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0. Introduction

In this paper, we solve the following extension problem.

Problem 1. Suppose we are given a function f : £ — R, where F is a
given subset of R”. How can we decide whether f extends to a C™~ 1! function
FonR"?

Here, m > 1 is given. As usual, C" 1! denotes the space of functions
whose (m — 1)™" derivatives are Lipschitz 1. We make no assumption on the
set F or the function f.

This problem, with C™ in place of C™ 11, goes back to Whitney [15],
[16], [17]. To answer it, we prove the following sharp form of the Whitney
extension theorem.

THEOREM A. Given m, n > 1, there exists k, depending only on m
and n, for which the following holds.

Let f : E — R be given, with E an arbitrary subset of R™.

Suppose that, for any k distinct points x1, ..., zx € E, there exist (m—1)""
degree polynomials Py, ..., P, on R™, satisfying

(a) Pi(xz;) = f(x;) fori=1,...,k;
(b) |0°P;(x;)| < M fori=1,...,k and |3| <m — 1; and

() 10°(Ps = Pj) ()| < Mlay — aj|™ 0 for i, j =1,... .k and |8] <m — 1;
with M independent of x1,...,xg.

Then f extends to a C™ 1 function on R™.

The converse of Theorem A is obvious, and the order of magnitude of the
best possible M in (a), (b), (¢) may be computed from f(x1),...,f(zx) by
elementary linear algebra, as we spell out in Sections 1 and 2 below. Thus,
Theorem A provides a solution to Problem 1. The point is that, in Theorem A,
we need only extend the function value f(z;) to a jet P; at a fixed, finite number
of points x1,...,x;. To apply the standard Whitney extension theorem (see
[9], [13]) to Problem 1, we would first need to extend f(x) to a jet P, at
every point z € E. Note that each P; in (a), (b), (c) is allowed to depend on
z1i,...,Zk, rather than on z; alone.

To prove Theorem A, it is natural to look for functions £ of bounded
C™ blnorm on R”, that agree with f on arbitrarily large finite subsets
Eqy C E. Thus, we arrive at a “finite extension problem”.

Problem 2.  Given a function f : E — R, defined on a finite subset
E C R”, compute the order of magnitude of the infimum of the C" norms of
all the smooth functions F': R™ — R that agree with f on E.
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To “compute the order of magnitude” here means to give computable
upper and lower bounds Migwer; Mupper, With Mypper < A Migwer, for a constant
A depending only on m and n. (In particular, A must be independent of the
number and position of the points of E.) Here, we have passed from ™11
to C™. For finite sets E, Problem 2 is completely equivalent to its analogue
for C™~11. (See Section 18 below for the easy argument.)

Problem 2 calls to mind an experimentalist trying to determine an un-
known function F' : R® — R by making finitely many measurements, i.e.,
determining F(x) for x in a large finite set E. Of course, the experimentalist
can never decide whether F' € C™ by making finitely many measurements, but
she can ask whether the data force the C™ norm of F to be large (or perhaps
increasingly large as more data are collected). Real measurements of f(z) will
be subject to experimental error o(z) > 0. Thus, we are led to a more general
version of Problem 2, a “finite extension problem with error bars”.

Problem 3. Let E C R" be a finite set, and let f: F - Rand o : F —
[0,00) be given. How can we tell whether there exists a function F': R™ — R,
with |[F(z) — f(z)] S o(z) for all z € E, and ||[F||cm@n) S 17

Here, P < (@ means that P < A - @Q for a constant A depending only on
m and n. (In particular, A must be independent of the set E.)

This problem is solved by the following analogue of Theorem A for finite
sets F.

THEOREM B. Given m,n > 1, there exists k%, depending only on m
and n, for which the following holds.

Let f : E - R and 0 : E — [0,00) be functions defined on a finite set
E CR". Let M be a given, positive number. Suppose that, for any k distinct
points x1,...,xx € E, with k < k#, there exist (m — 1) degree polynomials
P, ..., P, on R™, satisfying

(a) [Pi(wi) — f(xi)| < o(wi) fori=1,....k;
(b) 10°P;(x;)| < M fori=1,....k and |3| <m —1; and
(c) 105%(P;— P)(ws)| < M - |ay — x|V fori,j=1,....k and |B] < m— 1.

Then there exists F' € C™(R™), with ||[F||cm@mny < A- M, and |F(z) —
f@)| <A-o(x) forallz € E.

Here, the constant A depends only on m and n.

Again, the point of Theorem B is that we need look only at a fixed number
k# of points of E, even though F may contain arbitrarily many points. The-
orem B solves Problem 3; by specialization to ¢ = 0, it also solves Problem 2.
Once we know Theorem B, a compactness argument using Ascoli’s theorem
allows us to deduce Theorem A, in a more general form involving error bars.



512 CHARLES L. FEFFERMAN

In turn, Theorem B may be reduced to the following result, by applying the
standard Whitney extension theorem.

THEOREM C. Given m,n > 1, there exist k% and A, depending only on
m and n, for which the following holds. Let f: E — R and o : E — [0,00) be
functions on a finite set E C R™. Suppose that, for every subset S C E with at
most k* elements, there exists a function FS € C™(R™), with || F¥|cmgny < 1,
and |FS(x) — f(x)| < o(x) for allx € S.

Then there exists a function F' € C™(R"), with ||F|cm@ny < A, and
|F(z) — f(z)]| < A-o(x) for allx € E.

Thus, Theorem C is the heart of the matter. In a moment, we sketch
some of the ideas in the proof of Theorem C.

First, however, we make a few remarks on the analogue of Problem 1 with
C™ in place of ™11, This is the most classical form of Whitney’s extension
problem. Whitney himself solved the one-dimensional case in terms of finite
differences (see [16]). A geometrical solution for the case of C1(R") was given
by Glaeser [8], who introduced the notion of an “iterated paratangent bundle”.
The correct notion of an iterated paratangent bundle relevant to C™(R"™) was
introduced by Bierstone-Milman-Pawtucki. (See [1], which proves an extension
theorem for subanalytic sets.) It would be very interesting to generalize the
extension theorem of [1] from subanalytic to arbitrary subsets of R™. I hope
that the ideas in this paper will be helpful in carrying this out. I have been
greatly helped by discussions with Bierstone and Milman. Note: Since the
above was written there has been progress on this matter; see forthcoming
papers by Bierstone-Milman-Pawlucki, and by me.

Y. Brudnyi and P. Shvartsman conjectured a result analogous to our The-
orem C, but without the function o, and with C™~ ! replaced by more general
function spaces. They conjectured also that the extension F' may be taken to
depend linearly on f. For function spaces between CY and C!, they succeeded
in proving their conjectures by the elegant method of “Lipschitz selection,” ob-
taining in particular an optimal k#. Their results solve our Problem 1 in the
simplest nontrivial case, m = 2. We refer the reader to [2], [3], [4], [5], [6], [10],
[11], [12] for the above, and for additional results and conjectures. A forthcom-
ing paper [7] will settle some of the issues raised by Brudnyi and Shvartsman,
to whom I am grateful for bringing these matters to my attention.

Next, we explain some ideas from the proof of Theorem C, sacrificing
accuracy for ease of understanding.

One ingredient in our proof is the following standard result on convex sets.

HELLY’S THEOREM (see, e.g., [14]). Let J be a family of compact, convex
subsets of R, any (d+1) of which have nonempty intersection. Then the whole
family J has nonempty intersection.
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The following observation is typical of our repeated applications of Helly’s
theorem in the proof of Theorem C. Let P denote the vector space of (m —1)™*
degree polynomials on R", and let D be its dimension. For F' € C™(R™) and
y € R", let Jy(F) denote the (m — 1) jet of F' at y. Let E, f,0 be as in the
hypotheses of Theorem C. Fix y € R". Then there exists a polynomial P, € P,
with the following property:

(1) Given S C FE with at most k#/(D 4 1) elements, there exists
FS € C™(R"), with |[F®||cmgsy < 1, [FS(z) — f(z)] < o(z) on S,
and J,(F®) = P,.

Thus, we can pin down the (m — 1) jet of FS at a single point y, at the
cost of passing from k% to k% /(D +1). We may regard P, as a plausible guess
for the (m — 1) jet at y of the function F' in the conclusion of Theorem C. Let
us call P, a “putative Taylor polynomial”.

To prove (1), let S denote the family of subsets S C E with at most
k% /(D + 1) elements. To each S C E (not necessarily in S), we associate a
subset K(S) C P, defined by

K(S) = {Jy(F) : | Fllem@n < 1,[F(z) = f(x)] < o(x) on 5}

Each IC(S) is convex and bounded. In this heuristic introduction, we ignore
the question of whether K(S) is compact. If Si,...,Sp+1 € S are given, then
S =S U---USpy1 C E has at most k7 elements, hence K(S) is nonempty,
thanks to the hypothesis of Theorem C. On the other hand, we have the
obvious inclusion K(S) C IC(S;) for each i. Therefore, K(S1)N---NK(Sp+1)
is nonempty, for any Si,...,Sp+1 € S. Applying Helly’s theorem, we obtain
a polynomial P, € P belonging to K(S) for every S € S. Property (1) is now
immediate from the definition of K(.5).

Unfortunately, property (1) need not uniquely specify the polynomial P, .
Therefore, if we are not careful, we may associate to two nearby points y and
y' putative Taylor polynomials P, and P, that have nothing to do with each
other. If we are hoping that P, and P, will be the jets of a single C"™ function
at the points y and ¢/, then we will be in for a surprise.

To express the ambiguity in choosing a putative Taylor polynomial, we
introduce the notion of a polynomial that is “small on F near y”. If y € R"
and PePisa polynomial, then we say that P is small on E near y, provided
the following holds:

(2) Given S C E with at most k%/(D + 1) elements, there exists
©° € C™(R"), with ||g05||cm(Rn) < A, |¢%()| < Ao(x) on S, and

~

Jy(‘PS) =P

Here, A is a suitable constant. The connection of this notion to the
ambiguity of the putative Taylor polynomial P, is immediately clear. If two
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polynomials P;l) and Pf) both satisfy (1), then their difference Pzgl) - Py@)
evidently satisfies (2), with A = 2. Conversely, if P, satisfies (1), and P satisfies
(2), then one sees easily that P, + P satisfies the following condition, which is
essentially as good as (1):

(3) Given S C E with at most k* /(D + 1) elements, there exists
FS € O™, with | FS | onzn < A+ 1, [FS(x) — f(2)] < (A+1)-o(z)
on S, and J,(FS) = P, + P.

Thus, the ambiguity in the putative Taylor polynomial lies precisely in the
freedom to add an arbitrary polynomial P € P that is “small on E near y”.

It is therefore essential to keep track of which polynomials P are small
on E near y. If A is a set of multi-indices 5 = (f1,...,03,) of order |B] =
b1+ -+ Bn <m—1, then let us say that E has “type A" at y (with respect
to o) if there exist polynomials P, € P, indexed by « € A, that satisfy the
conditions:

(4) Each P, is small on E near y, and
(5) 0PPa(y) = 050 (Kronecker delta) for 3, a € A.

Note that if E has type A, then automatically F has type A’ for any
subset A" C A.

A crucial idea in our proof is to formulate a “Main Lemma for A”, for
each set A of multi-indices of order < m — 1. The Main Lemma for A says
roughly that if E has “type A” at y, then a local form of Theorem C holds in
a fixed neighborhood of y. Suppose we can prove the Main Lemma for all A.
Taking A to be the empty set, we know that (trivially) E has type A at every
point y € R™. Hence, a local form of Theorem C holds in a ball of fixed radius
about any point y. A partition of unity allows us to patch together these local
results, and deduce Theorem C.

Thus, we have reduced matters to the task of proving the Main Lemma
for any set A of multi-indices of order < m — 1. We proceed by induction on
A, where the sets A are given a natural order <. In particular, if A" C A, then
A < A’ under our order; thus, the empty set is maximal, and the set M of all
multi-indices of order < m — 1 is minimal under <. The induction on A thus
starts with A = M and ends with A = empty set.

For A = M, the Main Lemma is trivial, essentially because the hypothesis
that E is of type M forces o(x) to be so big that we may take F' = 0 in the
conclusion of Theorem C, without noticing the error.

For the induction step, we fix A # M, and assume that the Main Lemma
holds for all A’ < A. We have to prove the Main Lemma for .A. Thus, suppose
E is of type A at y. We start with a cube Q° of small, fixed sidelength,
centered at y. We then make a Calderén-Zygmund decomposition of Q° into
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subcubes {@,}. To construct the @,, we repeatedly “bisect” Q° into ever
smaller subcubes, stopping at (), when, after rescaling (), to the unit cube,
we find that E has type A’ for some A’ < A. Using the induction hypothesis,
we can deal with each @, locally. We can patch together the local solutions
using a partition of unity adapted to the Calderén-Zygmund decomposition.
This completes the induction step, establishing the Main Lemma for every A,
and completing the proof of Theorem C.

We again warn the reader that the above summary is oversimplified. For
instance, there are actually two Main Lemmas for each A. The phrases “pu-
tative Taylor polynomial”, “small on F near y”, and “type A” do not appear
in the rigorous discussion below; they are meant here to motivate some of the
rigorous developments in Sections 1 through 19.

In Section 19 below, we give a (wasteful) effective bound for the constant
k# in Theorems B, C and the constant k in Theorem A.

It is a pleasure to thank Eileen Olszewski for skillfully TEXing my hand-
written manuscript, and suffering through many revisions.

1. Notation

Fix m,n > 1 throughout this paper.

C™(R™) denotes the space of functions F' : R”™ — R whose derivatives of
order < m are continuous and bounded on R"™. For F € C™(R"), we define
|F || Ry = SUDern MaX g <,y |07 F(2)], and

0™ F[|corny = sup max 0P F ()]
zeRn |Bl=m
For F € C™(R"™) and y € R", we define J,(F') to be the (m — 1) jet of F" at y,
i.e., the polynomial

Jy(F)(@)=

18| <m—1

1

5 (07F) - (e =)’

C™~LL(R™) denotes the space of all functions F : R® — R, whose deriva-
tives of order < m — 1 are continuous, and for which the norm

0P F(x) — 9°F (y)|
Fllgm-11pny = max sup |0°F(z)| + sup |
IFllnsnen = s § mup [0°F@)]+ sup ==

is finite.

Let P denote the vector space of polynomials of degree < m — 1 on R"
(with real coefficients), and let D denote the dimension of P.

Let M denote the set of all multi-indices § = (81,...,5,) with |8] =
i+ + B <m—1.

Let M™ denote the set of multi-indices 8 = (84, . .., 3,) with |3] < m.
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If o and B are multi-indices, then 63, denotes the Kronecker delta, equal
to 1 if 8 = a and 0 otherwise.

We will be dealing with functions of x parametrized by y (z,y € R").
We will often denote these by ¢¥(z), or by PY(z) in case z +— PY(z) is a
polynomial for fixed y. When we write 9°PY(y), we always mean the value of
(%)ﬁPy(x) at © = y; we never use 9°PY(y) to denote the derivative of order
B of the function y — PY(y).

We write B(z,r) to denote the ball with center x and radius r in R™. If @
is a cube in R", then dg denotes the diameter of @); and @* denotes the cube
whose center is that of @), and whose diameter is three times that of Q).

If Q is a cube in R™, then to “bisect” @ is to partition it into 2" congruent
subcubes in the obvious way. Later on, we will fix a cube Q° C R”, and define
the class of “dyadic” cubes to consist of Q°, together with all the cubes arising
from Q° by repeated bisection. Each dyadic cube @ other than Q° arises from
bisecting a dyadic cube QT C Q°, with dg+ = 2dg. We call QT the dyadic
“parent” of ). Note that QT C Q*.

For any finite set X, write #(X) to denote the number of elements of X.
If X is infinite, then we define #(X) = co.

This paper is divided into sections. The label (p.q) refers to formula (q)
in Section p. Within Section p, we abbreviate (p. q) to (q).

Let & = (z1,...,x%) be a finite sequence consisting of k distinct points
of R™. On the vector space P @ --- ® P (k copies), we define quadratic forms
Qo(+;E), Q1(; 1), Q(; ) as follows. Given P = (Pu)i<uy<k € P& --- D P, we
define

Qo(ﬁ§f): Z Z (8'6(Pu)($u))2

1<p<k |B|<m—1

QP;)= Y. Y (98B B)(,)? |z — | 21D

1<p,v<k <m—1
(n#v) |ﬂ\_m

Q(P; &) = Qu(P; &) + Qu(P; 7).

If f: F— R with z1,...,2; € E, then we define HfH%m(f) to be the minimum

of Q(P;Z) over all P = (Pu)i<u<k € P @ --- @ P subject to the constraints
Py(x,) = f(z,) forall p=1,... k.
Note that elementary linear algebra gives

k

HfH%‘m(:?:‘) = Z aw(f)f(xu)f(l‘l/)

pr=1

for a positive-definite matrix (a,, (%)) whose entries are rational functions of
Tlyeees Tk
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2. Statement of results

THEOREM 1. Given m,n > 1, there exist constants k¥, A, depending only
on m and n, for which the following holds.

Let E C R™ be a finite set, and let f : E — R and 0 : E — [0,00) be
functions on E.

