings. Let M be a compact
Hausdorff space and 7 : £ — M be a continuous finite-dimensional vector
bundle endowed with a continuous Riemann structure. A cocycle over a home-
omorphism f : M — M is a continuous transformation F' : & — & such
that mo F'= fomand F, : & — &y (,) is a linear isomorphism on each fiber
& = 7 (x). Notice that (1.3) corresponds to the case when the vector bundle
is trivial.

2.1.1. Oseledets’ theorem. Let p be any f-invariant Borel probability
measure in M. The theorem of Oseledets [26] states that for p-almost every
point x there exists a splitting

(2.1) £, —Ele...0 B

and real numbers A (z) > --- > ;\k(x) (z) such that Fy(EJ) = E;(x) and

o1 n 3
Jim -~ log [[£7(v)]] = Xy (2)
for v € EL ~ {0} and j =1,...,k(z). Moreover, if J; and Jy are any disjoint
subsets of the set of indexes {1,...,k(x)}, then

1 , ,
(2.2) lim_~log (@j% Bl . @j€J2 B, (1,)) —0.

Let A\1(z) > A2(z) > -+ > Ag(x) be the numbers Xj(x), each repeated with
multiplicity dim E4 and written in nonincreasing order. When the dependence
on F matters, we write \;(F,z) = \;j(z). In the case when F' = Df, we write

)\Z(f,.%') = )\Z'(F, x) = )\z(.%)

2.1.2. Ezterior products. Given a vector space V and a positive integer p,
let AP(V) be the p'"" exterior power of V. This is a vector space of dimension
(z), whose elements are called p-vectors. It is generated by the p-vectors of
the form v A --- A v, with v; € V, called the decomposable p-vectors. A linear
map L : V — W induces a linear map AP(L) : AP(V) — AP(W) such that

ANP(L)(v1 A=+~ Avp) = L(v1) A+ -+ A L(vp).
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If V has an inner product, then we always endow AP(V') with the inner product
such that ||v; A--- Avp|| equals the p-dimensional volume of the parallelepiped
spanned by v1, ..., vp. See [2, §3.2.3].

More generally, there is a vector bundle AP(E), with fibers AP(&,), associ-
ated to &, and there is a vector bundle automorphism AP(F'), associated to F.
If the vector bundle £ is endowed with a continuous inner product, then AP(E)
also is. The Oseledets data of AP(F') can be obtained from that of F', as shown
by the proposition below. For a proof, see [2, Th. 5.3.1].

PROPOSITION 2.1. The Lyapunov exponents (with multiplicity) )\Z-Ap(:c),
1< < (Z), of the automorphism AP(F') at a point x are the numbers

Nip (@) + -+ X (z), where 1 <iyp <--- <ip < d.
Let {e1(x),...,eq(x)} be a basis of E; such that
ei(x) € BY for dmE! + - +dimES < i <dim EL 4 --- + dim EX.

Then the Oseledets space E%’Ap of NP(F') corresponding to the Lyapunov expo-
nent \j(x) is the sub-space of NP(E;) generated by the p-vectors

e, N Nej, wz’thlgil<---<ip§dand)\il(a?)—i-'--—i-)\ip(x):Xj(a:).

2.1.3. Semi-continuity of integrated exponents. Let us indicate Ap(F,z) =
MF,z)+- -+ (F,x), forp=1,...,d—1. We define the integrated Lyapunov
exponent

LE,(F) = [ A,(F,)du(a).

More generally, if I' C M is a measurable f-invariant subset, we define

LE,(F,TI) :/FAP(F,:E) du(z).

By Proposition 2.1, A, (F, z) = A (APF, z) and so LE,(F,T) = LE, (AP(F), T).
When F = Df, we write A,(f,z) = A;j(F,z) and LE,(f,T") = LE,(F,TI").

ProposiTiON 2.2. IfT' C M is a measurable f-invariant subset then
1
LE,(F.T) = inf = [ log [A7(F2)] du).
nzln Jp

Proof. The sequence a, = [plog||AP(F}')| dp is sub-additive (anim <
an + am); therefore lim ¢ = inf %=, O

As a consequence of Proposition 2.2, the map f € DiffL(M) — LE,(f) is
upper semi-continuous, as mentioned in the introduction.
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2.2. Dominated splittings. Let T' C M be an f-invariant set. A splitting
&r = E' @ E? is dominated for F if it is F-invariant, the dimensions of E¢ are
constant on I', and there exists m € N such that, for every x € T,

1Feel 1

(2.3) m(Fr) <3

We denote m(L) = ||[L7!||~! the co-norm of a linear isomorphism L. The
dimension of the space E! is called the index of the splitting.

A few elementary properties of dominated decompositions follow. The
proofs are left to the reader.

Transversality. If & = E' @ E? is a dominated splitting then the angle
<(E}L, E?) is bounded away from zero, over all x € T

Uniqueness. If & = E' @ E? and & = E'' @ E? are dominated decom-
positions with dim B = dim E? then E* = E' for i = 1, 2.

Continuity. A dominated splitting & = E' @ E? is continuous, and
extends continuously to a dominated splitting over the closure of I'.

2.3. Dominance and hyperbolicity for symplectic maps. We just recall
a few basic notions that are needed in this context, referring the reader to
Arnold [3] for definitions and fundamental properties of symplectic forms, man-
ifolds, and maps.

Let (V,w) be a symplectic vector space of dimension 2¢g. Given a subspace
W C V, its symplectic orthogonal is the space (of dimension 2¢ — dim W)

W ={weW; ww,w) =0 for all v e V}.

The subspace W is called symplectic if W< N'W = {0}; that is, w|wxw is a
nondegenerate form. W is called isotropic if W C W¥, that is, w|wxw = 0.
The subspace W is called Lagrangian if W = W%, that is, it is isotropic and
dimW = q.

Now let (M, w) be a symplectic manifold of dimension d = 2¢. We also fix
in M a Riemannian structure. For each x € M, let J, : T, M — T,.M be the
anti-symmetric isomorphism defined by w(v, w) = (J,v, w) for all v,w € T, M.
Denote

(2.4) C, = sup ||J;t1||
zeM

In particular,

(2.5) lw(v,w)| < Cy|v]| |Jw|| for all v,w € T, M.

LEmMA 2.3. If E, FF C T, M are two Lagrangian subspaces with ENF =
{0} and o = <(E, F) then:
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(1) For every v € E\ {0} there ezists w € F' . {0} such that

jw(v, w)| > C sina o] fJwl.

(2) If S : TuyM — TyM is any symplectic linear map and § = <(S(E), S(F))
then
C%sina <m(S|g) ||S|r|| < C3(sinB)~ L.

Proof. To prove part 1, let p : T,M — F be the projection parallel
to E. Given a nonzero v € FE, take w = p(J,v). Since F is isotropic,
w(v,w) = w(v, o) = [ Lo]2 = Co ol ool Also ]l < [lp] [ Jov]| and
llp|| = 1/sina, so that the claim follows.

To prove part 2, take a nonzero v € E such that ||Sv||/|v|| = m(S|g) and
let w be as in part 1. Then

C5sina Jofl lw]| < fw(v, w)| = [w(Sv, Sw)| < Cul|Sv]| [|Sw].

Thus m(S|g) ||Sw|/||w| > C,?sin«, proving the lower inequality in part 2.
The upper inequality follows from the lower one applied to S(F'), S(F) and
S~1in the place of E, F, and S, respectively. O

LEMMA 2.4. Let f € Sympll (M), and let = be a reqular point. Assume
that N\y(f,x) > 0, that is, there are no zero exponents. Let E and E; be the
sum of all Oseledets subspaces associated to positive and to negative Lyapunov
exponents, respectively. Then

(1) The subspaces Ef and E; are Lagrangian.

(2) If the splitting ET®E~ is dominated at x then ET is uniformly expanding
and E~ is uniformly contracting along the orbit of x.

Proof. To prove part 1, we only have to show that the spaces E; and E
are isotropic. Take vectors vy,vy € E. Take ¢ > 0 with ¢ < \;(f,x). For
every large n and i = 1,2, we have || D fl'v;|| < e™"¢||v;||. Hence, by (2.5),

jw(vr, v2)| = [w(Dfgvr, Dfgve)| < Coe™ [lur| oz,

that is, w(vy,v2) = 0. A similar argument, iterating backward, gives that E;
is isotropic.

Now assume that B+ = E~ at . Let a > 0 be a lower bound for
<(ET,E7) along the orbit of z, and let C = C2(sina)~!. By domination,
there exists m € N such that

\|Dfﬁ(z)|E—|] 1

—————— < — forallneZ.
m(Df}?z(x)‘EJf) 4C
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By part 2 of Lemma 2.4, we have C~1 < m(Df]’Z}L(I)lEJf) ||Df]C’}L(x)|E—H < C.
Therefore

m(Df{i oy |e+) >2 and [ Dfii e < i foralln€Z.
This proves part 2. O

Remark 2.5. More generally, existence of a dominated splitting implies
partlal hyperbolicity: If £ & F is a domunated splitting, with dim E' < dlmF
then F splits invariantly as F=Ca F, with dim ' = dim E. Moreover,
the splitting £ & C & F is dominated, E is uniformly expanding, and F' is
uniformly contracting. This fact was pointed out by Mané in [20]. Proofs
appeared recently in Arnaud [1], for dimension 4, and in [6], for arbitrary
dimension.

2.4. Angle estimation tools. Here we collect a few useful facts from ele-
mentary linear algebra. We begin by noting that, given any one-dimensional
subspaces A, B, and C of R, then

sin<(A4, B) sin<<(A+ B,C)=sin<(C, A) sin<(C + A, B)
=sin<(B,C) sin<g(B+ C, A).

Indeed, this quantity is the 3-dimensional volume of the parallelepiped with
unit edges in the directions A, B and C. As a corollary, we get:

LEMMA 2.6. Let A, B and C be subspaces (of any dimension) of R
Then

sin<((A, B+ C) >sin<(A4, B) sin<(A+ B,C).

Let v, w be nonzero vectors. For any o € R, |[v + aw]|| > ||v|| sin < (v, w),
with equality when o = (v, w)/||w||?>. Given L € GL(d,R), let 3 = (Lv, Lw)/
|Lw|? and z = v + Bw. By the previous remark, ||z|| > ||v| sin <(v,w) and
|Lz|| = || Lv|| sin <(Lv, Lw). Therefore

. [1L2] o m(L)lvfl
(2.6) sin <(Lv, Lw) = > sin < (v, w).
[Lo] [Lo]

As a consequence of (2.6), we have:

LEMMA 2.7. Let L : R® — R? be a linear map and let v, w be nonzero

vectors. Then
m(L) _ sin<(Lv, Lw) | L||
<= < .
I\L|| — sin<(v,w) m(L)

Thus ||L||/m(L) measures how much angles can be distorted by L. At
last, we give a bound for this quantity when d = 2.
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LEMMA 2.8. Let L : R? — R2 be an invertible linear map and let
v,w € R? be linearly independent unit vectors. Then

LI, el Le) 1 1
m(L) ~ |Lw||” ||Lv|| | sin<t(v,w) sin<t(Lv, Lw)

Proof. We may assume that L is not conformal, for in the conformal case
the left-hand side is 1 and the inequality is obvious. Let Rs be the direction
most contracted by L, and let 6, ¢ € [0, 7] be the angles that the directions
Rov and Rw, respectively, make with Rs. Suppose that ||Lv|| > ||Lw||. Then
¢ < 6 and so <(v,w) < 26. Hence

||Lv| > ||L|| sinf > %||L|| sin 20 > %HLH sin <(v, w).
Moreover, |det L| = m(L)||L|| and
|| Lv|| || Lw]| sin <(Lv, Lw) = |det L|sin < (v, w).
The claim is an easy consequence of these relations. O

2.5.  Coordinates, metrics, neighborhoods. Let (M,w) be a symplectic
manifold of dimension d = 2g > 2. According to Darboux’s theorem, there
exists an atlas A* = {p; : V;* — R?} of canonical local coordinates, that is,
such that

(pi)sw = dxy ANdxg + - - - + dxog—1 A dxog

for all 7. Similarly, cf. [23, Lemma 2|, given any volume structure § on a
d-dimensional manifold M, one can find an atlas A* = {¢; : V¥ — R%}
consisting of charts ¢; such that

(pi)eB=dxy N+ Ndzg.

In either case, assuming M is compact one may choose A* finite. More-
over, we may always choose A* so that every V;* contains the closure of an
open set Vj, such that the restrictions ¢; : V; — R? still form an atlas of M.
The latter will be denoted A. Let A* and A be fixed once and for all.

By compactness, there exists ro > 0 such that for each x € M, there exists
i(z) such that the Riemannian ball of radius 79 around = is contained in V().
For definiteness, we choose i(x) smallest with this property. For technical
convenience, when dealing with the point x we express our estimates in terms
of the Riemannian metric ||-|| = ||| defined on that ball of radius ¢ by ||v|| =
[Dpi(z)v||. Observe that these Riemannian metrics are (uniformly) equivalent
to the original one on M, and so there is no inconvenience in replacing one by
the other.

We may also view any linear map A : T, M — T,,M as acting on R,
using local charts p;(,,) and ;(,,). This permits us to speak of the distance
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||A — BJ| between A and another linear map B : T,,M — T,, M whose base
points are different:

IA = B|l = [[D2ADT" = DaBD3 (|, where Dj = (Dgy(z,))a,

For z € M and r > 0 small (relative to rg), By(z) will denote the ball
of radius r around x relative to the new metric. In other words, B,(z) =

@i(l) (B((pi(x)(x), r)) We assume that r is small enough so that the closure of
B.(z) is contained in V7).

Definition 2.9. Let ¢g > 0. The gg-basic neighborhood U(id,eg) of the
identity in Diff},(M), or in Sympl}, (M), is the set U(id, o) of all h € Diff}, (M),
or h € Sympl, (M), such that h*!(V;) C V;* for each i and

h(z) € Bey(z) and ||Dhy —I|| <eg for every z € M.
For a general f € Diﬁ’L(M), or f € Sympll (M), the gp-basic neighborhood

U(f,e0) is defined by: g € U(f, o) if and only if f~Log € U(id,q) or go f~L €
U(id,&‘o).

2.6. Realizable sequences. The following notion, introduced in [4], is cru-
cial to the proofs of Theorems 1 through 4. It captures the idea of sequence
of linear transformations that can be (almost) realized on subsets with large
relative measure as tangent maps of diffeomorphisms close to the original one.

Definition 2.10. Given [ € Diffi(M) or f € Sympll (M), constants
go > 0, and 0 < k < 1, and a nonperiodic point x € M, we call a sequence of
linear maps (volume-preserving or symplectic)

M 2 T B M

an (g9, k)-realizable sequence of length n at x if the following holds:

For every 7 > 0 there is » > 0 such that the iterates f/(B,(r)) are two-
by-two disjoint for 0 < j < n, and given any nonempty open set U C B,(z),
there are g € U(f,ep) and a measurable set K C U such that

(i) g equals f outside the disjoint union |_|?:_01 fA(U);
(i) p(K) > (1= r)u(U);
(iii) if y € K then HDggjy — LjH <7y forevery 0 <j<n-—1.
Some basic properties of realizable sequences are collected in the following:

LEMMA 2.11. Let f € DiFfL(M) or f € Sympll (M), x € M not periodic
and n € N.

