Annals of Mathematics, 161 (2005), 1143-1193

Rough solutions of the
Einstein-vacuum equations

By SERGIU KLAINERMAN and IGOR RODNIANSKI

To Y. Choquet-Bruhat in honour of the 50" anniversary
of her fundamental paper [Br] on the Cauchy problem in General Relativity

Abstract

This is the first in a series of papers in which we initiate the study of very
rough solutions to the initial value problem for the Einstein-vacuum equations
expressed relative to wave coordinates. By very rough we mean solutions
which cannot be constructed by the classical techniques of energy estimates and
Sobolev inequalities. Following [KI-Ro] we develop new analytic methods based
on Strichartz-type inequalities which result in a gain of half a derivative relative
to the classical result. Our methods blend paradifferential techniques with a
geometric approach to the derivation of decay estimates. The latter allows us
to take full advantage of the specific structure of the Einstein equations.

1. Introduction

We consider the Einstein-vacuum equations,

(1) Ros(g) =0

where g is a four-dimensional Lorentz metric and Rqg its Ricci curvature
tensor. In wave coordinates x¢,

1
(2) Ogaz® = @%(g“"lglau)iva =0,

the Einstein-vacuum equations take the reduced form; see [Br|, [H-K-M].

(3) gaﬁaaaﬁgml = N/ﬂ/(gv 8g)

with N quadratic in the first derivatives dg of the metric. We consider the
initial value problem along the spacelike hyperplane ¥ given by ¢t = 2% = 0,

(4) Ve.s(0) € HSY(Y), 9gap(0) € H1(X)
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with V denoting the gradient with respect to the space coordinates x?, i =
1,2,3 and H? the standard Sobolev spaces. We also assume that g,z(0) is a
continuous Lorentz metric and

(5) sup [843(0) —myg| — 0 as 7 — oo,

|z|=r

where |z| = (2:3:1 |2%]2)z and m,g is the Minkowski metric.
The following local existence and uniqueness result (well-posedness) is well
known (see [H-K-M] and the previous result of Ch. Bruhat [Br] for s > 4).

THEOREM 1.1. Consider the reduced equation (3) subject to the initial
conditions (4) and (5) for some s > 5/2. Then there exists a time inter-
val [0,T) and unique (Lorentz metric) solution g € C°([0,T] x R3), 9g,, €
CO([0,T); H5™Y) with T depending only on the size of the norm ||0g, (0)| 1.
In addition, condition (5) remains true on any spacelike hypersurface Xy, i.e.

any level hypersurface of the time function t = z°.

We establish a significant improvement of this result bearing on the issue
of minimal regularity of the initial conditions:

MAIN THEOREM. Consider a classical solution of the equations (3) for
which (1) also holds'. The time T of existence? depends in fact only on the
size of the norm ||08.(0)| -1, for any fized s > 2.

Remark 1.2. Theorem 1.1 implies the classical local existence result of
[H-K-M] for asymptotically flat initial data sets ¥, g,k with Vg, k € HS~1(X)
and s > %, relative to a fixed system of coordinates. Uniqueness can be
proved for additional regularity s > 1 + % We recall that an initial data set
(X, g, k) consists of a three-dimensional complete Riemannian manifold (X, g),
a 2-covariant symmetric tensor k on X verifying the constraint equations:

Vi — Vitrk =0,
R— |k|* + (trk)* =0,

where V is the covariant derivative, R the scalar curvature of (X,g). An
initial data set is said to be asymptotically flat (AF) if there exists a system of

n other words for any solution of the reduced equations (3) whose initial data satisfy
the constraint equations, see [Br] or [H-K-M]. The fact that our solutions verify (1) plays a
fundamental role in our analysis.

2We assume however that T stays sufficiently small, e.g. T < 1. This a purely technical
assumption which one should be able to remove.



NONLINEAR WAVE EQUATIONS 1145

coordinates (z',z2, 23) defined in a neighborhood of infinity® on ¥ relative to

which the metric g approaches the Euclidean metric and k approaches zero.?

Remark 1.3. The Main Theorem ought to imply existence and unique-
ness® for initial conditions with H®, s > 2, regularity. To achieve this we
only need to approximate a given H® initial data set (i.e. Vg € H*~1(%),
k € HY(X), s > 2 ) for the Einstein vacuum equations by classical initial
data sets, i.e. H* data sets with s’ > 32, for which Theorem 1.1 holds. The
Main Theorem allows us to pass to the limit and derive existence of solutions
for the given, rough, initial data set. We do not know however if such an
approximation result for the constraint equations exists in the literature.

For convenience we shall also write the reduced equations (3) in the form

(6) 870,050 = N(9,99)

where ¢ = (gu1), N = Ny, and gl = gB(¢).
Expressed relative to the wave coordinates z® the spacetime metric g takes
the form:

(7) g = —n?dt* + g;;(dz’ + vidt)(da? + vIdt)

where g;; is a Riemannian metric on the slices Y, given by the level hypersur-
faces of the time function ¢t = z°, n is the lapse function of the time foliation,
and v is a vector-valued shift function. The components of the inverse metric
g8 can be found as follows:

g00 _ _n—2’ gOZ — n_QVZ, gl] — gzg _ n_2v’v3.

In view of the Lorentzian character of g and the spacelike character of the
hypersurfaces >,

(8) ¢ < g’ < P, c<n®—|v|

for some ¢ > 0.
The classical local existence result for systems of wave equations of type (6)
is based on energy estimates and the standard H® C L° Sobolev inequality.

3We assume, for simplicity, that ¥ has only one end. A neighborhood of infinity means
the complement of a sufficiently large compact set on .

4Because of the constraint equations the asymptotic behavior cannot be arbitrarily pre-
scribed. A precise definition of asymptotic flatness has to involve the ADM mass of
(3,g). Taking the mass into account we write g;; = (1 + %)SU + 0(7“71) as r =
V(212 + (22)2 + (73)2 — 0. According to the positive mass theorem M > 0 and M = 0
implies that the initial data set is flat. Because of the mass term we cannot assume that
g — e € L*(X), with e the 3D Euclidean metric.

SProperly speaking uniqueness holds, with s > 2, only for the reduced equations. Unique-
ness for the actual Einstein equations requires one more derivative; see [H-K-M].
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Indeed using energy estimates and simple commutation inequalities one can
show that,

(9) 106(8)ll2- < B06(0)]1-

with a constant F,

(10) 5= (C [ 06z ).

By the classical Sobolev inequality,
B < exp (Ct sup [06(7)]-dr )
0<7<t

provided that s > g The classical local existence result follows by combining
this last estimate, for a small time interval, with the energy estimates (9).

This scheme is very wasteful. To do better one would like to take ad-
vantage of the mixed L}L% norm appearing on the right-hand side of (10).
Unfortunately there are no good estimates for such norms even when ¢ is
simply a solution of the standard wave equation

(11) O¢ =0

in Minkowski space. There exist however improved regularity estimates for
solutions of (11) in the mixed L?LS° norm . More precisely, if ¢ is a solution
of (11) and € > 0 arbitrarily small,

(12) 109 L2 2= (0,7 x5y < CT€||0H(0) || 1+«

Based on this fact it was reasonable to hope that one can improve the Sobolev
exponent in the classical local existence theorem from s > g to s > 2. This
can be easily done for solutions of semilinear equations; see [Po-Si]. In the
quasilinear case, however, the situation is far more difficult. One can no longer
rely on the Strichartz inequality (12) for the flat D’Alembertian in (11); we
need instead its extension to the operator gaf38a85 appearing in (6). More-
over, since the metric g*? depends on the solution ¢, it can have only as
much regularity as ¢ itself. This means that we have to confront the issue
of proving Strichartz estimates for wave operators gaﬁaaaﬂ with wvery rough
coefficients g*. This issue was recently addressed in the pioneering works of
Smith[Sm]|, Bahouri-Chemin [Ba-Chl], [Ba-Ch2] and Tataru [Tal], [Ta2], we
refer to the introduction in [K11] and [KI-Ro] for a more thorough discussion
of their important contributions.

The results of Bahouri-Chemin and Tataru are based on establishing a
Strichartz type inequality, with o loss, for wave operators with very rough
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coefficients.5 The optimal result” in this regard, due to Tataru, see [Ta2],
requires a loss of o0 = %. This leads to a proof of local well-posedness for
systems of type (6) with s > 2+ %.

To do better than that one needs to take into account the nonlinear struc-
ture of the equations. In [KI-Ro] we were able to improve the result of Tataru
by taking into account not only the expected regularity properties of the co-
efficients g*? in (6) but also the fact that they are themselves solutions to a
similar system of equations. This allowed us to improve the exponent s, needed
in the proof of well-posedness of equations of type (6),% to s > 2 + Q_T‘/g Our
approach was based on a combination of the paradifferential calculus ideas,
initiated in [Ba-Chl] and [Ta2], with a geometric treatment of the actual equa-
tions introduced in [K11]. The main improvement was due to a gain of conormal
differentiability for solutions to the Eikonal equations

(13) H*9pudgu = 0

where the background metric H is a properly microlocalized and rescaled ver-
sion of the metric g in (6). That gain could be traced to the fact that a cer-
tain component of the Ricci curvature of H has a special form. More precisely
denoting by L’ the null geodesic vectorfield associated to u, L' = —H? 0pu0a,
and rescaling it in an appropriate fashion,” L = bL’, we found that the null
Ricci component Ry;, =Ric(H)(L, L), verifies the remarkable identity:

1
(14) Ry = L(z) — §L“L”(H°‘f66a85HW) +e

where z < O(J0H|) and e < O(|0H|?). Thus, apart from L(z) which is to be
integrated along the null geodesic flow generated by L, the only terms which
depend on the second derivatives of H appear in H*? 0.0gH and can therefore
be eliminated with the help of the equations (6).

In this paper we develop the ideas of [KI-Ro] further by taking full ad-
vantage of the Einstein equations (1) in wave coordinates (6). An important
aspect of our analysis here is that the term L(z) appearing on the right-hand
side of (14) vanishes identically. We make use of both the vanishing of the
Ricci curvature of g and the wave coordinate condition (2). The other impor-
tant new features are the use of energy estimates along the null hypersurfaces

5The derivatives of the coefficients g are required to be bounded in L H: ™! and LZLS°
norms, with s compatible with the regularity required on the right-hand side of the Strichartz
inequality one wants to prove.

"Recently Smith-Tataru [Sm-Ta] have shown that the result of Tataru is indeed sharp.

8The result in [KI-Ro] applies to general equations of type (6) not necessarily tied to (1).
In [KI-Ro] we have also made the simplifying assumptions n = 1 and v = 0.

9such that (L, T)x = 1 where T is the unit normal to the level hypersurfaces ¥ associated
to the time function t.
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generated by the optical function u and a deeper analysis of the conormal
properties of the null structure equations.

Our work is divided in three parts. In this paper we give all the details
in the proof of the Main Theorem with the exception of those results which
concern the asymptotic properties of the Ricci coefficients (the Asymptotics
Theorem), and the straightforward modifications of the standard isoperimetric
and trace inequalities on 2-surfaces. We give precise statements of these results
in Section 4. Our second paper [KI-Ro2] is dedicated to the proof of the
Asymptotics Theorem which relies on an important result concerning the Ricci
defect Ric(H). This result is proved in our third paper [KI-Ro3].

We strongly believe that the result of our main theorem is not sharp. The
critical Sobolev exponent for the Einstein equations is s, = % A proof of well-
posedness for s = s, will provide a much stronger version of the global stability
of Minkowski space than that of [Ch-KI|. This is completely out of reach at
the present time. A more reasonable goal now is to prove the L?- curvature
conjecture, see [K12], corresponding to the exponent s = 2.