Assume that, for every subset S C E with #(S) < k7, there exists a
function 5 € C™(R™), with ||[F*| cm@®ny < 1, and |F3(z) — f(x)| < o(x) for
allx € S.

Then there exists a function F' € C™(R"), with ||F|cm@ny < A, and
|F(x) — f(z)| < Ao(x) for all x € E.

THEOREM 2. Given m,n > 1, there exist constants k¥, A, depending only
on m and n, for which the following holds.

Let E C R™ be an arbitrary subset, and let f : E — R and o : E — [0, 00)
be functions on E.

Assume that, for every subset S C E with #(S) < k¥, there exists a
function F¥ € O™~ LY (R, with HFSHCm_l,l(Rn) <1, and |F%(z) — f(z)| <
o(x) forallx € S.

Then there exists a function F € C™ MHR™), with || F|
and |F(x) — f(x)] < Ao(x) for all z € E.

C7n71,1(Rn) < A7

THEOREM 3. Given m,n > 1, there exists k%, depending only on m
and n, for which the following holds.

Let E C R™ be an arbitrary subset, and let f : E — R be a function on E.
Then f extends to a C™ 1 function on R™, if and only if

sup || f{|gm(z) < o0,
xr

where & varies over all sequences (x1,...,xy) consisting of at most k¥ distinct
elements of E.

3. Order relations involving multi-indices

We introduce an order relation on multi-indices. Let a = (ay,...,ay)
and 3 = (f1,...,By) be distinct multi-indices. Since o and (3 are distinct, we
cannot have aq + -~ +ap = B1+---+ O for all k = 1,...,n. Let k be the
largest k for which oy + -+ 4+ ay # 81 + -+ + Bk. Then we say that o < g if
and only if a1 +--- + af < B1 + -+ + B;. One checks easily that this defines
an order relation, which we use on multi-indices throughout this paper.

Next, we introduce an order relation on subsets of M, the set of multi-
indices of order at most m — 1. Suppose that A and B are distinct subsets
of M. Then the symmetric difference A A B = (A~ B)U (B A) is nonempty.
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Let o be the least element of A A B (under the above ordering on multi-
indices). We say that A < B if « belongs to A. Again, one checks easily
that this defines an order relation; and we use this order relation on sets of
multi-indices throughout this paper.

We need a few simple results on the above order relations.

LEMMA 3.1. If a and 8 are multi-indices with || < |3, then a < 3.
LEMMA 3.2. If A, AC M, and if AC A, then A< A.
LEMMA 3.3. Let A C M, and let ¢ : A — M. Suppose that
(1) ¢(a) <« for all a € A.
(2) For each o € A, either ¢p(a)) = a or ¢p(a) ¢ A.
Then ¢(A) < A, with equality if and only if ¢ is the identity map.

Lemmas 3.1 and 3.2 are immediate from the definitions. We give the proof
of Lemma 3.3, first showing that ¢(A) < .A. We use induction on #(.A), the
number of elements of A. For #(A) = 0, the lemma holds trivially, since
A = ¢(A) = empty set. For the induction step, fix £ > 1, assume that (1) and
(2) imply ¢(A) < A whenever #(A) =k — 1, and fix A C M with #(A) = k.
Let « be the least element of A, and let 3 be the least element of ¢(A). From
(1) we see that § < a. If § < «, then f is the least element of ¢(A) A A;
hence ¢(A) < A by definition. If instead 8 = «, then we apply our induction
hypothesis to A\ {a}. Note that #(A \ {a}) =k — 1, and that

3) (AN A{a}) & (AN H{a}) = A A ¢(A).

The inductive hypothesis gives (AN {a}) < AN{a}, and therefore ¢(A) < A,
thanks to (3). This completes the induction step. Hence, (1) and (2) imply
d(A) < A. Also, (2) shows at once that ¢(A) # A whenever ¢ is not the
identity map. The proof of Lemma 3.3 is complete. O

Note that in view of Lemma 3.2, the empty set is maximal, and the set
M is minimal, under the order <.

4. Statement of two main lemmas

Fix A C M. We state two results involving A.

WEAK MAIN LEMMA FOR A. Given m,n > 1, there exist constants
k# . ag, depending only on m and n, for which the following holds. Suppose we
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are given a finite set E C R™ and functions f : E — R and 0 : E — (0,00).
Suppose we are given also a point y° € R™ and a family of polynomials P, € P,
indexed by o € A. Assume that the following conditions are satisfied:

(WL1) 9°P,(y°) = 654 for all B,a € A.
(WL2) |0°Py(y°) =60l < ag for alla € A, 3 € M.

(WL3) Given S C E with #(S) < k%, and given o € A, there exists 3 €
C™(R™), with

(a) [0m@5lcomn) < ao.
(b) |p5(x)| < Co(x) for allx € S.

(c) Jyo(¢g) = Pa
(WL4) Given S C E with #(S) < k¥, there exists F¥ € C™(R™), with

(a) [F®]lcm@n < C-
(b) |FS(x) — f(x)| < Co(x) for allz € S.

Then there exists F' € C™(R"™), with
(WL5) [|Fl|gm@ny < C" and
(WL6) |F(z) — f(z)| < C'o(x) for allx € EN B(y°,c).
Here, C" and ¢ in (WL5, 6) depend only on C,m,n in (WL1,... 4).

STRONG MAIN LEMMA FOR A.  Given m,n > 1, there exists k7, de-
pending only on m and n, for which the following holds. Suppose we are given
a finite set E C R"™, and functions f : E — R and o : E — (0,00). Suppose we
are given also a point y° € R™, and a family of polynomials P, € P, indexed
by a € A. Assume that the following conditions are satisfied:

(SL1) 9°P,(y°) = g4 for all a, B € A.
(SL2) |0°Py(y®)| < C for alla € A, B € M with 3 > a.

(SL3) Given S C E with #(S) < k¥, and given o € A there ezists 5 €
C™ (R, with
(8) 10" ey < C.
() |3 (x)| < Co(z) for allz € S.
(¢) Jyo(p) = Pa
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(SL4) Given S C E with #(S) < k*#, there exists F* € C™(R"), with

(a) [1F]om@ny < C.
(b) |F(z) — f(x)| < Co(x) for allxz € S.

Then there exists F' € C™(R™), with
(SL5) [[Flgm®n) < C
and
(SL6) |F(x) — f(z)| < C'o(x) for allz € EN B(y°,¢).
Here, C' and ¢ in (SL5, 6) depend only on C,m,n in (SL1,...,4).

5. Plan of the proof

We explain here the plan of our proof of the two Main Lemmas, and
indicate briefly how these lemmas imply Theorems 1, 2, 3. To prove the Main
Lemmas for A, we proceed by induction on A, where subsets A C M are
ordered by < as described in Section 3. More precisely, we will prove the
following results.

LEMMA 5.1. The Weak Main Lemma and the Strong Main Lemma both
hold for A = M. (Recall that M is minimal under <.)

LEMMA 5.2. Fiz A C M, with A # M. Assume that the Strong Main
Lemma holds for each A < A. Then the Weak Main Lemma holds for A.

LEMMA 5.3. Fiz A C M, and assume that the Weak Main Lemma holds
for all A < A. Then the Strong Main Lemma holds for A.

Once we have established these three lemmas, the two Main Lemmas must
hold for all A, by induction on .A.

Next, we explain how to deduce Theorems 1, 2, 3 from the above Main
Lemmas. Taking A to be the empty set in, say, the Weak Main Lemma, we see
that hypotheses (WL 1, 2, 3) hold vacuously; hence we obtain the following
result.

LoCAL THEOREM 1. Given m,n > 1, there exist k¥#, A, ¢ depending
only on m and n, for which the following holds. Let E C R™ be finite, and let
f:E—Rando:E — (0,00) be functions. Let y° € R". Assume that, given
S C E with #(S) < k¥, there exists 'S € C™(R™), with || F*|
|FS(z) — f(z)| < o(z) forallz € S.

Then there exists F € C™(R"), with ||[F||cm®n) < A, and |F(z) — f(x)] <
Ao () for allx € ENB(y°, ).

Crn(Rn) S 1, G/Ild
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Once we have Local Theorem 1, it is easy to relax the hypothesis ¢ : £ —
(0,00) to 0 : E — [0,00) by a limiting argument. We may then deduce a
local version of Theorem 2 by a compactness argument, reducing matters to
the Local Theorem 1 by Ascoli’s theorem. Next, a partition of unity allows
us to pass from the local versions of Theorems 1 and 2 to the full results as
given in Section 2. Finally, Theorem 3 follows from the special case ¢ = 0
of Theorem 2, by application of the standard Whitney extension theorem for
Cm=b1 to each S C E with #(S) < k#. The details of how we pass from our
Main Lemmas to Theorems 1, 2, 3 are given in Section 18 below.

We end this section with a few remarks on the proofs of Lemmas 5.1, 5.2,
5.3. We will see that Lemma 5.1 is easy, and Lemma 5.3 may be proven
without much trouble, by making a rescaling of the form (z1,...,z,) —
(Mz1,. .., Apxy) on R, for properly chosen Ai,...,\,. The hard work goes
into the proof of Lemma 5.2. A key property of subsets A C M, relevant to
the proof of Lemma 5.2, is as follows.

We say that A C M is monotonic if, for any o € A, we have a +vy € A
for all multi-indices v of order |v| <m —1 — |a].

Lemma 5.2 is easy for nonmonotonic .A. The main work in our proof lies
in establishing Lemma 5.2 for monotonic .A. This completes our discussion of
the plan of the proof.

6. Starting the main induction

In this section, we give the proof of Lemma 5.1. We will show here that
the Strong Main Lemma holds for A = M. The argument for the Weak Main
Lemma is nearly identical.

Suppose E, f,0,9°, P.(a € A) satisfy hypotheses (SL1,..., 4) with
A = M. From (SL1) with A = M, we see that Py(z) = L(z — y°)* for
all @« € A. In particular, Py(x) = 1. Hence, (SL3) with a = 0, tells us the
following;:

Given S C E with #(S) < k#, there exists p° € C™(R"), with
(a) 0™0%lcomn) < C-
(b) |¢°(x)] < Co(x) for all z € S.
(©) (%) = 1.

We take k# = 1, and apply the above result to S = {y} for an arbitrary
y € E. From (a) and (c) above, we conclude that

(1) |¢¥ — 1] < % on B(y°,¢), with ¢ determined by C,m,n in (a), (b), (c).
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In particular, if y € E N B(y", ), then (b) and (1) give 1 < |¢¥(y)| < Co(y).
Thus,

(2) o(y) > 5 for all y € ENB(y°,¢).

Next, we apply (SL4) with k#* = 1, S = {y}, v € E n B(°¢).
We conclude that there exists F* € C™(R"), with ||[F¥||cmgn) < C and
[F5(y) — f(y)| < Co(y).

In particular, |F¥(y)| < C and |F¥(y) — f(y)| < Co(y). Hence, |f(y)| <
C+ Co(y) < 2C%0(y) + Co(y), thanks to (2). Thus, |f(y)| < (2C%?+C)-a(y)
for all y € E N B(y°, ¢). Consequently, the conclusions (SL5, 6) hold, with
F = 0. The proof of Lemma 5.1 is complete. O

7. Nonmonotonic sets

In this section, we will prove Lemma 5.2 in the (easy) case of nonmono-
tonic A.

LEMMA 7.1. Fiz a nonmonotonic set A C M, and assume that the Strong
Main Lemma holds for all A < A. Then the Weak Main Lemma holds for A.

Proof. Since A is not monotonic, there exist multi-indices &, %, with

(1) acAa+ye M A
We set
(2) A= Aufa+7),

and we take k7 as in the Strong Main Lemma for A. By Lemma 3.2 we have
A < A; hence, we may assume here that the Strong Main Lemma holds for A.

Let E, f,0,4°, Py(a € A) be as in the Weak Main Lemma for A. Thus,
(WL1,...,4) hold. We must prove that there exists F' € C"™(R") satisfying

(WL5, 6).
Define
L sr G
@m0 = 3 (GOR) 6

|Bl<m—1-[5|
Thus, P, € P is defined for all @ € A. From (3) we obtain easily, for any
B € M, that
al
(@+7)!
0 if 8 doesn’t have the form 34 7

!
36P&+&(.’UO) ={ p

8’@P (y°) - if 3 = 3+ 7 for a multi-index 3
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Consequently, (WL2) gives
(4) |85P@+fy(y0) — 5ﬁ7@+,7| S C,CLO for all /8 S M,

with C” determined by m and n.
From (4) and another application of (WL2), we see that

(5) 10° P (4°) — 00| < C'ag  foralla e A, B e M,

with C” depending only on m and n.
If ag is a small enough constant determined by m and n, then (5) shows
that the matrix

(0"Pa(y"))a,pea
is invertible, and that the inverse matrix (Mara)y ac 4 Satisfies
(6) |Ma’a| <c”

with C” depending only on m and n. We fix ag to be a small enough constant,
depending only on m and n, guaranteeing (6). By definition of (My), we

have
(7) o= 0°Pour(y°) - Mya for all 8, a € A.
a’'eA
We define
(8) Po=> Po My for all a € A.
a’'eA

From (7), (8), we have

9) 9P Po(y®) = 034 for all a, 3 € A.
From (5), (6), (8) we have
(10) 10°P,(y°)| < C"  forallac A, B €M,

with C"” depending only on m and n.

Next, let S C E be given, with #(S) < k#. For a € A, let ©3 be as in
(WL3). We define also
|

7)!

(11) pars(®) = (x — %) x(z —1°) - @5 () -

Q |

on R",

_l’_

(o
where y satisfies

(12) x|

with C{ determined by m and n.
From (WL2, 3(a), 3(c)), we see that |3 [cm(pue2) < Cf, with C{'
determined by m and n. Together with (12), this implies

cm@ny < C1,x =1 on B(0,1), supp x C B(0,2),

(13) 10" va+5llcomny < Cf" with ¢ determined by m and n.
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Also, for z € S we have |ps+5(7)| < Chlp3(z)| with Cy determined by m and
n, simply because |(x — y°)7x(z — y")| < CJ on R™ (see (11), (12)). Hence,
(WL3 (b)) implies
(14) [pars(z)] < CglpS(x)] < C30(x) forall z € S,
with C3 determined by C,m,n in (WLL, ..., 4).
Also, from (11), (12) and (WL3 (c)), we find that
!

Yaty(T) — (z — ") Pa(x) = O(Jz — y°|™) as = — 3°.

>

(@+7)
On the other hand, (3) implies

al _
Pais(z) — ——— - (z — y°) Ps(z) = O(|lz — y°|™) as z — ¢°.
+’y()(+7)( ) Pa(z) = O] ™)

Hence,
(15) oty (t) = Pass(@) = Olz — ") asz — 4.
Since paty € C™(R™) and Py € P, (15) implies
(16) Ty (9345) = Paty.
From (13), (14), (16) together with (WL3), we have the following result.
(17) Let S C E with #(S) < k¥, and let a € A.

Then there exists ¢35 € C™(R"), with
(a) [[0™¢5 | corny < Cu,
() |3 (x)] < Cyo(z) for all z € S,
(c) Jyo (80‘2) = Fa,
where Cj is determined by C,m,n in (WLL,..., 4).
Next, given S C E with #(S5) < k7, and given a € A, define

(18) @g = Z 902'M0/0w
a’€A
From (17)(a),(b) and (6), we see that
(19) 10™ @3 || corny < Cs
and
(20) @3 ()| < Cso(x) for all z € S,

with C5 determined by C,m,n in (WL, ..., 4).
Also, (8), (18), (17)(c) together yield

(21) Jy(75) = Pa

Now we can check that E, f,0,y°, P,(a € A) satisfy the hypotheses
(SL1,..., 4) of the Strong Main Lemma for A, with a constant determined
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by C,m,n in (WL1,..., 4). In fact, (SL1) for the P, is just (9); (SL2) for
the P, is immediate from (10); (SL3) for the P, is immediate from (19), (20),
(21); and (SL4) for the P, is just (WL4). (Note that, to prove (SL2) for the
P, we need (10) only for 3 > «.)

Applying the Strong Main Lemma for A, we conclude that there exists

F € C"™(R"™), with
(22)

| Fl[cm@ny < Cs, and [F(x) — f(z)| < Cgo(x) for all x € EN By, cr),
where Cg and c¢7 are determined by C,m,n in (WL1, ..., 4) for the P, (« € A).

However, (22) is the conclusion of the Weak Main Lemma for \A. Thus,
the Weak Main Lemma holds for A. The proof of Lemma 7.1 is complete. [J

8. A consequence of the main inductive assumption

In this section, we establish the following result.

LEMMA 8.1. Fix A C M, and assume that the Strong Main Lemma holds,
for all A < A. Then there exists kﬁd, depending only on m and n, for which
the following holds. Let A > 0 be given. Let Q C R™ be a cube, E C R" a
finite set, f : E >R and o : B — (0,00) functions on E. Suppose that, for
each y € Q**, we are given a set AY < A and a family of polynomials P4 € P,
indexed by o € AY. Assume that the following conditions are satisfied:

(G1) 9PPY(y) = 0 for all B,a € AY, y € Q**.
(G2) [8°PY(y)| < A0 for alla € A¥, 3> a, y € Q*.