(1) The sequence {Dfz,...,Dfn-1(2)} is (€0, k)-realizable for every g9 and
k (called a trivial realizable sequence).
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(2) Let k1, ko € (0,1) be such that kK = k1 + ke < 1. If {Lo,...,Lp—1}

is (€0, k1)-realizable at x, and {Ly, ..., Lytm—1} is (g0, k2)-realizable at
f™(x), then {Lo, ..., Lytm—1} is (o, k)-realizable at x.
(3) If {Lo,...,Ln_1} is (0, k)-realizable at x, then {L,',,...,Ly'} is an

(0, k)-realizable sequence at f™(x) for the diffeomorphism f=1.

Proof. The first claim is obvious. For the second one, fix v > 0. Let
r1 be the radius associated to the (g¢, x1)-realizable sequence, and 72 be the
radius associated to the (g, k2)-realizable sequence. Fix 0 < r < r; such that
f*(Br(x)) C B(f*(z),r2). Then the f/(B,(z)) are two-by-two disjoint for
0 < j < n-+m. Given an open set U C B,(z), the realizability of the first
sequence gives us a diffeomorphism g; € U(f,e9) and a measurable set K1 C U.
Analogously, for the open set f*(U) C B(f"(x),r2) we find g2 € U(f,<0) and a
measurable set Ko C f™(U). Then define a diffeomorphism g as g = g1 inside
UU---U f"YU) and g = go inside fA(U)U---U f**™m=1U), with g = f
elsewhere. Consider also K = K1 N g "(K3). Using the fact that g preserves
volume, one checks that g and K satisfy the conditions in Definition 2.10. For
claim 3, notice that U(f,e0) = U(f 1, c0). O

The next lemma makes it simpler to verify that a sequence is realizable:
we only have to check the conditions for certain open sets U C B, (x).

Definition 2.12. A family of open sets {W,} in R? is a Vitali covering of
W = U W, if there is C' > 1 and for every y € W, there are sequences of sets
W, 2 vy and positive numbers s,, — 0 such that

Bs, (y) € W, C Bgs, (y) for all n € N.

A family of subsets {Uy} of M is a Vitali covering of U = U,U, if each U,
is contained in the domain of some chart ¢;(,) in the atlas A, and the images
{®i(a)(Ua)} form a Vitali covering of W = ¢(U), in the previous sense.

LEMMA 2.13. Let f € Diﬁi(M) or f € Sympll (M), and set eg > 0 and
k > 0. Consider any sequence Lj : TpipyM — TrinyM, 0 < j <n—1 of
linear maps at a nonperiodic point x, and let ¢ : V. — R be a chart in the
atlas A, with V' > x. Assume the conditions in Definition 2.10 are valid for
every element of some Vitali covering {Uy} of By(x). Then the sequence Lj is
(€0, k)-realizable.

Proof. Let U be an arbitrary open subset of B,.(x). By Vitali’s covering
lemma (see [21]), there is a countable family of two-by-two disjoint sets U,
covering U up to a zero Lebesgue measure subset. Thus we can find a finite
family of U, with disjoint closures such that p (U — ||, Us) is as small as we
please. For each U, there are, by hypothesis, a perturbation g, € U(f,e¢) and
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a measurable set K, C U, with the properties (i)—(iii) of Definition 2.10. Let
K = |JK, and define g as being equal to g, on each f/(U,) with 0 < j <
n — 1. Then g € U(f,e0) and the pair (g, K) have the properties required by
Definition 2.10. O

3. Geometric consequences of nondominance

The aim of this section is to prove the following key result, from which we
shall deduce Theorem 2 in Section 4:

PROPOSITION 3.1. When f € Diff},(M), g9 > 0 and 0 < k <1, if m € N
is sufficiently large then the following holds: Let y € M be a nonperiodic point
and assume that there is a nontrivial splitting TyM = E ® F' such that

DALl 1
m(Dfg) ~ 27
Then there exists an (o, k)-realizable sequence {Lg,...,Lym—1} aty of length
m and there are nonzero vectors v € E and w € Df'(F) such that

Lm,1 e Lo(v) = w.

3.1. Nested rotations. Here we present some tools for the construction of
realizable sequences. The first one yields sequences of length 1:

LEMMA 3.2. Given f € DiﬁL(M), o > 0, kK > 0, there exists € > 0 with
the following properties:

Suppose there are a nonperiodic point x € M, a splitting T,M = X &Y
with X LY and dimY = 2, and an elliptic linear map R:Y — Y with
IR —I|| < e. Consider the linear map R : TyM — TyM given by R(u+ v) =
u+ R(v), forue X, veY. Then {DfyR} is an (o, k)-realizable sequence of
length 1 at x and {RDfs-1(y)} is an (o, k)-realizable sequence of length 1 at
the point f~1(x).

We call a linear isomorphism of a 2-dimensional space elliptic if its eigen-
values are not real; this means the map is a rotation, relative to some basis of
the space.

We also need to construct long realizable sequences. Part 2 of Lemma 2.11
provides a way to do this, by concatenation of shorter sequences. However,
simple concatenation is far too crude for our purposes because it worsens k;
the relative measure of the set where the sequence can be (almost) realized de-
creases when the sequence increases. This problem is overcome by Lemma 3.3
below, which allows us to obtain certain nontrivial realizable sequences with
arbitrary length while keeping s controlled.
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In short terms, we do concatenate several length 1 sequences, of the type
given by Lemma 3.2, but we also require that the supports of successive per-
turbations be mapped one to the other. More precisely, there is a domain
Co C T, M invariant under the sequence, in the sense that L;_i...Ly(Co) =
Df(Co) for all j. Following [4], where a similar notion was introduced for
the 2-dimensional setting, we call such L; nested rotations. When d > 2 the
domain Cy is not compact; indeed it is the product Cy = Xy ® By of a codi-
mension 2 subspace X by an ellipse By C XOL.

Let us fix some terminology to be used in the sequel. If F is a vector space
with an inner product and F' is a subspace of E, we endow the quotient space
E/F with the inner product that makes v € F* + (v+F) € E/F an isometry.
If E’ is another vector space, any linear map L : E — E’ induces a linear map
L/F : E/F — E'/F', where F' = L(F). If E’ has an inner product, then we
indicate by ||L/F|| the usual operator norm.

LEMMA 3.3. When f € Diﬂ“L(M), go > 0, kK > 0, there exists ¢ > 0 with
the following properties: Suppose there are a nonperiodic point x € M, an
integer n > 1, and, for 7 =0,1,...,n—1,

e codimension 2 spaces Xj C TyjzyM such that X; = Dfl (Xo);
o cllipses Bj C (Tyi()M)/X; centered at zero with B; = (Df2/X0)(Bo):;

e linear maps ]/%j C(Tri@yM) /X5 — (ThioyM)/X; such that ﬁj(Bj) C B;
and |R; — I| < e.

Consider the linear maps Rj : Tpi()M — Tpi)M such that R; restricted to
X is the identity, Rj(XjL) = XjL and R;j/X; = ﬁj. Define

Lj = foJ(x)Rj : TfJ(a;)M — TfjJrl(x)M fO’I“ 0 S] S n—1.
Then {Lo,...,Ln_1} is an (o, k)-realizable sequence of length n at x.

We shall prove Lemma 3.3 in Section 3.1.2. Notice that Lemma 3.2 is
contained in Lemma 3.3: take n = 1 and use also part 3 of Lemma 2.11.
Actually, Lemma 3.2 also follows from the forthcoming Lemma 3.4.

3.1.1. Cylinders and rotations. We call a cylinder any affine image C in R%
of a product B%* x B*, where B’ denotes a ball in R7. If ¢ is the affine map,
the azis A = (B%% x {0}) and the base B = ({0} x B’) are ellipsoids. We
also write C = A®B. The cylinder is called right if A and B are perpendicular.
The case we are most interested in is when @ = 2.

The present section contains three preliminary lemmas that we use in the
proof of Lemma 3.3. The first one explains how to rotate a right cylinder,
while keeping the complement fixed. The assumption a > 7b means that the
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cylinder C is thin enough, and it is necessary for the C! estimate in part (ii)
of the conclusion.

LEMMA 3.4. Given g > 0 and 0 < o < 1, there is € > 0 with the
following properties: Suppose there are a splitting R* = X @Y with X LY
and dimY = 2, a right cylmder A @ B centered at the origin with A C X and
B CY, and a linear map R:Y — Y such that R(B) B and HR I <e.
Then there exists T > 1 such that the following holds:

Let R : R* — R? be the linear map defined by R(u + v) = u + Rv, for
u€ X, veyY. Fora, b>0 consider the cylinder C = aA®bB. If a > 7b and
diam C < g then there is a C' volume-preserving diffeomorphism h : R4 — R?
satisfying

(i) h(z) = z for every z ¢ C and h(z) = R(z) for every z € oC;
(ii) ||h(2) — z|| < €0 and ||Dh, —I|| < &g for all z € R,

Proof. We choose € > 0 small enough so that

18¢
l1—0

(3.1) < &p.

Let A, B, X, Y, ﬁ, R be as in the statement of the lemma. Let {e1,...,eq}
be an orthonormal basis of R% such that e1,e2 € Y are in the directions of the
axes of the ellipse B and e; € X for j = 3,...,d. We shall identify vectors
v = ze; +yez € Y with the coordinates (z,y). Then there are constants A > 1
and p > 0 such that B = {(z,y); A722? + A\2y? < p?}. Relative to the basis

{e1,e2}, let
A0 cosa —sina
Hy = <0 )\1> and - Ko = (Sina Cos o ) )

The assumption ]?{(B) — B implies that R = Hy\R,H +! for some a. Besides,
the condition |R — I|| < € implies

(3.2) Asinal < (R —1)(0,1)]| < e.

Let ¢ : R — R be a C* function such that ¢(t) =1 for t < o, p(t) =0
fort >1,and 0 < —¢/(t) < 2/(1—o0) for all ¢. Define smooth maps ¢ : Y — R
and g : Y — Y by

Y(x,y) = ap(vVa?+y?) and  Gi(2,y) = Ry@)yp(ay) (@)

On the one hand, §;(z,y) = (x,y) if either t > 1 or 22 + 4% > 1. On the other
hand, §i(7,y) = Ra(z,y) if t < o and 22 + y? > 02, We are going to check
that the derivative of g; is close to the identity if € is close to zero; note that
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|sin o is also close to zero, by (3.2). We have

. _ (cos(typ) —sin(ty) —xsin(ty) — y cos(ty)
D(Gt) ) = (sin(t¢) cos(t)) ) ( x cos(ty) — ysin(ty) ) ' (t&”¢ ta@ﬂp)
—R

th(ay) Tt [Br/2atn@y) (T,0)] - Day)-
Consider 0 < ¢t <1 and z? + y?> < 1. Then
1D(9t) (@) — Ll = | Reg(ay) — Ll + |1 R j24t0(am) (@ W) - 1DV H
< |sin (t(z,y))| + H(2a:c<,0’($2 +12), 20y (2? + ¢* M-

Taking e small enough, we may suppose that o < 2|sina|. In view of the
choice of ¢ and 1, this implies

(33) D)) — 11l < Isinal +4lal/(1 ~ o) < 9fsinal /(1 — o).
We also need to estimate the derivative with respect to t:
(34)  2g(z, vl < [|¢' (Y (@, 9) Re /oy i) (,9) || < 4lsinal/(1 - o).

Now define g; : Y — Y by g = Hyogio Hy . Each ¢ is an area-preserving
diffeomorphism equal to the identity outside B. Thus

(3.5) lg:(z,y) — (z,y)| < diam B,

for every (x,y) € B. Moreover, g; = R = HARaHgl on oB for all ¢t < 0.
By (3.3),

olsi
ID(98) () — 11l = || HA(D(Ge) r-100) — 1) Hy | < A <M> ,

1—0

and, applying (3.2) and (3.1), we deduce that

95 €0
for all (z,y) € B. Similarly, by (3.4),
Alsi
8D el < a0 el <2 (T2 ) < 5.

Now let Q: X — R be a quadratic form such that A={u € X;Q(u) <1},
and let ¢ : R — X and p : R — Y be the orthogonal projections. Given
a,b> 0, define h : R* — R¢ by

h(z) =2+ bga_zQ(zl)(b_lz"), where 2’ = q(z) and 2" = p(2).

It is clear that h is a volume-preserving diffeomorphism. The subscript ¢ =
a2Q(7') is designed so that t < 1 if and only if 2/ € aA. Then h(z) = z if
either 2/ ¢ aA or 2" ¢ bB. Moreover, h(z) = 2/ + R(2") = R(z) if 2/ € caA
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and z” € obB. This proves property (i) in the statement. The hypothesis
diamC < g and (3.5) give

1h(2) = 2]l = bllga-2q(n (b7 2") — 012"
< bdiam B < diam(a.A & bB) < ¢g

which is the first half of (ii). Finally, fix 7 > 1 such that | DQ,| < 7||ul for
all u € RY, and assume that a > 7b. Clearly,

Dh =q+ a%(@tg)(DQ)q + (Dg)p-

By (3.6), (3.7), and the fact that ||g|| = ||p|| = 1 (these are orthogonal projec-
tions),

A

[Dh — 1| < I\G—Z(atg)(DQ)qll +[I(Dg — Dpll

b
< 2oyl rallgll + [Dg — I llp] < o
This completes the proof of property (ii) and the lemma. O

The second of our auxiliary lemmas says that the image of a small cylinder
by a C! diffeomorphism h contains the image by Dh of a slightly shrunk
cylinder. Denote C(y, p) = pC + y, for each y € R? and p > 0.

LEMMA 3.5. Let h : RY — R? be a C' diffeomorphism with h(0) = 0,
C C R be a cylinder centered at 0, and 0 < X\ < 1. Then there exists r > 0
such that for any C(y, p) C B(0),

h(C(y, p)) D Dho(C(0,Ap)) + h(y).

Proof. Fix a norm ||:||p in R for which C = {z € R%; ||z]|p < 1}. Such a

norm exists because C is convex and C = —C. Let H = Dhg and ¢ : R? — R?
be such that h = H o g. Since g is C' and Dgg = I, we have
£(z,y)

g(z) —gly) =z—y+&(z,y) with lim ————— =0.
(2) —9(y) (2,9) a0 Te — ol
Choose r > 0 such that |z|], ||yl < = €z, 9)]lo < (1 = N)||z — yllo (where
||| denotes the Euclidean norm in R?). Now suppose C(y, p) C B,(0), and let
z € OC(y,p). Then ||z — yllo = p and

19(2) = g(W)llo = Iz — yllo — [z, »)llo > Ap-

This proves that the sets g(9C(y, p)) — g(y) and AC are disjoint. Applying the
linear map H, we find that h(0C(y,p)) — h(y) and AHC are disjoint. From
topological arguments, h(C(y, p)) — h(y) D AHC. O
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The third lemma says that a linear image of a sufficiently thin cylinder
contains a right cylinder with almost the same volume. The idea is shown in
Figure 1. The proof of the lemma is left to the reader.