2. Reduction to decay estimates

The proof of the Main Theorem can be reduced to a microlocal decay
estimate. The reduction is standard;'® we quickly review here the main steps.
The precise statements and their proofs are given in Section 8.

o Energy estimates. Assuming that ¢ is a solution'! of (6) on [0,7] x R3
we have the a priori energy estimate:

(15) 19655 s < CIOGO .

with a constant C' depending only on H¢||L[°(,°T]L;° and ||6gi>||L[10 oL

e The Strichartz estimate. To prove our Main Theorem we need, in addi-
tion to (15) an estimate of the form:

106]1 11 . 1 < CllOG(0)| o

[0, 7]z

for any s > 2. We accomplish it by establishing a Strichartz type in-
equality of the form,

(16) 1001l 2

[0,T]

Ly < Cll0d(0) |+

with any fixed v > 0. We achieve this with the help of a bootstrap
argument. More precisely we make the assumption,

198ee [KI-Ro] and the references therein.
11 e., a classical solution according to Theorem 1.1.
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Bootstrap Assumption.

(17) 109 Lss 100 + 10022, L < Bo,
and use it to prove the better estimate:
(18) 106]l.z , Lo < C(Bo) T°

for some § > 0. Thus, for sufficiently small 7' > 0, we find that (16)
holds true.

e Proof of the Main Theorem. This can be done easily by combining the
energy estimates with the Strichartz estimate stated above.

e The Dyadic Strichartz Estimate. The proof of the Strichartz estimate can
be reduced to a dyadic version for each ¢* = Py¢, \ sufficiently large,?
where P, is the Littlewood-Paley projection on the space frequencies of
size A € 2%,

1063152, 1 < C(Bo) exT? |96 a1+,

with ), en < 1.

e Dyadic linearization and time restriction. Consider the new metric gy =
Pog=> p<a-vo) Fug for some sufficiently large constant My > 0, re-
stricted to a subinterval I of [0,7] of size |I| ~ TA % with
€0 > 0 fixed such that v > 5ep. Without loss of generality'® we can
assume that I = [0,7], T ~ TA~8. Using an appropriate (now stan-
dard, see [Ba-Chl], [Ta2], [K11], [KI-Ro]) paradifferential linearization to-
gether with the Duhamel principle we can reduce the proof of the dyadic
Strichartz estimate mentioned above to a homogeneous Strichartz esti-
mate for the equation

823005t = 0,
with initial conditions at t = 0 verifying,
(27100 < [V79(0)]2: < (20N [9(0) | 2.
There exists a sufficiently small 6 > 0, 5eg + d < 7, such that

(19) 1P 09Iz < C(Bo) T [00(0)]| jrvss-
e Rescaling. Introduce the rescaled metric'®

H()\) (tv IIJ) = g<)\(A_lt7 A_lx)

12The low frequencies are much easier to treat.

13Tn view of the translation invariance of our estimates.

" H, is a Lorentz metric for A > A with A sufficiently large. See the discussion following
(133) in Section 8.
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and consider the rescaled equation

H{0adpth = 0

in the region [0,%,] x R3 with ¢, < A78%_ Then, with P = Py,
[P Ol 212 < C(Bo) £2]|09(0)]| 2
would imply the estimate (19).

e Reduction to an L' — L™ decay estimate. The standard way to prove a
Strichartz inequality of the type discussed above is to reduce it, by a TT*
type argument, to an L' — L> dispersive type inequality. The inequality
we need, concerning the initial value problem

1 a
Oty = ——===0a (H{\/ [ H (| 9p1) =0,
[H

with data at t = ty has the form,

1
(14 |t —to

=g d<t>) S VR au(to)1:

k=0

1P o) < C(Bo)<

for some integer m > 0.

o Final reduction to a localized L?> — L™ decay estimate. We state this as
the following theorem:

THEOREM 2.1. Let ¢ be a solution of the equation,

(20) DH(A)w =0

on the time interval [0,t,] with t, < M=%, Assume that the initial data are

given at t =ty € [0, t,], supported in the ball B1(0) of radius % centered at the
2

origin. We fix a large constant A > 0 and consider only the frequencies A > A.

There exist a function d(t), with t} Il La(jo,e.)) < 1 for some q > 2 sufficiently
close to 2, an arbitrarily small 6 > 0 and a sufficiently large integer m > 0
such that for all t € [0, t,],

1) 1POsOlis < O (s +40) LIV 0l

k=0

Remark 2.2. In view of the proof of the Main Theorem presented above,
which relies on the final estimate (18), we can in what follows treat the boot-
strap constant By as a universal constant and bury the dependence on it in
the notation < introduced below.
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Definition 2.3. We use the notation A < B to express the inequality
A < CB with a universal constant, which may depend on By and various
other parameters depending only on By introduced in the proof.

The proof of Theorem 2.1 relies on a generalized Morawetz-type energy
estimate which will be presented in the next section. We shall in fact construct
a vectorfield, analogous to the Morawetz vectorfield in the Minkowski space,
which depends heavily on the “background metric” H = H(y). In the next
proposition we display most of the main properties of the metric H which will
be used in the following section.

PROPOSITION 2.4 (Background estimates). Fiz the region [0,t.] x R3,
with t, < A'78€ where the original Einstein metric'® g = g(¢) verifies the
bootstrap assumption (17). The metric

(22> H(ta JJ) - H()\) (ta CL’) = (P<)\g)(A_1ta /\_133)
can be decomposed relative to our spacetime coordinates
(23) H = —n?dt* + h;j(da’ + v'dt) @ (dz? + o7 dt)

where n and v are related to n, v according to the rule (22). The metric
components n,v, and h satisfy the conditions

(24) e <hy&d <M nP -l 2e> 0, |nl o] < h

In addition, the derivatives of the metric H verify the following:

(25) [0 H |1 e S A5, m >0
[0,ts] "
(26) O H ||z pee S AT, m >0
[0,tx] T
(27) 1O H || 1o S AT, m>0
[0,tx] T O
\ 1 1
(28) V2T (0H) | pee 12 SAT™, —~ <m< = +4e
[0,tx] " 2 2
. . 1
(29) V2™ (P H) g, 12 SAT2T10 —5 +deg<m
[0,tx] T T 2
(30) V™ (HB0005H) || 11 e < XTI, m >0
s [0,t]
31)  [V™(VERic(H)) g, 12 SAT m >0
(32) IVT*Ric(H)|1y,, 1= S AT m > 0.

15Recall that in fact g is ¢~ '. Thus, in view of the nondegenerate Lorentzian character of
g the bootstrap assumption for ¢ reads as an assumption for g.
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Proof. This follows from Proposition 8.22 and a straightforward rescaling
argument. O

Remark 2.5. Among the long list of estimates above, the main ones reflect
that OH is controlled in L?L°, 02T H is in L{°L2, and that Ric(H) ~ (0H)?.
The remaining estimates follow from these by rescaling, Sobolev, and frequency
localization.

3. Generalized energy estimates and the Boundedness Theorem

Consider the Lorentz metric H = Hy), as in (22), verifying, in particular,
the properties of Proposition 2.4 in the region [0, ] x R3, ¢, < A178¢%_ We de-
note by D the compatible covariant derivative and by V the induced covariant
differentiation on ¥;. We denote by T the future oriented unit normal to X
and by k the second fundamental form.

Associated to H we have the energy momentum tensor of Uy,

(33) Quu = Q[¢]uu = ;ﬂp&ﬂp - %Huu(Haﬁaawaﬂ¢)'

The energy density associated to an arbitrary timelike vectorfield K is given
by Q(K,T). We consider also the modified energy density,

(34) Q(K,T) = Q|(K,T) = Q)(K, T) + 2ty T () — v*T (1),
and the total conformal energy,
(35) Q(t) = g Q](K, T).

We recall below the statement of the main generalized energy estimate
upon which we rely; see [KI-Ro].

PROPOSITION 3.1. Let K be an arbitrary vectorfield with deformation ten-
sor

Bz, = LxH,, = DK, + D,K,

and Y a solution of Oy = 0. Then

1 1

66 QW =Wl —5 [ @ ®rgeg [ y0u0
2 Jito,f)xR3 4 Jito,4]xR3

where

(37) Kz = Er_QH

and Q is an arbitrary function.
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Remark 3.2. In the particular case of the Minkowski spacetime we can
choose K to be the conformal time-like Killing vectorfield

K = %((t +7)2(0 + ) + (t — 1) (0 — OT)>.

In this case we can choose () = 4t and obtain the total conservation law,

Ql(t) = QlY](to)-
This conservation law can be used to get the desired decay estimate for the

free wave equation; see [KI1].

As in [KI-Ro] we construct a special vectorfield K whose modified defor-
mation tensor (5)7 is such that we can control the error terms

1
/ QP 75 + 1 / Y?*0Q.
[tg,t] xXRR3 [to,t] xR3

As in [KI-Ro] we set'6

1
(38) K = 5n(u@ + L)
with u,u, L, L defined as follows:

e Optical function u. This is an outgoing solution of the Eikonal equation
(39) H9pudpu = 0

with initial conditions u(I't) =t on the time axis. The time axis is defined as
the integral curve, originating from zero on Yy, of the forward unit normal T’
to the hypersurfaces ;. The point I'; is the intersection between I' and ;.
The level surfaces of u, denoted C, are outgoing null cones with vertices on
the time axis. Clearly,

(40) T(u) = [Vulp
where h is the metric induced by H on %, |[Vul? = 2?21 les(u)|? relative to
an orthonormal frame e; on ;.

e Canonical null pair L, L.

(41) L=b/=T+N, L=2T—-L=T-N

with L/ = —H aﬁaﬁuaa the geodesic null generator of C, b the lapse of the
null foliation(or shortly null lapse) defined by

(42) b l=—(L'\T) =T(u),

'SObserve that this definition of /& differs from the one in [KI-Ro] by an important factor
of n.
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and IV the exterior unit normal, along >, to the surfaces Sy 4, i.e. the surfaces
of intersection between X; and C,. We shall also use the notation

es = L, eq = L.

e The function u = —u + 2t.

e The Sy, foliation. The intersection between the level hypersurfaces!'”

and u form compact 2- Riemannian surfaces denoted by S;,,. We define r(t, u)
by the formula Area(S;,)= 47r?. We denote by Y the induced covariant
derivative on Sy . A vectorfield X is called S-tangent if it is tangent to St
at every point. Given an S-tangent vectorfield X we denote by Y, X the
projection on S;, of VyX.

Remark 3.3. Observe that in Minkowski space u =t —r, r = |z|, L =
O + Op, St are the 2 spheres centered at ¢,0 and radius r = ¢ — u.

With the help of these constructions the proof of the L? — L™ decay
estimate stated in Theorem 2.1 can be reduced to the following:

THEOREM 3.4 (Boundedness Theorem). Consider the Lorentz metric
H = Hyy as in (22) verifying, in particular, the properties of Proposition 2.4
in the region [0,t.] x R3, t, < A8 Let 1) be a solution of the wave equation

1

(43) DH¢ - ﬁaa (Haﬁv ‘H‘aﬁw) =0
with initial data Y[ty], at t = tog > 2, supported in the geodesic ball Bi(0).
Let Dy be the region determined by u > u' in the slab [0,t.] x R3. For all
to <t < ty, P(t) is supported in Dy,—1 C Dy and

QY](t) < Q¥](to)-
Proof. See Section 5. O

We consider also the auxiliary energy type quantity,
(44) E)(t) = EDWI(t) + € [](2)
where,

ED[)(t) :/ (1= C)(#?0v]* + %)

ECY](t) = ) C (W (L)? + u?(Ly)* + W2V + ¢?).

with ¢ a smooth cut-off function equal to 1 in the wave zone region u <

N+

'"The level hypersurfaces of u are outgoing null cones C,, with vertices on the time axis T';.
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In the proof of Theorem 3.4 we need the following comparison between
the quantity Q(¢) and the auxiliary norm &(t) = E[Y](t).