(G3) Given S C E with #(S) < kﬁd, and given y € Q** and o € AY, there
exists o5 € C™(R™), with

(a) 1075l comny < A0,
(b) |5(z)] < Aégl_ma(m) forallz €S,
(c) Jy(wa) = Pd.
(G4) Given S C E with #(S) < kﬁd, there exists F* € C™(R™), with
(8) 19°FS||cogeny < As " for all 8 with |8 < m,
(b) |FS(x) — f(z)] < Ao(z) for allx € S.
Then there exists F' € C™(R™), with

(G5) 10°F || coqmny < A0y~ for all B with | < m, and
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(G6) |F(z) — f(z)| < Alo(z) for all x € ENQ*.
Here, A’ depends only on A, m,n.

Proof. By a rescaling, we may reduce matters to the case dg = 1. In

A — =Y —lal po =5 —|a
fact, we set 9 = 6Q1Q, P, () = 5Q| | PatY(gx), P, (z) = 5Q| | S (0gm),

-3 = R _ .
55 S, F (x)= 55m'Fs(5Qx), f(z)= 5c_gm-f(5Qa:), o(x) = do o(0gx),
_ s—1 7
_— (5Q . E. _ B
If (G1,..., 4) hold for Q, E, f, o, then (G1,. .., 4) hold also for Q, E, f,0
with the same constant A. If Lemma 8.1 holds in the case g =

tqncou

1
in particular it holds for @, Hence, there exists Fe C™(R™), with
= - — —%
| Fllgmmny <A and | F (z)— f (2 )| <A o(x)forallz eENQ .

Defining F'(z) = 65, - F ((5Q x), we conclude that F satisfies (G5, 6). Thus,
as claimed, it is enough to prove Lemma 8.1 in the case dgp = 1.

Let g = 1, and assume (G1,..., 4). For each y € Q**, the hypothe-
ses (SL1,..., 4) for the Strong Maln Lemma for AY hold, with E, f,o,y,
Pi(a € AY),A in place of E, f,0,94° Po(a € A), C in (SL1,...,4). In
fact, (SL1,...,4) for E,f, o,y, Pi(a € AY), A are immediate from (G1,...,
4), where we define kzﬁ q to be the maximum of all the k# arising in the Strong
Main Lemma for all A(A < A).

Hence, for each y € @Q**, the Strong Main Lemma for AY produces a
function F¥ € C™(R™), with

(1)
|FY | cmezny < A, and |F¥(z) — f(z)] < A'o(z) forall =€ EnB(y,c),

where A" and ¢’ are determined by A,m,n in (G1,..., 4).
To exploit (1), we use a partition of unity

1o
7

Vmax

(2) 1= Z 0,(x) on QF, where
v=1

(3) 0<6,<1 on R%

(4) supp b, C B(y,, ) with

(5) Yy € Q™ and ¢ as in (1);

(6) 16 ]lcm @y < C and

(7) Vmax < C; where C’ is determined by ¢/, m,n,

hence by A, m,n.
We then define F' =3 /™% 0, - F¥». From (1), (6), (7) we conclude that
(8) IF||gm@ny < C" with C” determined by A, m,n.



A SHARP FORM OF WHITNEY’S EXTENSION THEOREM 527

From (1),...,(5), we conclude that every x € E'N Q* satisfies

Vmax Vmax

|F(z) = f(@)| =] D 0 (2)F(x) = > 0,(x)f(x)
v=1 v=1

Vmax

<D 6u(@) [ (z) — f(o)
v=1

< f 0,(z) - Ao(z)
v=1
=A'o(z).
Thus
(9) |F(x) — f(z)| < Alo(x) forall ze ENQ*,

with A’ determined by A, m,n.
Estimates (8) and (9) are the conclusions of Lemma 8.1, since we are
assuming that dg = 1. The proof of the lemma is complete. O

9. Setup for the main induction

In this section, we give the setup for the proof of Lemma 5.2 in the mono-
tonic case.

We fix m,n > 1 and A € M. We let k¥ be a large enough integer,
determined by m and n, to be picked later. Suppose we are given a finite set
E C R", functions f : E — R and 0 : E — (0,00), a point 3° € R", a family
of polynomials P, € P indexed by a € A, and a positive number a;. We fix
A k7 E, f,0,9°, (Py)aca, a1 until the end of Section 15, making the following
assumptions.

(SUO) A is monotonic, and A # M.

(SU1) The Strong Main Lemma holds for all A < A.
(SU2) 9°P,(y°) = 64 for all B,a € A.

(SU3) |0°P,(y°) —0ga| < ap forallae A, 3 e M.
(SU4)

(SU5)

a1 is less than a small enough constant determined by m and n.

(e

5) Given S C E with #(S) < k%, and given a € A, there exists ¢ €

C™(R™), with
() [0™¢5 llcogen) < ar.
() |3 (x)| < o(x) for all z € S.

(c) Jyo(ng) = Pa.
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(SU6) Given S C E with #(S) < k%, there exists ¥ € C™(R"), with

(a) [IF7]

cn@ny < 1,
(b) |FS(x) — f(x)] < o(x) for all z € S.
The main effort of this paper goes into proving the following result.
LEMMA 9.1. Assume (SUO,...,6). Then there exists F' € C™(R"), with
(@) [[Fllommn) < A,

(b) |F(z) — f(z)| < Ao(z) for all x € EN B(y°,a), where A and a are
determined by a1, m,n.

Once we establish Lemma 9.1, then Lemma 5.2 will follow easily, as we
explain in a moment. First, however, we point out a few minor differences
between Lemmas 9.1 and 5.2. In the Weak Main Lemma, the constant ag
depends only on m and n. Hence, the same is true in Lemma 5.2. On the
other hand, in Lemma 9.1, the analogous constant a; is said merely to be less
than a small enough constant determined by m and n. We do not assume in
Lemma 9.1 that a; is determined by m and n. Also, if we compare (WL3
(b)) and (WL4) with (SU5 (b)) and (SU6), we see that the constant C in the
statement of the Weak Main Lemma has in effect been set equal to 1 in the
statement of Lemma 9.1.

Now we check that Lemma 5.2 follows from Lemma 9.1. Thus, we fix
AC M (A# M) as in Lemma 5.2, and assume that the Strong Main Lemma
holds for all A < A. We must prove that the Weak Main Lemma holds for A.
This follows at once from Lemma 7.1 if A is nonmonotonic. Hence, we may
assume that A is monotonic. We will show that the Weak Main Lemma for
A holds in the special case C' = 1. To see this, we invoke Lemma 9.1, with aq
taken to be a constant determined by m and n, small enough to satisfy (SU4).
We take ap = aj, and assume the hypotheses (WL1,...,4) of the Weak Main
Lemma, with C' = 1. Let us check that hypotheses (SUO,...,6) are satisfied.

In fact, we are assuming (SUO, 1, 4). The remaining hypotheses (SU2,
3, 5, 6) are precisely the hypotheses (WL1,...,4) of the Weak Main Lemma
for A, with C' = 1. Thus, (SUO,...,6) are satisfied. Applying Lemma 9.1, we
obtain a function F' € C™(R"), with

(1) [[Fllemmny <A, and |F(z) — f(z)| < Ao(z) for all z € EN B(°, a),

where A and a are determined by aq,m,n. Since we have picked a1 to depend
only on m and n, it follows that also A and a are determined by m and n.
Therefore, (1) is precisely the conclusion (WL5, 6) of the Weak Main Lemma
for A, with C = 1.
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Thus, we have proven the Weak Main Lemma for A, in the special case
C = 1. On the other hand, it is trivial to reduce the Weak Main Lemma
for A to the special case C' = 1. In fact, if hypotheses (WLI,... 4) are
satisfied, with C # 1, then we just set 6(z) = Co(z) and f(z) = (C+1)"' f(x)
for all x € E. One checks that (WL1,...,4) are satisfied, with C' = 1, by
E.f,5,4° A, P.,(a € A). Applying the Weak Main Lemma for A, with C' = 1,
to E, f,5,4°, P.(a € A), we obtain the conclusion of the Weak Main Lemma
for A, for our original E, f,0,y°, P,(a € A).

This proves the Weak Main Lemma for A in the general case, and com-
pletes the proof of the following result.

LEMMA 9.2. Lemma 9.1 implies Lemma 5.2.

We begin the work of proving Lemma 9.1. We write ¢, C,C’, etc. to de-
note constants determined entirely by m and n and call such constants “con-
trolled”. We write a,a’, A, A’, etc. to denote constants determined by a1, m,n
in (SUO,...,6) and call such constants “weakly controlled”.

We fix a constant kfil 4> depending only on m and n, as in Lemma 8.1.

These conventions will remain in effect through the end of Section 15.

10. Applying Helly’s theorem on convex sets

In this section, we start the proof of Lemma 9.1, by repeatedly applying
the following well-known result (Helly’s Theorem; see [14]).

LEMMA 10.0. Let J be a family of compact convex subsets of R®. Suppose
that any (d+ 1) of the sets in J have nonempty intersection. Then the whole
family J has nonempty intersection.

We assume (SUOQ,...,6) and adopt the conventions of Section 9. For
M >0,S CE,yeR" define

(1)
There exists F' € C™(R"), with
Kiy; ;M) =qPeP:  |Fllenge <M, |F(z) = f(z)] < Mo(x)
for all x € S, andJ,(F) = P

For M > 0,k > 1,y € R", we then define
(2) Kplysk, M) = (] Ksly; S, M).

SCE
#(S)<k

Thus, if P € Kf(y;k, M), then for any subset S C E with #(S) < k,
there exists F¥ € C™(R"), with ||FSHCm(Rn) < M, |F3(z) — f(z)] < Mo(x
for all z € S, and J,(F®) = P.
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LEMMA 10.1. Suppose we are given k‘f, with k# > (D+1)k:f£ and k:iéé > 1.
Then K¢ (y; kfﬁ, 2) is nonempty, for all y € R™.

Proof.  We start with a small remark. Given a point y € R"™ and a
polynomial P € P, there exists G € C™(R"), with

(3) |Gllom@y < € max [0°P(y)| and J,(G) = P.

|B|<m—1

This remark shows easily that
(4) Closure (Ky(y; S, M)) C Ks(y; S, M") whenever M’ > M.

To check (4), fixy € R", S C E, M’ > M, and P € Closure (Kf(y; S, M)).
Given ¢ > 0, there exists P. € Ky(y; S, M) with maxgj<;,—1 |0%(P — P.)(y)|
<eE.

Applying (3) to P = P — P, we obtain G. € C™(R"), with |Gellem@mmy
< Ce, and Jy,(G:) = P — P.. Moreover, since P. € Ky¢(y;S,M), there
exists I € C"™(R"), with [[F[|gm@rn) < M, [Fe(z) — f(2)] < M o(z) on S,
J,(F.) = P..

Taking F' = F. 4+ G with € small enough, we find that

|F|| gy < M + Ce, |F(2) — f(z)| < Mo(2) + Ce on S,J,(F) = P.

Recall that M’ > M, S C E, FE is finite, and o(x) is strictly positive on E.
Hence, for € > 0 small enough,

M+ Ce < M', and Mo(x)+ Ce < M'o(x) on S.
Using such an € to define F', we obtain
(5) IFllenmny <M |F(z) — f(z)| < M'o(z) on S, and Jy(F)=P.

Since we have found an F' € C"(R") satisfying (5), we know that P belongs
to K¢ (y; S, M'). The proof of (4) is complete.

Now let Si,...,Sp+1 C E be given, with #(S;) < kf for each 4. Fix
y € R" and set S =S1U---USpy1. We have S C E and #(S) < (D +1) -
k¥ < k#. Hence, by (SU6), there exists F'S € C™(R™), with

IFSlcngny <1, and |FS(z)— f(2)] <o(z) on S.
Define P = Jy(FS). Then, for each i =1,..., D + 1, we have obviously
IF¥ | om@ny < 1,|F%(2) — f(z)| < o(z) on S;, and Jy(F°)=P.

Hence, P belongs to K¢ (y; S;, 1) for each i. Consequently, the sets K¢ (y; S;, 1)
fori=1,...,D + 1 have nonempty intersection.

Thus, the sets ¢ (y; S,1) CP (S C E,#(5) < k‘f) have the property that
any (D +1) of them have nonempty intersection. Moreover, each IC¢(y; S, 1) is



A SHARP FORM OF WHITNEY’S EXTENSION THEOREM 531

easily seen to be a convex, bounded subset of the D-dimensional vector space P.
Hence, by Lemma 10.0, the closures of the Kr(y;5,1) (S C E,#(S) < kf&)
have nonempty intersection. Applying (4), we see that the intersection of
Kr(y;S,2) over all S C E with #(S5) < k‘f is nonempty. That is, Kr(y; k‘f&, 2)
is nonempty. The proof of Lemma 10.1 is complete. O

In the same spirit, we can prove the following result.

LEMMA 10.2. Suppose kf& > (D-l—l)k:f, and suppose P € Kf(y;kf,C) is
gwen. Then, for any y' € R", there exists P’ € K¢(y'; k:f,C”), with

0%(P — P')(y)|,10°(P — P)(¥)| < C"|y —y/|™ 11 for all B € M,

Proof.  The result is trivial for 3/ = y; just take P’ = P. Suppose
y' # y. Then, for a constant I'(y,y’) determined by y, ', m and n, we have the
following small remark.
(6)  Given P € P there exists G € C™(R") with

1Gllem@ <T.y) - max 10°PG)], Jy(G) =P, Jy(G)=0.

Fix P as in the hypotheses of the lemma. For each S C E and M > 0, define

There exists ' € C™(R"), with [[F'[|gm®n) < M,
Ktemp(S, M) = (P' € P: |F(z) — f(x)| < Mo(x) on S, J,(F) = P, and
Jy(F) = P’

Using the small remark (6), we can show that
(7) Closure(Kiemp (S, M)) C Kiemp(S, M') for  M' > M.

To check (7), let P’ € Closure (Kiemp (S, M)) be given, and let € > 0. Then
there exists P, € Ktemp (S, M), with max|gj<p,—1 [0°(P' = P.) (/)] <e.

Since P, € Kiemp(S, M), there exists F, € C™(R™), with || F¢|
|Fe(z) — f(z)| < Mo(x) on S, Jy(F:) = P, Jy(F:) = P..
Also, applying (6) to P’ — P!, we obtain a function G. € C™(R"), with

||G€||C""(R") < F(y»?/,)ea Jy(Gs) =0, Jy’(Gs) =P - Pé.

sz(Rn) S .2\47

Putting F' = F; + G with € small enough we obtain the following:
|F||cm@ny <M +T(y,y') - e < M,
IP() - f(2)] < Mo(z) + T(5, ) -« < M'o(z) on 5.
(Recall: S C E, E is finite, o(z) > 0 on E.)
Jy(F) =P and Jy,(F)=P'.
Hence, P' € Kiemp(S, M), completing the proof of (7).
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Next, let Si,---,Spy1 C E be given, with #(S;) < kf for each i. Set
S =8 U---USpyi. Thus, S C E, and #(S) < (D + 1)k¥ < k. Since
P e K¢y kf, C) it follows that there exists ['° € C™(R"™), with

IFSllgn@n <C, |FS(@) — f(2)] < Co(z)on S, J(FS) = P.
Define P’ = J,,(F®). Then obviously, for i = 1,..., D + 1, we have
IFSllgngan < Gy [F5(2) — f(@)] < Co(w) on Siy Jy(FS) = P, Jy (FS) = P'.

Hence, P' € Kiemp(S;,C) foreach i =1,...,D + 1.

We have shown that any D + 1 of the sets Kiemp(S,C) (where S C E,
#(5) < k# ) have nonempty intersection. Moreover, one checks easily that
each Kiemp(S,C) C P is a bounded, convex subset of a D-dimensional vector
space. Applying Lemma 10.0, we see that the closures of the sets Kiemp (S, C)
(all S C E with #(5) < k:;‘7£ ) have nonempty intersection.

Hence, m Ktemp (S, C") is nonempty, for any ¢’ > C.

SCE
#(S)<kF

Let P’ € ﬂ Ktemp(S,C"). Then, by definition, given S C E with

SCE
#(s) <k

#(9) < k:f, there exists [*° € C™(R"™), with
®)  NFon@ey <C,  [F(x) = f(2)| < Clo(x) on S, Jy(F®) =P,

and J, (F®) = P.

In particular, this implies P’ € K7(y'; k:;# ,C"). Moreover, if we take S
to be the empty set in (8), then we obtain a function F' € C™(R"™), with
|Fllcnar) < C'y Jy(F) = P, J,(F) = P.

