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On the distribution of matrix elements
for the quantum cat map

By PAR KURLBERG and ZEEV RUDNICK*

Abstract

For many classically chaotic systems it is believed that the quantum wave
functions become uniformly distributed, that is the matrix elements of smooth
observables tend to the phase space average of the observable. In this paper we
study the fluctuations of the matrix elements for the desymmetrized quantum
cat map. We present a conjecture for the distribution of the normalized matrix
elements, namely that their distribution is that of a certain weighted sum
of traces of independent matrices in SU(2). This is in contrast to generic
chaotic systems where the distribution is expected to be Gaussian. We compute
the second and fourth moment of the normalized matrix elements and obtain
agreement with our conjecture.

1. Introduction

A fundamental feature of quantum wave functions of classically chaotic
systems is that the matrix elements of smooth observables tend to the phase
space average of the observable, at least in the sense of convergence in the mean
[15], [2], [17] or in the mean square [18]. In many systems it is believed that in
fact all matrix elements converge to the micro-canonical average, however this
has only been demonstrated for a couple of arithmetic systems: For “quantum
cat maps” [10], and conditional on the Generalized Riemann Hypothesis' also
for the modular domain [16], in both cases assuming that the systems are
desymmetrized by taking into account the action of “Hecke operators.”

As for the approach to the limit, it is expected that the fluctuations of the
matrix elements about their limit are Gaussian with variance given by classical
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correlations of the observable [7], [5]. In this note we study these fluctuations
for the quantum cat map. Our finding is that for this system, the picture is
very different.

We recall the basic setup [8], [3], [4], [10] (see §2 for further background and
any unexplained notation): The classical mechanical system is the iteration of
a linear hyperbolic map A € SL(2,Z) of the torus T? = R?/Z? (a “cat map”).
The quantum system is given by specifying an integer N, which plays the role
of the inverse Planck constant. In what follows, N will be restricted to be a
prime. The space of quantum states of the system is Hy = L?(Z/NZ). Let
f € C>(T?) be a smooth, real valued observable and Opy (f) : Hx — Hy its
quantization. The quantization of the classical map A is a unitary map Uy (A)
of Hy.

In [10] we introduced Hecke operators, a group of commuting unitary
maps of Hy, which commute with Uy (A). The space Hy has an orthonormal
basis consisting of joint eigenvectors {wj}é\[:l of Un(A), which we call Hecke
eigenfunctions. The matrix elements (Opy(f);,;) converge? to the phase-
space average [r. f(z)dx [10]. Our goal is to understand their fluctuations
around their limiting value.

Our main result is to present a conjecture for the limiting distribution of
the normalized matrix elements

FM = VN (<0pN<f>¢j,¢j> - /T 2 f(x)dx) .

For this purpose, define a binary quadratic form associated to A by
2 2 a b
Qz,y) =ca” +(d—a)zy —by",  A={_ ]

For an observable f € C°°(T?) and an integer v, set

Fwy= > (~n"m"fn)
n=(n1,n2)€Z?
Q(n)=v

where f(n) are the Fourier coefficients of f. (Note that f# can be identically
zero for nonzero f, e.g., if f=g—go A.)

CONJECTURE 1. As N — oo through primes, the limiting distribution of

the normalized matrix elements F J-(N)

Xp=Y ffw) )
v#0

s that of the random variable

2For arbitrary eigenfunctions, that is ones which are not Hecke eigenfunctions, this need
not hold, see [6].
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where U, are independently chosen random matrices in SU(2) endowed with
Haar probability measure.

This conjecture predicts a radical departure from the Gaussian fluctua-
tions expected to hold for generic systems [7], [5]. Our first result confirms this
conjecture for the variance of these normalized matrix elements.

THEOREM 2. As N — oo through primes, the variance of the normalized
()

matriz elements Fj s given by

N
1
(1.1) 5 EVP S B =Y 1 Ww)
j=1

v#0

For a comparison with the variance expected for the case of generic sys-
tems, see Section 6.1. A similar departure from this behaviour of the variance
was observed recently by Luo and Sarnak [12] for the modular domain. For
another analogy with that case, see Section 6.2.

We also compute the fourth moment of F J-(N)
Conjecture 1:

and find agreement with

THEOREM 3. The fourth moment of the normalized matriz elements is
given by
LN
N)
5 NV S E(X 1Y)
]:1

as N — oo through primes.

Acknowledgements. We thank Peter Sarnak for discussions on his work
with Wenzhi Luo [12], and Dubi Kelmer for his comments.

2. Background

The full details on the cat map and its quantization can be found in [10].
For the reader’s convenience we briefly recall the setup: The classical dynamics
are given by a hyperbolic linear map A € SL(2,Z) so that z = (}) € T? — Ax
is a symplectic map of the torus. Given an observable f € C°°(T?), the classical
evolution defined by A is f +— fo A, where (f o A)(x) = f(Azx).