THEOREM 3.5 (The comparison theorem). Under the same assumptions
as in Theorem 3.4, for any 1 <t < t,,

EWIE) < QlI®).

Proof. See Section 6. O

4. The Asymptotics Theorem and other geometric tools

In this section we record the crucial properties of all the important geo-
metric objects associated to our spacetime foliations ¥, C, and S; ,, introduced
above. Most of the results of this section will be proved only in the second
part of this work.

We start with some simple facts concerning the parameters of the foliation
> relative to the spacetime geometry associated to the metric H = H).

The ¥ foliation. Recall, see (23), that the parameters of the ¥; foliation
are given by n,v, the induced metric h and the second fundamental form k;;,
according to the decomposition,

(45) H = —n?dt? + hyj(da’ + v'dt) @ (da? + v7dt),

with h;; the induced Riemannian metric on Y, n the lapse and v = v'0; the
shift of H. Denoting by T the unit, future oriented, normal to ¥; and k the
second fundamental form k;; = —(D;T, 0;) we find,

(46) 8t =nT + v, <6t,v) = 07
1
kij = —5LrHij = —12n"" (Othij — Lohij)

with £x denoting the Lie derivative with respect to the vectorfield X. We also
have the following (see (8), (24), and (135) in Section 8):

(47) g’ < hyg'd <cTHeP, e<n® —olj
for some ¢ > 0. Also

(48) n, o[ S 1,
(49) |On| + [Ov| + |0h] + k| S [0H|.

St u- foliation. ~ We define the Ricci coefficients associated to the S,
foliation and null pair L, L.
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Definition 4.1. Using an arbitrary orthonormal frame (e4)a=12 on St
we define the following tensors on the surfaces Sy :

(50) xap = (Daes,ep), X, = (Daes, ep),
1 1
14 = 5(Dses,ea), 1, = 5(Daes,ea),
1
4= §<D3€3,6A>-

Using the parameters n, v, k of the ¥; foliation we find(see [KI-Ro2] and [KI-Ro]),

Xap=—XaB — 2kaB,
Ny= —kan + n_IWAn,
£ =kan —na+n"'Yyn,
na=b"1V b+ kan.
Thus all the Ricci coefficients can be expressed in terms of k;;, n, the scalar
function b and, most important, the Ricci coefficients y and 1. Recall that x
decomposes into its trace tr x and traceless part x; see [KI-Ro].

We shall also denote by 045 = (Y 4N, ep) the second fundamental form
of Sy, relative to ;. It is easy to check that

XAB = —kap + 04B.

We consider the parameters b, tr x, x and 7 associated to the Sy, foliation
according to (42) and (50). For convenience we shall introduce the quantity:

2 2
ay =2+ - 2

Remark 4.2. Strictly speaking we need only one of the two quantities

|+ X[+ [nl-

ltrx — 2], Jtry — ﬁ| in the expression above. Indeed we show in [KI-Ro2]
that these two are comparable.

Remark 4.3. Simple calculations based on Definition 4.1, see also Ricci
equations in Section 2 of [KI-Ro2], allow us to derive the following:

(52) |DL|,|DL|,|[VN| <r 140+ |0H|.

Remark 4.4. We shall make use of the following simple commutation es-
timates; see Lemma 3.5 in [KI-Ro2],

(53) (VY = VV3fI S (r™ + 0 +[0H])|V /]

We state below the crucial theorem which establishes the desired asymp-
totic behavior of these quantities relative to A.



NONLINEAR WAVE EQUATIONS 1157

THEOREM 4.5 (The asymptotics theorem). In the spacetime region Dy

see Theorem 3.4) the quantities b, © satisfy the following estimates:
5) b —n| g A7,

55) 182 SAT2T5,

56) 18l as, ) SATH®,  2<g<4

(
(
(
(

In addition, in the exterior region u < t/2,
(57) 101 2=(s,.) S TIAT + XNOH ()] -

for an arbitrarily small € > 0.
The following estimates hold for the derivatives of tr x:

(58)

2 2 —3¢
Isup 12 (e = ) liais. ol + I sup 12 (e = o2 sl <35

t
USQ —2

(59)

2 _
| sup [|[Wtr x|l r2(s, ) ll2 + [ sup [V (trx - 7) I L2(s,.0 Iy < AT5.
ust n(t — u)

ust
In addition, there are weak estimates of the form,
(60) w.L) (& =) s S 4°
su ry — ——— oo
ugg y &4 X n(t — U) L>(Siu) ~

for some large value of C.
There also is the following comparison between the functions r and t — u,

r

(61) cl<

< <ec
t—u

The proof of the Asymptotics Theorem is truly at the heart of this work
and it is quite involved. Our second paper [KI-Ro2] is almost entirely dedicated
to it.

Remark 4.6. Observe that the estimate (55) holds true also for 0H. We
shall show, see [KI-Ro2, Prop. 7.4], that OH also verifies the estimate (56).
Thus we can incorporate the term |0H| in the definition (51) of ©.

2 2
62 O=ltry—- try — ———
(62 B e

For convenience we shall also often use © to denote O(0). We shall do this
freely throughout this paper.

|+ x|+ Inl + [0H].

The proof of the next proposition will be delayed to [KI-Ro3]; see also
[K1-Ro].
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PROPOSITION 4.7. Let Sy, be a fized surface in 3y N Dy.

i) Isoperimetric inequality. For any smooth function f : Si, — R there
1s the following isoperimetric inequality:

(63) ([ 1) < [ awnt i,

ii) Sobolev Inequality. For any ¢ € (0,1) and p from the interval p €
(2, 00],

1_

_e(p=2) B 2 2p+8(p—2)
(64) Sup‘f|§r2p+é(p—2> </ (|Y7f|2—|—r 2|f|2)>

t,u t,u

26
2p+5(p—2)

1 (var 1)

iii) Trace Inequality. For an arbitrary function f : ¥y — R such that
f e H:(RY),

(65) 1fllz2es,.) < 1027 Fllres,) + 1027 fllre(s
More generally, for any q € [2,00)
(66) 1fllpegs,) < 10770 Fllraes,) + 1027 fllras

Also, considering the region Exty =3, N {0 <u < %}, we have the following:
1
(67) 115,y < INCOz2exe o 1 lz2exe ) + S1F 22 gexe

We shall make use of the following; see Lemma 6.3 in [KI-Ro].

PROPOSITION 4.8. The following inequality holds for all t € [1,t.] and
2 <p<oo:

(68) /Ev2w2<t5 sup||VH§%,(SM)/E (0l + r2ju?),

where p' is the exponent dual to p.
We shall also make use of the variant,

09 [ VA< BV sw VI, [ (F0f - 2b).
t ) u ’ t

In particular, if ||V'||L is bounded by some positive power of A, and we restrict
ourselves to the exterior region Ext;, we deduce that for every e > 0 and some
constant C,

(70) /Et V2?20 sup |VIags, ERul().

0<u<t/2

Proof. The proof is straightforward and relies only on the isoperimetric
inequality (63); see also 6.1. in [KI-Ro]. O
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5. Proof of the Boundedness Theorem

We first calculate the components of the modified'® deformation tensor
7= Bx = Ex _4tH of our vectorfield K = in(u’L + u?L). Recall that
u=2t—wuand L =—L + 2T thus

L (u*)=4ub,
L(u?)=4un™1,
L(vw’)=4u(n™" —b7h).

We proceed as in Section 6.1 of [KI-Ro] to calculate the null components of
7= )7 relative!” to eq = L, e3 = L and (ea)a=12 an arbitrary orthonormal
frame on Sy 4,

(71)
Tag = 20’ n(kyy —n tes(n)),
Tga = dun(nt — b~ +u®n(kny —n tes(n)) + u?n(kny —n " tes(n)),
733 = —Sun(n~ ! — b_l) — 2u? n(l_fNN + TL_1€3(TL)),
Taa = u?n(na +kany —n 'Y n) + u2n§A,

Taa = u> n(n, —kan — nly ,n),

" ))5AB+4tn(t—u)>2AB—2u2nk:AB

_ 2
TAB = 2tn(t — u) (tI'X - T],(——u

where kxy = kyy — n~ 'V n.

The following proposition concerning the behavior of the null components
of 7 is an immediate consequence of the above formulae and the Asymptotics
Theorem stated above.

PROPOSITION 5.1.

Ju™?Raal = S AT, 1(w) >l e S AT,
1(w) " * 73]l prpe S AT, 1(w) " *"sall iz S AT,
1(u) " Fgall = S AT, 1(w) " Fasllnin= S A

The proof of the boundedness theorem relies on the generalized energy
identity (36) with K = §n(u?L +u?L) and Q = 4t. Thus,

_ _ ! of (K)= 2
™) QWO=ait 5 [ Q7 Ot [ w0

2 [t0,] X R3

= Qlylto) ~ 57 +.

18corresponding to the choice Q = 4t.
Y9We say that (e;)1=1,2,3,4 forms a null frame.
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Observe that we can decompose:

J = Qaﬂ [lp]ﬁaﬁ

[to,t] xR3

B / (17733@1/1)2 + lfm(@ﬁ)Q + 17?34|771/1|2 — TaaLpV 4
[to,]xR? \ 4 4 2

~ TALOY 40+ an¥ a0V + (5 LOLG ~ FOF) ).

Consider, for example, I = | f[to xR TaaLYY 40|. We can estimate it as
follows: )
reg [t ) (@R 2700
[to,t]XRs
t
S | I uww)  maallL=ElW)(r) dr.

to

Making use of the comparison theorem and the estimate ||(uu) ' 7aal|rize S
A73¢ we infer that,

t
IS [ )™ Taallze Ql(r) dr € A7 sup Q[](7).

to [to,t]

We can proceed in the same manner with all the terms of 7 with the exception
of f[to,t} «rs 07 L1p L1p. Observe that?

trr = 048745 = 2n(t — u) (trx - > — 2u’ntrk,

n(t —u)

[ wnekienil<g [ k(@R + L)
[to,t] x R? 2

[to,t]XRs
t
S | 0H|| L= E[)(T) dr.
to
Since [|0H || i S A7, this term can be treated in the same manner as I.
We are thus left with the integral

B = 2tn(t — u) (trx -
[to,t] xR3

ﬁ) LyL.

All other terms J — B can be estimated in precisely the same manner, using
the comparison theorem and the estimates of Proposition 5.1, by

(73) J =B < A7 sup Qy(r).

[tO 7t]

20We use tr here to denote the trace relative to the surfaces St,o. Thus trk = 04Pkap. We
use Trk = h* k;; to denote the usual trace of k with respect to X.
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To estimate the remaining term B requires a more involved argument. In fact
we shall need more information concerning the geometry of the null cones C,,
and surfaces Sy .

Denote Ext; the exterior region Ext; = {0 < u < ¢/2}. Let ¢ be a smooth
cut-off function with support in Ext;. Observe that

(74) / (2(@9)? + %) (1 - O) < / (1 - Q).

t Et

We can split the remaining integral
B=B'+B°,
4 2
BZ:/ 2tn(t — u) (tr x — ——— ) Ly Ly (1 — (),
[to,t] xR3 ( )( n(t — U)) ( )
2
Be:/ 2tn(t —u)(try — ———— ) Ly Ly C.
[to,t] xR3 ( )( n(t — U))

With the help of (74) the first integral can be estimated as follows:

. 2
B < = 2 o 2 _
| |N/ertrx | =0

t
< try — ——
to I n(t —u)

Iz QLI(7)dr.