By Taylor’s theorem, the polynomials P, P’ satisfy

DPP(y) — PP = |[0°P ) — Y %(Wﬁp@)) Sy —y)
[y|[<m—1—-18] *
— PR - S %((’WWF(y))

[v|<m—1—|3]
(Y — )| <"y —y |1

for |B| < m — 1, and similarly [0°P(y) — 0°P'(y)| < C"|y — /|™ 18l for |8] <
m — 1.
The proof of Lemma 10.2 is complete. O
The next lemma is again proved using the same ideas as above. It asso-

ciates to each point y near 3° a family of polynomials P¥, analogous to the
polynomials P, associated to y°.
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LEMMA 10.3. Suppose k% > (D +1) - k:#, and let y € B(y°,ay) be given.
Then there exist polynomials P4 € P, indexed by o € A, with the following
properties:

(WL1)Y 9°PY(y) = 04 for all B,a € A.
(WL2)¥ |0°PY(y) — 6pa| < Cay for alla € A, 3 € M.

(WL3)Y Given a € A and S C E with #(5) < kf&, there exists o5 € C™(R"),
with

(a) [[0m@5]lcon) < Ca.
() |3 (x)| < Co(x) for allz € S.

(c) Jy(‘Pﬁ) = Py.

Proof. For y = 1°, the lemma is trivial; we just set Py = P,(a € A) and
invoke (SU2, 3, 5). Suppose y # y". For a constant I'(y,y") determined by
y,y°,m and n we have the small remark:

9) Given P € P, there exists G € C™(R") with

[Gllem@n <T(y") - max [0°P(y)], J,(G) = P, Jyp(C) = 0.

Now, given o € A, S C F and M > 0, we define
There exists ¢35 € C™(R") with |03 o)

Ko(S,M)=< P € P: < May, ]gog(:n)| < Mo(x) on S, Jyo(gpg) =P,,
and Jy(3) = P’

By a now-familiar argument using (9), we know that
(10) Closure(Ky (S, M)) C Ko(S,M") for any M' > M.

Each K,(S,M) is a bounded convex subset of the D-dimensional vector
space P. Moreover, it follows from (SU5) by a now-familiar argument that
ﬂi’iﬁl Ka(Si, 1) is nonempty, whenever Sy, ..., Spy1 C E with #(S;) < k:# for
each i. Lemma 10.0 therefore shows that, for each a € A, the closures of all
the K (S,1) (S C E with #(5) < sz) have nonempty intersections.

Therefore by (10), there exist polynomials PY (o € A), belonging to
Ko(S,2) for all S C E with #(S) < k. Thus, given S C E with #(5) < k7,
and given a € A, there exists @5 € C™(R"), with

(11) 10™@5 | oo () < 201,
(12) |¢a( )| <20(z) foral eS8,
(13) Jyo(P3) = Po and Jy(¢7) = PY.
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We apply (11), (12), (13) with S = empty set. Thus, there exists @, with
(14) 107 Gallco ) < 21, Jyp(Fa) = Pas Jy(@a) = PL.
Also y € B(y°,a1), (14) and (SU3, 4) imply
0°PY(y) — 8°P.(y°)| < Cay forall ac A e M,
and therefore
(15) 10°PY(y) — 0pal < C'ay  forall ac A B e M,

thanks to (SU3). In particular, the matrix (9°PY(y))s.aca has an inverse
(Ma’a)oc’,aeAv with

(16) Moo — 0ara] < C"a; forall o, ac A
(Here and in the next few paragraphs we use (SU4).) By definition, we have
(17) > 0°PY(y) - Maa =65 for all B,a € A.
a’eA
Now define
(18) PY=>" PYMy, forallac A
a’eA
From (15), (16), (17), we see that
(19) O°PY(y) = 05, for all B,a € A,
and that
(20) 10°PY(y) — 0ol < C"ay  foralla € A,3 € M.

Moreover, let S C E be given, where #(S5) < kfﬁ With @3 as in (11),...,(13),
define

(21) @S = Z @ My forall o € A
a’eA

From (11), (16), (21) we obtain

(22) \|am<p§||CO(Rn) < Ca; forall o€ A

From (12), (16), (21) we have

(23) lp3(z)] < Co(z) forallae A xes.

From (13), (18), (21), we see that

(24) Jy(pS) =Py forallac A

The conclusions of the lemma are (19), (20), (22), (23), (24). The proof
of Lemma 10.3 is complete. O
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LEMMA 10.4. Suppose k% > (D + 1)14:? and k{‘7£ > (D + 1)/4:?E Let
y € B(y°,a1), and let (PY)aca satisfy conditions (WL1)Y--- (WL3)Y, as in the
conclusion of Lemma 10.3. Let 3y’ € R™ be given. Then there exist polynomials
(Pg’y)aeA, with the following property:

Given o € A and S C E with #(S5) < k#, there exists o5 € C™(R™), with

(a) [|0™p5] comny < Clas.

(b) |3(z)| < C'o(z) for allz € S.
(c) Jylel) = FE.

(d) Jy(pS) = PLY .

Proof. The lemma is trivial for ¥/ = y; we just set PYY = PY and invoke
(WL3)Y. Suppose y' # y. Then, for a constant I'(y, y’) determined by y—y', m
and n, the following small remark holds.

(25)  Given P € P, there exists G € C™(R"), with

|Gllem@ <T(.y) - max [0°P)], Jy(G) = 0,Jy(G) = P.

Now, given a« € A, M > 0, S C E, we define
There exists ¢ € C™(R"), with
KPS, M) =S PP e P [[0™¢llcome) < Man, ()| < Mo(x)
on S, Jy(p) =P, Jy (p) =P

As usual, (25) shows that
(26) Closure(Kll(S, M)) c Kle(S, M") for all M’ > M.

Each K[J(S, M) is easily seen to be a bounded convex subset of the D-

dimensional vector space P. Moreover, a familiar argument using (WL3)Y
D+1

shows that ﬂ IC[O‘](Si, () is nonempty, for any Sy, ..., Spy1 C E with #(S;) <
i=1
k‘# for each 1.

Consequently, Lemma 10.0 shows that the intersection of all the sets
Closure(K[®l(S,C)) (S ¢ E with #(S5) < k#) is nonempty. Applying (26),
we find that for each a € A, there exists PY Y € P, with PY*¥ belonging to
Klel(S,C") for each S C E with #(5) < k¥

The conclusions of Lemma 10.4 are now immediate from the definition of

Klel(s, c".

Next, for y € R* k> 1, M > 0, we define
K (y; b, M) = {P € Ky(y: k, M) : 0°P(y) = 0 for all 3 € A}.
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LEMMA 10.5. Suppose k¥ > (D + 1)1{:1éé and k‘f& > 1. Then, for a large
enough controlled constant C, the set Iij(y; /-cf&, C) is nonempty for each y €
B(y07 al) :

Proof. By Lemma 10.1, there exists P € KC¢(y; kf,2). By definition, we
have

(27) Given S C E with #(S) < k¥, there exists F¥ € C™(R"), with
HFSHCm(Rn) <2, |FS(x)— f(z)] <20(x) on S, and Jy(F®) = P.

Taking S to be the empty set in (27), we learn that

(28) 0°P(y)| < C  forall B e M.

By Lemma 10.3, there exist polynomials Py (« € A) satisfying (WL1)Y, ..., (WL3)".
We define

(29) P=P-) (0"P(y))- PL.
acA
From (WL1)Y and (29), we have

(30) 0°P(y) = 0°P(y) — Y (0"P(y)) - dpa =0 for all B € A.
acA

Let S C E with #(95) < k:fk, and let ¢, F¥ be as in (WL3)Y and (27). Also,
fix § € C™(R™), with

(31)

0<60<1lonR" supp 6 C B(y,1), ¢ =1 on B(y,1/2),[|0]cm®r~) < C.
Then define
(32) F5 = F% =% (0°P(y))pab-

acA

From (WL2)¥, (WL3(a))¥, (WL3(c))Y, we conclude that |0%p3| < C on B(y, 1),
for |5] < m. Hence, (31) gives

(33) 1050]|cmrny < €' for each a € A.

Putting (27), (28) and (33) into (32), we find that

(34) 1F% gy < C”

Also, for z € S, we have |F¥(z) — f(z)| < |F¥(x) — f(z)|+ 3 |0°P(y)|-
|05 (2)6(2)] (by (32)) < C"o(x), by (27), (28), (WL3(b)), and (261? Thus,
(35) |F9(z) — f(z)| < C"o(z) on S.
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From (WL3(c))Y, (27), (29), (31), (32), we find that

(86) Jy(FS) = J,(F) = 3" (0" P(y))J,(¢50) = P~ 3 (0" P(y)) P = P.
acA acA

Thus, given S C E with #(S) < k#, there exists F'S € C™(R"), satisfying
(34), (35), (36). In other words,

P e Ky kI, C").
From (30), we then have Pe Iij(y; k#, C"), completing the proof of Lemma
10.5. O

11. A Calderén-Zygmund decomposition

In this section, we are again in the setting of Section 9, and we assume
(SUO,..., 6). We fix a cube Q° C R", with the following properties:

(1) Q° is centered at y°.
(2) (@Q°)™ C B(y’,a1).
(3) cay < dge < ay.

A subcube @) C Q° is called “dyadic” if either Q = Q° or else Q) arises from
Q° by successive “bisection”. A dyadic cube Q;QO arises by “bisecting” its

dyadic “parent” Q, which is again a dyadic cube, with dg+ = 2dg. A cube Q
not contained in @° is not dyadic, according to our definition.

Two distinct dyadic cubes @, Q' are said to “abut” if their closures have
nonempty intersection.

We say that a dyadic cube Q C @Q° is “OK” if it satisfies the following
conditions.

(OK) For every y € Q**, there exist AY < A and polynomials P§ € P, indexed
by o € AY, with the following properties:

(OK1) 9°Pd(y) = 654 for all B,a € AY.

(OK2) 5'5‘_|a‘l<9ﬂ PY(y)| < (a1)~tY for all o, € M with a € AY and
B> .

(OK3) Given a € AY and S C E with #(S) < k. there exists pa? €
C™(R"), with

(a) 58’*@ Hamgpg’yHCO(RH) < (al)_(m‘*‘l).
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(b) 35 ¥ (2)] < (a1)~(™+D - o (x) for all € S.
(c) Jylpa?) = PY.

Here, kﬁd is as in Lemma 8.1 and Section 9.

We say that a dyadic cube @ C Q° is a “CZ” or “Calderén-Zygmund”
cube, if it is OK, but no dyadic cube properly containing @ is OK.

Given any two dyadic cubes Q,Q’, either Q N Q' = ¢, or Q C @', or
Q' C Q. Hence, any two distinct CZ cubes are disjoint.

LEMMA 11.1. Any dyadic cube Q with ég < mig o(x) is OK.
e

Proof. Let y € Q*, with @ a dyadic cube of diameter less than mig o(x).
BAS

We set AY = M. Note that AY < A, thanks to (SU0) and Lemma 3.2. For
o€ AY, we set PY(x) = X (x — y)® which yields 0° P (y) = dgq for o, 8 € M.

Hence, (OK1) holds, and (OK2) follows from (SU4). It remains to check
(OK3). We fix a function § € C™(R"), with

(4)
0<f0<1onR" 6=1on B(0,1/2), supp 6 C B(0,1), [|fllcmmn) <C.

Given a € AY and S C E with #(9) < kﬁd, we define

(5) P5¥(w) = 21w — )"0 — ).

From (4), (5) we have [|0™ 05" ||go(gn) < C'.
Also, we have 6g < a; by (3), since Q C Q°. Hence,

56005 | cozny < C'(ar)™ 1l < (a1) "D by (SUA).

Thus, (OK3(a)) holds. Also for z € S, we have 58_|a||g0§’y(x)| < 5g_|a|
< C'ég (since 0g < a1 < 1 and |a] < m —1) < C'o(z) (by hypothesis of
Lemma 11.1) < (a;)~ ™o (z) (by (SU4)).

Thus, (OK3(b)) holds.

Also, (OK3(c)) holds, as we see at once by comparing the definitions of
PY and gog’y, and recalling (4).

Thus, (OK1,..., 3) are satisfied. The proof of Lemma 11.1 is complete.

O

COROLLARY. The CZ cubes form a partition of Q° into finitely many
dyadic cubes.

LEMMA 11.2. If two CZ cubes Q, Q" abut, then

1
(6) 500 < g < 20q.
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Proof. Assume (6) false. Without loss of generality, we may assume that
0g < d¢gr. Then

1
(7) 5Q < ZéQu

Note that @ # Q°, since @ is assumed to abut another CZ cube @Q’. Hence, Q
has a dyadic parent Q*, which also abuts Q’, and satisfies

1
Consequently,
(9) (@)™ c (@)™

We know that Q' is OK, since it is a CZ cube. We will show that Q7 is
also OK. For any y € (Q')**, let AY < A and P¥(a € AY) satisfy (OK1, 2, 3)
for @’. Then, for any y € (Q)**, we may use the same AY and P¥(a € AY) for
Q*, thanks to (9). Conditions (OK1, 2, 3) hold for Q*, because they hold for
@', and thanks to (8). Here we use (8) to show that (g+)™ ™1 < (5o, )™l
for a € M, and that

(10) (5Q+)|ﬁ|_‘a| < (5@)"6‘_‘0‘| for B> a. (See Lemma 3.1.)

This proves that Q" is OK, as claimed. On the other hand, Q" is a dyadic
cube that properly contains the CZ cube Q. Hence, Q% cannot be OK, by
the definition of CZ cubes. This contradiction shows that (6) cannot be false,
completing the proof of Lemma 2. O

Remark. In proving Lemma 2, we made essential use of the restriction

to the case § > a in (OK2). (See (10).)

12. Controlling auxiliary polynomials I

We again place ourselves in the setting of Sectlon 9, and assume
(SUO,...,6). In this section only, we fix an integer k: , a dyadic cube @,
a point y € R", and a family of polynomials PJ € P, 1ndexed by o € A; also
we make the following assumptions.

(CAP1) k# > (D + 1)k and k¥ > (D +1) - k7.

(CAP2) y € Q.

(CAP3) @ is properly contained in Q°.

(CAP4) The PY(a € A) satisfy conditions (WL1)Y, (WL2)¥, (WL3)¥. (See
Lemma 10.3.)
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(CAP5) (a1)™™ < max 6" |07 PA(y)] < 2™ - (a1) ™.

acA

Note that A is nonempty, since the max in (CAP5) cannot be zero. Our
goal in this section is to show that the dyadic cube Q7 is OK.
Let

(1) y e @)™

be given. Then y,3’ € Q** C (Q°)™* c B(y°,a1), by (11.2). Applying
Lemma 10.4, with k# = kﬁd, we obtain a family of polynomials Py € P,
indexed by a € A, with the following property.

(2) Given S C E with #(95) < k:zfl&d, and given a € A, there exists
@S € C™(R™), with
(a) 0™5lcony < Cax,
(b) |¢S(x)] < Co(z) for all z € S,
(c) Jyles) = PY,
(d) Jy(pq) =Py
We fix polynomials PY satisfying (2).

The basic properties of PY are as follows.

LEMMA 12.1.

3) ¢ (ar) ™ <max o) NOTBY () < O (a)
(4) 5|5|_‘a||0515ay,(y')! <C-ar for acA B>a feM;
(5) 0°PY (/) —1|<C-a;  for a € A;

(6) oo P BY (v < C for a,B € A.

Proof. We apply (2), with S = empty set. Thus, for each o € A we
obtain @, € C™(R"), with [[0™pallcomn) < Car, Jy(pa) = Pd, Jy(pa) = P4 .
Taylor’s theorem gives

1

S(OPYY)) - () — )

M R - Y

[v|<m—1—|8]

—|Ppaly) = 3 @ Pealw)) - () — )
<m—1-1g]

<Caj-|y— y”m—\ﬁl for g € M.



A SHARP FORM OF WHITNEY’S EXTENSION THEOREM 541

Similarly,
1 ~ /
(8) Py — > a(m*ﬁﬂi’ W) y—y)
[y|[<m—1-|8]
1
=0%0aly) — > m(mwwa(y’)) (y—y')
[yI<m—1-18]

<Cay-ly— y'|m*|f8| for g € M.
In view of (CAP2) and (1), we have
(9) ly — y’| < C5Q < C(5Qo <(Cay < 1.

(Here we have used also that @ C Q° since @ is dyadic, as well as (11.3) and
(SU4).) From (CAP5) we have

(10)  |0"PPY(y)| < 2™ - (1) ™05 PP forall @€ A, BeM,
Iy <m—1-16]

Putting (9), (10) into (7), we find that

(11) O9BY (y)| < C - (ar) ™™ 65 forall a € 4, feM.
On the other hand, if we put

(12) Q = max o519 BY ()],

BeM
acA

then
(13) [P RY () <oy forae A, e M, |yl <m—1—|8].
Putting (9) and (13) into (8), we find that
(14)
187 PY(y)| < €817 4 Carsy T < (0 + 1) for all a € A, B e M.
Comparing (14) with (CAP5), we see that CQ2 + 1 > (a;)™™; hence Q >
c(a1)™™. Together with (11) and (12) this proves conclusion (3).

Next, suppose a € A and 8 > a (8 € M). From (WL2)¥ and Lemma 3.1,

we see that |[07PPY(y)| < Cay for |y| < m —1 — |3|. Putting this and (9)
into (7), we obtain the estimate

(15) 0°PY ()| < Cay for ac A, BeM, > a.
For 8 > a, we have also 5g|—\a| < 1; hence, (15) implies conclusion (4).