For doing quantum mechanics on the torus, one takes Planck’s constant to
be 1/N and as the Hilbert space of states one takes Hy := L?(Z/NZ), where
the inner product is given by

> QU@

Qmod N
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The basic observables are given by the operators T(n), n € Z?, acting
on ¢ € L*(Z/NZ) via:

(2.1 (Tnr.ma)o) @) = <5 (22 ) w(@ - m).

where e(x) = 2%,

For any smooth classical observable f € C°°(T?) with Fourier expansion

~

f(x) =", cze f(n)e(nx), its quantization is given by
Opx(f) = 3= Fln)Tw(n)

nez?

2.1. Quantum dynamics. For A which satisfies a certain parity condi-
tion, we can assign unitary operators Uy (A), acting on L?(Z/NZ), having the
following important properties:

e “Exact Egorov”: For all observables f € C*°(T?)
Un(A)™ Opn(f)Un(A) = Opy(f 0 A).

e The quantization depends only on A modulo 2N: If A = B mod 2N
then UN(A) = UN(B)

e The quantization is multiplicative: if A, B are congruent to the identity
matrix modulo 4 (resp., 2) if N is even (resp., odd), then [10], [13]

Un(AB) = Un(A)Un(B).

2.2. Hecke eigenfunctions. Let o, a~' be the eigenvalues of A. Since A
is hyperbolic, « is a unit in the real quadratic field K = Q(«). Let O = Z|a],
which is an order of K. Let v = (v1,v2) € D% be a vector such that vA = av. If

A= <(z Z), we may take v = (¢, —a). Let I := Z[vy,v2] = Z[c,a —a] C O.

Then I is an 9-ideal, and the matrix of « acting on I by multiplication in the
basis v1, vs is precisely A. The choice of basis of I gives an identification I = 72
and the action of O on the ideal I by multiplication gives a ring homomorphism

L9 — Maty(Z)

with the property that det(c(3)) = N (), where N : Q(a) — Q is the norm
map.

Let C'(2N) be the elements of O/2N O with norm congruent to1 mod 2N,
and which congruent to 1 modulo 49O (resp., 29) if N is even (resp.,odd).
Reducing ¢ modulo 2N gives a map

LoN C(QN) — SLQ(Z/2NZ)
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Since C'(2N) is commutative, the multiplicativity of our quantization implies
that

{Un(en(B)) : B € C}

forms a family of commuting operators. Analogously with modular forms,

we call these Hecke operators, and functions ¢ € Hy that are simultaneous

eigenfunctions of all the Hecke operators are denoted Hecke eigenfunctions.

Note that a Hecke eigenfunction is an eigenfunction of Uy (ton(a)) = Un(A).
The matrix elements are invariant under the Hecke operators:

(Opn (), ¥5) = (Opn(f o B)Yj,v5), B € C(2N).
This follows from 1); being eigenfunctions of the Hecke operators C'(2N). In
particular, taking f(z) = e(nx) we see that

(2.2) (TN (n)g,v5) = (TN (nB)j, ¥;) -

2.3. The quadratic form associated to A. We define a binary quadratic

form associated to A = <Z Z) by

Q(z,y) = ca® + (d — a)zy — by
This, up to sign, is the quadratic form N (zc + y(a — a))/N(I) induced
by the norm form on the ideal I = Z[c, o« — a] described in Section 2.2, where
N(I) = #9/I. Indeed, since I = Z[c,« — a] and O = Z[1, a] we have N(I) =
lc|. A computation shows that the norm form is then sign(c)Q(z,y).
By virtue of the definition of ) as a norm form, we see that A and the
Hecke operators are isometries of (), and since they have unit norm they actu-

ally land in the special orthogonal group of (). That is we find that under the
above identifications, C'(2N) is identified with

{B €SO(Q,Z/2NZ): B=1 mod 2}.

2.4. A rewriting of the matrixz elements. We now show that when v
is a Hecke eigenfunction, the matrix elements (Opy(f)1, %) have a modified
Fourier series expansion which incorporates some extra invariance properties.

LEMMA 4. If m,n € Z? are such that Q(m) = Q(n), then for all suffi-
ciently large primes N we have m = nB mod N for some B € SO(Q,Z/NZ).

Proof. We may clearly assume @Q(m) # 0 because otherwise m = n = 0
since () is anisotropic over the rationals. We take N a sufficiently large odd
prime so that @ is nondegenerate over the field Z/NZ. If N > |Q(m)| then
Q(m) # 0 mod N and then the assertion reduces to the fact that if @ is
a nondegenerate binary quadratic form over the finite field Z/NZ (N # 2
prime) then the special orthogonal group SO(Q,Z/NZ) acts transitively on
the hyperbolas {Q(n) = v}, v #0 mod N. O
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LEMMA 5. Fiz m,n € Z? such that Q(m) = Q(n). If N is a sufficiently
large odd prime and v a Hecke eigenfunction, then

(=)™ (T (), ¢) = (=1)™"* (T (M), ).