LEMMA 3.6. Let A®B be a cylinder centered at the origin, L : RY — R% be
a linear isomorphism, Ay = L(A) and By = p(L(B)), where p is the orthogonal
projection onto the orthogonal complement of A1. Then, given any 0 < A < 1,
there exists T > 1 such that if a > 70,

L(aA &) bB) D AaA; @ bB.

bB;

-
bB( O L 6 /‘. .'\ ObL(B)

aA AaAq

Figure 1: Truncating a thin cylinder to make it right

3.1.2. Proof of the nested rotations Lemma 3.3. Let f, g9, and k be given.
Define o = (1—#)"?? and then take ¢ > 0 as given by Lemma 3.4. Now let z, n,
X, Bj, ]/%j, R;, L; be as in the statement. We want to prove that {Lo,..., Ly}
is an (g9, k)-realizable sequence of length n at xz; cf. Definition 2.10.

In short terms, we use Lemma 3.4 to construct the realization g at each
iterate. The subset U \. K, where we have no control over the approximation,
has two sources: Lemma 3.4 gives h = R only on a slightly smaller cylinder ¢C;
and we need to straighten out (Lemma 3.5) and to “rightify” (Lemma 3.6)
our cylinders at each stage. These effects are made small by consideration of
cylinders that are small and very thin. That is how we get U \. K with relative
volume less than k, independently of n.

For clearness we split the proof into three main steps:

Step 1. Fix any v > 0. We explain how to find r > 0 as in Definition 2.10.
We consider local charts ¢; : V; — R? with i = Pi(piz) and Vj = Vi(pip), as
introduced in Section 2.5. Let ' > 0 be small enough so that
e fI(B.(z)) C V' for every j =0,1...,n;

e the sets f/(B,.(x)) are two-by-two disjoint;

o |Df. = Dfpiw |l |Rj|| < for every z € fi(By(x)) and j =0,1...,n.
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We use local charts to translate the situation to R?. Let fi =vj+1 ofogp}l
be the expression of f in local coordinates near f7(x) and fi*!(x). To simplify
the notation, we suppose that each ¢; has been composed with a translation
to ensure ¢;(f7(x)) = 0 for all j. Up to identification of tangent spaces via
the charts ¢; and ¢;11, we have L;j = (D f;)oR;.

Let Ag C X be any ellipsoid centered at the origin (a ball, for example),
and let A; = D fi(Ag) for j > 1. We identify (T, (,)M)/X; with XJ-L, so that
we may consider B; C XjL. In these terms, the assumption B; = (Df2/X0)(Bo)
means that B; is the orthogonal projection of D fi(l’)’o) onto X ]l

Fix 0 < A < 1 close enough to 1 so that A*(@=1 > 1 — k. Let 7; > 1 be
associated to the data (A; @ Bj, (Df;)o, A) by Lemma 3.6; if a > 7;b then

(3.8) (Dfj)o(aAj ®bBj) D AaAjr1 @ bBjy1.

Let 7']/- > 1 be associated to the data (g, o, X; EBX]-l, A;®B;, ﬁj) by Lemma 3.4.
Fix ag > 0 and by > 0 such that

(3.9) ag > boA ™" max{7;,7/; 0 < j <n—1}.

For 0 < j < n, define C; = A agAj ® MboB;. For z € R? and p > 0, denote
Cj(z,p) = pCj + z. Applying Lemma 3.5 to the data (f;,Cj, \) we get 7; > 0
such that

(3.10)  C(z,p) C B, (0) = [i(Ci(zp)) D (Dfj)o(C;(0, Ap)) + fi(2).
Now take r > 0 such that r < 7’ and, for each j =1,...,m — 1,

(3’11) fj—l‘--fO(Br(O)) CBrj(O)'

Step 2. Let U be fixed. We find g € U(f,e9) and K C U as in Defini-
tion 2.10. We take advantage of Lemma 2.13: it suffices to consider open sets
of the form U = ¢5'(Co(yo, p)), because the cylinders Co(yo, p) contained in
B, (0) constitute a Vitali covering.

We claim that, for each j =0,1,...,m — 1, and every t € [0, p],

(3.12) Ci(yj,t) C fi-1.-. fo(Br(0))
and
(3.13) fi(Ci(y;,t)) D Civa(yj+1,1).

For j = 0, relation (3.12) means Cy(yo,t) C B,(0), which is true by assumption.
We proceed by induction. Assume (3.12) holds for some j > 0. Then, by (3.11)
and (3.10),
fi(Cj(y;j, 1)) D (D f3)o(C;(0, At)) + yjta
= (Dfo)o [(/\QjJrlta().Aj) ® ()\jJrltbQBj)] + Yjt+1-
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Relation (3.9) implies that A% T'tag > 7;(M*1thy). So, we may use (3.8) to
conclude that

£i(Ciyj, 1)) D (A 2tag Aj) @ (W T tboBo) + yj1 = Cj1 (Y41, b).

This proves that (3.13) holds for the same value of j. Moreover, it is clear that
if (3.13) holds for all 0 < ¢ < j then (3.12) is true with j + 1 in the place of j.
This completes the proof of (3.12) and (3.13).

Condition (3.9) also implies A*ag > 7] (AMbg). So, we may use Lemma 3.4
(centered at y;) to find a volume-preserving diffeomorphism h; : R? — R% such
that

(1) hj(z) = z for all z & C;(yj,p) and hj(z) = y; + Rj(z — y;) for all z €
C;(yj,op) and, consequently,
(3.14) hj(Cj(yj, op)) = Ci(y;,0p) and  h;(Cj(y;, p)) = C;(y5, p)-
(1) ||hj(2) — 2| < &0 and ||(Dhj), — I|| < & for all z € R

R; is the linear map T'y;(,) — Tys+1(,) in the statement of the theorem or,
more precisely, its expression in local coordinates ¢;. Let

Sj=; ({7 h(z) # 2}) C M.
By Property 1 above and the inclusion (3.12),

Sj C 07 (fi1 .- fo(Br(0))) = [/ (Br(2)).

In particular, the sets S; have pairwise disjoint closures. This permits us to
define a diffeomorphism g € Diff}L (M) by
B (p;_ﬁlo(fjohj)ogpj on S; foreach 0 < j <n—1
9= outside So U ---U.S,_1.

Property 2 above gives that f~! o g € U(id, eg), and so g € U(f, e0).

Step 3.  Now we define K C U and check the conditions (i)—(iii) in
Definition 2.10. By construction, h; = id outside C}(y;, p), and so

ertie(fjoh)op; =1 outside o7 (C;(yj, p).

Using (3.13) and (3.14), we have ¢=7(Cj(y;,p)) C f/(U) for all 0 < j <n — 1.
Recall that U = ;' (Co(vo,p)). Hence, g = j outside the disjoint union
I_I?;O1 f2(U). This proves condition (i).

Define K = g7 "(;,1(Cp(yn,op))). Using (3.13) and (3.14) in the same
way as before, we see that K C U. Also, since all the maps f, g, h;, ; are
volume-preserving, and all the cylinders C;(y;, p), C;(y;, op), are right,

volK  vol(op A?"aA, & op X"bB,)  (A"0)? 2 vol A, (A\"0)? vol B,

volU vol(paAy @ pbBy) vol Ay vol By
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Notice also that vol A,, vol B,, = vol Ay vol By, since the cylinders
D' (Ao © By)

and A, @ B, differ by a sheer. So, the right-hand side is equal to \2"(¢=D g4,
Now, this expression is larger than 1— x, because we have chosen o = (1— /@)1/ 2
and \ > (1 — k)Y/4"d=1) This gives condition (ii).

Finally, let z € K. Recall that L; = Dfg;i(,)R;. Moreover, (Dhj),.gi(2)
= R; (we continue to identify R; with its expression in the local chart ¢;),
because

9 (2) € g7 (9 (Calyn, 9p))) € 05 (Ci(y;,0p))-

Therefore, writing z; = h;(;(g7(2))) for simplicity,
1Dggi) = Lil| = [|D(£5)=, B = D(f)oRs|| < [|[D(f3)z, = Do l[|Bs| <

The last inequality follows from our choice of /. This gives condition (iii) in
Definition 2.10. The proof of Lemma 3.3 is complete. O

Remark 3.7. This last step explains why it is technically more convenient
to require || Dgg;(.y — Lj|| < 7, rather than Dgg;(.) = L;, when defining realiz-
able sequence.

3.2. Proof of the directions interchange Proposition 3.1. First, we define
some auxiliary constants. Fix 0 < x’ < %/ﬁ;. Let 1 > 0, depending on f, ¢
and x’, be given by Lemma 3.2. Let eo > 0, depending on f, 9 and &, be
given by Lemma 3.3. Take ¢ = min{ey,e2}. Fix o > 0 such that v/2 sina < e.
Take

(3.15) K > (sina)™® and K > max {||Dfa||/m(Df,); x € M}.
Let 8 > 0 be such that
(3.16) 8v2 K sin 8 < esin® a.

Finally, assume m € N satisfies m > 27/[.
Let y € M be a nonperiodic point and Ty M = E ® F be a splitting as in
the hypothesis:
IDf)F|
m(D f;|p)
We write F; = DfJ(E) and F; = ng(F) for j = 0,1,...,m. The proof is

divided in three cases. Lemma 3.2 suffices for the first two; in the third step
we use the full strength of Lemma 3.3.

(3.17) >

1
3"

First case. Suppose there exists ¢ € {0,1,...,m} such that
(3.18) Q(EZ,FK) < .
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Fix £ as above. Take unit vectors { € Ey and 1) € Fy such that &) < o
Let Y = R ® Ry and X = YL, Let R:Y — Y be a rotation such that
R(€) =n. Then |R—1I|| = v2 sin<(&,n) <e. Let R: TpeyM — Tpe(yM be
such that R preserves both X and Y, R|x = I and R|y = R

Consider first £ < m. By Lemma 3.2, the length 1 sequence {D ffe(, R}
is (K, e0)-realizable at f(y). Using part 2 of Lemma 2.11 we conclude that

{Lo, .. mel} = {ny, PPN fol—l(y), foz(y)R, foz+1(y), cey foma(y)}

is a (k,eq)-realizable sequence of length m at y. The case £ = m is similar.
By Lemma 3.2, the length 1 sequence {R D fsm-1(,} is (K',0)-realizable at
f™ 1(y). Then, by part 2 of Lemma 2.11,

{Loy-.Lin-1} = {Dfy,. ... Df pm2(y)s RD frm-1(}

is a (k,gp)-realizable sequence of length m at y. In either case, Ly,—1... Lo
sends the vector v = Df~(¢) € Ej to a vector w collinear to Df™%(n) € F,.

Second case. Assume there exist k, ¢ € {0,...,m}, with k < ¢, such that

{—k
o1 ID1f
m(D k(y)’Ek:)

Fix k and ¢ as above. Let £ € Ey, n € F} be unit vectors such that
IDF RN =m(Dfg) and D) =D g
(Df** is always meant at the point f*(y)). Define also unit vectors

D) DIHw)
DR DR )
Let & = £+ (sina)n. Then 0 = <(§,&1) < a. In particular, if R: R¢E® Ry —
R¢ @ Ry is a rotation of angle 60, sending R¢ to RE; then
|R—1I|| =2 sinf <e.

Let Y = REG Ry and X = Y. Let R : TpegyM — TypuyyM be such that
R preserves both X and Y, with R|x = I and R|y = R. By Lemma 3.2, the
length 1 sequence {D fpe(, R} is (K, £0)-realizable at f*(y). Let nj = s&’ + 17,

where
_ LD 1 m(Df )
sina [|[DfF(n)||  sina [|[DfF|g ||

¢ = €Ey and 7 =

Then the vectors D f~F¢; and n; are collinear. Besides, s < 1/(Ksina) <
sina, because of (3.15) and (3.19). Hence, 8 = <(n},n) < «. Then, as
before, there exists R’ : Ty )M — Ty, )M such that R'(Ryp;) = R and
{R' Dfi-1(} is a (', e0)-realizable sequence of length 1 at f*!(y).
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Notice that (3.15) and (3.19) imply ¢ — 1 > k. Then we may define a
sequence {Lg, ..., Ly—1} of linear maps as follows:

fok(y) R for j =k
Lj = R fozf1(y) for ] =/-1
Dfriy) for all other j.

By parts 1 and 2 of Lemma 2.11, this is a (k, £¢)-realizable sequence of length
m at y. By construction, Ly, 1...Lg sends v = Df~*(&) € Ep to a vector w
collinear to Df™ (1) € Fy,.

Third case. We suppose that we are not in the previous cases, that is,
we assume

(3.20) for every j € {0,1,...,m}, <(Ej,Fj) > «,
and
D5 el
j—i
m(foq‘(y)
We now use the assumption (3.17), and the choice of m in (3.16). Take unit
vectors £ € Ey and n € Fy such that ||Df™¢] = m(Df™|g,) and ||Df™n| =
|Df™ g || (Df™ is always computed at y). Let also ' = Df™(n)/||Df™(n)||
€ F. .
Define Gy = Eg N &L and G = Df)(Gy) C E; for 0 < j < m. Dually,
define H,, = Fp,n/* and H; = Dfi~™(H,,) C F; for 0 < j < m. In addition,

consider unit vectors v; € E; N GjL and w; € F; N HJL for 0 < 5 < m. These
vectors are uniquely defined up to a choice of sign, and vg = &£ and w,, = £7'.

(3.21) for every 7,7 € {0,...,m} with ¢ < j,

E)

See Figure 2.

Dfi
277N
Go \ G, /G,
€= o o
B~ 2 B,
\ 7

F, m

wo w; :
J \*\ _7

D fj —m

Figure 2: Setup for application of the nested rotations lemma
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For j =0,...,m, define
X;=G;®H; and Y, =Rvu; ®Rw;.
The spaces X; are invariant: Dfri,)(X;) = Xji1 (the Y; are not). We
shall prove, using (3.20) and (3.21), that the maps Dfy/Xo : T,M/Xo —
T'ti()M/X; do not distort angles too much:

LEMMA 3.8. For every j =0,1,...,m,

DS/ Xoll _ 8K
m(Df}/Xp) ~ sin’a

Let us postpone the proof of this fact for a while, and proceed prepar-
ing the application Lemma 3.3. Let By C (T,M)/Xo be a ball and B; =
(Dfi/X0)(Bop) for 0 < j < m. Since mf > 2, it is possible to choose numbers
8o, ..., 0m—1 such that |6;| < for all j and

m—1
(3.22) Hj = <(vo + Xo,wo + Xo).
j=0
Let Pj : (TyM)/Xo — (TyM)/Xo be the rotation of angle #;. Define linear
maps R : (Tpi M)/ X; — (TriyM)/X; by

R; = (Df}/Xo) P; (Df}/Xo) ™"
Since Pj preserves the ball By, we have ﬁj (Bj) = B, for all j. Moreover,
< % 1P —1I|| < % V2sin§ < e,
by Lemma 3.8, the relation ||P; — I|| < v/2 sin 3, and our choice (3.16) of 3.
Applying Lemma 3.3 to these data (g, k, 2 = y,n = m, X;, Bj, Rj) we ob-

tain an (e, x)-realizable sequence {Lo, ..., Ly,—1} at the point y, with L;|x, =
Dffiy)lx, and

Lj/Xj = (Dfsiq/X;) Ry = (DI /X;) P (Df3/Xo) .