Next, suppose « € A and 3 = a. Then we have v+ 3 > « for v # 0, and
hence |97P P (y)| < Cay by (WL2)Y. On the other hand, 9° P{(y) = 1 in this
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case, by (WL1)Y. These remarks and (9) may be substituted into (7), to show
that |8a]5§{/ (y') — 1| < Cay for all a € A, which is conclusion (5).

Next suppose «, 5 € A. By (SU0), we have 8+~ € A for |y| <m—1—|g|.
Hence, (WL1)Y implies 077 P{(y) = d51+.. In particular

078 PY ()] < 85T for gl <m—1 181,

Putting this and (9) into (7), we find that [9°PY (y/)| < CélgHBl for a, B € A,
which is conclusion (6).
The proof of the lemma is complete. O

Define a matrix M = (Mﬁa)ﬂ,ae.A by setting

(16) Mpo = 0 0P FY (y) for f,a€ A
From (4), (5), (6), we see that
(16a) i |Mﬁa| <Cay for 8> «a,
|Mpq — 1] < Cay for 8 = «, and
|Mpo| <C for all 3, a.

That is, M lies within distance Ca; of a triangular matrix with bounded
entries and 1’s on the main diagonal. It follows that the inverse matrix M =
(Mua)ar aca has the same property, i.e.,

(17) Mol <Cay for o >a (a,d € A),

(18) Moo — 1| <Ca; for ac A,

(19) [Myol<C  forall o,ac A

By definition, we have

(20) Z Mga/Ma/a = 0go forall B,a € A.
a’'eA

That is,

(21) dga =Y 85 V0P PY () - Moo for all f,a € A.
a’'€A

We define new polynomials

(22) PY =051 65" PY My for all a € A.
a’eA

The basic properties of the BY are as follows:
LEMMA 12.2.

(23) I°PY () =030 for all B,ac€ A
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(24) ¢+ (a1)™™ < max |[97PY (/)| - 5 < C - (ar) ™™,

acA
(25)
0y NP PY () < C- (@)™ forall a €A BeM with B>a.

Given o € A and S C E with #(S) < ld, there exists g5 € C™(R™), with

(26) () o 0" S | cogeny < Can,
(b) oy ol 28 ()| < Co(z) for all x € 8,
() Jy(p3)=PY.

Proof. Conclusion (23) is immediate from (21) and (22). From (22) we
have
(27)
[52?'_'&‘651507{/('7/)} = Z [6g|_|a/|8615§:(y')] My for a € A, g e M.

a’cA
Since M and M are inverse matrices, (27) implies
(28) 5Py )] = X [ PL()] - M
o’'€A
From (16a), (19), (27), (28), we see that
cmaxdy N0 PY ()| < max o107 PY ()] < Cmax e 0" BY ().

BeEM
acA acA acA

Together with (3), this proves conclusion (24).
Next, suppose 8 € M, a € A are given, with 6 > a. Then, for each
o' € A, we have either > o or o > . If § > ¢/, then (4) and (19) yield

057107 PL ()] - Mava| < Car < Clar) ™™D by (SU4).

If, instead, o > «, then (3) and (17) yield

[311109 B ()] - Mava| < € - (a1) ™ - Cay = €/ (ar) 0.

Consequently, (27) implies conclusion (25).
Finally, let S C E, with #(S) < kﬁd, and let o3 (a € A) be as in (2).
Define

(29) =551 57 651105 Mo
a’'eA
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From (2)(a) and (19), we see that, for all a € A,
10735 leoey < 0 D 05" Car < Car a5 (see (9)),
a’'€A

which proves conclusion (26)(a).
Also, from (2)(b), (19), (29), we have for all a € A, x € S, that

g5(@) < o5t S 5, Co(x) < 81 o (x),
a’eA

which proves conclusion (26)(b).
For each a € A, we recall (2)(d), (22), and (29). These imply conclusion

(26)(c).

The proof of Lemma 12.2 is complete. O

Next, we pick 3 € M and & € A to maximize 5g|_‘&|\85 PY(y)|. By
definition of 3, @, and by (24), we have

(30) ¢ ()™ < SSTNPEY () < C - (ar) ™™

81) o5 TNePBY ()] < 85O BY ()] forall ac A, e M:
and of course
(32) acA BeM.

If 3 € A, then 5'6’2@‘_'&' \85155’ (¥')] = 055 < 1 (see (23)), which contradicts
(30), thanks to (SU4). Hence,

(33) g ¢ A

In particular, 5 # a.
Moreover, if 3 > @&, then (25) contradicts (30), again thanks to (SU4).
Hence,

(34) 3 < a.
Now define
(35) AY = (A~ {a})u{B},
(36) 131: =pY for all o € A\ {a},

+Y A
(37) Pg =P} /(85]3(;’ (¥)). (The denominator is nonzero, by (30)).

’

+Y iy
Thus, P, is defined for all o € AY .

[0}
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In view of (33), (34), (35), the least element of the symmetric difference
ANAY is 3. Hence, by definition of our ordering < on sets of multi-indices,
we have

(38) AV < A

+Y
The basic properties of the P, are as follows:

LEMMA 12.3.

’

y —a,
(39) 0" Py (v/) =035 forall B AV

Y . _
(40) d° ]J-f’a (V') =05a forall B,a € AY {5}

y/ -
(a1) oGP By )| <C (@)™ forall ac A, e M.
— y/
(41a) 5g|—|ﬂ\‘aﬂ JJ—;B (y’)‘ <1 for all € M.

. S
Given o € AY and S C E with #(5) < kﬁd, there exists v, C™(R™), with

m—|a| +5
(42) (a) 5Q H(’?m @, HCO(R,L) < Can,

S
(b) 58_|a“ :Za (z)| < Co(x) for all x €S,

5 4
(C) Jy'((pa) :Pa .

L Yy L
Proof. To check (39), note that for 3 € AY ~ {3}, 9° ;’g (y)=09°PY (v)/
(aﬁPg'(y’)) = 0, thanks to (37) and (23). (Note that (23) applies; see (32)

and (35).) On the other hand, for 3 = 3, we have 9° f’; () = 8°pY W)/
(aﬁPg'(y’)) =1, by (37). This proves conclusion (39).

Conclusion (40) is immediate from (23) and (36), since AY ~\ {3} =
A~ Aa}.

Similarly, for a € AY" \ {3}, conclusion (41) is immediate from (24) and
(36). On the other hand, for o = 3, (31) and (37) give

|3 +V —la =y’ Bl-1al| 98 py'
s 0% Py ()] = [0l N0 BY ()] /[55 1107 BY ()] < 1

for all B € M. This proves conclusion (41a), and completes the proof of

conclusion (41).
It remains to check conclusion (42). For a € AY ~ {8} = A~ {a},
conclusion (42) is immediate from (26). Suppose a = 3, and let S C E, with
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#(8) < koq. Let @2 be as in (26), and define

LS
(43) b5= 33 /(P PY (o).
From (26a) and (30), we have
m—|B m+S m—|a m o~ Bl—|al| g =u’
55 o™ 05 llco@n = 05N BSlleomn)/ [6g1O7BY )]
<[Ca1]/[ca]™] < Cay.

This proves conclusion (42(a)) for a = (.
Also, (26b), (30), (43) show that, for x € S,

P b ()] = [ g )] B8 0P BY ()]
[Co()]/ca;™] < Co(x).

IN

This proves conclusion (42(b)) for a = 3.

Finally, comparing (37) with (43), and applying (26(c)), we obtain con-
clusion (42(c)) for @ = 3. Thus, conclusion (42) holds also for o = 3. The
proof of Lemma 12.3 is complete. O

Next, we define polynomials Pgl(a € AY"), by setting

.y 4y
(44) PB =Pj
and
_ ., +y’ = +Y +y/
(45) Py =p, —-0° P, (¥ Pz for all a € A~ {a}.

The basic properties of these polynomials are as follows:

LEMMA 12.4.
(46) P PY (i) = 054 for alla, g e AY.
(47) oo NP BY () < Clar)™  for allf e M, a € AV
Given a € AY and S C E with #(5) < kﬁd, there exists @5 € C™(R™), with
(48) (a) o 0" BS | cngeny < C - (ar) =Y,
() o5 NES @) < C (@) Mo(x)  forallze s,
(c) Jy(pn)=PY.

Proof. For a = f3, conclusion (46) is immediate from (39) and (44). For
ac AV ~{B} = A~ {a}, (45) gives
_ +V’ 5 +Y +V’
(49)  9°PY(y) =0 Py (v) = [0° Po (v)] -0 P5 (y) forall pe M.
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+V' +V'
If 8 € A~ {a}, then 8° P, (¥) = 6pa (see (40)), and 8° P5 (y/) = 0
(see (39)). Hence, (49) implies conclusion (46) for the case, o € AY ~ {3},

_ _ _ _ _ — Yy
B e A {3} o€ AV (B} and § =, then, since 8" Py (/) = 1 by
(39), we see that (49) implies
=, — T
PRY () =0 Py () = 107 P (1)) -1 =0 =5

Hence, conclusion (46) holds also for a € AY \ {3}, 8 = 3.

Thus, we have verified conclusion (46) in all cases.

Next, conclusion (47) holds for a = 3, thanks to (41) and (44). Suppose
a € AY ~ {B} and B € M. Then (45), together with (41) and (41a), yields

o _ o +'
5‘(5‘ | “8ﬂpg (y/)lgégﬂ | “aﬁ Pa (y/)‘
G—lal .5 +Y Y +V
+[ai71-1e)08 B (y')l] ' [5|£| 8198 By ()
<C-(a) "+ [C- (@)™ -] < C7 (ar) ™™

Hence, conclusion (47) holds in all cases.

It remains to check conclusion (48). For a = (3, conclusion (48) is imme-
diate from (42) and (44), thanks to (SU4). Suppose a € AY ~ {3}, and let
S C E with #(5) < kﬁd. We apply (42), (for the given «, and for 3), and we
define

+5 5 +Y +5
(50) G5 =0o —[0° Py ()] 5 -

From (42(a)) and (41), we find that

51028 | oy < 5N 0 |
Q (pa Co(Rn)_ Q o Co(Rn)

— S B ~ y,

m=l8l)|gm & 1Bl-lel |58 5
+35 7 m B3 longer| - 9617 10° P 1)
<(Car) + [Caa] - [C+ () "] < O+ (ar) =Y,

thanks to (SU4). This proves conclusion (48(a)) for the given .
Also, for all x € S, we obtain from (41), (42(b)), (50) that

smelal S8 < gmelal) 8
0 NPa@)| <oy @ ()]

+ 55\—|a\‘8,§ EZI (y/)@ ) [55—@‘ S‘Z; ($)|]
<Co(z)+ [C . (al)fm] . [Ca(m)] <C"(a1)™™ o(x),

thanks to (SU4). This proves conclusion (48(b)) for the given .
Finally, comparing (45) with (50), and applying (42(c)), we obtain con-
clusion (48(c)) for the given a.
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Thus, conclusion (48) holds also for a € AY" . {}. The proof of Lemma
12.4 is complete. O

We are ready to give the main result of this section.

LEMMA 12.5. The cube Q% is OK.

Proof. For every 3/ € (Q1)** (see (1)), we have constructed AY < A (see
(38)), and PY (a € AY) satisfying (46), (47), (48).

We will check that AY and the PY (o € AY) satisfy (OK1, 2, 3) for the
cube Q.

In fact, (OK1) for Q7 is just (46).

Condition (OK2) for Q7 says that

(25Q)|ﬂ|—‘al|aﬂpg’(y’)\ < (a)""™ ) for o € AY and B € M with 8 > a.

This estimate, without the restriction to § > «, is immediate from (47) and
(SU4).

Condition (OK3) for Q% says that, given o € AY and S C E with #(S) <
kzﬁd, there exists @5 € C™(R™), with

(2) (20Q)™ *|o™ @3llcoqmny < (ar)~(™HY,
(b) (260)™1°l|@3 (2)| < (a1)~ ™D . o(x) for all 2 € S,
() Jy(p3) = P2

This follows immediately from (48), thanks to (SU4).
We have shown that (OK1, 2, 3) hold for the cube QT and arbitrary
y € (QT)**. Thus, Q" is OK. The proof of Lemma 12.5 is complete. O

13. Controlling auxiliary polynomials II

In this section, we are again in the setting of Section 9, and we assume
(SUO,...,6). The result of this section is as follows.

LEMMA 13.1. Fiz an integer kf#, satisfying

(1) K> (D+1) -k, k> (D4 1)k
Let Q be a CZ cube, and let
(2) yeQ

be given. Let Py € P be a family of polynomials, indexed by o € A.
Suppose that

(3) The PY(a € A) satisfy conditions (WL1)Y, (WL2)Y, (WL3)Y.
(See Lemma 10.3.)



A SHARP FORM OF WHITNEY’S EXTENSION THEOREM 549

Then
(4) 05 NP PY(y)| < (a1)™™  forall a € A, B e M.

Proof. Suppose (4) to be false. There are finitely many dyadic cubes Q
containing (). (Recall that, by our definition, every dyadic cube is contained

in Q°.) For each such Q, define
(5) (Q) = max s~ 0" PA(y)].
acA

Then ®(Q) > (a1)™™, since (4) is assumed false. Let Q be the maximal dyadic
cube containing Q, with ®(Q) > (a1)™™.

Thus,
(6) (Q) > (a1)™™,
(7) QcQ, and
(8) Either Q=Q° orelse ®(Q") < (a1)™™.

We can check easily that Q # Q°. In fact, (11.3), (WL2)Y and (SU4) show
that

so NP PY(y)| < coplTI < oY < ' (ay) T <o
forall a € A, € M. (Recall, A C M, and |y| < m —1 for all v € M.)

Thus, ®(Q°) < (a1)™™, and hence Q° # Q, by (6). From (8) we now
obtain

(9) (QF) < (ar)™™

A glance at the definition (5) shows that ®(Q") and ®(Q) can differ at most
by a factor of 20"~V Hence, (9) implies ®(Q) < 2™~ - (a;)~"™. Together with
(5) and (6), this shows that

(10) (a)™™ < max 5079 PY(y)| < 2m - ()

acA

Note also that
(11) y c Q***’

thanks to (2) and (7).

We prepare to apply the results of Section 12 to the cube Q. Let us check
that assumptions (CAP1,...,5) of that section are satisfied. In fact, (CAP1)
is merely our present hypothesis (1); (CAP2) is (11); (CAP3) holds since Q
is a dyadic cube not equal to Q°; (CAP4) is our present hypothesis (3); and
(CAP5) is immediate from (10). Hence, the results of Section 12 apply to the
cube Q. In particular, Lemma 12.5 tells us that the cube QT is OK. On the
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other hand, (7) shows that Q% is a dyadic cube properly containing the CZ
cube Q. By the definition of a CZ cube, it follows that QT cannot be OK. This
contradiction proves that (4) must hold. The proof of Lemma 13.1 is complete.

O

14. Controlling the main polynomials

In this section, we again place ourselves in the setting of Section 9, and
assume (SUO,...,6). Our goal is to control the polynomials in IC?E(y; kf&, M)

in terms of the CZ cubes @, for suitable kf& and M.

LEMMA 14.1. Let Q,Q" be CZ cubes that abut or coincide. Suppose we
are given

(1) y e Q***, y/ E (Q/)***

and

(2) PeKf(ykf,0),

with

3 K> (D+1) -k, kK >D+1) k¥, and k¥ > k7.

1 1 2 2 old

Then there exists

(4) P e KTy kY, C"),

with

(5) 87 (P' — P)(y/)| < C" - (a))™™ - 65~ for all B e M
Proof. By Lemma 10.2, there exists

(6) PeKyly:ky.C),

with

(1) 10°(P~P)(y)| < C"ly—y|" P <oy forall fe M.

(Here we use Lemma 11.2 on the good geometry of the CZ cubes.) In view of
(6) and the definition of Kf, we know the following.
(

8) Given S C F with #(S) < kQ#, there exists 'S € C™(R"), with
IE | cmny < C',|F¥(z) — f(z)| < C'o(z)on S, and J,, (FS) = P.

In particular, taking S = the empty set in (8), we learn that
(9) °P(y)| <" forall Be M.
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Also, (2) and the definition of IC;?E give 9°P(y) = 0 for all § € A. Applying

(SUO), we conclude that 9 TPP(y) =0 forall € A, |y| <m —1—18|.
On the other hand,

PPY)= Y S @PW) - )
r<m—1-18)

since P is a polynomial of degree at most (m — 1). Hence, 3° P(y’) = 0 for all
B € A. Consequently, (7) implies

(10) 99P(y) < Crep ' forall Be A

Next, note that y' € (Q')** C (Q°)** C B(y", a1), thanks to (1), the fact
that Q' is a CZ cube, and (11.2). Hence, Lemma 10.3 applies, with ¢/ in place
of y. Thus, we obtain polynomials pPY (a € A), satisfying (WL1)¥', (WL2)¥',
(WL3)Y". The hypotheses of Lemma 13.1 hold here, with @', and PY in
place of Q,y and PY. In fact, hypothesis (1) in Section 13 is immediate from
our present assumption (3). Also, hypothesis (2) in Section 13 is contained
in our present assumption (1). Hypothesis (3) in Section 13 merely asserts
that the PY (o € A) satisfy (WL1)¥, (WL2)¥', (WL3)¥ , which we have just
noted above. Since also @’ is a CZ cube, we have shown that the hypotheses
of Lemma 13.1 hold for Q’, ¢/, Pg(a € A). Applying that lemma, we conclude
that

(11) oo 1P PY () < (@)™ forall a€ A, BEM.
Now define
(12) P'=P-> [0°P(y)]- Py €P.
acA
For all 8 € A,
(13) °P'(y') =0°P(y) = Y [0°P()]-0°PY (y') =0
acA

since 9P PY (i) = 8pa for all B,a € A (see (WL1)Y).
Note also that, for any a € A and 5 € M,

070" PG PYYW)| = [0°P)| - [07PY ()] < o™ (an) mag
by (10) and (11). Hence, (12) implies that
99(P' — P)(y)| < C5057 " ()™ for all B e M.