In view of the estimate ||tr y — ﬁ lzize S A73%  given by the Asymptotics
Theorem (4.5) we infer that,

Bl S A% [Sup] Qy](7).
to,t

Therefore, it remains to estimate 5°.
According to the Asymptotics Theorem the quantity z = try — ﬁ
verifies the following estimates:

_1_ _
(75) ||Z”L?L;° 5)\ 2 360, HZ‘|L2(SL“) 5)\ 260,
_1_ _1_
(16) 15w [W2ls, llze S A3799, [lsup L 2lpags, wllzs S A7375.
u<3 u<t

Remark 5.2. The same estimates hold true if we replace try — ﬁ

by
trx — %

It would therefore suffice to prove the following result. Using the estimates
(75), (76) we shall prove that:

(77) B¢ = / 2tn(t — u)zLyp Ly ¢ S XN sup QY] (7).
[to,t]xR3

[tO 7t]
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To prove (77) we need to rely on the fact that 1 is a solution of the
wave equation Uy = 0. We shall also make use of the following standard
integration by parts formulae?!,

(78) / FN(@) = - / | (N(F) + (tr0 + n-lN(n))F) G,

where N is the unit normal to Sy 4.
If Y is a vectorfield in T'3; tangent to S;, then

(79) /E Fdivy = —At (WF+ (b_1Wb+n_1Y7n)F> Y.

It is also not difficult to verify that

(80)
/ FT(G) = — / (T(F) + Trk + divv)G + / FG — / FG.
[to,t] xR3 [to,t] xR3 PN DI

Writing L = T — N we integrate by parts and express the integral B¢ in the
form,

1
(81) 556 =—I +Ir+ I3 — Iy,

Il_/ Cnt(t — u)z (LL) o,
[to,t] xR3

e[ (L

+ (e + "IN (n) — Trk — divo)¢ nt(t — u)z) Ly,

L= [ Cnt(t—u)z Ly,
D

Iy = Cnt(t —u)z L.
S,
We first handle the boundary terms I3, I,. With the help of Proposi-
tion 4.8 (which we can apply in view of the estimates (57) for © as well as the
estimate (26) for 0H) we have

It = )2t e man) S X sup Izl a s X 1] (0).

—2

2IThese are simple adaptations of the formulae in Lemma 6.2, [KI-Ro].
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Therefore,

L) < /Z (¢ bt — )z L] < / In(t — w)z tLipy|

Ext,
S LYl 2y In(t — w) 29| L2 (B,
S Int —w) 29| L2 (at) E2 [ (2)

1—¢/2 _
S A% sup||nz|| (5 EMEI(E) S ATOE[(E).
522
The last inequality followed from the boundness of n and (75). A similar
estimate holds for the second boundary term 1.
To estimate Iy we observe that, as an immediate consequence of Theo-

rem 4.5, we have

L@, (Lt —u)| S 1, (LISt
Denoting

O(t,z) = |trx — |+ X[+ [0l + [0H],

2
n(t —u)

we easily find

t
|12|§// <T2\L(z)\+T]z\+72@]z\>\L1/J¢|dT.
tg EXtT

To treat the term involving L(z) we proceed as in the case of I3; we es-
timate [p 72|L(2)|| Ly 4| dr by Cauchy-Schwartz followed by an application
of Proposition 4.8. The space integral of the other two terms can be estimated
as follows:

/E t (rlzl + 7°0l2)) Ly | dr < (|2l + TlIOllzs | 2llzs ) E[(T)-

Consequently, using the inequalities (75), (76) for z (as well as the weak es-
timate (60)) and the estimates for © from the Asymptotics Theorem 4.5 we
obtain

t
nis [ (ACE sup | L) 15222
to ugg
el + Tu@nm,)HzHLw@,))emv) i
3 (Isup 1L iogs, 157

+ llzllpioe + )\H@HLfL;OHZHLngO) sup Q] ()

[tovt]
SAT sup Q[y](T)
[to,t]
as desired.
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It remains therefore to consider I;. We shall make use of the fact that
1 is a solution of the wave equation. This allows us to express the LL(%)) in
terms of the angular laplacian®? /A and lower order terms. Expressed relative
to a null frame the wave operator [y takes the form

Outp = Hap = —ta3 + a4,
where c.c; = €j(€i(1))) — De,ej(¢)). We use the Ricci formulas: Dges =
2naea + knnes, and Dpeg = Vgea + %XABeg + %XAB(M to derive
1 1 -
(82) D= —LLY + 4 + 204V 4 + StrxLp + (Ftr X + k) Ly

As a result of this calculation

(83) Ilz/ Cnr(T —w)z LLyp = Cnr(T —u)z L
[t() ,t] xR3 [to ,t] xR3
1
+ /[t o 1T (L)

1 _
+/ Cnr(T —u)z (217AY7A1/1+ (—trx—i—kNN) L1/1> )
[to,t] x R? 2 =
=111+ Lo+ I13.
Consider first I13. Since t —u > %,

t
80 nals [ [ Rli(evet G reis)y
t

0

S [ (Pl lOlimsn + lellcs.) )01 dr
S AT sup Q[¢)(7)
[tf)’t]
as before.
To estimate I15 we need first to integrate once more by parts.
1
Iip =— / (—L(C nT(T — u)ztry)
4 Jito,4)xR3
+ (trf + n N (n) — Trk — divo) ¢ n7(T — u)ztr X) ?
1 1
+ - Cnr(t —u)ztrx(¥)? — = Cnr(t —u)ztr x(¥)2.
4 Js, 4 S,

All terms can be treated as above. Take, for example, the worst term involving
L(tr x). Recall that

2 2 2\ 2 1
L(trx)=L<trx——> +L<—) §L<trx——> + 2+ -0.
T T T T T

22the Laplace-Beltrami operator on Si .
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Thus
¢ nt(t — w)zL(tr x)(¢°)]

[to,t]xR3

t 2 1 1
<[ [ <\L<tr><——>!+—2+—®>¢2
to J Ext, r T T
! 2 2 2
S T2l [L{trx — = |9
to J Ext., r

t
T / (12l ey + T2l e Ol Lz ) EW () dr.

The second term has already been treated above; see (83). To estimate the
first we apply first Cauchy-Schwartz and then make use of Proposition 4.8,

! 2 2 2
TolRlIL{ trx =~ ) [
to EJXtT

t FEIE (trx——> 6l r ety EX [0 dr

t
< / A sup L <tr>< )|||1L;§f E[)(r) dr.
to u<z

Taking into account the estimates in (75), (76) and Remark 5.2 we deduce,

t
)\Ce/ sup ||TzL <trX ) HlL (eb/fu
to ugg

' 2 1-¢/2
5 )\C € (t”ZHLngO ” SuIt) HL <tI'X — ;) ’”Lz(st,u)HLf> S A€o

Therefore,

(85) [T12] S AT [Sup] Qy](7).
to,t

Finally we estimate I1; = f[to xR ¢nt(t — u)zQp 1 by integrating once
more by parts as follows:

In—- / Cnt(t — u)z [ 2
[to,t]xR3

- / n DTV (bn nt(t — u)2)V 40 2.
[to,t]xR3

The first integral on the right can easily be estimated

t
(6) | Cnt(t — u)z [V < / el ERA () dr
[to,t]XR3
S lelszsr sop QL

SAT sup Q[Y(7).

[to 7t]



1166 SERGIU KLAINERMAN AND IGOR RODNIANSKI

To estimate the second we write schematically
V(bn? Ct(t —u)z) ~t(t — u)(Vb)z + t(t — u)Vz + t(t — u)20
=t(t —u)Vz+t(t —u)z0

since ¥ b = b(na — kan). Thus with the help of Proposition 4.8 (using also
the weak estimate (60)), we have

/ Y (b (7 — w)2)Y )
[to,t]XRS
t
<
< / /E (A=l Tl g o

t
< [ (A s 1P + el 1Bl )l dr

Using (76) once more we have,

t
€ 1—¢/2
/t (AC sup ||WZ‘|L2(étm)+THZHLOO(ET)H@HL‘”(ET)) dr

C’ 1—e/2 —
S A sup V2, ol 7 + Hlellzns [1Ollzes S A7

—2

Therefore, combining this with (86) we infer that,

(87) [ S A sup (7).
to,t

Recalling also (85) and (84) we conclude that

(88) (L S AT sup Qy)(7).
to,t

Since I, I3, I; and B have already been estimated we finally derive,

(89) Bl < AT sup QyI(7)
to,t

as desired. This combined with (73) yields,

(90) TS A sup Qll(7).
to,t

Going back to the identity (72) we still have to estimate ). For this we
only need to observe that [yt depends only on the first derivatives of H. Thus
also

(91) VS AT [Sup} (7).
to,t

Therefore,

sup Q[Y](7) < Q[i](to) + A~ sup Q[¢](7)

[to,t] [to,t]

which implies the boundedness theorem.
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6. Proof of the comparison theorem

We proceed precisely as in [KI-Ro, §6.1]. The purpose of the calculation
below is to estimate the potentially negative term fzf(Qtv,Z)Tw — n~1y?), ap-
pearing in the integral of Q(K, T[], via integration by parts in terms of the
positive terms of the Morawetz energy.?? Define S and S:

(92) §=gultul), §=(ul—uL)
Sinceu=—-u+2t,L=T—-N,L=T+N,

1 1
1T = J(utu)(L+L)=5- ;(u—u)(L—L)=5—(t—uN,

t 12
S —
t—u t—u

N.

1

Therefore, with the help of the identities (78), and N(¢) = 0, N(u) =
—b_l,

_ N2
2/& @th(w)_z/Et(u)(Sw) 5t = wN (V7))

9 &MWH/ <b‘1+(t—u)(tr9+n_1N(n)))¢2a

t

_ t 1 2
2 EtzptT(d))—Q/Et (wt_u@w) Qt_umw )>
=2 [y (s0)
>, U
2
+/E —(t_tu)2<—b_l—I—(t—u)(tr0~l—n_1N(n))>¢2.

Recall that 045 = xaB + kap. Recall also that © was defined in (62).

2 .
G(t,x)thrx—;IHtrx— |+ %]+ |n] + [0H].

2
n(t —u)
Thus,

1, 2 2
2 YT () =2 Y(SY) +/ <b +—+(t— u)@>¢ ,
I Xy PN n

2 2
2 zth(W:2/zt¢t—tu(§¢)+/zt@—t7u)2(_b1+ﬁ+(t_“)@)¢2'

Recall, from the Asymptotics Theorem 4.5,

b—mn| < Ao,

2%In flat space this was first done in [KI3]; see also [K12]. It is also related to the well
known Morawetz calculation in [Mor].



1168 SERGIU KLAINERMAN AND IGOR RODNIANSKI

Also, since n is bounded away from zero so is b. Therefore,

2 [ o) =2 / w(Sv) + / | (% (t-we ,\—460>¢2,

t t?
2 [ v =2 [ vl [

x, (t—u)?