Let L= Lp—1...Lyp. Then L/Xy = (Df;”/Xo)Pm_l ... Py. In particular, by
(3.22),

1Ry = 1]

L(vo + Xo) = (Df,"/ Xo)(wo + Xo) = D fy" (wo) + X, -
Recall that X,, = G,, ® H,, by definition. Then we may write
L(vo) = D (wo) + tm + uy,

with u,, € Gy, and ul, € Hp,. Let uy = (Df;”)*l(um) c Gy C XoN Ey.
Since £ equals Df;" on Xo, we have L(ug) = ty,. This means that the vector
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v =1 —ug € Ey is sent by L to the vector nym(wo) +u), € F,,. This finishes
the third and last case of Proposition 3.1.

Now we are left to give the:

Proof of Lemma 3.8. Recall that X; = G; ® H;, G; C Ej and H; C Fj,
vj € Ej, wj € Fj, and v; L G, w; L H;. Hence, by (3.20),
<(Xj,v5) = <(Hj,v;) > <(F;,Ej) > a and
X ® Roj,wj) = <(Roj @ Gj,w;) > <(Ej, Fj) > o

Using Lemma 2.6 with A = X;, B = Rv;, C = Rw;, we deduce the following
lower bound for the angle between the spaces X; and Y; = Rv; ® Rw;:

sin (X}, Y;) > sin <(X;,v;) sin <(Rv; @ X, w;) > sin® a.

Let mj : Y; — (T}i(yyM)/X; be the canonical map 7;(w) = w + X;. Then 7;
is an isomorphism, ||7;|| =1 and

(3.23) It =1/ sin<(Y;, X;) < 1/sin’a

(the quotient space has the norm that makes X ]l 5> w — w+ X; an isometry).
Now let p; : T},,,)M — Y be the projection onto Y; associated to the
splitting T, ,)M = X; @ Y;. Let D; : Y; — Yji1 be given by D; = pjy1 0
(Dffiyly;)- Define
DY Yy —Y; by DY =D j0--0Dy=p;o(Dfily,).
We claim that the following inequalities hold:
1 _ [DY (wo)]
1D (wo) |

To prove this, consider the matrix of D; relative to bases {v;,w;} and

{Uj+1awj+1}3
_(a; O
Pi= <0 bj) '

Then ||[DY (v)|| = |aj_1 .. .ao| and DY) (wo)|| = [bj_1...bo|, since v; and w;
are unit vectors. Moreover, for 0 < ¢ < j < m we have

|aj*1 Lai| = ||pj oD f1 (y)(UZ)H l|lpi o foy((J)Z ( j)H_l»
(4
7(y)

(3.24) < K for every j with 0 < j < m.

Y

- -1

= ()|

Recall that vs € Fs and ws € F; for all s. When restricted to Es (or Fj), the
map ps is the orthogonal projection to the direction of vg (or ws). In particular,

lpile, || = llpj|F, |l = 1 and so

ajo1 ool = [DF e, |7 = m(D L )

|bj—1...bi| = [Ipj o Df; Iy (y)(wz)H = |lpio fo
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and o
bj—1...bil < |IDfs /IRl

Using (3.21), we obtain

|bj_1 . bz‘

]aj_l e (17;|

(3.25) <K forall0<i<j<m.

Taking ¢ = 0 gives the upper inequality in (3.24). For the same reasons, and
the definitions of vo = & and wy, = 0" = Df*(n)/|Df; ()|, we also have

|am—1 .. a0l < [|Df"(vo)l| = [[Dfy" ()| = m(Df™|E,),
b1 ..bo| > [IDf77, (wa) |7 = I DFF ()]l = DRl
Now (3.17) translates into
|bm—1 ... bo - 1
]am_l Ce CL()’ 2
Combining this inequality and (3.25), with 4, j replaced with j, m, we find
|bj_1...b0| _ |bm_1...b0’ ‘bm_l...bﬂ >£
\aj_l...ag\ \am_l...ao\ |am_1...aj\ K ’

which is the remaining inequality in (3.24).
Now, combining Lemma 2.8 with (3.24) and <((vs, ws) > «, we get
[ 8K
— < .
m(DW)) ~ sin? a

Moreover, ng/Xo = 70D oy, So, using the relation (3.23),

1D/l lmll IDDY imoll 8K
m(Df)/Xo) ~ m(m;) m(DW) m(m) ~ sinfa
This finishes the proof of Lemma 3.8. O
The proof of Proposition 3.1 is now complete. O

4. Proofs of Theorems 1 and 2

Let us define some useful invariant sets. Given f € Diffl (M), let O(f) be
the set of the regular points, in the sense of the theorem of Oseledets. Given
pe{l,...,d—1} and m € N, let D,(f,m) be the set of points = such that
there is an m-dominated splitting of index p along the orbit of xz. That is,
x € Dy(f,m) if and only if there exists a splitting T»,M = E,, ® F,, (n € Z)
such that for all n € Z, dim E,, = p, D fny(En) = Eng1, Dffrg(Fn) = Foga

and
||Dfﬁ(x)‘FnH

— T3 =
m(Df7: |5

1
5"



1454 JAIRO BOCHI AND MARCELO VIANA

By Section 2.2, Dp(f,m) is a closed set. Let
Fp(fvm) = M N Dp(fa m)a
TE(f,m) = {z € Tp(f,m) NO(f); Mp(frz) > Apia(fr2) },
F;(f, m) = {x € Ff)(f, m); x is not periodic}.

Define also

Tp(f,00) = () Lp(f,m) and Ti(f,00)= ) Th(f,m).

meN meN

It is clear that all these sets are invariant under f.

LEMMA 4.1. For every [ and p, the set Flﬁ,(f, o0) contains no periodic
points of f. In other words, (,,cy (Ff,(f, m) \i(f,m)) = @.

Proof. Suppose that z € O(f) is periodic, say, of period n, and A,(f,z) >
Mpr1(f,2). The eigenvalues of DfP are vy, ..., v, with |v;| = e (/%) Let E
(resp. F') be the sum of the eigenspaces of D f' associated to the eigenvalues
Vi,...,Vp (resp. Vpii1,...,v4). Then the splitting T,M = E & F is Df]-
invariant. Spreading it along the orbit of x, we obtain a dominated splitting.
That is, x € Dy(f, m) for some m € N, and so x ¢ Fg,(f, 00). O

4.1. Lowering the norm along an orbit segment. Recall that A,(f,x) =
AM(z)+ -+ Ap(x) foreach p=1,...,d.

PROPOSITION 4.2. Let f € Diff,(M), &g > 0, K > 0, 6 > 0 and p €
{1,...,d — 1}. Then, for every sufficiently large m € N, there ezists a mea-
surable function N : F;’;(f, m) — N with the following properties: For almost
every x € I';(f,m) and every n > N(x) there exists an (o, k)-realizable se-

~

quence {E(()x’n), e L(x’n)} at x of length n such that

» “n—1
Ap—1(fiz) + Apia(f, @)

5 + 0.

1 T(z,m T(x,m
log WL I <

Proof. Fix f, g, k, 0 and p. For clearness, we divide the proof into two
parts:

Part 1. Definition of N(-) and the sequence Ijgzn) Fix f, eg, k, 6 and p.
Assume m € N is sufficiently large so that the conclusion of Proposition 3.1
holds for f, gy and %/ﬁ; (in the place of k). To simplify the notation, let T' =
[ (f,m). We may suppose that ;(I') > 0; otherwise there is nothing to prove.
Consider the splitting ITtM = E & F, where E is the sum of the Oseledets
subspaces corresponding to the first p Lyapunov exponents A\; > --- > )\, and
F' is the sum of the subspaces corresponding to the other exponents A, >
-+ > Ag. This makes sense since A, > A\,y1 on I'. Let A C I be the set of
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points y such that the nondomination condition (3.17) holds. By definition of
['=T3(f,m),

(4.1) r={]J (A

neZ

Let )\Z/-\p (), 1 <i < (z), denote the Lyapunov exponents of the cocycle
AP(Df) over f,in nonincreasing order. Let V, denote the Oseledets subspace
associated to the upper exponent A/l\p (z) and let H, be the sum of all other
Oseledets subspaces. This gives us a splitting AP(TM) =V @& H. By Proposi-

tion 2.1,

N ()
A7 ()

AL(@) + - 4 Ap1 () + Ap(2),
/\1(%) +---+ )\p_l(w) + /\p+1($).

If z € T then \y(z) > A\py1(2) and so \;P(z) > A,P(z). That is, the subspace
V. is one-dimensional.

For almost every = € I', Oseledets’ theorem gives Q(z) € N such that for
all n > Q(x), we have:

e 1log W < AP(x) + 6 for every v € V, ~ {0};
e llog W < AoP(x) + 8 for every w € Hy ~ {0};

o Llogsin<(Vny, Hpny) > —6.

For g e N, let B, = {z € I'; Q(z) < ¢q}. Then B, T T'; that is, the B, form a
nondecreasing sequence and their union is a full measure subset of I'. Define
Co =2 and

(4.2) Co=J F1ANF(By)).
neEL
Since f~™(By) T I' and the definition (4.1), we have C; T I'. To prove Propo-
sition 4.2 we must define the function N on I'. We are going to define it on
each of the sets C; \ Cy—1 separately. From now on, let ¢ € N be fixed.
We need the following recurrence result, proved in [4, Lemma 3.12].

LEMMA 4.3. Let f € Diffi(M). Let A C M be a measurable set with
w(A) > 0, and let T = Upezf"(A). Fix any v > 0. Then there exists a
measurable function Ny : I' — N such that for almost every x € I', and for all
n > No(z) and t € (0,1), there exists £ € {0,1,...,n} such thatt —~v < {/n <
t+~ and f'(z) € A.

Let ¢ be a strict upper bound for log [|AP(Df)| and v = min{c~16,1/10}.
Using (4.2) and Lemma 4.3, we find a measurable function Néq) : Cqy — N such
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that for almost every x € Cy, every n > Néq) (z) and every ¢ € (0,1) there is
¢ €{0,1,...,n} with [¢/n —t| < v and flo € AN f~™(B,). We define N(x)
for v € Cy \ Cy—1 as the least integer such that

N(z) > max{Néq)(x), 10Q(x), my~t, 6 'log[4/sin<(V,, H,)]}.

Now fix a point x € Cy \ Cq—1 and n > N(x). We will now construct the
sequence {ngn)} Since n > Néq) (x), there exists ¢ € N such that

¢ 1

‘5 - 5‘ <y and y=fix) € AN F(B,).

Since y € A, where the nondomination condition (3.17) holds, Proposition 3.1
gives a sequence {Lg,...,L,—1} which is (e, %ﬁ)—realizable , such that there
are nonzero vectors vg € Ey, wo € Fiym(,) for which

Lm—l ce Lo(’l}()) = wy -
We form the sequence {E(()‘r’"), ce Effﬁ) } of length n by concatenating
{foi(x); 0<1 <€}, {Lo,...,Lm_l}, {foi(x), L4+m <i <m}.

According to parts 1 and 2 of Lemma 2.11, the concatenation is an (e, x)-
realizable sequence at x.

Part 2. Estimation of [|AP(L,, wn) . )H Write /\p(Lgb 1) . (I” )=
D1 LDy, with Dy = AP(DfE), Dy = /\p(Df”an 7))y and £ = AP(Ly_1 ... Lo).

The key observation is:
LEMMA 4.4. The map L : NP(T,M) — NP(Ttm,yM) satisfies L(V,) C
H m .
f(y)

Proof. Proposition 2.1 describes the spaces V and H. Let z € T'" and
consider a basis {e1(z),...e4(z)} of T, M such that

ei(r) € Bl for dimE} + - +dim FI~! <i < dim El 4 --- 4 dim EZ.

Then V, is the space generated by ej(z) A --- Aep(z) and H, is generated by
the vectors e;, (2) A--- Ae;, (2) with 1 <iy <--- <ip < d, i > p. Also notice
that {e1(2),...,ep(2)} and {ep+1(2), ..., eq(2)} are bases for the spaces E, and
F, respectively. Consider the vectors vy € E, and wy = L(vg) € Fym,, where
L=1Ly_1...Lo. Thereisv € {1,...,p} such that

{vo,e1(y),- - ev—1(y)s ev1(y), - ep(y)}

is a basis for E,. Therefore V, is generated by the vector

vo ANer(y) A Aey—1(y) Aevr1(y) A Aep(y),
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which is mapped by £ = AP(L) to

(4.3) wo A Ler(y) A A Ley—1(y) A Levy1(y) A -+ A Lep(y),
Write wy as a linear combination of vectors e,1(f™(y)), ..., ea(f™(y)) and
write each Le;(y) as a linear combination of vectors ey (f™(y)), ... , ea(f™(y)).

Substituting in (4.3), we get a linear combination of e;, (f™(y))A---Aei, (f™(y))
where e1 (f™(y))A---Aep(f™(y)) does not appear. This proves that the vector
in (4.3) belongs to H gm (). O

To carry on the estimates, we introduce a more convenient norm: For zg,
x1 € I we represent a linear map T : AP(T,,, M) — AP(T,, M) by its matrix

Tt+ T7t—
(7T

with respect to the splittings T, M = V,,, ® Hy, and T, M = V,, ® H,,. Then
we define
1Tl = macx {75, |7, |7, 7= .

The following elementary lemma relates this norm to the original one ||T’|| (that
comes from the metric in AP(Tr M) ).

LEMMA 4.5. Let 0, = <<(Vyy, Hy,) and 05, = <(Vy,, Hy,). Then:
(1) T < 4 (sin 0z, )~ [T ]l max;
(2) T llmax < (sin6,) =" || T].
Proof. Let v = vy +v_ € Vg, @ Hy,. We have ||v|| < ||v||/sin6,, for
* = + and * = —. Thus,
IToll < 1T o | + 1T o | + 177 vi | + 1777w || < AT lmax 0]/ sin Oa,

This proves part 1. The proof of part 2 is similar. Let vy € V. Its image
splits as Tvy =TT vy + T~ Tvy € V,,, ® H,,. Hence,

IT* o || < [Ty || (sine,) ™" < I T [lo4 ]| (sin6a,)
for ¥ = + and * = —. Together with a corresponding estimate for 7" v_,

v_ € Hy,, this gives part 2. O

For the linear maps we were considering, the matrices have the form:
(DT 0 . (0 Lt
Dz—< 0 D ,1=0,1, and L= J—
D~ =0 = D;* because V and H are AP(Df)-invariant, and L = 0
because of Lemma 4.4. Then

~ ~ 0 DLt~ Dy~
P _ 1 0
(4.4) VAN (Ln—l S Lo) = <D1__E_+D8_+ DI_E__D5_> .
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LEMMA 4.6. Fori=0,1, z € Cy\ Cy—1 and n > N(z),
log || D || < An(\P(x) +58) and log|D; || < 3n(\¥(x) + 50).

log || Dg " || = log [AP(D fp)lv. || < LA () + 6),
log | Dy || = log [INP(D f) |, || < 67 () + 6).
Let A be either A\[?(z) or \yP(z). Using YA < yc¢ < & and v < 1, we find
A+38) <n(E+7)A+9) <n(AAX+15+6+6) = In(A+59).