(Recall that dg and d¢g are comparable by Lemma 11.2.) Together with (7)
and (SU4), this yields

|0°(P' — P)(y/)| < Cf - (ay)™™- 587‘[3' for all 5 € M, which is conclusion (5).
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Moreover, let S C E be given, with #(S5) < kfE Let 'S be as in (8), and,
for each a € A, let ¢ be as in (WL3)¥". (Note that (WL3)¥" applies, since
kf > k# .) Introduce a cutoff function # on R", with

(14)

0<0<1onR" §=1onB(y,1/2), supp 6 C B(y,1), [|0]|cwmmn) < C".
Then define

(15) F5=F5 =% [0°P(y)] - ¢a - 6.

acA

From (WL2)¥', (WL3)¥'(a), (WL3)¥ (c), we conclude that |0%°¢5| < C on
By, 1), 18] < m. ]

Hence, (9) and (14) imply [[[0“P(y')]- ¢5 - 0||cm(rn) < Cj . Together with
(8) and (15), this yields

(16) 175 gy < Cs.-
Next, suppose z € S. Then (8), (9), (WL3)¥ (b), (14) and (15) yield

(17) |F3(z) — f(z)| < C'o(x) + > C"-Co(x) < C; - o(x).
acA

Also, comparing (12) with (15), recalling (14), and applying (8) and
(WL3)¥'(c), we find that

(18) Jy =P-> [0°P()]-PY =P,

For every S C E with #(S5) < k;& , we have exhibited a function F** € C™(R")
that satisfies (16), (17), (18). Thus, by definition, P’ belongs to K¢ (y'; k;#, Cy).
Recalling (13), we conclude that P’ € ICJ# (v k‘f ,Cg ), which is conclusion (4).

Thus, conclusions (4) and (5) hold for P’. The proof of Lemma 14.1 is
complete. O

LEMMA 14.2. Fiz kI', with
(19) K> (D+1) -k, kP> (D+1)-k7,
Suppose Q is a CZ cube, y € Q**, and Py, P, € ICf(y; k‘f&,C’). Then

(20) 10°(Py — Po)(y)] < (1)~ ™V 55710 for atl g e M.

Proof. Suppose (20) fails. We will show that

(21) Q is a proper subcube of Q°, and that
(22) Q7" is OK.
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This will lead to a contradiction, since QT is a dyadic cube that properly
contains the CZ cube Q; thus QT cannot be OK, by the definition of a CZ
cube. Consequently, the proof of Lemma 14.2 reduces to the proof of (21) and
(22) under the assumption that (20) fails.

Since Py, P, € K?(y; kfé, (), we know that
(23) Given S C E with #(S5) < k#, there exist F}* € C™(R")(i = 1,2),

with || |lom@ny < O, |FP (z) = f(2)] < Co(z) on S, J,(F) = P;.
In particular, taking S = the empty set in (23), we learn that
(24) 0°Pi(y)| < C for |8 <m—Tandi=1,2.

It is now easy to prove (21). Since @ is dyadic, it is enough to show that
Q@ # Q°. Since we are assuming that (20) fails for @, it is enough to show that
(20) holds for Q°. However, (24) and (11.3) show that

0%(PL — Py)(y)] < C" < (a1) "D (5ge )™l thanks to (SU4).

Thus, (20) holds for Q°, which completes the proof of (21).
We start the proof of (22). Let

(25) y e (@)™
be given. Then y,y € Q" and P, P, € K?(y;kfﬁ,C). Also, k# >

(D—I—l)-k:iéﬁ and k,‘f > (D+1)- kffd. Hence, Lemma 14.1 applies, with k# = kﬁd.
Consequently, there exist

(26) P, Py € KF (y's Ky C')

with

@7)  [9°(B — P)W) < C" - (a) ™55 " forall eM, i=1,2.
From (27), we see that

(28)
max 0! "10% (P = Ba)(y/)] < 2C" - (a0) ™" + ma 85107 (P~ Po) (o))

Also, for § € M,

PP - P =| S %[mw(H—Pﬂ(y/)]'(y—ym
ly|<m—1—18] '

<C  max |0(P — Py)(y)|61;
< MSm—l—\Bl’ (Pr— P2)(y)

therefore,

(20)  maxdg! "7 (P~ Po)(y)| < C a8 "10° (P~ Po)().
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Moreover, since (20) fails,

(30) ap " < max 6510% (P~ Ba)(w).

Combining (28), (29), (30), we find that
L < a4 O max 81908 (P — Py)(y
a sClap + X 0g 07(P1 — P2)(y)],
which implies

(31) max 0" |07 (P — Po)(y/)| > ¢y Y,

thanks to (SU4).
From (26) and the definition of IC}#, we know that
(32) PPL(y) = 8°Pa(y)) =0 for all g€ A,
and that
(33) Given S C E with #(S) < k7, there exist IS, F¥ € C™(R™), with
1ES [lom(gny < O |Ef (2) = f(2)] < C'o(x) on S, and Jy (Ff) = B
fori=1,2.
Immediately from (33), we see that
(34) Given S € E with #(S) < k7, there exists F¥ € C™(R™), with
| FS| cmmny < O, |FS(z)| < Clo(x) on S, and J, (FS) = P, — Ps.

Now, pick 8 € M to maximize 6g‘_m\85(151 — Py)(y')|, and define

(35) Q=0"(P — P)(y).

By (31) and the definitions of 3,2, we have

(36) 0°(Py — Po)() < 191657 forall e M
and

(37) Q] > ¢ (ar) ("D 551
In particular, Q # 0. We define

(38) P=(P—P)/0eP.
From (32), we have

(39) O°P(y)y=0  forall e A
From (35) and (36),

(40) Gﬁp(y') =1, and

(41) 0°P(y) <85 for all B e M.
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Also, from (34), (37), (38) and (SU4), we learn the following:
(42) Given S C E with #(S) < kfﬁd, there ex{sts Fs eiCm(]R”), with
(a) [Fllomeny < C" - ()™ 65" < 657,

o) 1)< AT <o @ o ot
<5 o(x) on S,
(c) Jy(F°) =P.
Note that
(43) GeA

as we see at once from (39), (40).

Next, recall that y' € (Q1)™ C Q** C (Q°)** C B(y°,a1) (see (11.2)).
Hence, Lemma 10.3 shows that there exist polynomials rY (a € A), with
properties (WL1)Y', (WL2)¥', (WL3)¥". We now define

(44) AV = Au{B},
(45) P;=P
(46) Po=PY —[0°PY ()] - P fora € A

Thus, we have defined 155 for all 3 € AY". Note that A is a proper subset
of AV, by (43). Hence, Lemma 3.2 shows that

(47) AV < A
We will check that
(48) °Po(y') = g4 for all B,a € AV,

In fact, (48) holds for a = 3, thanks to (39), (40), (45).
For a, 8 € A, we have

O Puly') = 0°PY () ~ [0°FY ()] - 0" P(y/) = b3
by (WL1)¥" and (39); hence again (48) holds. For o € A, 8 = 3,
0" Puly') = 0P (o) ~ [0°FY ()] - 0" P(y) = 0
by (40); hence again (48) holds. Thus, (48) holds in all cases.

Next, we apply Lemma 13.1, with ¢/ in place of y. Note that the hy-
potheses of Lemma 13.1 are satisfied, since: 3’ € (Q1)*™* C Q***, with Q a CZ
cube; the PY (o € A) satisfy (WL1)Y', (WL2)¥, (WL3)¥'; k# > (D + 1)k
and kf& >(D+1) ‘kﬁd. From Lemma 13.1, we learn that

(49) o1 RY ()] < (@)™ forall a€ A BeM.
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Using (49), we can check that
(50) 10°P,(y)| < C - (a1)™ - 58‘_@ for all « € AY and § € M.

In fact, for a = 3, (50) is immediate from (41), (45) and (SU4). For a € A,
8 € M, we have
0°Pa(y)| <10 PY ()| +0°PY (/)] - |07 P(/)|
<(a)™- [58|—\5\] + [55\—|5|] . [(al)—mégd—\m]
<C-(a) a5V,

thanks to (41) and (49). Thus, (50) holds in all cases.

Let S C E be given, with #(S5) < kﬁd. Let F¥ be as in (42), and let
¢ (a € A) be as in (WL3)¥'. (Note that (WL3)¥" applies, since k# > k:ffd.)
We define

=S _ S
(51) Y3 = F
and
(52) 75 =S —[9PPY ()] - FS  forall ac A

Thus, 5 € C™(R") for all a € AY. We will check that

(53) Ham@ﬁ\lcmn) <C-(ar) ™ 5g|_m for all o € AY.

In fact, for a = 3, (53) is immediate from (42(a)), (51), and (SU4).
For o € A, we have
10BN coger) < 10™P3llco@n + 107 PY )] - 10™ F5|co e
< Cay + [(ar) ™™ - 851 g™ < ¢ (@) ol
thanks to (WL3)¥ (a), (49), (42(a)), (SU4). (Recall that |o|] < m — 1 and

dg < 6ge < ay by (11.3).) Thus, (53) holds in all cases.
Next, we check that

(54) P2 (x)| < C - (ag)™ - 5\5|—m -o(x) forall z €S, ac AY.

In fact, for & = 3, (54) is immediate from (42(b)), (51), and (SU4). For a € A
and x € S, we have

@5 (2)] < leS(@)| +10°PY ()] |F5(x)| (see (52))
< Co(z) + [(a1) 05 "] - [0 "o(2)]  (thanks to (WL3)¥ (b),
(49), (42(b))
< C-(a1) ™05 "o () (thanks to (SU4)).

(Again, recall that || < m —1 and dg < 0ge < a1.) Thus, (54) holds in all
cases.
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We check also that
(55) Jy (@) =P, foral acAY.

In fact, for a = 3, (55) is immediate from (51), (45), (42(c)). For o € A,
(55) follows from (46), (52), (WL3)¥'(c), and (42(c)). Thus, (55) holds in all
cases.

Given ¢ € (Q1)** (see (25)), we have constructed AY < A (see (47)) and
P, (a € AY) satisfying (48) and (50). Moreover, given S C E with #(S) < kﬁd,
we have constructed @5 (a € AY'), satisfying (53), (54), (55). We will check
that AY" and the P,(a € AY) satisfy conditions (OK1, 2, 3) for the cube Q7
and the point v/

In fact, (OK1) for QF,y’ says that 9°P,(y') = g for all B, € AY.
That’s just (48).

Condition (OK2) for Q*,y says that

(260)1P1712116° P (y/)] < (a1) ™™ for all o € AY and § € M with 8 > .

This follows at once from (50) and (SU4), without the restriction to 8 > «.
Condition (OK3) for QF,y says that, given a € AY and S C E with
#(9) < kﬁd, there exists @5 € C™(R"), with

(260)™ 0™ B3| coen

< (al)—(m—H)
(260)™ @5 ()] < (a1) "™V - o(z) on S,

)

and
Jy/ (@2) = P,.
These assertions follow at once from (53), (54), (55) and (SU4).
Thus, conditions (OK1, 2, 3) hold (with AY" < A) for QF, ¢/, for arbitrary
y' € (QT)**. By definition, this means that Q" is OK. This completes the proof
of (22), and hence also that of Lemma 14.2. O

The main result of this section is as follows.

LEMMA 14.3. Lety € Q" andy' € (Q')**, where Q and Q' are CZ cubes.
Let P € IC}#(y; kff, C) and P' € IC}#(y’; kj, C) be given, where

(56) > (D+1) k%  and K > (D+1)%- k4,
If the cubes Q and Q' abut, then we have
(57) 07(P' — P)(y/)| < C' - (a1) ™D 657 for all pe M.

Proof. Let K = (D+1)- kﬁd. Then, by Lemma 14.1, there exists

(58) PeKf(;kE, C),
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with
(59) (7P~ P)() <C" (a)™ 057 forall feM.

By hypothesis, and by (58), both P’ and P belong to K?(y’; kﬁ, 5) Hence,
Lemma 14.2 applies to @', v/, and shows that

60)  [0°(P' — P)(y)] < (a)" "V 6P forall ge M.

Conclusion (57) is immediate from (59), (60), (SU4), and Lemma 11.2. O

15. Proof of Lemmas 9.1 and 5.2

In this section, we complete the proof of Lemma 9.1. Thanks to Lemma 9.2,
this will also establish Lemma 5.2. We place ourselves in the setting of Sec-

tion 9, and assume (SUO,...,6). In particular,

(1) E is a given finite subset of R",

(2) 0:FE — (0,00) and f: E — R are given, and
(3) A C M is given.

We use the Calderén-Zygmund decomposition from Section 11. Let Q,
(1 < v < Umax) be the CZ cubes, and let §, = dg, = diameter of Q,, y, =
center of (J,,. Recall that

(4) 0, <a; <1 for each v,
thanks to (11.3).

We take
(5) k= (D+1)* k.

Lemma 10.5 shows that K}#(yy; (D+1)2-k:zﬁd, (') is nonempty for each v, where
C is a large enough controlled constant.
For each v, fix

(6) P, € KF (33 (D +1)* k714, ©).

Applying Lemma 14.3, we see that, whenever ), and @, abut, we have

(1) 10°(Pu = P) ()| < C'(ar)~ 0 g8 for all B e M.

Since 9%(Py = P)(#) = Xpyjm-1jg 207 (P = P)(w) - (@ = )7 with
|z —yy| < C19, for any x € Q}, estimate (7) implies

(8)
0%(P, — P,) ()] < Cy - (a)~ V) .om=I8 for all 2 € Q5 andall e M.
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Let 5,,(1 < v < Unmax) be a cutoff function, with the following properties.

(9) 0<6,<1onR"6,=1on Qy, suppf, C
(10) 18%0,| < C36; 1 for | 8] < m.
Fix v(1 < v < vpax), and define
(11) fo(@)=0,(x) - [f(z) — P,(x)] forall z€E.
Note that
(12) f(x)=f,(x) + P,(2) forall e ENQE..

Our plan is to apply Lemma 8.1 to the function f,, and the cube @,. Recall
that, since @, is a CZ cube, it is OK. Thus,

(13) For each y € Q%*, we are given AY < A, and
polynomials P¥(a € AY), satisfying (OK1, 2, 3).

We will check the following straightforward result.

LEMMA 15.1. The hypotheses of Lemma 8.1 hold, with A = (ay)~ ("1,
for the set E, the functions f, and o on E, the cube Q,, the sets of multi-
indices A, AY(y € Q%*), and the polynomials Pi(y € Q%*,a € AY).

Proof. The hypotheses of Lemma 8.1 are as follows:

e The Strong Main Lemma holds for all A < A. (That’s just (SU1), which
we are assuming here.)

e E CR"is finite, f, : E— R and 0 : E — (0,00).

e For each y € QF, we are given AY < A and PY(a € AY) which is
immediate from (13).

e Conditions (G1, 2, 3) hold, with A = (m+ ) which is immediate from
(OK1, 2, 3) for @,; these conditions hold, thanks to (13).

e Condition (G4) holds, with A = a; ™).

To check this last hypothesis, we use (6). From (6) and the definitions of
IC?E and Ky, we learn the following:

(14) Given S C E with #(5) < (D +1
with ||} |omgn) < O, |F () — f

1d7 there exists F? € C™(R"),

)2
(z)| < Co(z) on S, and J,, (FY) = P,.

With F? as in (14), and with 6, as in (9), (10), (11), we define
(15) v [F) = P).
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Note that
(16) |5 (@) = ful@)| = 0, (2) - |F (z) = f(2)| < Co(x) on S,
thanks to (9), (11), (14), (15).
From (14) and Taylor’s theorem, we have
0°(FS — B)| < C'6m™ Pl on Q= for |B] < m.
Together with (9), (10) and (15), this implies
°ES| < "5 Bl on R™, for |B] < m.
Thus,
(17)  Given S C E with #(S) < (D +1)2- kﬁd, there exists FI¥ € C™(R"),
with
(a) [0°FS(z)| < C"6p VPl for all x € R™, |B| < m; and
(b) |ES(z) — fu(2)| < Co(x) for all z € S.