<l + (t —u)O + A—4€0> V2.
n

Since
Q(K,T)[¢) = %(ﬁ(LW +u(L)? + (u® + u®)|[ V) + 29T — n~ 1%,

and

1 1
1@ (L) +u?(Ly)?) = S ((S)* + (S¥)?)
we can introduce positive constants A, B : A+ B = 2 such that
1 3 2
QI = [ ((SU +240(80) + (24~ 1)t + (¢ - w0 + X))

+1 /Z <n(§w>2 + 2B (5Y)

2
2 2
+ (% 0 _t u)23¢2 + 0 _t mE ((t —u)© + A4ﬁo> ¢2>

45 L ntwt i

For any values of A, B such that 1 < A < 2 and 0 < B < 1 it is possible to
find positive constants c1, co such that

RSO+ 240(59) + - (34— 207 2 e1((59) +v7),

2 2
A(S0) + 280 (80) + LB 2 (S0 4 )

Therefore,

2
QI02 [ WP +a(Li? + (@ + 2NVl + (14 s ) 02

[ () ()

2
Q02 [ (Ao + (L + (2 + 2NVl + (14 s ) 02

—/t <1+ ﬁ) (t — u)OY?.

Therefore it suffices to show that
(93)

/t (1 + ﬁ) (t —u)OyY? < A~ /Et 2|V + (1 N ; _t2u)2) "
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Consider the worst term

o g : oS (/ ,,tQ@W)%(/ N0 —t2u>2¢’2>%'

According to the estimate (68) of Proposition 4.8, applied to exponent p such
that 2p’ = q,

/ 2O P Sup H@H%q(st,u)ﬂ/z (1Yo + %[y [?).

Or, since according to (61), ¢~! < ﬁ < ¢, and with the help of the estimate

(57) for © with ¢ > 2 sufficiently close to 2,

12
t2®2¢2 5 )\—560/ <t2 17[) 2 + @Z} 2) )
/z,, [ (el
Thus, back to (94),

o) [ gogersa [ (e awe)

as desired in the proof of (93). The remaining term on the left-hand side of
(93) is easier to treat.

7. Proof of the L? — L™ decay estimate; Theorem 2.1

In this section we rely on the Boundedness Theorem 3.4 to prove the
crucial Theorem 2.1.
Recall that E[y] = Eab] + £¢[¢)], where

et = [ (Flowf +1wk)a -0,

t

el = [ (1L + 2IT0P) + a?|LoP + o) ¢

t

with a cut-off function ¢ equal to 1 in the region u < %

Estimate for (1—()P1y. Observe that since the projector P is an averag-
ing operator on the scale of size 1 and (1—() is a cut-off function with the scale
of size t > 1, we can essentially write that (1 — )Py ~ P(y(1 —()). Thus the
Bernstein inequality, followed by the facts [|(1 — {)V)|l12(s,) < t1E3 ) (t)
and |V¢| <t~ imply that

(96) IP@E)A = Ollee SNV @A =)l < ¢ E7WI(E)

as desired.
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Estimate for (P . It clearly suffices to establish the estimate for P (t, x)
at any point (¢,z) with 0 < u < . According to the Sobolev inequality (64),
with p = 4, of Proposition 4.7 we have for any positive § < 1,

sup [ Py|?

t,u
45

< v ( [ (wpors tiguaw?)) UL aveerrs ipom])

,u

By the isoperimetric inequality (63) applied to (P)? and |V P|?,

</St,u ‘P¢]4)% < (/Sm ‘VP¢|2>%(/SM |p¢‘2)% n % /SM 1Py,
(/S IWPW)% S (/S \WPz/;y?)a(/SM WPQ/J‘Q)E +%/S PY[.

In addition, by the trace inequality (65), 24

[oves (L Ry (f v eg [

Here, Ext; = %;N{0 < u < £} and N is the vectorfield of the unit normals to
St,tfp-

Thus, setting ¢ = %, using the fact that ¢ > 1, and applying the Holder
inequality, we obtain

(o7)
1 l1—¢
sup PO S ([ [FWTPUE+ FPUR + F(NPOE+ |PUR)) T

= /E VN V2 PO + Y2Po + [V VP + [V Py

1
+ 2 (IN(PY)P + [Pyf).

Note that we can always replace the outside NV derivative with a generic deriva-
tive d. More precisely, |N(f)[> <32, 10: f|*.
We make the following three observations:

1) The derivatives in the second factor Z can be ignored in view of the
presence of the projection P. Thus we can crudely bound it by Z <

Js, 101> < EWI(®).

2) The terms fExt,, (|N(Py)|?+|P]?) are easily estimated by t~2E[1)](t).

**The tensor version of the estimate requires the covariant ¥, derivative. Recall that ¥
denotes the projection on S; . of the covariant derivative V .
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3) It remains to handle the terms

/E IVNTPUE + PP

Consider first the integral fEth |WP|?. Let ¢ be a cut-off function of the
exterior region Ext; such that (|gx, = 1 and |V¢| < t71. We introduce
the angular vectorfields A; = ¢ (0;— < 0;, N > N). Clearly, for any scalar
function f, |V f|? ~ 325, |A;f|? in the exterior region Ext ;. Now,

3
/ PPYR~Y / APy
Ext i=1 Ext .
3 3
S INIINTEES S N LV SI
i=1 Ext i=1 Ext

3

SZ/ |PA;i)|? + error
=175

5/ |Y¥4|* + Error.
2

We estimate the error term [i. . >~ |[P, A;]w|? with the help of the following:

LEMMA 7.1. Consider a vectorfield X = Y, X'; vanishing on the com-
plement of the exterior region Exty of 3 and P the standard Littlewood-Paley
projection on frequencies of size 1. Then, for arbitrary scalar functions f there
is the inequality:>®

1P, X1 f 1|zt ) S 8P 105X | et ) || £l 2252 -
Z?]

Proof. We postpone the proof until the end of Section 8; see Lemma 8.38.
O

We apply the above lemma to the vectorfields A = C(éi — Nka)aj.
Observe that the components A7 are bounded and |V¢| < ¢!, Thus

Error < <t2 + ||VN||%OO(Extt)) ||¢||%z(2t)'

Recall the expression, see (62), © = [trx — 2| + |X| + 7| + |0H| and the
inequality (52) [VN| < 2+ ©. Observe also that in the exterior region Ext,

25In fact the exterior region on the right-hand side of the inequality should be somewhat
enlarged (by size one). Since this enlargement does not affect our arguments we prefer to
ignore it.
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==

< % . Therefore,

_ 2
|Error| < (t 1y ”®||L°°(Extt)) ||¢||%2(E )

We can finally conclude that
08 [ PR [ VP 1Ol )” [ 1P
Ext ; P p
S 2+ 100 st ) E[](B)-

We now consider fEXtt VN YPy|?. In view of the simple commutation
estimates (53) we can write:

/ DA / VNP + / (r! + ©)’ |V Py[?
Ext Ext . Ext .

24 -1 2 2
NZ/EX“ J(NP)| /EXtt(r +0)7|VPy.

Observe that
A;(NPy) = A; N70j(Py) = NV A;0;(Py) + [Ai, N7]0;(Py)
= NP(A;0)) + N’[A;, 0; Pl + [A;, N?|0;(P).
Therefore, by Lemma 7.1, with P replaced by VP, as well as the estimates
(52)

/ ANPY) < / AP+ (7 4 10l )° / 2
Ext . Ext, N

and finally,
(99) / VNTPUE S (72 4 [0l e, L0

Substituting (98), (99) back into (97) we infer that in the exterior region,
_ l—c 01—
sup [Py S5 (172 + 101w ye,y) €I - T°

— 1—
SEE? 180w xe,)  ERID).
Finally, together with the interior estimates (96) this implies that

(100) [ Pe(0)s < ( 1O e )>sl[w1<t>.

1
(14t)L-2

Observe that according to (57) of the Asymptotics Theorem, © obeys the
following estimate in the exterior region:

1O | ot ) S EAT + N[ OH ()] 2=

Define )
d(t) =t (X 0H(t)||z=) "
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Therefore,
e O) U0}

To prove the desired L? — L™ decay estimate it remains to check that for some
q> 2?26

1P < (

1
tlldlz S 1.

Since t, < A7%%0 it clearly suffices to show that ”dHL‘[‘O ol < A7z, In view of
the estimates, see Proposition 2.4,

|OH | are S A0, OH]| e S ATEF,
we infer that
1— 1-2—¢ 2 1
llllzg,,., SEXNOHI G SENNOH] e - IOHI e S A2,

as desired.

8. Proof of the reduction steps

In this section we give precise statements and proofs for the reduction
steps discussed in Section 2. Recall the equation (3), written in the form (6),

(101) 870050 = N(¢,99)

where ¢ = (gu), N = Ny and g = g*B(p). In fact (g*%) = ¢~1. We
consider solutions ¢ of (101) such that the components of both ¢ and ¢~! are
uniformly bounded. Moreover g, approaches the Minkowski metric m,, at
infinity according to (5). To avoid repeating this statement in what follows we
introduce the following notation:

Definition 8.1. We say that f € H® = H*(R3) if V.f € H*™!, f is con-
tinuous and tends to zero as |z| — oo. Observe that H®, with s > %, is the
closure of C§° in the norm ||V f||z:-1. Given a solution ¢ of (101) we say that
¢ = (guw) € C([0,T];m+ H?) if, for every ¢t € [0, T, (g8u (t) —my,) € H (%)
and 0, € H*7H(Z)).

Throughout the section we shall use the following notation:

Definition 8.2. For any function f on ¥; = R3, P\ f = fﬁl(x()\*lf)f(ﬁ))
with x supported in the unit dyadic region % < €] <2 and X € 2% an integer
power of 2. Also f = } ) con Paf. We shall denote f<y = P<xf = <, f"
We shall also use the notation foy = Py f = ZH<2,MO>\ f#, for a fixed, suf-
ficiently large constant Mj, such as 100. We shall often, improperly, refer to

26We can assume that 135 <qg<241071e.
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the Py’ s as Littlewood-Paley projections. They are in fact only approximate
projections or rather cut-off operators.

Remark 8.3. Observe that if f is continuous, approaches a constant c¢ at
infinity, i.e. sup|y=, [f(z) —¢[ = 0 as 7 — o0, and Vf € H*7' s> 2, then
P\f € H.*"

8.4. Energy estimates. We start with the following well known statement:

PRrROPOSITION 8.5 (Energy estimate). Let ¢ € C([0,T];m+H?) be a so-
lution of (101) on the time interval [0,T] for some s > 3 such that

16,0 g,y pee < Ao

Then ¢ verifies the following energy estimate.

(102) 10| oo pro-s = CUIOGNI Ly, 1225 20) 1060 s

Remark 8.6. Throughout this section we shall often ignore the depen-
dence on Ag and the constant My involved in the definition of P.y.

Proof. The proof of Proposition 8.5 can be easily reduced to the following
lemma.

LEMMA 8.7. Let ¢ satisfy the conditions of Proposition 8.5. Then for
each dyadic \ € 22, ¢* = P\¢ verifies the equation

(103) ~076™ + (n%g%) 21 (9)90i6™ + (n°gY) \(9);0;0" = Ry,

where for any s > 1 and t € [0,T] the right-hand side Ry has Fourier support
in {€: TN < €] < 4N} and obeys the estimate

(104) (IR )" < Clos) s - 1060 .
A

with C' a constant depending only on Ag. Moreover ¢ also satisfies the equa-
tion

(105) g220.030™ = R,

with a different Ry which verifies the same estimate (104) and the frequency
property.

2"This can be proved easily by a density argument.
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Proof. The proof is based on the technique of the paradifferential calculus
and is now standard.?® For a detailed treatment see [Ba-Chl], or [KI-Ro] for
notation similar to that used here.

Remark 8.8. In the subsequent paper we shall also need the following
more general result concerning other dyadic projections of our equation.