This proves the case i = 0. We have n — £ —m > n(% ) —ny > %On >
Q(x) > q. Also f'(z) € f~™(B,), and so Q(f*+™(x)) < q. Therefore

log | DY || = log | AP(D f7 0 Wy, | < (0= €= m)(N" () +6),

Proof. Since £ > (5 —y)n > s&n > &N(z) > Q(z), we have

log ||[Dy ™ || = log |AP(D f7i e, | < (0= £ = m) (X7 (2) + 6).
As before, (n — £ —m)(A+8) < n(3 +7v)(A+6) $n(A + 55). This proves the
case 1 = 1. O

LEMMA 4.7. log||£]|max < 2nd.

Proof. Since the sequence {Lo, ..., Ly,—1} is realizable, each L; is close to
the value of D f at some point. Therefore we may assume that log [|AP(L;)|| < c.
In particular, log||£|| < mc < ney < nd. We have £ +m > n(5 —v) > &n >
Q(x). So log[l/sin <t(Vyesmy, Hpermy)] < 6 and, by part 2 of Lemma 4.5,
log || £]|max < 2n0. O
Using Lemmas 4.6 and 4.7, we bound each of the entries in (4.4):
log || Df "L Dy || < 5n(A"(z) + Ay"(2) + 149),
log [|Dy ™ £~ Dy || < 3n(A"(2) + 25 (x) + 145),
log || Dy "L "Dy~ || < 3n(2A37(z) + 149).
The third expression is smaller than either of the first two, and so we get

M) ) | oy

Therefore, by part 1 of Lemma 4.5 and log[4/ sin <((V,, Hz)] < nd,

tog A" (Ln-1 - Lo)llmax < n(

. . AP AP
log [|\P(Zn_1 ... Lo)| < n( (@) ; 2 (@) | 85).
We also have \?(z) + A\yP(z) = Ap_1(f, ) + Apy1(f,2). This proves Propo-
sition 4.2 (replace 6 with /8 in the proof). O

4.2. Globalization. The following proposition renders global the construc-
tion of Proposition 4.2:
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PROPOSITION 4.8. Let f € Diff (M), go > 0, p € {1,...,d — 1} and
d > 0. Then there exist m € N and a diffeomorphism g € U(f,e0) that equals
f outside the open set I'y(f, m) such that

Ap A
/ Ap(g,:n) du(z) < 0 _|_/ P 1(f,x) + p+1(f7 x)
Tolfim) vy (fm) 2

We need some preparatory terminology:

du(z).

Definition 4.9. Let f € Diﬁi(M). An f-tower (or simply tower) is a
pair of measurable sets (T, T},) such that there is a positive integer n, called
the height of the tower, such that the sets Ty, f(T), . .., f*~1(T}) are pairwise
disjoint and their union is 7. Now, T}, is called the base of the tower.

An f-castle (or simply castle) is a pair of measurable sets (@, @y,) such
that there exists a finite or countable family of pairwise disjoint towers (T}, T;1,)
such that @ = JT; and Q, = JTip and @y, is called the base of the castle.

A castle (Q,Qyp) is a sub-castle of a castle (Q',Q4) if Q, C Q}, and for
every point € Qy, the towers of (Q, Q1) and (@', Q) that contain z have
equal heights. In particular, Q C @Q’.

We shall frequently omit reference to the base of a castle () in our notation.

Definition 4.10. Given f € Diffi(M) and a positive measure set A C M,
consider the return time 7 : A — N defined by 7(z) = inf{n > 1; f"(z) € A}.
If we denote A, = 771(n) then T), = A, U f(A,)U--- U f"1(A4,) is a tower.
Consider the castle @), with base A, given by the union of the towers 7;,. This
is called the Kakutani castle with base A.

Note that Q = J,,cz f"(A4) mod 0; in particular the set @ is invariant.

Proof of Proposition 4.8. Let f, g, p and § be given. For simplicity, we

_ Apfl(fv LL‘) + Ap+1(fa ZE)
5 .

write

¢(x)

Step 1. Construction of families of castles @Z O Q;. Let K = §%2. Take
m € N large enough so that the conclusion of Proposition 4.2 holds: There ex-
ists a measurable function N : I';(f,m) — Nsuch that for a.e. x € T';(f,m) and

every n > N(x) there exists an (g9, k)-realizable sequence {Eéx’n), e ,ngj)}
at x of length n such that

1 (x,n >(z,n
(4.5) ~log IN(LYY LG < o) + 6.

We shall also (see Lemma 4.1) assume that m is large enough so that
(4.6) u(Th(fom) T3(f.m)) <6
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Let C' > Supyeyy(f.oy) SUPyens 10g | Dgy||P and ¢ = [C/5]. Fori=1,2,....¢, let
Z'={z e Ty(f,m); (i—1)3 < ¢(x) < id}.

Each Z' is an f-invariant set. Since ¢ < C, we have Ly(f,m) = |_|f:1 Z.
Define the sets Z: = {x € Z!; N(x) < n} for n € N and 1 <14 < . Obviously,
Zi 1 Z' when n — oo. Fix H € N such that, for all i =1,2,...,/,

(4.7 wW(ZE\ Zy) < 8% u(ZY).

Using the fact that A,(f) equals ¢ in the f-invariant set I';y(f,m) \ Fg,(f, m),
and Proposition 2.2, we may also assume that H is large enough so that

1
(4.8) / Liog 1AP(D )] < 5+/
D, (fam)~T% (fm) ™ Dy (fm)~Th (fm)

for all n > H.
A measure-preserving transformation is aperiodic if the set of periodic
points has zero measure. The following result was proved in [4, Lemma 4.1]:

LEMMA 4.11. For every aperiodic invertible measure-preserving transfor-
mation f on a probability space X, every subset U C X of positive measure,
and every n € N, there exists a positive measure set V. C U such that the
sets V, f(V),..., f(V) are two-by-two disjoint. Besides, V can be chosen to
be mazrimal in the measure-theoretical sense: no set that includes V and has
larger measure than V' has the stated properties.

By definition of the set T';(f,m), the map f : I';(f,m) — I,(f,m)
is aperiodic. So, by Lemma 4.11, for each 7 there is B' C Zj}; such that
B, f(BY),..., fA=Y(B% are two-by-two disjoint and such that B’ is maximal
for these properties (in the measure-theoretical sense). Consider the following
f-invariant set:

Q' = B

nel

@i is the Kakutani castle with base B'. It is contained in Z° and, by the
maximality of B?, it contains Z¢% up to a zero-measure subset. Thus, by (4.7),

(4.9) w2\ QY < 82u(ZY).

Let Q' C @’ be the sub-castle consisting of all the towers of @’ with heights
at most 3H floors. The following is a key property of the construction:

LEMMA 4.12. For each ¢ = 1,2,...,¢, there exists the relation
(@~ Q) < 3u(Z . Ziy).

Proof. We follow [4, Lemma 4.2] and split the castle @Z into towers as
Q' = LIy T} where BY = | |32 ;; Bt is the base Q! and T} = U?;S fi(BY)
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is the tower with base B,i and of height k floors. Take £ > 2H and H <
j <k—H. Thesets f/(B}),... f/TH-1(Bl) are disjoint and do not intersect
BiU---U fH=Y(BY). Since B! is maximal, we conclude that

k>2Hand H<j<k-H = u(f/(B))nZy)=0

(otherwise we could replace Bt with B U (f/(Bi) N Zi;), contradicting the
maximality of B*). Thus

k—H
k—2H+1 .
k>2H = (T~ Zy) > ulf(B) TJFM(T;Q).
Jj=H

In particular,

, , 1
k>3H4+1= uw(Ti~ Zy) > gu(le)

and so
pQ Q)= > wTH< D 3uTe~ Ziy)
k=3H+1 k=3H+1
m . . . .
=3u ( || Ti~ Zﬁ) <3u(ZP N ZY),
k=3H+1
as claimed. O

Step 2. Construction of the diffeomorphism g.

LEMMA 4.13. For almost every x € I';(f,m) and every n > N(x), there
exists v > 0 such that for every ball U = By.(z) with 0 < 1’ < r there exist
h € U(f,e0) and a measurable set K C B,/ (x) such that

(i) h equals f outside I_I?;&fj(BT/ (2));
(i) p(K) > (1 = w)p(Br(x));
(ili) if y € K then L log [AP(Dhy)|| < ¢(z) + 26.

Proof. Fix  and n > N(x). Recall that the point = is not periodic. Let
~v > 0 be very small. Since the sequence {ngn)} given by Proposition 4.2 is
(K, ep)-realizable, there exists r > 0 such that for every ball U = B,.(z) with
0 < r’ < r there exists h € U(f, o) satisfying condition (i) above and there
exists K C B, (x) satisfying condition (ii) and

yeKand 0<j<n—1 = ||Dhpyy —ngn)ﬂ <.

Taking v small enough, this inequality and (4.5) imply

@n) @ 4§ < p(x) + 20,

1 1 ~
y € K = —log||A\P(Dhy)| < —log|AP(L
n n

as claimed in the lemma. O
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LEMMA 4.14. Fiz v > 0. There exists g € U(f,e0) and for each i =
1,2,...,¢ there exist a g-castle U' and a g-sub-castle K* such that:

(i
(i) w(U' N Q") < 2yu(Z") and p(Q" N\ U") < 2yu(Z");

)
)
(iii) p(U° N K') < 26(27);
)
)

the U' are open, pairwise disjoint, and contained in T’ »(f,m);

(iv

g(UY = f(UY) and g equals f outside |_| U

(v) if y is in the base of K* and n(y) is the height of the tower of K' that
contains x then

1
—log | AP(Dg™™))|| < 6 + 26.
5 e | (Dg )|
Proof. By the regularity of the measure y, one can find a compact sub-
castle J* C Q' such that

(4.10) @~ T < (@)

Since the J* are compact and disjoint we can find open pairwise disjoint castles
V' such that each V' contains J* as a sub-castle, is contained in the open and
invariant set I',(f,m), and

(4.11) p(VPS T < (@),

For each x € Ji, let n(x) be the height of the tower that contains z. .J{
is contained in Z%, so that N(z) < H < n(x). Let r(z) > 0 be the radius
given by Lemma 4.13, with n = n(z). This is defined for almost every = € Ji..
Reducing r(z) if needed, we suppose that the ball B, (,)(x) is contained in the
base of a tower in V* (with the same height).

Using Vitali’s covering lemmal!, we can find a finite collection of disjoint
balls U,i = B, ,(x;), with z,; € Jf) and 0 < r; < r(zk,;), such that

(4.12) u(Jé N Uﬁé) < yp(Jp)-
k

Let ny; = n(xy;). Notice that n(z) = ny; for all zt e U,i.

Now we apply Lemma 4.13 to each ball U, ,f: We get, for each k, a measur-
able set K; C U} and a diffeomorphism hy; € U(f, <o) such that (in 3 we use
the fact that xy,; € Z°)

(1) hy Qquals f outside 'the set U?igl fI(UL);
(2) u(Kg) > (1= k) p(Ug);
(3) if y € K}, then L log ||/\p(DhZ;’i)yH < d(g,i) +26 <id + 26.

Nk

'First, cover the basis J{ of the castle by chart domains.
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Let g be equal to hy; in the set U?ial fI(UF), for each i and k, and be
equal to f outside. Since those sets are disjoint, g € Diffi(M ) is a well-defined
diffeomorphism. Each hy; belongs to U(f,ep) and so g also does.

Since each U, ,z is contained in the base of a tower in the castle V', V? is also
a castle for g. Let U’ be the g-sub-castle of V* with base LiyU{. Analogously,
let K* be the g-sub-castle of U* with base I_IkK,i.

It remains to prove claims (ii) and (iii) in the lemma. Making use of the
castle structures, relation (4.12) and item 2 above imply, respectively,

(4.13) w(JNUYD < yp(JY)  and (U KY) < kp(UY).
By (4.11) and Q' C 7,

(4.14) pU' N QY < (VIS T < yu(QF) < yu(ZY).

This implies the first part of item (ii). Combining the first part of (4.13)
with (4.10),

QN UY) < p(QF N ) + p(J N UY) < 29u(QY) < 2yu(Z7).

This proves the second part of item (ii). Finally, the second inequality in (4.13)
and

p(U') < Q) + p(U N Q) < (1+7)u(@") < 2u(Z").
imply item (iii). The lemma is proved. O
Step 3. Conclusion of the proof of Proposition 4.8. Let U = |_|f:1 U* and

Q= |_|f:1 Q" and @ = |_|f:1 @‘ Set N = H5~!. (Of course, we can assume
that 6~! € N.) Let

¢ N-1
G = |_| G' where G'=2'n ﬂ g (K
i=1 j=0
for each 7+ = 1,2,...,£. The next lemma means that on G we managed to

reduce some time N exponent:
LEMMA 4.15. If x € G* then

1
v log [AP(DgN)|| < i6 + (6C + 2)4.

Proof. For y € Ki, let n(y) be the height of the g-tower containing y.
Take x € G; say € G*. Since the heights of towers of K* are less than 3H,
we can write

N=k+ni+no+-+n;+ko

so that 0 < kq,ke <3H, 1 <mny,...,n; <3H, and the points

T = gkl (CL‘), To = gk1+n1 (CL‘), e, $j+1 — gk1+n1+...+nj (l’)
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are exactly the points (of the orbit segment z, g(x), ..., g~ ~!(z)) which belong
to K{;. Write
INP(Dg | < IAP(Dgg)Il IAP(Dgz)ll - [INP(Dgga)I| AP (Dgyz, )

Using item (v) of Lemma 4.14, and our choice of N = H6~!, we get

log [|AP(DgM) || < k1C + (n1 + - -+ 4 n;) (36 + 28) + ko C
<GHC + N(i6 + 25) < N(6C + id + 26),

as claimed. 0

We also use the fact that G' covers most of U UT';(f,m), as asserted by
the next lemma whose proof we postpone for a while.

LEMMA 4.16. Let v = 6%/(¢H) as in Lemma 4.14. Then
w(U U Lo(f,m) G) < 126.

Continuing with the proof of Proposition 4.8, write ¢(z) = + log [|AP(Dg2)||.
Since g leaves invariant the set I',(f, m), Proposition 2.2 gives

/ Ap(g) < / .
T, (f,m) I, (f,m)

We split the integral on the right-hand side as

Lot s oo
Lp(fm) Ty, (f;m) N (UUTE (f,m)) (UUT} (f,m)NG G
= (I) 4+ (IT) + (III).