Condition (G4) for Qy,f,,, etc., with A = (al)_(m+1), follows at once from
(17), thanks to (SU4).
The proof of Lemma 15.1 is complete. O

Applying Lemmas 15.1 and 8.1, we obtain a function F;,, € C™(R"), for
each V(1 < v < vpax), satisfying

(18) 109F, (z)| < A7 181 for all 2 € R™,|8] <m
and
(19) \Fy(z) — f(z)| < Ao(z) forall z€ ENQL.

Here, A’ is determined by aj,m,n. For the rest of this section, we write
A, A", A", Ay, ete., to denote constants determined by a,m,n.
From (12) and (19), we see that

(20) |f(x) — (Py(z) + F,(2))] < Alo(x) forall z€ ENQ}.

Our plan is to patch together the “local solutions” P,(x) + F,(z) (v =1,...,
Vmax), Using a partition of unity.
For each v(1 < v < vyax), we introduce a cutoff function 6, satisfying

(21) 0<6,<1onR" 6,=1o0nQ,, 6,(x)=0 for dist (z,Q,) > &,,
and
(22) 18%0,| < 671 for |3] < m.

Taking ¢ small enough in (21), and recalling Lemma 11.2, we obtain the
following:

(23) If Q. contains a point of suppéy, then @, and @, coincide or abut.
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Define 6, = éy/(z GAM) on @°. From (21),...,(23), the Corollary to
m

Lemma 11.1, and Lemma 11.2, we obtain:

(24) Z 6, =1 on Q°.
1SVSVrnax
(25) 0<6,<1onQ"°.
(26) 18%0,| < 6,18 for |8 < m.
(27) 6, =0 outside Q7.
(28) If x € Qu, then 6, = 0 in a neighborhood of z, unless @,
and (), coincide or abut.
We define
(29) Fz)= Y 6u(z)- (Py(z)+ F(z)) for z€Q”.

1<v<Vmax

Note that 6, and F are defined only on Q°.

Given z € E N Q°, we see from (20), (25), (27) that |0,(z) - (P,(z) +
F,(z)) = 0,(x) -f(z)] < A'o(z) - 0,(x). Summing over v, and using (24) and
(29), we obtain

(30) {F(m) — f(z)] < A'o(z) forall z€ ENQ°.

We prepare to estimate the derivatives of F. Fix z € Q°, and let Q. be a CZ
cube containing z. Differentiating (29), we obtain

(31) °F(x)= > eB,8") > (070,(x))-[07 P,(x)+ 0 F,()].
B8'+pB"=p 1<v<vpax

We look separately at the cases 3’ = 0, 3 # 0. We will need an estimate for
0°P,(x). Recalling (14), and taking S = empty set, we find that ‘8ﬁP,,(yV)|
<Cfor || <m—1,1<v < Vpax.

For Z € @}, we have |Z — y,| < C0, < C (see(4)); hence

~ 1 _
0°p, @) =| > ] (PP, (y)) - (& —y)Y| <O for |B] <m— L.
[y <m—1-16|

For |3| = m, we have 9P, = 0, since P, is a polynomial of degree at most
m — 1. Thus,

(32) |0°P,(2)| < C" for all &€ Q}, |B] <m.
Now, combining (18), (32) with (25), (27), we see that
’9,,(x) : [8BP,,($) + (9’3F,,(:L‘)” < A"0,(z) for 1 <v < vpax, |8] < m.
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(Here we again use (4).)
Summing over v, and recalling (24), we obtain the estimate

(33) Ze - [0°P,(x) + 9°F, (x)]| < A",

which controls the term ' =0 in (31).
For ' # 0, we have 3> 0% 0,(x) = 0 by (24); hence
v

(34) > (070,(x)) [0°"Py(z) + 0 F, ()]

v

_Z aﬁ/ ’6”P( ) 85/,P#($))
+Z (876, 0% F, ().
Suppose 3 # 0, |#'] +|8"| < m. We will check that
(35) (876, (2)) - (87 Py(x) — 87 Pu(a))| < A - s7p 1917191,

In fact, the left-hand side of (35) is equal to zero in the following cases: x ¢ Q}
(see (27)); Q, and @, neither coincide nor abut (see (28)); Q. = Q. (see (35)).
Hence, in checking (35), we may suppose that z € @} and that @, and Q,
abut. In this case (35) follows from (8), (26) and Lemma 11.2. Thus, (35)
holds in all cases.

We sum (35) over all v and obtain a nonzero term on the left only when
@, and @, abut, which occurs for at most C distinct v, thanks to Lemma 11.2.
Consequently,

(36) > (0%0,(2)) - (0% Py(x) — 0°" Pu(x))| < Ayalr W17 < 4,
thanks to (4).

This controls the first term on the right in (34). We turn to the second
term. Estimates (18) and (26) show that

37 [(0%6.(2)) - (0% Fy(x))| < Apm 1B for 18| +18"| < m.

Moreover, the left-hand side of (37) is nonzero only when @, and @, coincide
or abut. There are at most C distinct v for which this occurs, since we have
fixed @,. Together with Lemma 11.2, these remarks imply the estimate

(38) > (070,(x)) - (07 Fy(2))| < Agap P10 < Ay,

v

thanks to (4).
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Now, from (34), (36), (38), we obtain

> (0760,(x)) - [07 Po(z) + 07 F,(x)]| < Ay for |B]+|8"] <m, B # 0.

v

Together with (33) and (31), this shows that
(39) ‘85F(x)| < Aj forall z € Q|5 <m.
Our function F satisfies the good properties (30) and (39), but it is defined
only on Q°. Recall that Q° is centered at y°, and has diameter ca; < dge < ai.
(See (11.1) and (11.3).) Hence, we may find a cutoff function #° on R™, with
6° =1 on B(y°,cay), suppf® Cc Q°,0 < 6° <1 on R", and

|3590‘ < C’al_‘ﬁ| for |B] < m.

Setting F' = F - 6°, we obtain a function on all of R”. From (30), (39) and the
properties of 87, we have at once

(40) [ Ellom@mny < Ag
and
(41) |F(x) — f(2)] < Ago(x) for all z € ENB(y°,cay).

Since Ag and c’a; are both determined by aj, m and n, estimates (40) and
(41) immediately imply the conclusions of Lemma 9.1.
This completes the proofs of Lemma 9.1 and Lemma 5.2. O

16. A rescaling lemma

Recall that M™ denotes the set of multi-indices 3 with |3| < m. The
following result will be used in the next section, to prove Lemma 5.3.

LEMMA 16.1. Let A C M be given, and let C1,a be positive numbers.
Suppose we are given real numbers F g, indezed by o € A, 8 € M. Assume
that the following conditions are satisfied.

(0) Foa#0 for all a € A.
(1) |Fopl <Ci|Fanl foralla e A, B e MT  with B> a.
(2) Fop3=0 forall o, € A with o # .
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Then there exist positive numbers A1, ..., A\, and a map ¢ : A — M, with
the following properties:
(3) e< A\ <1 foralli=1,...,n, where c is a positive

constant determined by C1,a, m,n.
(4) ¢(a) < a forall a € A.
(5) For each a € A, either ¢(a) =a or ¢(a) ¢ A.
(6) Suppose Fa”g, for a € A, B € M, is defined by

() Fap=N'-AFap (8= (B, 00)
Then

(b) |Fapl <@+ |Fpppa) for all a € A, B e M with 3 # ¢(a).

Proof. By possibly making C larger, we may assume that
(7) Ci > 1.

By possibly making a smaller, we may assume that
(8) Cia < 1.

The main point of our proof is to show that we can pick A1,..., A, sat-
isfying (3), and satisfying also the following conditions, where Fy, 5 is defined

by (6(a)):
9)  |Fap/Faal <|Fap/Faal forall a € A, e M' with 8> a.

(10)
\Fa’ﬁ/ﬁaﬁ/ ¢ [a,a'] whenever a € A, 3,3 € M*, 8# ', and Fop3 #0.

We first show that if A;,..., A, can be picked to satisfy (3), (9) and (10),
then we can find ¢ so that all the conclusions (3),...,(6) of Lemma 16.1
are satisfied. Then we return to the task of finding A1, ..., A, satisfying (3),

(9), (10).
Suppose Ai, ..., A, satisfy (3), (9), (10). Define a map ¢ : A — M™, by
taking ¢(«) to be a value of  that maximizes |F, g| for the given . Thus,

(11) Fys()] = |Fagl forall e M ac A

In particular, taking 8 = « in (11), and recalling (0) and (6(a)), we see that
(12) Fa@(a) #0, forall o€ A

Together with (2), this implies conclusion (5).
Also, (11), (12), and (10) with 8’ = ¢(«), together imply conclusion (6).
Next, suppose a € A and ¢(a) > «. From (9) and (1), we then have
|Fa,¢(a)/pa,a‘ <O < C_l_l, by (8)



A SHARP FORM OF WHITNEY’S EXTENSION THEOREM 565

Hence, (0) and (10) show that ‘sz,(a)‘ < d‘ Fa,a’, which in turn implies

(13) | Fosie] < [Faa

, thanks to (0), (7), (8).

However, (13) contradicts (11). Therefore, we cannot have ¢(«) > «, which
proves conclusion (4). Moreover, since ¢(a) < «, we have ¢(a) € M for
all &« € A. (Recall that we knew at first merely that ¢(a) € M™.) Thus,
¢ : A — M, and conclusions (3),...,(6) are satisfied by ¢, A1,..., As.

This completes the reduction of Lemma 16.1 to the task of finding
AL, ..., Ap that satisfy (3), (9), (10).

We take

n

(14) Me=exp(—=[tk+---+m]), k=1,...,n

for 71,79,...,7, > 0 to be picked below. Evidently, (3) holds, provided
Ti,...,Tn are bounded above by a constant determined by Cy,a,m,n. Re-
garding (9) and (10), we note first that, for « € A, 8 = (f1,...,8,) € MT,
B =(B,....0,) € M, with F, 3 #0,

(15) \Fop/Fop| = |Fap/Fap| exp(—[p1mi+ - + pual),
with
(16) pe= 1+ +08)— B+ + 6.

Formulas (15), (16) are immediate from definitions (6(a)) and (14). Since
B3, € M™T, each py, is an integer, and

(17) —m < pp < +m, k=1,...,n.

If 3 # 3, then the py are not all zero, thanks to (16). Suppose 3 > 3. Then,
by definition of the order relation >, there exists k, for which pz > 1, and
pr = 0 for k > k. Hence, in this case (15) and (17) show that

(178’) ‘Fa,ﬁ/pa,ﬁ’

= |Fo8/Fap
<|Fa/Fap

exp(—[p171 + - + pr7y))

-exp(—T; +m Z Th)-
1<k<k

Estimates (17a) hold whenever F,, 3 # 0 and § > . In particular, taking
B’ = a, and recalling (0), we see that (9) holds, provided

(18) TR >m Z Tk forall k=1,...,n.
1<k<k
To ensure that (18) holds, we introduce new variables t1, . . ., t,, and define
Ti,...,Tn inductively by setting
(19) TR =m- Z Tk + U7 for k=1,...,n.

1<k<k
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If ty,--- ,t, > 0, then (18) holds, hence Ay, ..., A, satisfy (9). Now, (19)
shows that

(20) (Tl,...,Tn):(tl,...,tn)M,

where M is a triangular n x n matrix, with integer entries, and with 1’s on
the main diagonal. The matrix M is determined by m and n. Hence, if
t1,...,t, are bounded above by a constant determined by C1, a, m,n, then so
are i, ..., T, and therefore (3) will hold.

Thus, to complete the proof of Lemma 16.1, it is enough to find t¢q,...,
t, > 0, bounded above by a constant determined by Ci,a, m,n, for which
AL, ..., A satisfy (10). We return to (15), which we write in the form

(21) ‘Faﬁ/pa,ﬂ’| = ‘Fa,B/Fa,B/ ’ exp(—FﬁT) for 7£ ﬂ/a Faﬂ/ 7£ 0.
Here, 7 = (711,...,7) , and p = (p1,...,pn) is a nonzero lattice point
determined by 3 and '
From (20) and (21), we obtain

(22) |Fa,ﬂ/ﬁa,ﬂ’ = ‘Fa,,@/ch,B/ : exp(—f(fT) for (B # 3, Fop #0,

with © = (t1,...,t,), and with ¢ = (¢1,....qn) = (P1,...,pn)MT a non-
zero lattice point determined by 3,3',m,n. In particular, (22) shows that
\En g/ Fup| ¢ [@,a "], unless we have F, 3 # 0, and

(23) }q1t1 +- Qntn —In |Fa,ﬁ/Fa,ﬁ’
Hence, to prove Lemma 16.1, it is enough to show that there exist positive
ti,...,tn, bounded by a constant determined by C1,a,m,n, for which (23)
fails whenever o € A, S and 8 e MT, 8 #£ 3, Fpp #0, Fo 3 #0.

Let T be a large positive number to be fixed later, and let Qr =
{(t1,...,tn) € R™ Each t; belongs to (0,7")}

Thus, Q7 is a cube of volume T™. On the other hand, suppose we fix
ac A 3,0 e Mt with 8 # ' and F, 3, Fo 3 # 0. Let (q1,...,qn) be the
nonzero lattice point in (23). Say, g¢ # 0. Then, for each fixed (¢1,...,%p_1,
te41,--.,tn), the set of all ¢, for which (23) holds is an interval of length
2|Inal/|q| < 2|Ina|. Consequently, the volume of the set of all (¢1,...,t,)
€ Qr for which (23) holds is at most 2|Inal| - 7"

It follows that the set Qp = {(t1,...,tn) € Qr: (23) holds for some
a € ApB 3 € MY with B # 8, Fyp # 0, Fup # 0} has volume at most
N -2|Ina|-T"!, where N is the number of triples (a, 3, 3') € M x MT x M+
with 8 # (. Note that N is determined by m and n.

We now take T' to be a constant, determined by a,m, n, large enough to
satisfy 7" > N - 2|Ina| - T"L.

Then the set Q7 Q7 has positive volume. Picking (¢1,...,t,) € Qr~\Qr,
we see that the ¢; are positive and bounded above by a constant determined
by a@,m and n, and that (23) fails, whenever o € A, 3,3 € M™*, 3 # /3,
Fop #0, F, 3 # 0. The proof of Lemma 16.1 is complete. O

<|Inal.
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17. Proof of Lemma 5.3

In this section, we give the proof of Lemma 5.3. We fix A € M, and
assume that the Weak Main Lemma holds for all A < A. We must show that
the Strong Main Lemma holds for A. We may assume that the Weak Main
Lemma holds for all A < A, with k# and ag independent of A. (Although
each A < A gives rise to its own k% and ag , we may simply use the maximum
of all the k%, and the minimum of all the ag, arising in the Weak Main Lemma
for all A < A.) Fix kE# and ag as in the Weak Main Lemma for A < A.

If A is empty, then the weak and the strong main lemmas for A are
obviously equivalent. Hence we may assume that A is nonempty.

Let E, f,0,9° P.(a € A) satisfy the hypotheses of the Strong Main
Lemma for A. Without loss of generality, we may suppose

(1) y’ =0.

We want to show that there exists an F' € C™(R"), satisfying the conclu-
sions (SL5, 6) of the Strong Main Lemma for A.

In this section, we say that a constant is controlled if it is determined by
C,m,n in the hypotheses (SL1,...,4) of the Strong Main Lemma for A. We
write ¢, C’,C",C1, etc., to denote controlled constants. Also, we introduce
a small constant @ to be picked later. Initially, we do not assume that a
is a controlled constant. We say that a constant is weakly controlled if it is
determined by a together with C,m,n in (SL1,...,4). We write c¢(a),C(a),
C'(a), etc., to denote weakly controlled constants. Note that the constants k7
and ag are controlled. We assume that

(2) a is less than a small enough controlled constant.

Our plan is simply to rescale E, f, o, P, using the linear map T : R® — R",
defined by

(3) T:(Z1,...,2n) — (MZ1, ..o, AnTn),
for A1, ..., An > 0 to be picked below. We define
(4) E=T"YE),f=foTl,6=00T,P,=P,oT.

Thus, E C R" is a finite set, f: E >R, 6 : F — (0,00), and P, € P for each
a € A. Evidently,

(da)  9OP,(0) =X NROPP(0)  for ae A B=(Bi....0).
To pick Aq,...,\,, we appeal to Lemma 16.1, with

(5) F,3=0"P,(0) for aeA, Bl <m-1,

and

(6) Fop=1 for acA, |B]=m.
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Note that the hypotheses (16.0), (16.1), (16.2) of Lemma 16.1 hold, with C;
a controlled constant, thanks to (SL1), (SL2), and (1). Hence, Lemma 16.1
produces numbers A1,...,\,, and a map ¢ : A — M, with the following
properties:

(7 cla) < <lforalli=1,...,n.

(8) ¢(a) < a for each o € A.

9) For each a € A, either ¢(a) = o or ¢(a) ¢ A.

(10) For any a € A, 3 € M with § # ¢(«), we have |9°P,(0)|
< @89 P,(0)].

(11) For any a € A, we have Xfl C M < g |99 Py (0)] for

Br+-+ P =m.
Here, conclusions (10) and (11) follow from (16.6) and (4a), (5), (6). We fix
AL, ..., Ap and ¢, satisfying (7),...,(11).