LEMMA 8.9. Under the assumptions of Lemma 8.7,
8230a056<x = F.
The function F obeys the estimates
1Pz < ClO6l s 08lere, 1B < ClO@l L1100 -
In addition, for any dyadic p > 1,
gigaa%PAm = F)\ 4
where F) , verifies

1P ullzizz < COWTANTH00] L2122 106 e s
1Exull g < CATTH 106N 13 £ 109 e s

The components of the metric g satisfy similar equations.

The proof of Lemma 8.9 proceeds in the same manner as the proof of
Lemma 8.7 after we apply the respective projections P.) and Py,.

To finish the proof of Proposition 8.5 we choose a large parameter A in
such a way that for any A > A the metric (n?g¥)_) is uniformly elliptic. This
is always possible since P is an approximation of the identity and the original
metric (n2g?) is uniformly elliptic in [0, T7).

For the values of the dyadic parameter A < A rewrite the equation for ¢*
in the form

~97¢™ + (n?g") 28:0;0™ + (n?g7) 10,0;0™ = R},

noting that the change of the metric introduces the error term of type Fs.
For A > A we keep the form of the equation as in Lemma 8.7,

~0;¢* + (0°g") <20:0,0™ + (n°Y) <x0:0;¢" = R
In either case, the standard H! energy estimate for the wave equation yields

100 |z 22 < C(R0) (86 (0) 22 + 1Bl 22)-

[0,T]

28The equations discussed in the literature are somewhat different from the one treated
here because of the nontriviality of the components g° and g of the metric. This adds
only minor technical complications.



1176 SERGIU KLAINERMAN AND IGOR RODNIANSKI

Using Lemma 8.7 and the Gronwall inequality we immediately obtain for
s> 1,

10615 sros S exp (106111, £2)106(0) | s

The estimate for s = 1 follows by standard energy estimates without the
paradifferential decomposition.

8.10. Reduction to the Strichartz-type estimates. As discussed in Section 2
we need to prove the Strichartz type inequality (16). This is achieved by the
following:

THEOREM 8.11 (Al). Let ¢ € C([0,T]); m+H) be a solution of (101)
on the time interval [0,T)], T < 1. Assume that

(106) 109 5z, mr+0 + 100l 2, , Lo < Bo.

[0.7]
There exists a small positive exponent 6 = 6(By) such that ¢ satisfies the
following local in time Strichartz-type estimate,

(107) 1062 . 1= < C(Bo)T°.

f0,7]
Remark 8.12. In view of Remark 2.2 and Definition 2.3 we shall treat By

as a universal constant in what follows and hide the dependence on it in the
notation <.

8.13. The dyadic version of the Strichartz-type estimate. Fix a large
frequency parameter A. It easily follows from the triangle inequality that for
p € [1,00],

1060122 < 190<allez + 3 106 cz-
A>A
Thus, Theorem 8.11 follows from the following dyadic version of the Strichartz-
type estimates for ¢* = Py¢.

THEOREM 8.14 (A2). Let ¢ be as in Theorem 8.11. There exists a small
positive exponent & = §(By) such that for each A\ > A, the function ¢* satisfies
the Strichartz-type estimate

(108) 10| .2

[0,7]

with constants cy such that ), cx < 1.

Lee S CAT(S

Remark 8.15. The corresponding estimate for small frequencies, i.e. for
¢, follows trivially from the Sobolev inequality,

1 1, 1 1, 1
06 r s, e S TNl eyt S ASTEN06 gy, s S ASTE,

Since A is a fixed large parameter, which could depend only upon By, we have
the desired bound for the low frequency part of ¢.



NONLINEAR WAVE EQUATIONS 1177

Remark 8.16. We shall need the following version of the estimate (104)
for Ry and any s < 2+ :

(109) IBAD gre=r S ex 109 2= 0] 1+~

with constants cy: Yy cx < 1. The estimate (109) can be easily obtained from
(104) by making use of the fact that the Fourier support of R) is localized on
the set {£: A < |¢] < 4A}. As a consequence, using the bootstrap assumption
(106), we also have the estimate

110) IRl s S x T390l 12 10601, 00 < n

0,7

8.17. Duyadic linearization and time restriction. This step reduces Theo-
rem 8.14 to a Strichartz-type estimate for the linearized equation giﬁ@oﬁ[ﬂb
= 0 on smaller subintervals of [0, 7]. We partition [0, 7] by the intervals I}, =
[teyter1], B = 0,..,A8¢ with the properties |Ix| < TA™8 and H&bHL%kLgc <

A% B,. The existence of such a partition is insured by the bootstrap condi-
tion (106).

THEOREM 8.18 (A3). Fizx A > A and k € Z N [0,)3°] and let 1 be a
solution of the linear wave equation
8230001 =0
on the interval Iy, = [ty, tiy1], verifying,
(111) 270100 () |2 < V™00 (tk)llzz < (2190)™(10W (k)| 12

for every m > 0. Then there exists a sufficiently small exponent § > 0 such
that:

(112) 1PA Y2z 1 S Ikl 10U (t) | s

The size of § depends only on €y, Bg. In particular, for any eg > 0, § can be
chosen such that § < 107 1~.

Remark 8.19. The condition (111) implies that, modulo a negligible “tail”,
the Fourier support of 91)(t) belongs to the set {&: 2719\ < |¢] < 2100}, In
general, we shall say that function f obeys the property (113), if

(113) @Y™ f Nz < IV™fllez < @Y™ f ] g2

LEMMA 8.20. (1) Assume f in R3 is a function whose frequency is lo-

calized to the region || < 27MoX and ¢ < f < ¢! for some positive

-1

number c. Then u = f~ verifies,

(114) IV ull e < (27MoA)™.
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(2) Assume® that u verifies (114) and ¢ < u < c¢~'. Let v be another
function verifying the condition (113)5. Then®® u - v verifies (113)10.

Proof. The proof of (1) is based on the trivial identity f - f~! = 1.
Differentiating it and applying the Leibnitz rule we conclude that, although
the Fourier support of f~! does not belong to the set {£ : [£] < 27Mo)}, we
still have the property,

IV Dl s @A™
The proof of (2) is once again an exercise using the Leibnitz rule. In particular,
for m = 1 we have
IV(u-v)llez S [IVullezllvllzz + [lullze [1Vollz:
S 27N vllzz + 2°Alfvllze S 2 °Allu - vllLs.
On the other hand,
IV(u-0)lzz Z lulle=IVollzz = [[Vull e vl 22
22 A ellzz — 270 Aol 2 27N - llpe.

Proof of the implication Theorem (A3) — Theorem (A2). We shall first
prove an inhomogeneous version of the Strichartz estimate (112) for solutions
of the equation giﬁ@b = F, with the right-hand side F' verifying (113)5. Recall
that giﬁ = P<o-my 187, The Duhamel formula on the interval I; for the

inhomogeneous equation giﬂ/\aaaml) = F takes the form

(05) ) = W0+ [ We(€2) 7 F ) ds

with ¢[t] denoting the vector ((t),d(t)). Here [W(t,s)] is the solution
operator of the homogeneous equation acting on the pair of initial data (wq, w1)
at time s, and W (¢, s) is a solution operator corresponding to the special type
of the initial data (0,w;). We need to check that (g%, ) "' F(s) verifies the same
conditions (113) as F.

Recall —g? = n=2. Since F verifies (113)5, using 1. and 2. of Lemma
8.20, we conclude that [(n™%).,] ~'F verifies (113)10.

We now apply Theorem 8.18 to (115), assuming also that the initial data

OY(ty) verify the assumption (113)19,

W6) Pl 1 S 1l (109 s + 1P g s )-

2%Recall that My is a large positive constant
30This property is analogous to the standard paraproduct rule concerning the multiplication
of functions u, v where the frequency of v dominates.
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Fix a sufficiently small ¢y such that 5¢g + § < . Consider the A-dyadic piece
¢ of ¢, solution of the equation (101), as in Theorem (A2). We know that ¢*
verifies the equation gi’i@oﬁ[m)‘ = Ry on [0,7] and the Fourier support of Rj
belongs to the set { : %)\ < €] < 4\}, thus automatically satisfying property
(113)5. We can therefore apply (116) to ¢* on each I; to obtain:

A8 —1 1
2
106M123, 0 = (30 10613 1)
k=0
- :
26 A 2
< (Z 114/ (1060 v + 1B, frves) )
k=0

N

F) A
T (1081 + )

5 |T|5<Ha¢>\||[/°° Hi+v + HRA||L[10‘T]H1+4EO+J>

[0,T]
< TP e

The last two inequalities follow from the inequality d+5¢y < v and the estimate
(110).

8.21. Properties of the metric g<. Recall that g = Py, (g"”) where
g!” is the inverse of the Lorentz metric g,, = ¢. We shall use the notation
g« to denote the inverse of g’él; Observe that, in view of our assumption
A > A, g defines a Lorentz metric in our spacetime region [0,7] x R3. Tt
clearly depends on the solution ¢ of the quasilinear problem (101). In the next
proposition we state the properties of the family g.) which follow from the
bootstrap condition (106) on ¢. We denote by Rqs3(g<)) the components of
Ricci curvature of the metric g.y.

PROPOSITION 8.22. Let ¢ € C([0,T];m + H*7Y) be a solution of (101)
on [0,T], T < 1. Assume that ¢ verifies the assumption (106) of Theorem 8.11.
Then the family of metrics g« obeys the following conditions on each interval
I, such that |I| < TA=8¢, and 108lp2 Lo < A\ deo;
(117) [0 ™ genllps pe S AT,
(118) 10 gexllre e S ATIOH™,

I~

(119) [0 geallpg e S Az deotm,
(

120) V27 (Dgy)|| 1o

[0,tx

1 1
L2 S)\Eer for 0§m§§+4€0,

x

x

1 1 1
(121) ”V§+m(823</\)HLF§t NEDS AzFmTAo for — 3 + 4eg < m,

(122) V™ gziaaaﬁg<>\”L}kL;@ S )\_860+m7

2
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(123) V™ (ViRas(ga) sz S A™
(124) IV Ras(gan)llzy £z S A5+,

P

Remark 8.23. It suffices to prove the above estimates for the inverse met-
ric g\ = P.\(g"”). This can easily be seen by the Leibnitz rule and the
nondegeneracy of g.y. On the other hand, due to the explicit presence of Py,
the estimates for gil;\ can be immediately reduced to m = 0.

To be precise, the argument above works only for the spatial derivatives
V, since P,y truncates the frequencies of g"” only with respect to the space
variable x. However, using the fact that g,, = ¢ is a solution of the wave
equation, one can recover the corresponding estimates for the time derivatives.
Let us illustrate this by proving the estimate (117)3! with m = 1. We assume
that we have already proved (117)—(122) for m = 0. Then, clearly the deriva-
tives V2g.y and Vg can be estimated with an additional factor of A. It
remains to address the derivative 97 g-). Observe that

g0 = g%00.05+ Y. 823005
a=0,..,3,6=1,..,3

The desired estimate follows from the condition (122) with m = 0 and the
fact that the second term in the previous formula contains at least one spatial
derivative.

In view of the above remark we shall make no distinction between g
and g;i in what follows.

Proof of (117)-(124) for m = 0. The proof of inequality (118) follows
immediately from the definition of Iy, since

10g<allzz Lo SN9¢l12 L S Ao,

Moreover, we have an even stronger estimate,

(125) 10822 1 S 10¢ll1z e S AT

I, Fa
The Hoélder inequality yields (117) from (118).
The estimates (119), (120), and (121) follow by a simple application of
the Sobolev inequality, the composition properties of Sobolev spaces and the
condition v > 4eg.