Outside U, g equals f and so ¢ equals = log [|AP(Df™)|. Thus

1
ms< [ Nl <o+ [ 3
Ly (f;m)~TE(f:m) Ly (fm)NT5(f:m)

by (4.8). By Lemma 4.16 and (4.6), u((UUTh(f,m))~G) < 134. Since ¢ < C,
we have (II) < 13C6. By Lemma 4.15,

L

(1) =) /

i=17G

0 0
<Y (6 + (6C +2)6)u(G") < (6C +3)5+ Y (i — 1)6u(GY).
‘ i=1

i=1
Since ¢ > (i — 1)d inside Z? D G, we have
(ITI) < (6C + 3)5 + / é.

05 (fm)

Summing the three terms, we get the conclusion of Proposition 4.8 (replace §
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with 0/(18C + 4) throughout the arguments):

/ Ag) < (18C+4)5+/ 6.
Ty (fm) Ty (fm)

This completes the proof of the proposition, modulo proving Lemma 4.16. O

Step 4. Proof of Lemma 4.16. The following observations will be useful
in the proof: If X C M is a measurable set and N € N, then

N-1
(4.15) M( U g_j(X)> < p(X) + (N = Dpg™H(X) \ X).
j=0

Moreover, u(gil(X) ~ X) = M(X ~ gil(X)).
Proof of Lemma 4.16. We shall prove first that
(4.16) w(QF . GY) < 100u(Z7).
Since @Z C 7', we have @’ NG C @Z N ij:_ol g7/ (M ~\ K%). Substituting

M~ K (U~ KDY U QU U ('~ Q) U (M ~ O,

we obtain
QNG c|Jg?/U~NKYuU |Jg@~U)u [Jg 7@ ~Q)
j=0 j:O j=0

Ug (M~ Q)| =@ u@anu i u (Iv).

Let us bound the measure of each of these sets. The second one is easy: by
Lemma 4.14(ii) and our choices v = 62/¢H and N = H/S,

u(ID) < Np(QF \ U') < 2Nu(ZY) < 5u(ZY).

The other terms are more delicate.

The set X = U? ~ K’ is a g-castle whose towers have heights at least H.
Hence its base, which contains X1\ ¢(X1), measures at most % x(X1). By (4.15),
we get

p() < (14 2)u(X1) < 207 (Xa).

By Lemma 4.14(iii), we have u(X1) < 2xu(Z%) = 25%u(Z%). So, u(l) <
46u(Z4).

Let X3 = Q' \ Q'. By Lemma 4.12 and (4.7), we have u(X3) < 62u(Z).
Since f and g differ only in U, we have

9(X3) N X3 C [f(X3) N X3]Ug(XznU) = (V) U (VD).
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Since X3 is an f-castle whose towers have heights of at least 3H,

HV) = 4K~ J(X0)) < gpn(Xs).

Since X5 NU C |, (U* \ QF), Lemma 4.14(ii) gives u(VI) < 26yu(Z%). Com-
bining the estimates of u(V), u(VI), pu(X3) with (4.15) and the definitions of
N and ~, we have

p(III) < pu(X3) + N(%Hu(Xg) + 2€vu(Zi))
<(1+5 5) (X3) +26u(2") < 35u(2"),

We also have

(V) =Q'~ () ¢~ U QRN N g (@),
j=1 j=1
In particular, p(IV) < (N — 1L)u (QF < g~ 1(Q"). Notice that Q* . g~ 1(Q) C

UpU* (since Qs f- 1nvar1ant) Therefore
Q' ~ g7 Q") C Q' N UM U U~ g~ (@Y)] = (VII) U (VIII).

Combining

(VID) C | %~ QF) c | |~ QY
ki ki

with Lemma 4. 14(11) we obtain p(VII) < 2(¢ — 1)yu(Z"). Using the fact that
g(U?) = f(U?) and Q' = £(Q"), we also get

p(VIID) = u(g(U) \ Q) = (U~ Q") < p(U* N Q') < 2yu(Z").
Altogether, 1(Q' ~ g71(Q")) < 20yu(Z") and p(IV) < 2Nlyu(Q;) < 201(Z;).
Summing the four parts, we obtain (4.16). Now

p(UUT(f,m)~ G) < p(Th(f.m) ~ Q) + u(U ~ Q) + u(@ ~ G)
— 1(IX) + u(X) + u(XI).

Using (4.9), Lemma 4.14, and (4.16), respectively, we get
p(IX) <Z“ QY < 82 <6,
pX) < pUNQ) < Zu <2y <y,
P(XD) < p(@ N G) < 100.

i

Summing the three parts, we conclude the proof of Lemma 4.16. O
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4.3. End of the proofs of Theorems 1 and 2. We give an explicit lower
bound for the discontinuity “jump” of the semi-continuous function LE,().
Denote, for each p=1,...,d,

_ )‘P(f’x) 7)‘P+1(f7$) T
Ip(f) = /F,,(f,oo) 5 du(x).

PROPOSITION 4.17. Given [ € DiffL(M) and p € {1,...,d — 1}, and
given any €9 > 0 and § > 0, there exists a diffeomorphism g € U(f,ep) such
that

| Astg.o)duta) < [ A (Fix)due) = (1) + 5.
M M

Proof. Let f, p, eg and § be as in the statement. Using Proposition 4.8,
we find m € N and g € U(f,¢e0) such that g = f outside I',(f, m) and

/ Ap(g) <0+ / Ap-a() ;“ A (f)
Tp(fm) Ty (fm)

[ ao= [ m@s [ )
M Iy (f,m) MTp (fim)

Ap—l(f) + Ap+1(f) A
/Fp(f,m) 2 " / MAT,(fm) plf)

Since I'y(f, 00) C I'y(f, m), and the integrand is nonnegative,

/w,m) <Ap<f> _ Al —gApH(f))

> /Fp(fyoo) <Ap(f) = M) ‘;Apﬂ(f)) — J,(f).

Then

Therefore, the previous inequality implies

| Mo <= a0+ [ a0,

M

as we wanted to prove. O
Theorem 2 follows easily from Proposition 4.17:

Proof of Theorem 2. Let f € DiFfL(M) be a point of continuity of LE,(-)
forallp=1,...,d—1. Then J,(f) = 0 for every p. This means that \,(f,z) =
Ap+1(f, z) for almost every x € I',(f,00). Let x € M be an Oseledets regular
point. If all Lyapunov exponents of f at x vanish, there is nothing to prove.
Otherwise, for any p such that A\,(f,z) > A\p11(f, ), the point « ¢ I',(f, 00)
(except for a zero-measure set of x) . This means that = € D,(f,m) for



1468 JAIRO BOCHI AND MARCELO VIANA

some m: there is a dominated splitting of index p, Ty, M = E, © F,,
n € Z along the orbit of . Clearly, domination implies that F,, is the sum
of the Oseledets subspaces of f, at the point f"z, associated to the Lyapunov
exponents Ai(f,z), ..., A\p(f,x), and F), is the sum of the spaces associated
to the other exponents. Since this holds whenever A,(f,x) is bigger than
Ap+1(f, ), it proves that the Oseledets splitting is dominated at . O

Theorem 1 is an immediate consequence:

Proof of Theorem 1. The function f +— LE;(f) is semi-continuous for
every 7 = 1,...,d — 1; see Section 2.1.3. Hence, there exists a residual
subset R of Diﬁ“L(M ) such that any f € R is a point of continuity for
f = (LEi(f),...,LE4—1(f)). By Theorem 2, every point of continuity sat-
isfies the conclusion of Theorem 1. O

5. Consequences of nondominance for symplectic maps

Here we prove a symplectic analogue of Proposition 3.1:

PROPOSITION 5.1. Given f € Sympll (M), eg > 0 and 0 < k < 1, if
m € N is large enough then the following holds:

Let y € M be a nonperiodic point and suppose there exists a nontrivial
splitting TyM = E © F' into two Lagrangian spaces such that

Dfm 1
(5.1) MDfEl 1
m(Dfg) — 2

Then there exists an (g9, k)-realizable sequence {Lg, ..., Ly,,—1} aty of length m

and there are nonzero vectors v € E, we D f]'(F') such that Ly,—1 ... Lo(v) = w.

Remark 5.2. The hypothesis that £ and F' are Lagrangian subspaces in
Proposition 5.1 is the sole reason why Theorem 4 is weaker than what is stated
in [5].

In subsections 5.1 and 5.2 we prove two results, namely, Lemmas 5.3
and 5.8, that are used in subsection 5.3 to prove Proposition 5.1. In Section 6
we prove Theorems 3 and 4 using Proposition 5.1.

5.1. Symplectic realizable sequences of length 1. First, we recall some
elementary facts: Let (-, -) denote the usual hermitian inner product in C?. Up
to identification of C? with R4, the standard inner product in R?? is Re(-, -)
and the standard symplectic form in R?? is Im(-,-). The unitary group U(q) is
subgroup of GL(g,C) formed by the linear maps that preserve the hermitian
product. When R € U(q) is a map R : R?? — R?9, then R is both symplectic
and orthogonal.
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IfR:T,M — T,M is an w-preserving linear map, we shall call R unitary
if it preserves the inner product in T, M induced from the Euclidean inner
product in R?? by the chart Yi(z) (recall subsection 2.5).

The next lemma constructs realizable sequences of length 1:

LEMMA 5.3. Given f € Sympll (M), e > 0, & > 0, there exists ¢ > 0
with the following properties: Suppose given a nonperiodic point x € M and
a unitary map R : TyM — T,M with |R — I|| < €. Then {DfyR} is an
(€0, k)-realizable sequence of length 1 at the point x and {RDf;-1(y)} is an
(0, k)-realizable sequence of length 1 at the point f~(x).

Before starting the proof, let us make some remarks.

Remark 5.4. Let H : R? — R be a smooth function such that the corre-
sponding Hamiltonian flow ¢! : R?? — R?? is globally defined for every ¢ € R.
Let ¥ : R — R be a smooth function, and define H = 1p o H. Then the Hamil-
tonian flow (') of H is globally defined and is given by @t () = ¥ (H@)t(z),

If R € U(q) then all its eigenvalues belong to the unit circle in C. More-
over, there exists an orthonormal basis of C? formed by eigenvectors of R. If
J C R is an interval, we define S; as the set of matrices R € U(q) whose
eigenvalues can be written as e, ... e with all 6, € J. There is Cy > 0,
depending only on ¢, such that if ¢ > 0 and R € S|_. ) then |[R— 1| < Cope. It
is convenient to consider first the case where the arguments of the eigenvalues
of R all have the same sign and are comparable:

LEMMA 5.5. Given g9 > 0 and 0 < o < 1, there exists € > 0 with the
following properties: Given R € S|_3. _ U S| 3], there exists a bounded open
set U C R%4 such that 0 € oU C U, and there exists a C' symplectomorphism
h : R?? — R?? such that

(i) h(z) = z for every z ¢ U and h(z) = R(z) for every z € oU;
(ii) ||Dh. — I| < eo for all z € R?4.

Proof.  Let €9 and o be given. Let ¢ > 0 be a small number, to be
specified later. Take R € S, 3.); the other possibility is tackled in a similar way.
Let {v1,...,v4} be an orthonormal basis of eigenvectors of R, with associated
eigenvalues €1, ... e and all ¢ < 6}, < 3e. Up to replacing R with SRS,
for some S € U(gq), we may assume that the basis {v1,...,v4} coincides with
the standard basis of C?. Therefore R assumes the form

R(z1,...,24) = (€21, ... efaz,).
Let H : C — R be given by H(z) = 2>, 0x|z,/>. Then R is the time 1 map
of the Hamiltonian flow of H. Besides, since max 6, < 3min#y, there is C;
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depending only on ¢ such that
(5.2) |zl |DH.|| < C1H(z) for all z € C1.

Let 7 : R — R be a smooth function such that 7(s) = 1 for s < 0%, 7(s) =0
for s > 1, and 0 < —7'(s) < 2/(1 —0?) for all 5. Let 9(s) = [ 7(u) du and let
H= 1o H. By Remark 5.4, the time 1 map h of the Hamiltonian flow of H is

h(z) = (ez‘elr(H(z))Zl’ o ei@;cr(H(z))Zk).

Then h(z) = R(z) if H(z) < 02 and h(z) = z if H(z) > 1. Moreover, a direct
calculation gives

Coe2|| | DH-||

5 + 3¢

Dh, — 1| <
D, — 1 < S
where Cy = C(q). Due to (5.2), we can take € = £(gp, o) such that the right-
hand side is less than ¢y whenever H(z) < 1. Since H is positive definite, the
set U ={z € C% H(z) <1} is bounded. O

Remark 5.6. We may assume that the set U in Lemma 5.5 has arbitrarily
small diameter. Indeed, if ¢ > 0 then we may replace U with U =aU and h
with h(z) = ah(a~'z). Notice that Dh, = Dhg-1,, so that k is a symplecto-
morphism and satisfies property (ii) of the lemma.

LEMMA 5.7. Given eg > 0 and 0 < o < 1, there exists € > 0 with the
following properties: Given R € S|_. ., there exists a bounded open set U C
R?? such that 0 € cU C U, a measurable set K C U with vol(U \ K) <
3(1 — o) vol(U), and a C' symplectomorphism h : R4 — R? such that

(i) h(z) = z for every z ¢ U and Dh, = R for every z € K
(ii) | Dh, — I|| < & for all z € R*.

Proof. Let € be as given by Lemma 5.5. Write R € S_. . as a product
R=R; R_, with Ry € S .3, and R_ = e~2¢]. Applying Lemma 5.5 to Ry,
with g replaced with £9/2, we obtain sets Uy and symplectomorphisms h.
Let U = U4. Consider the family F of all sets of the form aU_ + b, with a > 0
and b € R?9, that are contained in U. This is a Vitali covering of U, and so
we may find a finite number of disjoint sets U = a;,U_ + b; € F that cover U
except for a set of volume (1 — %) vol(U). Using Lemma 5.5 and Remark 5.6,
for each i we find a symplectomorphism h’ such that h? = id outside U? and
D(h'), = R_ for z € K; = a;oU_ + b;, and D(h'), is uniformly close to I.
Let K = (cU)NU; K. Define h = hyoh® inside each U’ , and h = h outside.
Then K and h have the desired properties. O
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Proof of Lemma 5.3. Given g9 and k, choose o close to 1 so that
3(1 — 0%) < k. Remark 5.6 also applies to Lemma 5.7: the set U may be
taken with arbitrarily small diameter. Using Lemma 2.13, we conclude that
the sequences {Df, R} and {R Dff-1(,)} are (o, k)-realizable as stated. O

5.2. Symplectic nested rotations. In this subsection we prove an analogue
of Lemma 3.3 for symplectic maps:

LEMMA 5.8. Given f € Sympl}d(M), g >0,k >0 E >1, and 0 <
v < m/2, there exists 3 > 0 with the following properties: Suppose there is a
nonperiodic point x € M, a number n € N, and a two-dimensional symplectic
subspace Yo C T M such that:

o |Dfily,|l/m(Dflly,) < E? for every j =1,...,n;
o <A(X;,Yj) >~ foreachj=0,...,n—1 where Xo = Y§’, X; = Df1(Xo),
and Y; = DA(Yp).
Let Oy, ...,0n,_1 € [-0,0] and let Sy,...,Sn—1 : Yo — Yy be the rotations of
the plane Yy by angles g, ...,0,_1. Let linear maps
M 2 T By M

be defined by Lj(v) = Dfpi(v) for v € X; and Lj(w) = (ngJrl) - S5
(Df))"Yw) for w € Yj. Then {Lo,...,Ly_1} is an (go, )-realizable sequence
of length n at the point x.