Let S C E be given, with #(S5) < k. Set S :AT(S) C FE, and apply
(SL3). Let ¢3(a € A) be as in (SL3), and define ¢35 = @5 oT. For 3 =
(B1y ..., Bn) with |B] = m, we learn from (SL3a) and from (11) that

10°@alloo@n) = A+ X 107 0T llcogrny < Calo”® Po(0)].
Also, (SL3)(b) and (c), together with (1) and (4), show that
35 (2)| < C&(2) on $, and Jy(@5) = Pa.
Thus:
(12) Given S C E with #(S) < k#, and given a € A, there exists
@S € C™(R™), with
(a) [[0™¢5 I comny < Calo?™ Py (0)],
(b) [5(2)] < Cé(d) forall &€ S,
and X
(c) Jo(@3) = P
Similarly, let S C E be given, with #(5) < k#. Set S = T(S) C E, and let F*
be as in (SL4). Then define 5 = FSoT. For 3= (b1,...,3,) with |3| < m,
10°F | cogny = Ay - MM |OPFS | oy < CAT - AP+ (by (SLAa))
<C (since each A\; <1, by (7)).
Also, for & € S, we have |Fs(i) — f(&)| < C6(2), thanks to (SL4b) and (4).
Thus:
(13) Given S C E with #(S5) < k#, there exists FSe C™(R™),
with || gm gy < C, and |FS(2) — f(#)| < C&(&) on S.
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Now define
(14) A= (),
and let ¥ : A — A satisfy
(15) ¢(¢p(a)) =a for ac A
Note that
(16) A< A,
by (8), (9), (14), and Lemma 3.3. For & € A, define
(17) Pa = Py(a) /(0% Py(ay(0)).

We check that the denominator in (17) is nonzero. In fact, (10) shows that
|09 P, (0)] < |09 P,(0)| for any a € A, 8 € M. Taking # = a = ¢)(a), and
recalling that 0% P, (0 ) =1 by (SL1), we see that
0% Py (0)] = 107 Pa(0)] > [0 Pa(0)] = AT* -+~ A3 |07 Pa(0)] = A" -~ A
Hence,
(18) |80‘Pw )(0)] > (@) forall ae A
thanks to (7). In particular, 8“P¢ y(0) # 0.

We derive the basic properties of the Py. From (10), with a = (@), we
see that \65Pw y(0) <a yﬁan(a)( )| for a € A, B # &, B € M. Hence, (17)

gives
(19) 10°P5(0) — dpa| <@ forall ac A, g€ M.
Also, from (12), (17), (18), we see:
(20) Given S C F with #(S) < k#, and given a € A, there exists
35 € C™(R™), with
() 10" Fllcory < Ca
(b) [¢5(@) < C(@)d(@) on 8§,
and X
(c) Jo(#3) = Pa.

(In fact, we just apply (12), with o = (@) € A, and put @g = @5 /(8% P, (0)).)
Thanks to (19), the matrix (85130—[(0))570-[6;\ has an inverse M, 5, with

(21) |Muya — doal < C'a for all o/, & € A.
By definition, we have

(22) > 0°Pu(0) Mg =635 forall B,ac A
a’'cA
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Now define

(23) Py= ) PuMys forall acA
a’'€A

Given S C E with #(S) < k#, we let ¢2 be as in (20) (for all @ € A), and
define

(24) 5= @5 Mya  forall ac A
a’eA
From (22) and (23), we have
(25) P P5(0) = dgq  forall B,ac A
Also, (19), (21), (23) and (2) imply
(26) 0°P5(0) — 0pa| < C"a  forall ac A, e M.

Given S C E with #(S) < k#, and given @ € A, we conclude from (20(a)),
(21), (24), and (2), that

10™@3 || corny < C"a.
From (20(b)), (21), (24), and (2), we obtain
¢2(#) < C'(@) - 6(#) on .
Comparing (23) with (24), and recalling (20(c)), we obtain

Jo(#3) = Pa.
Thus:
(27) Given @ € A and S C E with #(S) < k#, there exists
@S € C™(R™), with
(8) [0"@5 ] oogen) < C™a,
(b) |g5(@)| < C'(@)-6(&) on S,
and

(c) Jo(@5) = Pa.

We prepare to apply the Weak Main Lemma for A to the set E’, the
functions f, &, the set A of multi-indices, the base point y° = 0, and the
family of polynomials (Ps)sc 4. We will check that the hypotheses of the Weak
Main Lemma hold, and that the constant called C' in hypotheses (WL3, 4) is
weakly controlled. In fact, (WL1) is just (25); (WL2) is immediate from (2)
and (26), since ag is a controlled constant; (WL3) (with a weakly controlled
constant) is immediate from (2) and (27) since ag is controlled; and (WL4)

(with a controlled constant) is immediate from (13). Thus, the hypotheses of
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the Weak Main Lemma are satisfied. Since we are assuming the Weak Main
Lemma for A < A, and since we know that A < A (see (16)), we conclude
that there exists F' € C™(R"), with

(28) |F|lcon gy < Ci (@), and
(29) |F(2) — f(2)] <C1(a) - (&) for all & € EN B(0,c1(a)).

Now define F = FoT~! on R". Since

10°Flicogny =A™ - AP 107 Fll oy for 6= (B, fn),
estimates (28) and (7) imply
(30) 1F|

onrny < C2(a).

Also from (7), we learn that x € B(0,cz(a)) for small enough cy(a) implies
T~z € B(0,c1(a)), with ¢1(a) as in (29). Hence, (4) and (29) imply

(31) |F(z) — f(z)] < Ca(a) - o(x) for all x € EN B(0,co(a)).

Finally, let us fix a to be a controlled constant, small enough to satisfy (2).
Then the constants cz(a) and Cy(a) are determined entirely by C,m,n in
(SL1,...,4). Hence, (30) and (31) are the conclusions of the Strong Main
Lemma for A.

Thus, the Strong Main Lemma holds for A. The proof of Lemma 5.3 is
complete. O

18. Proofs of the theorems

We have now proven Lemmas 5.1, 5.2, and 5.3. As explained in Section 5,
these lemmas imply the Weak and Strong Main Lemma for all A C M, as
well as Local Theorem 1. In this section, we show that the Local Theorem 1
implies Theorems 1, 2, 3, which in turn trivially imply Theorems A, B, C. The
first step is as follows.

LEMMA 18.1. Letm,n > 1 be given. Then there exist constants k¥, C1, co,
depending only on m andn, for which the following holds: Suppose we are given
a finite set E C R™, and functions f: E — R and o : E — [0, 00).

Assume that, for any S C E with #(S) < k¥, there exists FS € C™(R"),
with

IFS ey < 1 and |FS(2) - f(2)] < o(a) on .

Then, for each y° € R", there exists F € C™(R"™), with

1Fllemgny < C1 and |F(2) = f(2)] < Cro(z) on ENB(y’,co).
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(This result differs from Local Theorem 1 of Section 5 in that we assume
merely that o : E — [0,00), not o0 : E — (0,00).)

Proof. Let k#, A, be as in Local Theorem 1, and let E, f, o satisfy the
hypotheses of Lemma 18.1. Let ¢ € R” be given. For each £ > 0, set 0.(z) =
o(x) + ¢ for all x € E. Then o, : E — (0,00), and one checks trivially that
E, f, 0. satisfy the hypotheses of Local Theorem 1. Hence, for each € > 0, there
exists I € C™(R"), with ||F¢||cm@n) < A, and |Fe(z) — f(z)| < Ao(z) + Ae
for all z € EN B(yY, ).

For z € EN B(y°,¢), define

(Fe(z) — f(z) — Ao(x)) if Fo(x)> f(z)+ Ao(x)
9e(x) = ¢ (Fe(x) = f(z) + Ao(x)) if Fi(z) < f(z) — Ao(z)

0 otherwise

For z € E ~ B(y", ) set g-(z) = 0. Then we have |g-(z)| < Ae for all z € E,
and |F.(z)— f(z)—g-(2)| < Ao(z) for all z € ENB(y°,¢). On the other hand,
since F is finite, there exists a constant I'(E) with the following property:

Given a function g : £ — R", there exists G € C"™(R"), with [|G||gmgn) <
I'E) - max lg(z)|, and G =g on E.

Hence, there exists G. € C™(R"), with [|Gel|om@rn) < T'(E) - Ae, and
Ge = g on E. Taking ¢ < 1/T(F), and setting F' = F. — G, we find that
[ Fl[cm@ny < A+T(E)- Ae <24, and

|F(x) = f(2)| = |Fe(z) — f(2) — ge(2)| < Ao(z) on ENB(y’, ).
Thus, Lemma 18.1 holds, with C; = 24 and ¢y = ¢. O

Next, we pass from finite F to arbitrary E, and from C™ to C™ L1,

LEMMA 18.2. Letm,n > 1 be given. Then there exist constants k¥, Cy, ca,
depending only on m and n, for which the following holds.

Suppose we are given an arbitrary set £ C R™ and functions f: E — R
and o : E — [0,00). Let y° € R™. Assume that, for any S C E with #(S) <
k# . there exists IS € C™~LL(R™), with
(1) |9 cm-1ire) <1, and |FS(z) — f(z)| < o(x) on S.

Then there exists F € C™LL(R™), with

[Fllgm-11@gn) < Coy  and |F(z) — f(z)| < Cao(z) on EN B, ¢3).

Proof. Let k% be as in Lemma 18.1, and let S C E be given, with
#(8) < k*. Then there exists a constant I'(.S), for which the following holds:

(2) Given g : S — R, there exists G € C™(R"), with ||G]
(s) - max lg(x)|, and G =g on S.

cm (Rn) S
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Let F¥ € C™~b1(R™) be as in (1), and let € = 1/T'(S). By convolving F*¥ with
an approximate identity, we obtain a function F¥ € C™(R"), with

(3) IES |om@ny < CIIFS|gm-ra@ny  and  [|[FS — F¥||coggn) < €.

(Here, C' depends only on m and n.) From (1) and (3), we obtain

(W) e <O and [FS(@) — f(@)] <o(x) +< on S

Now define g2 on S by setting

F2(z) = f(z) —o(z) if F2(z)— f(z) > o(x)
@(x) =14 F(x)— f(z)+o(x) if F3(z)— flz) < —o(x)
0 otherwise
Thus,
glgglgf(w)l <e, and |FP(z)- f(z)—gS(z)| < o(x) on S,

thanks to (4). Applying (2) to g2, we obtain a function G2, with
HGfHCm(Rn) <T(S)-e=1, and |F°—G%—f|<o on S.
Setting F'S = F5 — G, we learn the following:

(5)  Given S C E with #(S) < k#, there exists F¥ € C™(R™), with
1F¥ | gm(mny < €'y and [F(z) — f(x)| < o(@) on S.

Here, C’" depends only on m and n. In view of (5), we may apply Lemma 18.1
to any finite subset £y C E. Thus, we obtain the following result.

(6) Let Ej be any finite subset of E. Then there exists Fg, € C™(R"), with
| FE, |lcm@mny < C”, and |Fg, (z) — f(z)] < C"o(x) on E1 N B(y°, co).
Here, C" and cq depend only on m and n. Let B = B(y", ¢g), and let
(7) B={FeCm(B):|F|
the C™~!(B)-topology.

cm-11(py < C"'}, equipped with

In (7), we take C" to be a large enough constant determined by m and n.
Hence, if we define

(8) B(z)={FeB:|F(x)— f(z)| <C"o(z)} for each x € EN B,

then (6) shows that m B(z) is nonempty, for any finite subset £; C E N B.

reF,
On the other hand, each B(z) is a closed subset of B, and B is compact,

by Ascoli’s theorem. Therefore, the intersection of B(z) over all z € E N B is
nonempty. Thus, there exists F' € C™ 11(B), with

(9)
|F||gm-11(py < C", and |F(z) — f(z)| < C"o(z) forall z€ENB.



574 CHARLES L. FEFFERMAN

The function F is defined only on B = B(3°, ¢g). Therefore, we introduce
a cutoff function 6 on R"”, satisfying
(10)
101l ey < C#*, 0<6<1on R" =1 on B(yo,%c()), supp 0 C B,

with C# determined by m and n. Defining F = 0F € C"L1(R™), we learn
from (9) and (10) that

(11)
[ El|gm-11(mny < Ca, and |F(x) — f(x)] < Coo(x) on EN B(y°, 1 o),

with Cy and ¢y depending only on m and n. However, (11) is the conclusion
of Lemma 18.2. O

Proof of Theorem 1. Let E, f,o0 be as in the hypotheses of Theorem 1,
and let C1, cg be as in Lemma 18.1. We introduce a partition of unity.

(12) 1= ZGV on R", with
(13) 0<6, <1, suppby C B(yw,co), [10u]lcmrn) < C,
and with

(14) any given x € R™ belonging to at most C' of the balls B(y,, c).

In (13) and (14), C denotes a constant depending only on m and n. Applying
Lemma 18.1, we obtain, for each v, a function F, € C™(R"), with

(15)  [[Ellen@ny < Cr, and |Fy(z) = f(z)] < Cro(z) on EN B(yy, o).
Define F' =) 6,F,. From (12),...,(15), we obtain

(16) |F||gm@ny < C,
and
(17) |F(z) |—|29 f(iU)HSzeu($)|Fu($)—f($)|

<Z€ ) Cio(z) = Cyo(z) on E.

(The constant C’ in (16) depends only on m and n.)
The proof of Theorem 1 is complete. O

Proof of Theorem 2. Let E, f,o0 be as in the hypotheses of Theorem 2,
and let Cs, co be as in Lemma 18.2. We introduce a partition of unity

(18) 1=Y 6, on R", with
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(19) 0<6, <1, suppb, C B(yy,c2), |6,]

C?n(Rn) S C, and With

(20) any given x € R™ belonging to at most C' of the balls B(y,, ¢2).

In (19) and (20), C denotes a constant depending only on m and n. Applying
Lemma 18.2, we obtain, for each v, a function F, € C™~L1(R") with

21) [[Fyllgm-1a@®ny < Co, and |Fy(z) — f(z)| < Cao(x) on EN B(yy,ca).
Define F' =) 6,F,. From (18),..., (21), we obtain

(22) [Ellgm-ra@ny < C
and
(23) |F(= )| = 29 — f@)]] <D 6,(@)|F(z) — f(2)]

<Z€ ) - Cao(z) = Cyo(z) on E.

(The constant C” in (22) depends only on m and n.)
The proof of Theorem 2 is complete. O

Proof of Theorem 3. Suppose we are given £ C R” and f : E — R".
Assume that supz || f||cm(z) < 0o. Then, for any subset S = {z1,...,74} C E,
with k < k%, we can assign polynomials Py, ..., P,f of degree at most (m —1),
satisfying P (z;) = f(xi),

09PS ()] < C and [0°(PF — P§)(;)| < Clay — s ™17

for || <m —1,i,5 = ,k, with C independent of the z1,...,z.
Applying the Whltney extension theorem for C™ 1! (see [8], [9]) to S,
PZ, ... ,P,f, we conclude that there exists a function F¥ € C™~L1(R?), with

Jo,(F$Y=P5 (i=1,...,k), and ||F®|

Cm—1.1(Rn) < Cl,
with C” independent of the z1,...,z). In particular,
(24) FS — f on 57 and HFSHCTnfl.l(Rn) S C/.

We have achieved (24) for all S C E with #(S) < k#. Hence, Theorem 2,
with ¢ = 0, implies that there exists F € C™~b(R"), with F = f on E.

On the other hand, suppose we are given £ C R" and and f : £ — R, and
assume that f extends to a function FF € C™ L1(R™). Now, for any subset
S = {x1,...,2x} C E, with k < k¥, we may simply set P; = J,, (F) for
i=1,...,k, and then

(25)  Pili) = f(@:),10°Pi(w)| < C, |0°(P; = Py) ()] < Clary — ™
for || <m —1,i,7=1,...,k, with C independent of z1,...,z.
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Comparing (25) with the definition of || f[|m (z), we conclude that || f|
< (', with ¢’ independent of 7.

Thus, f extends to a C™ 5! function on R™ if and only if supz I fllem @)
< 0.

The proof of Theorem 3 is complete. O

Cm(E)

There is an analogue of Theorem 3 without taking ¢ = 0. Also, Theorems
1, 2, 3 and the standard Whitney extension theorem trivially imply Theorems
A, B, C in the introduction. Details may be left to the reader.

19. A bound for k¥

Our proof of Theorems 1, 2, 3 gives an explicit (wasteful) bound for k#.
In fact, when we start the main induction by proving Lemma 5.1, we take
k# = 1. Every time we apply Lemma 5.2 for monotonic A, the constant k%
grows by a factor of (D + 1)3. (See equation (15.5)). When we apply Lemma
5.2 for non-monotonic A, and when we apply Lemma 5.3 for arbitrary A, the
constant k% does not grow. Consequently, Theorems 1, 2, 3 hold, with

K < [(D+ 1),

where N is the number of monotonic subsets A C M. A trivial bound for N
is N < 2P since D is the number of elements of M. Thus,

k* < (D+1)%2".

Recall that D is the number of multi-indices (31, ..., 3,), with Sy +---+ 5, <
m — 1.

It would be interesting to determine the best possible values of k# in
Theorems 1, 2, 3.
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