(126) 10(Pxg(®))llzg L S 10(P<xg(9)) IIL?zHg+e

SAETIN 00 s S AT

~

31This is one of the few estimates with m # 0 which we shall actually use.
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The most interesting part of the proposition are the estimates (122), (124).
Recall that the original metric g satisfied the Einstein equation, R,g(g) = 0.
In addition, since (g"’) = ¢! and gaﬁ(?a@gqb = N, each component of gt”
satisfies the equation which can be written schematically as gaﬁaaaﬂ ghv =
|0¢|2. Thus,

(127) g 0ads gllLy re S AT

On the other hand we recall the expression for R,3(g) relative to arbitrary
coordinates,

1 5 5
Raﬁ(g) = ) gMV<8iﬂ gau‘f‘aiu g,uﬂ_aiﬁ gHV_afw gaﬂ)+ 0% (FZBFaV_FZVFaﬁ)'

Here FZB are the Christoffel symbols of the metric g. It is then easy to see
that the equation Rqs(g) = 0 also implies that

(128)
8" (97 Bow + O 8up — Doy B — Oy Bap) g, 1 < 10875 Lo S AT

and

(129)
I (02 e+ 2 83 — 02380 — O Bl 1 S 10 Dl S 1.
k k

The last inequality follows from the generalized Leibnitz rule and the fact that
og € H'*7,

To derive the desired estimates (122)-(124) we simply need to apply the
following lemma to the estimates (127) and (128).32

LEMMA 8.24. Let A = (Ag‘?‘“’) be a fized constant tensor. Denote g - A -
Pg = gV‘SA,C;?Wﬁoﬁg 8. Assume that the linear combination g - A - 0’g of

the second derivatives of the metric g satisfies the estimate ||g- A -0? gHL}k Lo <

c(Bo)A8%°. Then the same estimate holds for the linear combination associated
with the metric g« y:

(130)  llger-A-0” gallos e S A5, lger-A-0° Bl t ST
k

Proof. Recall that gy = P-)g. Clearly,

(131) lg<x—gllzz 12 S AV gllz 1> < AT,

32The estimates (123) and (124) also require the following obvious estimates:

8
<L

2 —_
||8g<)\||L§kLgo SA 1

||3g<)\ : 8g<A”L§ZH
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Then
(132) l(g<r— &) - A~ 9 gaallny 1= <l 8or — gllzz, 12 10° gnllzs, 1o
S >‘_1_4€0)‘H8g</\HL§kLg° SAT.
We can now consider the term g - A - 9%2g.y. We have
g A0’ P\g = gP\0-A-0g = [g, P<\J]-A-0 g+P<A<g-A-82g+ 6g-A-3g> -

The commutator term can be estimated:
(18 Pord]) flzz, 2 < 108lcs ol Flliz A1l
It then follows that
(g Prd]) - A Ogllry 1= S A5

The remaining term satisfies the desired estimate by the assumptions of the
lemma. The proof of the H2 estimate in (130) is similar. O

8.25. Rescaling. According to Theorem 8.18 we need to prove a Strichartz
estimate for any solution of the problem giﬁ(‘%ﬁgw = 0 on the interval I =
[tk,tk+1], with initial data ¢[ty] = (¥(tk), Op(tx)) obeying condition (111),
uniformly in A, k.

It is convenient to replace the above problem by its rescaled version, so
that the initial data satisfy condition (111) with A = 1 and the rescaled time
interval I with length < \!=8¢,

Introduce the family of the rescaled metrics®

(133) Hiy(t @) = gax(A Nt — 1), A ).

3

We decompose the Lorentz metric H = H,) relative to our spacetime coordi-
nates;

(134) —n?dt* + hij(da’ +v'dt) @ (da? + T dt),

where n and v are related to n, v according to the rule (133). In view of our
choice of A > A and (8) it easily follows that H is indeed a Lorentz metric and

(135) c€]* <hy€'e? < eHeP, n® = ulp 2 e>0, |nf ] <

Proposition 8.22 implies that H = H(y) obeys the following estimates on
the time interval I = [0,t,] with ¢, < \!78¢:

Background estimates (see Proposition 2.4).

(136) [0 H |y pee S AT,

33Just as for g<n we make no distinction between Hy, as the Lorentz metric and its
inverse.
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(137) 1O ™ H [z | 1 S AT,

(138) 10 ™ H e, 1 S AT,
, 1

(139) IV (0H) ||, 12 SAT for — 5 Sm< 5 +de,
1 1 1

140 IV (P H) ||, 12 S A2 for  —2 +4e <m,

m af L < \—1-8¢€o
Ha (H 8a8ﬁH)HL[O’t*]Lg° SA )
V™ (VERic(H)) e, 12 S AL

|0 Ras(H)lz, oo S A7175

@

2

We now formulate the rescaled version of the desired Strichartz estimate.
THEOREM 8.26 (A4). Let v be a solution of the linear wave equation
(144) HP 9,057 = 0,

on the time interval [0, t.] with t, < A=8¢  Assume that the parameter A > A
for a sufficiently large constant A and that the metric H verifies (136)—(143)
with a sufficiently small eg > 0. Let P be the operator of projection on the
set {&€: 1 < |&| < 2} in Fourier space. Then there exists a small constant
d = d0(eg) > 0 such that

(145) 1Pl re S [t 09(0)]] 1z

[0,t4] 7z

Remark. Note that Theorem (A4) does not contain any assumptions on
the Fourier support of the initial data [0].

8.27. Decay estimates. A variation of the standard TT™ type argument,
see [Kl11], allows us to reduce the Strichartz estimate (145) to a correspond-
ing dispersive inequality; see (146). In the process we replace®* the equation
H aﬂaaagzp = 0 by the geometric wave equation

1
VI

THEOREM 8.28 (A5). Let ¢ be a solution of the linear wave equation

Ot = Oa(H?/|H|95) = 0.

(146) Oy =0,
Yli, = Yo,  Opbly, = Y1

34The two wave operators differ only by lower order terms insofar as the Strichartz estimates
are concerned.
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on the time interval [0,t.] with t, < A 7% and with initial data ¥[tg] =
(¥(to), Oep(to)). We consider only large values of the parameter A > A. As-
sume that the metric H verifies (136)—(143). Then there exists a function d(t)
obeying the condition

(47) 2 dllg

[0:tx] ™

<1, for some q > 2 sufficiently close to 2,

such that for all to <t < ty, a fired arbitrary small € > 0, and a sufficiently
large integer m,

s 1Pl S (e )Zuv’f tolllzs.

We make the final reduction by decomposing the initial data [tg] in
the physical space into a sum of functions with essentially disjoint supports
contained in balls of radius % Using the additivity of the L' norm and the
standard Sobolev inequality we can reduce the dispersive inequality (148) to

an L? — L™ decay estimate.

THEOREM 8.29 (L% — L decay). Let 1 be a solution of the linear wave
equation (146) on the time interval [0,t.] with t, < A and with initial data
Y[to] supported in the ball B% (0) of radius % centered at the origin in the
physical space. Fiz a big constant A and consider only large values of the
parameter X > A. Assume that the metric H verifies (136)—(143). Then there
exists a function d(t) obeying the condition (147) such that for all to <t < t,,
an arbitrary small € > 0, and a sufficiently large integer m > 0,

o) 1Pl $ (e )Zuvk tllz3-

8.30. Proof of the implication Theorem (A5) — Theorem (A4); Decay
— Strichartz. On this step of the reduction we assume that the family of
metrics H = H ) satisfies conditions (136)—(143) and that any solution of the
geometric wave equation [y = 0 obeys the decay estimate

1
1P oY(t)| L= S <(1+ = >Z”vk Plto] ||z

We need to show that under these assumptions any solution®® of the wave
equation H*%9,83¢ = 0 satisfies the Strichartz estimate [|PO¢r2 = <

[0,t4] ~
[t 19[0][| 22

35Note that we do not require any assumptions on the initial data. This is due to the
presence of the projection P in the estimate.
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First, observe that it suffices to prove the following estimate:
1= S 1900)]12

with § =1 — % > ( arbitrarily small. Observe also that the solutions of either

(150) 1P Od|lLs

[0,

the geometric wave equation [y = F' or the equation Hf\lﬂ 0,031 = F obey
the following energy inequality for any ¢,tg € [to, t4]:

(151)  09(t) 1z <exp(C10H Iy , =) (100 (t)lzz + 1 Fllzy,, 22 )

[0,tx
<2(l90(to)lzz + 1Fllny,,12)

x

where the last inequality follows®® from the condition (136) on the metric H.
Furthermore, since

Op = H*P0,05 + Laa(\/mmaﬁ )03,

VIH]|

it is easy to show3” that it suffices to establish (150) for a solution of the
geometric wave equation. We shall now prove a stronger result.

PROPOSITION 8.31. Let ¢ verifiy the wave equation Ugep = 0. Assume
that the metric H is Lorentzian®® and satisfies the condition
1
2
for some sufficiently large positive constant C'. We also assume that the con-
clusions of Theorem (A5) hold true. Then, for any q > 2,

(153) 1P 0¢llLy, , 12 S 106(0)] Lz

[0,tx]

(152) CloH], 1 <

*]

Proof. As in [K11], [KI-Ro] we start by observing that our desired estimate
(154) 1P 9¢| s

[0,tx]

L < M||06(0)][ 2,

is trivially true with a constant M > 0 which may depend on A. Thus we only
need to prove that the constant M is in fact independent of .

Remark 8.32. We shall first prove the estimate (153) for P 0p¢.

36Recall that we consider A > A for a sufficiently large constant A.
3"By the Duhamel Principle we would obtain

1POls e < MUISONLz + 10H 1y, 1o 108]35, 1)

[0,tx]
and the condition (136) together with the energy inequality for ¢ would imply (150).

38For simplicity we can assume that the ellipticity constant of the restrictions of the metric
H to the time slices X; is 2.
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Definition 8.33. Setting (wo,w1) € H(R?) x L*(R3), w = (wo,w1) we
denote by ®(¢, s;w) the vector (¢, 0;¢), where ¢(t, s;w) is the solution at time
t of the homogeneous equation ¢ = 0 subject to the initial data at time s,
o(s, ;W) = wo, A(s, s;w) = wy.

t39

By a standard uniqueness argumen we can easily prove the following:

(155) @(t,s;@(s,tmw)) = ®(t, to; w).

Definition 8.34. Denote by H the set of vector functions w = (wq,w1)
with (wo,wy) € HY(R3) x L?(R?). The scalar product in H is defined by

<w,v>:/Z <—H00w1-vl+Hij8iwg'8jvg>.

Remark 8.35. Observe that the above scalar product is positive definite.
Indeed H® is strictly negative and H% is positive definite. To see the last
assertion let h;; denote the metric induced by H on ;. In fact the metric H
is given by —n?dt? + h;;(dz® + v'dt) ® (do? +v7dt). Thus HY = h¥ —n=2vl07.
Observe first? that H¥v;v; > c|v|2. This follows easily from n? — |v|2 > 0; see
(135). On the other hand, denoting by T, = {w/h;jw'vy = 0} the orthogonal
complement to v, we easily check that H¥w;w; > c|w|?. This follows from the
positivity of h; see (135). Finally HYw;v; = 0.

L and its dual X' = LY L. Let T be the operator

Let X = L N2

(0,t.]
from H to X defined by:

(156) T (w) = —P 0o(t,0;w)

with ¢ defined according to Definition 8.33.

The adjoint 7* is defined from X’ to H. To prove the estimate (153) it
suffices to check that 7 - 7* is a bounded operator from X’ to X. In view
of (154) we have*! || T|lx—_x = M where || 7|3 denotes the operator norm
of T. Thus,

|17 - T*||x—x = M.