We begin by proving a perturbation lemma that corresponds to Lemma 3.4:

LEMMA 5.9. Giveneg > 0 and0 < o < 1, there is € > 0 with the following
properties: Suppose there exist a splitting R*? = X @Y with dimY = 2,
XY=Y and X LY, an ellipsoid A C X centered at the origin, and a unitary
map R € U(q) with R|x =1 and |R—I|| <e.

Then there exists T > 1 such that the following holds. Let B be the unit
ball in' Y. Fora, b > 0 consider the cylinder C = Cop = a A®B. Ifa > 7b and
diam C < gg then there is a C symplectomorphism h : R4 — R?? satisfying:

(i) h(z) = z for every z ¢ C and h(z) = R(z) for every z € oC;
(ii) ||h(2) — z|| < &0 and |Dh, — I|| < ¢ for all z € R,

Remark 5.10. If H : R?? — R is a smooth function with bounded || DH||
and ||D?H ||, then the associated Hamiltonian flow ¢! : R?? — R2? is defined
for every time t € R, and

l¢*(2) = 2| < lt|sup [|[DH[|,  [[(D¢")> — || < exp(|t| sup | D*H]|) — 1
for every z € R?? and t € R.
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Proof of Lemma 5.9. Given gy and o, let ¢ > 0 be small, to be specified
later. Let € > 0 be such that ¢ < /2 sint. Let X, Y, A, B, and R be as in the
statement. Let A : X — X be a linear map such that A(A) is the unit ball
in X. We define 7 = || A]|.

Let H : R?7 — R be defined by H(z,y) = H(y) = 1||y||?, where (z,y) are
coordinates with respect to the splitting X &Y. The Hamiltonian flow of H is
a linear flow (Ry);, where R; is a rotation of angle ¢ in the plane Y, with axis
X. In particular, |R; — I|| = v/2|sint| and there exists to with |to| < # such
that Rtg = R.

Take numbers a, b > 0 such that a/b > 7 and the cylinder C = a.A & bB
has diameter less than €p. We are going to construct another Hamiltonian H
which is equal to H inside oC and constant outside C. The symplectomorphism
h will be defined as the time tg of the Hamiltonian flow associated to H.

For this we need a few auxiliary functions. Let ¢ : R — [0, 1] be a smooth
function such that:

o ((t)=1fort <o and ((t) =0 for t > 1;
o [¢/(t)] < 10/(1 — o) and [¢"(£)] < 10/(1 — )2,
Define v : X — [0,1] by ¢(z) = ((a~!||Az||). Then
(5.3) Y(xz) =1for x € caA and ¢(x)=0 for x ¢ aA.

Let K7 be an upper bound for the norms of the first and second derivatives of
the function z € X — ((||z]|). (Notice that K; depends only on ¢.) Then we
have
IDY|| < Kia™[|A and  [|D*¢]] < Kia™?|| Al
Now define p: R — R by p(s) = fos ¢ and then let ¢ : Y — R be given by
¢(y) = 36%p(b~ ! [lyl)*. Then
(5.4) ¢(y) = H(y) for y € obB and ¢(y) = c for y ¢ bB,

where 0 < ¢ < %b2 is a constant. Besides, we can find K9 > 0, depending only
on o, such that
ID¢|| < K2b and  ||D?*¢|| < Ko.

Define H : R2 — R by H(z,y) = ¢ — ¥(z)(c — ¢(y)). Then, by (5.3)

and (5.4),
(5.5) zcoaA and yeobB= H(z,y)=H(y),
‘ z¢ad or yd¢bB= H(zx,y) =ec

The derivatives of H are (write v = v, + vy € X @Y and analogously for w)
DH(y ) (v) = = (¢ = $(y) Dt (v2) + () Dby (vy),
D?Hig ) (v,w) = = (¢ = 6(y)) D*¥a (v, ) + Dibr (v) Dby ()
+ Dipy(wy) Dy (vy) + () D2y (v, wy).
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Using the previous bounds we obtain
|ID*H|| < K10%a2||A||? + 2K Koba V|| A|| + K.

Since a/b > || Al|, we conclude that | D2H|| is bounded by some K that depends
only on o.

Take h : R?? — R?? to be the time to map of the Hamiltonian flow
associated to H. Property (i) in Lemma 5.9 follows from (5.5). Since diamC
< eo, we have ||h(z) — z|| < eg for all z. By Remark 5.10, ||Dh, — I]| <
eK — 1 < etK — 1 < g, if £ = #(gg, 0) is small enough. This proves (ii) and
the lemma. a

An ellipse B contained in a 2-dimensional symplectic subspace Y C R?
and centered at the origin has eccentricity E if it is the image of the unit ball
under a linear transformation B : Y — Y with ||B||/m(B) = E?. If a map
R:Y—>Y preserves the ellipse B, then B~!'RB is a rotation of the plane Y of
some angle 6. In this case we say that R rotates the ellipse B through angle 0.

The following statement is a more flexible version of Lemma 5.9. In fact,
it follows from Lemma 5.9 just by a change of the inner product.

LEMMA 5.11. Giveneg >0,0< o <1,v>0 and E > 1, there is >0
with the following properties: Suppose there are given:

o a splitting R* = X &Y with dimY =2, X¥ =Y and <(X,Y) > v;

e an ellipsoid A C X centered at the origin;

e an ellipse B C'Y centered at the origin and with eccentricity at most E;
e amap R:Y — Y that rotates B through angle 0, with 0] < 3.

Then there exists T > 1 such that the following holds. Let R : R?4 — R4 be
the linear map defined by R(v) =v if v € X and R(w) = ﬁ(w) ifweY. For
a,b > 0 consider the cylinder C = Cop = aA®bB. If a > 7b and diamC <
then there is a C' symplectomorphism h : R?? — R4 satisfying:

(i) h(z) = z for every z ¢ C and h(z) = R(z) for every z € oC;
(ii) [|h(z) — 2|| < €0 and |[Dh, — I|| < eo for all z € R*,

Now Lemma 5.8 is proved in the same way as we proved Lemma 3.3, using
Lemmas 5.11 and 3.5. The argument is even a bit simpler since no truncation
(as in Lemma 3.6) is necessary, since we assume that the angles <(Xj,Yj) are
bounded from zero. The details are left to the reader.

5.3. Proof of Proposition 5.1. We use the following lemma, which was also
needed for example 4 in the introduction:
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LEMMA 5.12. Let G C GL(d,R) be a closed group which acts transitively
in RP4=1. Then for every e; > 0 there exists o > 0 such that if vy, vy € RP4!
satisfy <(v1,v2) < « then there exists R € G such that |R — I|| < €1 and
R(v1) = va.

Proof. For 6 > 0,1let Us = {R; R € G, |R—1I| < ¢}. Given € > 0,
fix & > 0 such that if Ry, Ry € Us then RgRl_l € U,,. The hypothesis on
the group implies that for any w € RP%"!, the map G — RP?! given by
A — A(w) is open (this follows from [15, Th. I1.3.2]). Therefore, for any
d > 0, the set Us(w) = {Rw; R € Us} is an open neighborhood of w. Cover
RP?~! by some finite union Us(w1)U---UUs(wy). Now take two directions vy,
vo € RP4! sufficiently close. Then both belong to some Us(w;), and so there
are Ry, Ry € Us such that v; = Rjw; and v = Row;. Therefore R = Rngl
belongs to U, and Rv; = va. O

Proof of Proposition 5.1. Let f, 9, xk be given. Fix 0 < k' < %/{.
Let ¢ > 0, depending on f, &9, k', be given by Lemma 5.3. Let a > 0,
depending on €1 = ¢ and G = U(q), be given by Lemma 5.12. Take K
satisfying K > (sina)™2 and K > max, |Df.||/m(Df,). Let E > 1andy >0
be given by

E? =8C.K(sina)™® and siny=1C;"K ?sin’q,
where C,, is as in (2.4). Let f > 0 be given by Lemma 5.8. Finally, let
m > 2x /(. The proof is divided into three cases.

First case. Suppose that there exists ¢ € {0,1,...,m} such that
(5.6) <(Ey, Fy) < a.

Fix ¢ as above and take unit vectors { € Ey, n € F; such that <(£,n) < a.
By Lemma 5.12, there exists a unitary transformation R : Tpe(,) M — Tpey M
such that ||[R—1|| < e and R(§) = 7. By Lemma 5.3, the sequences {D ffe(,) R}
and {R D fpe-1(y)} are (8, eg)-realizable. Define {Lo,... L1} as

{ny, .. ,foz—l(y), fo’(y) R, foz+1(y), .. ,fom—1(y)}

it £ <m and as {Dfy,...,Dfpm2(), RDfm-1(y} if £ = m. In either case,
this is a (k, gg)-realizable sequence of length m at y, whose product Ly, ... Lo
sends the direction RDf~¢(¢) C FEy to the direction RDf™*(n) C F,.

Second case. Assume that there exist k,¢ € {0,...,m} with k < £ and
IDfoly el
m(D S )

The proof of this case is easily adapted from the second case in the proof of
Proposition 3.1. We leave the details to the reader.

(5.7)
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Third case. We suppose that we are not in the previous cases, that is,

(5.8) for every j € {0,1,...,m}, <(Ej, F;)> «,
and
IDf370 | E
(5.9) for every i,7 € {0,...,m} with i < j, #2 <
m(D Jj“(y)|Ei)

By (5.8) and Lemma 2.3, we have, for all 7,5 € {0,...,m} with ¢ < j,

(5.10) C2%sina <m(Df7 = g) | D7 p | < C(sina) L.
This, together with (5.9), gives

(5.11) m(D 7)) > C;L K2 (sina) /2,

(5.12) DS || < CoK 2 (sina) /2,

Also, by (5.10) and the main assumption (5.1),

(5.13) m(Df™|g,) < 2Y2C, (sina) /2,

(5.14) IDf™| 5| > 27120, (sina) /2.

Let vg € Ep be such that |lvg| =1 and || Df}"(vo)|| = m(Df}|E,). Using
Lemma 2.3.1, take wy € Fy with ||wg|| = 1 such that |w(vg, wo)| > C;'sina.
Let Go = Ep Nw§ and Hy = Fop Nvy. (By v¥ we mean (Rv)“.) Notice that
Ey = Ruy & Gy and Fy = Rwg @& Hy. Let Xg = Gog ® Hy and Yy = Rug ® Ruwy.
Then Xo = Yy’. Let, for j =1,...,m,

vj = Df7 (v0)/[IDf (wo)ll, Gj=Df(Go),  X;=Df(Xo),
wj = Df (wo)/[|IDf (wo)ll,  Hj = Df(Ho),  Yj=Df(Yo)
(all the derivatives are at y). By (2.5),
G 'sina < |w(vo, wo)| = |w(Df™vo, D f™wo)| < Cul| D f™vol| [|D f™wol-
Thus || D f™wo|| > C,%sina - m(Df™|g,) ! and, by (5.10),
(5.15) IDf™wol| > C5* sin® - | D™,

that is, wo is “almost” the most expanded vector by Df™ in Fy. Hence,

by (5.1),

[[1Df™woll DS 5l

n=J 7Ol S 0—4 2 > 10—4 2 .
[Dfrull =% P Cm(Dfrlg) T2 TS
This and (5.9) imply that, for each j =1,...,m,
J Dfm Dfmi|p.
oo 108wl DS /IDF |y g

~ Dol 1D f ™ol /m(Df™|g,)



1476 JAIRO BOCHI AND MARCELO VIANA

Therefore, by (5.8) and Lemma 2.8,

IDf 1y, |

(5.16) m(DJ]y,)

<8CYK(sina)™* = E2.

We now deduce some angle estimates. First, we claim that
(5.17) sin <t(vg, Gg) > C,?sina and  sin<t((wo, Hy) > C%sina.

Indeed, write vg = u+u’ with v’ € Gy and u L Gy. Since G is skew-orthogonal
to wy,

O sina < |w(vo, wo)| = [w(u, wo)| < Cullull.

That is, sin<t(vg,Go) = |ju|]| > C,2sina. Analogously we prove the other
inequality in (5.17). Next, we estimate sin<((v;,G;) and sin<((wj, H;) for
j=1,...,m. For this we use relation (2.6) from subsection 2.4, which gives:

: m(Df|g,) .
5.18 sin<(v;, G;) > ————% sin <((vg, Gyp),
( ) ( J J) HDf]UOH ( )

: IDfwol .
(5.19) sin<(wj, Hj) > —=——=sin <(wg, Hp).

T IDS R

By (5.11) and (5.13),

IDf™wll _ m(Df"|s,)
1DF77o;] = m(D 1)

| Do = <2202 K% (sina) !

for each j =1,...,m. So, by (5.11) again,

1D f7vol|
m(Df/|g,)
This, together with (5.17) and (5.18), gives

< 2203 K (sin o) 73/2,

(5.20) sin <t(vj, G;) > 27205 K~ (sina)®/2.
Similarly, by (5.15), (5.12), and (5.14),

j [Df™wol| a2 DMk 12016 fr—1/2
Jall = = Woll NPT R /216 Fr—1/2 i3
| D f7wol| = D™, > C, " sin” « IDFm i > 27/ C P K™% sin” au.

Then, using (5.12) again, we get

Dl
7HD§],|Z;°:| > 27120- Tk~ (sin ) /2.

By (5.17) and (5.19),
(5.21) sin <(wj, Hj) > 271209 K~ (sin )2,
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Now we use Lemma 2.6 three times:

sin <(Y}, X;) > sin <t(v;, X;) sin <(w;, Rv; & X;)
> sin <(vj, G;) sin <(Ej, H;) sin <(w;, Rv; & X;)
> sin <t(vj, G;) sin <(wj, H;) sin® <(E;, H;)

So, using (5.20), (5.21), and <(Ej, Hj) > «, we obtain
(5.22) sin (X, Y;) > %C;MK_Q sin? a = sin .