To calculate 7* we write,

(T f,w) = (f, T(w)) = _/

[0,t.]xR3

PP fdtdr = / g Ouy,

[0,t.]xR3

39%which follows from the energy estimate (151), which still holds under assumption (152)
on the metric H.

40Here Vi = hi]"l)j.

“1'We may assume that M is the smallest constant for which (154) holds true.
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where 1 is the unique solution to the equation
(157) Ortp = 0a(H*93¢) = —PF,
O(ts) = 0ed(ts) = 0.

Consequently, integrating by parts, we obtain

(T"fw) = —/Z <8t¢H056ﬁ1/J - Hoﬁaﬁat¢¢> +/[0 Ouoip .

JtXR3

Observe that
Oroid = 00m¢ — 0a(0:(H*?)059).

Therefore, integrating by parts once more, we have
(T* f,w) = — /E <8tq§H06857,/} — H% 050,
+0ro v — O(H)Dp0 w)
- /[0 i (DH¢ O — O ()05 aw) |

Further, note that —H%930,¢ + O ¢ — 0,(HYP)93¢ = 9;(HP93¢), and there-
fore,

/ (amHOﬁaw — HY%0,0,6 0 + O — O(H) 90 w)
_ / <at¢H0ﬁaﬁ¢ _ HiﬁagqbaﬂD)
o
= / <H008t¢8t¢ — Hij8i¢6j¢> .
o

Thus, since
_ Oar/ |H

and DH¢ == 07
(T"f,w) =/ ( — HY0,00y + Hij@i(ﬁaﬂ/’)
2o
—/ <E|H(Z) 6t¢ — 8t<Haﬁ)aﬁ¢ 8a7,b>
[0,t.]xR3
- / ( — HY9,¢0,) + H 8¢¢8j¢>
2o

Oan/|H| )
HYBZ2N 1560 O (H*030 0 ).
e (2 0900 + 00
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Thus, since ¢[0] = w and by the definition of (, )

(T"f, w) = (P[0], w) + (R(f), w)
with R(f) the linear operator from X’ to H defined by the formula,

Oar/|H
as9) (= [ (el o 0w+ a0

Therefore,
(159) T"f = ¢[0] + R(f)
with ¥[0] = (¥(0), 9y(0)).
Henceforth,
(160) TT f=T¢[0]+TR(f).
Observe that Oy = —Pf + e with e = H@B%aﬁv Thus we can
write ¢ = —11 + 1y with,
Dle = Pf7
Oaye =e

with both 1,9 verifying zero initial conditions at ¢ = ¢, as in (157). Now
TY[0] = —T¢1[0]4+712[0] and, by Definition 8.33, T4 [0] = —Pd;¢(t,0;11[0]).
According to the Duhamel principle, as in (115) we have, with ¥[t] =
(w(t)v atl/}(t)) )

ol = [ olt.ssF(9)ds
with F(s) = (0, (H")™1Pf(s)) = (0,—n"2Pf(s)) and therefore,
0] = — /Ot* B(0, 5; F(s))ds.
Now, in view of (155),
T [0] = Pc‘)tgb(t,o; /0 - @(o,s;F(s))ds> —p /0 - Bib(t, s; F(s))ds.

We are now in a position to apply the dispersive inequality of Theo-
rem (A6).

HP@MuaF@mhwSC<O+H—SW+“+d®>}:Wﬂm”Pﬂ@Np.
k=0

In view of (135) and (138), we have ||[V¥n 2| ~ < 1. Thus, since P is the
projection on the frequencies of size 1, we infer that

HP&ML&F@WLMSC<G+H—ﬂ)“E+ﬂﬂvamuu
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Therefore, by the Hardy-Littlewood-Sobolev inequality,

1701000l 1z <Oy gy +] / OIF () dslleg,

We can now make use of the assumption (147) of Theorem (A5) and infer that

A P P e P 1 PRl Y o

[0,t4]

Thus
(161) 1T [00lly,, e < Cllfll g

with C' a constant, independent of A.
To estimate 7 12[0] we apply the Strichartz inequality with a bound M;
see (154),

1T 42[0]| s

0,605

< M||2[0] ]|
where,

[¥2[0]flx = sup < w,vo[0] >4 < C||0Y2(0)]| L2

lJwllx<1
We shall now make use of the energy estimate (151) for ¢y verifying the
equation Opg1e = e, subject to the initial conditions ¥9(t.) = Jba(ts) =0
1092(0)|[zz < Cllelly,, z2 < ClIOH|| Ly, 1 l0¢] g, 12-

Therefore, with the help of condltlon (152), we have

(162) 1T 20| g

We shall now estimate the other error term 7 Rf. Since the operator norm
of 7 is bounded by M,

ITR()Is, 1w < MIR() e

1
< M0y, 12

(0,621

On the other hand,
IR(f)lln= sup <w,R(f) >n

l[wll+<1

80: \Y |H| 1}
=— sup / (Haﬁiagqﬁaﬂb—i—@t(ﬂa 1030 0t |.
<1 /[0t ) xR VIH|

Estimating in a straightforward manner we derive,
IR(H)ll= < CllOH] Ly, 1100 llLes, L2109 ] L

[0,
We use the energy inequality (151) to estimate [[0¢| L, r2. Since the initial
data ||lw|lx < 1 we infer that HaCbHLfgt 22 < C. Therefore, with the help of
(152), we have

[0,tx] a;'

(163) ITR(f)llze,, 12 < MH&/}HLOO

[0,t4] [0,t4]

To estimate ||61,[J||L<[>§t L2 we rely on the following:
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LEMMA 8.36. The solution v of the equation Oyt = —Pf, ¥(ts) =
Op(ts) = 0, verifies the estimate,
(164) 10Vllegs,. 22 < 2MI Sl 12-

Gathering together (161), (162), (163) and (164) we infer that

1T fllx = T 0]+ 200] + Ry, e < (C 4 5M gy o

[0,tx] " Pt

Therefore, in view of (160),
2 * 1 2

Thus we infer that M is a universal constant, as desired.
It only remains to prove Lemma 8.36. We proceed as follows. Let t be
fixed in the interval [0,t,]. We rewrite the equation Oy ¢ = 0 in the form,

(165) Op¢=F =—H Maﬁqb

VIH]
with initial data ¢(t) = wo, 0ip(t) = w1, and (wo,w1) = w € Hy, ||wllx, < 1.
Here, the space H; is defined by the scalar product (w,v)y, = fEt — HO; vy +
H" 0;wg 0jvg. We also recall that by (157),
(166) Oy = —Pf

with initial data v (t.) = Op1(tx) = 0. As in [KI1] and [KI-Ro] we multi-
ply (165) by 9y1p and (166) by 0;¢ after which we sum and integrate on our
spacetime slab [t,t,] x R3. Observe that,
0o (H*P01)) = (0o, H*?)Dgtp + H*P 0,,0p%
H 80050 046 + H’ 0050 0ptp = H 04(8:095%) + H 05(010a))
—HP(9,0,605%) — H*® (8504100 0)
= H*0a(0:0050)) + H*93(01000)
—Haﬁat(8a¢8ﬁ¢)-
Thus
0o (HP 051001 + O (H*P050) 00t =00 (HP 010050 + 010 930)
— O(H* 00 00)) + (0:H*7) D059
=0,(H" 9,001 + 011pd30)
+ 0y~ HO0,00 + H0,60,1)
+ (0 HP) 0 pO7).

Integrating in the region [t,¢.] x R™ we derive the identity,
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/ ( — H0,¢011) + Hij&-cb@j@b)
DN

Ty
- —/ /Z ( — 06 Pf + Oy F + 0y(H )6a¢0ﬁ¢>-
t T
Therefore,

100 (@) | 12 < || P 0y .o LE>°HfHL<[1(;‘t*]L

[0,t2]2

+C[|0H]| s

[0,tx

1
rell0dllg, 210l g, 2
We recall that according to our assumption || P 8t¢||L[q0 Ly < M||w||n, < M.

Also according to the energy estimate, [|0¢|| =, 12 < 2[|w|#, < 2. Therefore,

106l 22 < MUy g+ CIOH Iy, ox 100z, 12

[0,ts]

and, since C||0H ||fx 7~ < 1

0608 = 27

0%l es, 22 < 2MHfHL[q(;1t*]L;

we conclude that,

as desired.

To prove the Strichartz estimate for the spatial derivatives we rely on the
proof, given above, for P 0. We thus assume that the estimate (8.36) holds
true for P 0;¢ with a universal constant M.

To estimate ||P 8’€¢HLE’0,¢*]L§° it suffices to estimate the integral,

I= / P 0o fdtdx
[0,.]xR3

for functions f with [[f]|,+ ;. < 1. Let ¢ verify the equation Opy = Pf
[0,t4] 2

with ¥(t.) = Op(ts) = 0. Iﬁtegrating by parts as before we infer that

A :/ 8k¢ [qu/} :/ Hoﬁ <8k¢8,8¢ + 8k¢ 8ﬁ¢>
[0,t.]xR3 3o

_/ (DH¢ O — (8kHa5)aa¢aB¢>.
[0,t.]xR3
Once again
| Oné kvl < CIOH 1y, 12 106lL5, 22 10¥lI2zs, 12
[0,t.]xR3 [0,£x] [0,tx] [0,2+]

Also,
[ H06<ak¢a,aw+ak¢ag¢) < 106(0) 12100l 175, 12

[0,tx]

The energy estimate (151) gives [|06| L=, 12 < 2[|06(0)[|>. According to
Lemma 8.36 we have,

10| s

[0,t4]

L2 < 2M||f||LE1O,,L*]L}D'
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Observe that the M in Lemma 8.36 depends only on the Strichartz estimate
(153) for P 0;¢ which we have already proved. Therefore,

2] < CM|0¢(O)[z=( + N1OH |y, , 2 fll Ly -y < CM]06(0)] 22

which implies || P 3a¢||L‘[10 Ly < CM||04(0)]| 2 as desired. O

8.37. Commutator lemma. We conclude this section by presenting the
proof of Lemma 7.1 from Section 2.1. Recall that the definition of the exterior
region Ext; = {u <t/2}.

LEMMA 8.38. Consider a vectorfield X =, X'0; vanishing on the com-
plement of the exterior region Exty of 3 and P the standard Littlewood-Paley
projection on frequencies of size 1. Then, for arbitrary scalar functions f there
1s the inequality:

(167) 1P, X1 f 1|zt ) S 8P 105X | o ot ) || £l 2252 -
Z?]

Proof. First observe, by expanding X = X7 0; relative to our system
of coordinates on %, that [P, X]| = [Pd;, X7] — P(9;X7). We shall denote
P; = P0;, the modified cut-off of the unit frequencies. In what follows, the roles
of P and P; are identical. The convolution kernels of P, P; are represented by
the smooth functions P(x), P;(x) verifying the condition that |P(z)|,|P;(z)| S
|z|~* for any & > 0 and |x| > 1. In particular, for any functions w,v

v=[ Pz —y)(wly) —wx))v(y)dy

3
1
= _/0 /2 P(x —y)(z — y) Ow(te + (1 — 7)y)v(y) dy dr.
As a consequence,

(168) 1P, wlvl[L2 (s S IVl Lo @xt o 10l 22(2)-

A similar inequality also holds for P;.
We shall show that

1P, XV fll 2y + 1P (@5 XT) ) llacs) S 5up 10X | oo e |l 220 -
2V

Since all X7 vanish outside of Ext; and P is a bounded operator on L?(%;),
we can easily estimate the second term,

1P (05 X7) ) 2wy S sup 10:X7 ]| o= (e ) 1F | 2250 -
i,

According to (168) we also have
I[P, X1 f |2z S sup 105X || oo (e o) | F |l L2 (0 -
Z7‘7
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