Relations (5.16) and (5.22) permit us to apply Lemma 5.8. Since m > 2,
it is possible to choose numbers 6y, . .., 8,1 such that 0 < 0; < fand ) 0; =
<(vo,wp). Let S; and L; be as in Lemma 5.8. We have Ly,,_;...Loly, =
(Df™y,)Sm—1-..S0, so that L,,—1...Lo(Rvg) = Rwy,. This completes the
proof of Proposition 5.1. O

6. Proofs of Theorems 3 and 4

Given f € Diffi(M) and m € N, let D(f, m) be the (closed) set of points
x such that there is an m-dominated splitting of index ¢ = d/2 along the
orbit of x. Let I'(f,m) = M ~ D(f, m) and let I'*(f,m) be the set of points
x € I'(f,m) which are regular, not periodic, and satisfy A;(f,z) > 0. Let also
F(fv OO) = ﬂmEN F(fv m)

We have the following symplectic analogues of Propositions 4.2, 4.8 and
4.17:

PROPOSITION 6.1. Let f € SymplL (M), g9 > 0,6 >0, and 0 < x < 1.
If m € N is sufficiently large, then there exists a measurable function N :
I'*(f,m) — N such that for a.e. x € T*(f,m) and every n > N(x) there exists
an (9, k)-realizable sequence {Lo, ..., Ln_1} at = of length n such that

1 . ~
- log [|AY(Ly—1 ... Lo)|| < Ag—1(f,z) + 0.
PROPOSITION 6.2. Let f € Sympll (M), g > 0 and 6 > 0. Then there

exist m € N and a diffeomorphism g € U(f,eo) that equals f outside the open
set T'(f,m) and such that

/ Ag(g,z)dp(z) <9 +/ Ag—1(f,x) dp(z).
L (fm) L(fm)

PROPOSITION 6.3. Given f € Sympll (M), let

J(f) = / L ) dnte)



1478 JAIRO BOCHI AND MARCELO VIANA

Then for every eg > 0 and § > 0, there exists a diffeomorphism g € U(f, o)
such that

| Mdlg.o)duta) < [ Agl.)duta) = (1) 45
M M

The proofs of these propositions are exactly the same as those of the
corresponding results in Section 4, in the following logical order:

Proposition 5.1 = Proposition 6.1 = Proposition 6.2 = Proposition 6.3.

Concerning the first implication, notice that if x € T'*(f, m) then, by Lemma 2.4,
the spaces E and E, (that correspond to positive and negative Lyapunov ex-
ponents) are Lagrangian, so that Proposition 5.1 applies.

6.1. Conclusion of the proofs of Theorems 3 and 4.

Proof of Theorem 3. Let f € Sympll (M) be a point of continuity of
the map LE4(-). By Proposition 6.3, J(f) = 0, that is, A\;(f,z) = 0 for
a.e. ¢ € I'(f,00). Let x € M be a regular point. If \;(f,z) > 0, we have
(if we exclude a zero measure set of x) x ¢ I'(f,00). This means that there
is a dominated splitting, Tjn,)M = Ep @ Fp, n € Z of index g, along the
orbit of . Then FE, is the sum of the Oseledets spaces of f, at the point f"x,
associated to the Lyapunov exponents A\i(f,x), ..., A\(f,x), and F,, is the
sum of the spaces associated to the other exponents. By part 2 of Lemma 2.4,
the splitting Ty ()M = Ey, © Fy,, n € Z, is hyperbolic. O

The next proposition is used to deduce Theorem 4 from Theorem 3.

PROPOSITION 6.4. There is a residual subset Ry C Sympll (M) such that
if f € Ry then either f is Anosov or every hyperbolic set of f has measure 0.

Proof. This is a modification of an argument from [20]. We use the fact,
proved in [30], that C? diffeomorphisms are dense in the space Sympll (M).
Another key ingredient is that the hyperbolic sets of any C? non-Anosov dif-
feomorphism have zero measure. We comment on the latter near the end.

For each open set U C M with U # M and each f € Sympl} (M), consider
the maximal f-invariant set inside U,

Ar(U) = () f(O0).

neZ

For £ > 0, let D(¢,U) be the set of diffeomorphisms f € Sympl!, (M) such that
at least one of the following properties is satisfied:

(i) There is a neighborhood U of f such that A,(U) is not hyperbolic for all
g el

(i) p(Ap(U) <.
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Clearly, the set D(e,U) is open. Moreover, it is dense. Indeed, if f does not
satisfy (i) then there is g close to f such that A,4(U) is hyperbolic. Take f; € C?
close to g in Sympll,(M). Then Ay, (U) is hyperbolic with measure zero, and
so f1 € D(g,U). This proves denseness. Hence the set

D(U)=N:>0D(e,U)
O {f € Sympl},(M); A;(U) is hyperbolic = u(A;(U)) = 0}

is residual. Now take B a countable basis of open sets of M and let B be the
set of all finite unions of sets in B. The set

Re= (] D)

UeB, U#M

is residual in Sympl} (M) and the hyperbolic sets for every non-Anosov f € R
have zero measure.

Finally, we explain why all hyperbolic sets of a C? non-Anosov diffeomor-
phism have zero measure. This is well-known for hyperbolic basic sets; see [11].
We just outline the arguments in the general case. Suppose f has a hyperbolic
set A with p(A) > 0. Using absolute continuity of the unstable lamination,
we get that pu,(W¥(xz) NA) > 0 for some x € A, where p, denotes Lebesgue
measure along unstable manifolds. By bounded distortion and a density point
argument, we find points z € A such that p, (W (zr) ~ A) converges to zero.
Taking an accumulation point oy we get that W (xg) C A. We may suppose
that every point of A is in the support of u|A. In particular, there are recurrent
points of A close to xg. Applying the shadowing lemma, we find a hyperbolic
periodic point pg close to zg. In particular, W2(pp) intersects W (zo) trans-
versely. Using the A-lemma we conclude that the whole W*(py) is contained
in A. Define Ay as the closure of the unstable manifold of the orbit of pg. This
is a hyperbolic set contained in A, and it consists of entire unstable manifolds.
Hence, W*(Ay) is an open neighborhood of Ag. Using the fact that f preserves
volume, we check that f(W7(Ag)) = W2 (Ag). This implies that W*(Ag) = Ao
and so, by connectedness, Ay must be the whole M. Consequently, f is Anosov.

O

Proof of Theorem 4. It suffices to take R = R1 N Ro with Ry a residual
set of continuity points of f +— LE4(f), and Ry as in Proposition 6.4. O

7. Proof of Theorem 5

Let M be a compact Hausdorff space, i a Borel regular measure and f :
M — M a homeomorphism preserving the measure p. Let S be an accessible
subset of GL(d,R), according to Definition 1.2.

The following result provides an analogue of Proposition 3.1:
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PROPOSITION 7.1. Given A € C(M,S) and € > 0, if m € N is large
enough then the following holds:

Let y € M be a nonperiodic point and suppose it is given a nontrivial
splitting R* = E & F such that

AM 1
1) AWl . 1
m(A™(y)[z) ~ 2
Then there exist matrices L, ...,Lgz_1 € S, with ||L; — A(f7y)|| < e, such
that L,_1 ... Lo(v) = w for some nonzero vectors v € E and w € A™(y)(F).

Proof. Let Co be such that ||A(x)*| < Cp for all x € M. Let v € N and
a > 0, depending on Cjy and ¢, be as in Definition 1.2. Let

K =max{(sina)™!,C2}, and C =8C:iK(sina) 2.

Given m large, let m € N be such that 1 < m —vm < v. We assume m is
large enough so that m > 2C/a.

Now take y, E and F' as in the statement. For j = 0,1,...,m — 1, let
Aj = A(fYy), Ej = AY(2)(E), F; = AY(z)(F). (We disregard times which
are not multiples of v.) As before, we divide the rest of the proof into three
cases:

First case. There exists £ € {0,...,m} such that
(7.2) <I(Eg,Fg) < .
With ¢ as above, we take { € Ey, n € Fy such that <(§,n) < a. By defini-
tion of accessibility, there are Ay, ..., A,_1 such that || A; — A(f*“*'z)|| < € and
A,y ... Ag(RE) = A”(f"'y)(Rn). We define L;j = A; ¢ for v < j < v(£+1)
and L; = A(f’y) for the remaining j’s. Then {Lo, ..., L1} has the required
properties.

Second case. Assume that there exist k, £ € {0,...,m} such that k < ¢
and

Aj1... A
(73) H (-1 k‘Fk”

m(Ag,1 e Ak‘Ek)

Once more, this is similar to the second case in Propositions 3.1 and 5.1. We

> K.

leave it to the reader to spell-out the details.

Third case. We suppose that we are not in the previous cases, that is,

we assume
(7.4) for every j € {0,1,...,m}, <(Ej, Fj)> «,
and

|Aj-1 ... AR,

<K.

7.5 for every 4,5 € {0,...,m} with i < j, <
(7.5) yi,j€{ } Ay Ailn)
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Take unit vectors £ € Fy and 1 € Fy such that
[Am—1 .. Ao(§) || =m(Am_1... Ao|E,)

and
[Am-1... Aol =l Am-1- .. Ao|r |-
Let fj = Aj—l e Ao(g), N = Aj—l .. Ao(n) and Y} = ng ® an.
The assumption (7.1) gives
[Apr Aol o AWl /IA™ " @)lel o 1
[Am—1-.- Aol = m(A™(y)|p) / m(A™™(y)|g) ~ 2CF
By (7.5), for any j =1,...,m,
oo WAt Al Ay Aol A A 1
A1 A @] = TAm - Ao(©) / m(Anr- - A;) = 20FK
This, together with (7.4) and Lemma 2.8 implies that, for all j =1,...,m,
[A4j—1-- - Aol l
m(Aj_l . AO|Y0)
Assign orientations to the planes Y; such that each Ajly, : Y; — Y
preserves orientation. Let P; be the projective space of Y}, with the induced
orientation. Let v; = R¢; and w; = Rn; € P;. For each z € P;, let [2] € [0, )
be the oriented angle between z and v;. Now, z +— [z] is a bijection and

(7.6) <cC.

[2] — [Ajz] is monotonic. If L : Yy — Yj is any linear map then, by Lemma 2.7,

m [Lzo] — [Lz] _ 2 L]
7.7 0< [z =[] <= s <
( ) [2] [1]—2 [22]_[z1] =T m(L)
We define directions ug € Py, ..., u, € P, by recurrence as follows: Let
[up] = 0 and
(7.8) [uj1] = minf[w; 1], [A;(u; + a)]}.

We claim that [u,,] = [wy,]. Indeed, [Aju;] < [ujq1] < [wjpq] for each j < m.
Therefore, defining [z;] = [(4;j_1 ... Ao) 'u;], we have
0=[20] <[z1] < < [zm] < [wo] <.
In particular, [zi41] — [2:] < m/m for some ¢ = 0,...,m — 1. Hence, by (7.6)
and (7.7),
[Ai_lui_;,_l] - [uz] = [Ai—l R Aozi+1] — [Ai—l . Aozi] < 20/777, < a.

Due to (7.8), this is only possible if [u;41] = [wi4+1]. This implies [up] = [w,].

Now, <I(Aj_1uj+1, uj) <a for each j, so that we can find ij, cel, ﬁjW,l es
such that ||ﬁjk —A(fY7k2)| < e and gj,y_l . .gj70(Ruj) = Ruj11. We define
the sequence {Lg,...,Ls_1} as

{g()’(), ce ,Aj,y_l, e 7Am—1,07 Ce 7gm—1,u—1, A(fl’mx)7 o 7A(fm71x)}.
Then L1 ... Lo(vo) € A™(y)(F). O
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Next we define sets I',(A,m), I';(A,m), Fg,(A, m) for p € {1,...,d — 1}
and m € N, in the same way as in Section 4, with the obvious adaptations.
Lemma 4.1 also applies in the present context.

PROPOSITION 7.2. Given A € C(M,S), e > 0,6 >0, andp € {1,...,
d — 1}, if m € N is sufficiently large then there exists a measurable function
N :T;(A,m) — N such that for a.e. v € I'y(A,m) and every n > N(x) there
exist matrices Lo, ..., Ln_1 € S such that HZ] — A(fiz)|| < e and

+ 0.

L L 7 Ap— A7$ +A A,l‘
~1og [A\"(L-1 - Lo)l| < p-1 )2 p1(4, )

The proof is the same as that for Proposition 4.2.

PROPOSITION 7.3. Let A€ C(M,S),e0 >0,pe{l,...,d—1} andd > 0.
Then there exist m € N and a cocycle B € C(M, S), with || B — Al|« < €0, that
equals A outside the open set I'y(A,m) and is such that

A, 1(A A A
/ Ap(B,z)dpu(z) < +/ p-1(4,2) + Ay (4, 2) du(z).
ry(Am) ry(Am) 2

The proof of Proposition 7.3 is not just an adaptation of that of Propo-

sition 4.8, because Vitali’s lemma may not apply to M. We begin by proving
a weaker statement, in Lemma 7.4. Let L (M, S) denote the set of bounded
measurable functions from M to S. Oseledets’ theorem also applies for cocycles
in L*(M,S).

LEMMA 7.4. Let A€ C(M,S), witheg >0, p € {1,...,d—1} and § > 0.
Then there exist m € N and a cocycle B € L> (M, S), with ||B — Al|s < €0/2,
that equals A outside the open set T'p(A,m) and such that

~ A, 1(A A A
/ Ap(B,z)dpu(z) < +/ p-1(4,2) + Ay (4, 2) du(z).
ry(Am) ry(Am) 2

Sketch of proof. =~ We shall explain the necessary modifications of the
proof of Proposition 4.8. The sets Z°, @Z and Q' are defined as before. In
Lemma 4.14, the castles U’ and K’ become equal to Q' (as k and v were 0).
We decompose each base Q{; into finitely many disjoint measurable sets U,i with

small diameter. In each tower with base U, ,i we construct the perturbation B
using Proposition 7.2, taking B constant in each floor. The definitions of N
and G' are the same. In Lemma 4.16 several bounds (those involving & or 7)
become trivial. Then one concludes the proof in the same way as before. O
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Proof of Proposition 7.3. Let A, o, p and ¢ be as in the statement. Let
m and B be given by Lemma 7.4. Let N € N be such that

= A,_1(A A A
[ hesle B < [ A0 A
Iy (A,m) N T,(Am) 2

du.

Let v = N~'6. Using Lusin’s theorem (see [28]) and the fact that S is a
manifold, one finds a continuous B : M — S such that B = B = A out-
side the open set I',(A,m), the norm ||B — Bl < €0/2, and the set E =
{z € M; B(z) # B(x)} has measure u(E) < 7. Let

N-1 ‘
G= ) f7(Tp(Am)\ E) CTy(A,m).
j=0

Then u(I‘p(A,m) ~ G) < Nu(E) < §. Now, letting C' be an upper bound for
log ||AP(B(x))||, we have

1
[ mmads [ Lol BY @)
I'p(Am)

I',(A,m)
< C6+26+ / Ap1(A,2) + Apra (4, 2)
T, (A,m) 2

d.

Up to replacement of § with §/(C + 2), this completes the proof. O

Using Proposition 7.3, one concludes the proof of Theorem 5 exactly as in
subsection 4.3. The fact that either vanishing of the exponents or dominance of
the splitting is also a sufficient condition for continuity is an easy consequence of
semi-continuity of Lyapunov exponents and robustness of dominated splittings
under small perturbations of the cocycle.
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