Proof. For ease of notation, set e(n) := (—1)"". By Lemma 4 it
suffices to show that if m = nB mod N for some B € SO(Q,Z/NZ) then

e(n)(Tn(n)y, ¢) = e(m){Tn(m)w, ).

By the Chinese Remainder Theorem,

SO(Q,Z/2N7) ~ SO(Q,Z/NZ) x SO(Q, Z/2Z)
(recall N is odd) and so
C(2N) ~ {B € SO(QZ/2NZ): B=1 mod 2} ~SO(Q,Z/NZ) x {I}.

Thus if m = nB mod N for B € SO(Q,Z/NZ) then there is a unique Be
C(2N) so that m =nB mod N.

We note that (n)Ty(n) has period N, rather than merely 2NV for T (n)
as would follow from (2.1). Then since m = nB mod N,

e(m)Tn(m) = e(nB)Tn(nB) = e(n)Tx(nB)
(recall that B € C(2N) preserves parity: nB = n mod 2, so e(nB) = £(n)).
Thus for ¢ a Hecke eigenfunction,
e(m)(Tiv(m)p, ¥) = e(n)(Ty (nB)y, ) = e(n)(Tn (n)v, )

the last equality by (2.2). O

Define for v € Z

~

fAwy= Y (=)"™f(n)

n€Z?:Q(n)=v
and
(2.3) Vi (9) = VN(=1)™"*(Tn (n), ),

where n € Z? is a vector with Q(n) = v (if it exists) and set V,(¢) = 0
otherwise. By Lemma 5 this is well-defined, that is independent of the choice
of n. Then we have

PROPOSITION 6. If v is a Hecke eigenfunction, f a trigonometric poly-
nomial, and N > Ny(f), then

VN(Opn (£, ) =D )V (4).

VEZ

To simplify the arguments, in what follows we will restrict ourself to deal-
ing with observables that are trigonometric polynomials.
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3. Ergodic averaging

We relate mixed moments of matrix coefficients to traces of certain aver-
ages of the observables: Let

1
(3.1) D(n) = 0| Beg(;N) Tn(nB).

The following shows that D(n) is essentially diagonal when expressed in the
Hecke eigenbasis.

LEMMA 7. Let D be the matriz obtained when expressing D(n) in terms
of the Hecke eigenbasis {1); i\;l' If N is inert in K, then D 1is diagonal. If N
splits in K, then D has the form

Doy Dy 0 0 0
i 0 0 Dz 0 0
D=109 0 0 Dy 0
0 0 0 0 .. Dyy

where 1,1y correspond to the quadratic character of C(2N). Moreover, in the
split case, we have
’Dij| < ]\7_1/2

for1 <4, 7 <2.

Proof. If N is inert, then the Weil representation is multiplicity free when
restricted to C'(2N) (see Lemma 4 in [9].) If N is split, then C(2N) is iso-
morphic to (Z/NZ)* and the trivial character occurs with multiplicity one,
the quadratic character occurs with multiplicity two, and all other characters
occur with multiplicity one (see [11, §4.1]). This explains the shape of D.

As for the bound on in the split case, it suffices to take f(z,y) = e(ZE2Y)
for some ni,ne € Z. We may give an explicit construction of the Hecke
eigenfunctions as follows (see [11, §4] for more details): there exists M €
SL2(Z/2NZ) such that the eigenfunctions 11,12 can be written as

U =V Un(M)do, = 1| o - Un (M) (1~ )

where §y(z) = 1if 2 =0 mod N, and do(z) = 0 otherwise. Setting ¢1 = v/Ndo
and ¢y = /%(1 —dp), exact Egorov gives

Dij = (Tn((n1,m2))i, ;) = (Tn (0, m3)) i, ¢5)
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where (n},n}) = (n1,n2)M mod N. Since we may assume n not to be an
eigenvector of A modulo N, we have nj # 0 mod N and n), Z 0 mod N.
Hence

n)nk
D = (T((ah m)on,o0) = ¢ (a2 ) 6a(0-+ 1) =0
since nj # 0 mod N. The other estimates are analogous. a

Remark. In the split case, it is still true that D;; < N~12 for all 4,7,
but this requires the Riemann hypothesis for curves, whereas the above is
elementary.

LEMMA 8. Let {1; i]il be a Hecke basis of Hy, and let k,l,m,n € Z>.
Then

N
> (T (m)epi, i) (T ()i, i) = tr (D(m)D*(n)) + O(N ).
i=1

Moreover,

N - S
> (T (ks i) (T Dhs, i) (T (m)bi, i) (T (n) s, i)
i=1

= tr (D(k)D*(1)D(m)D*(n)) + O(N2).

By definition

N N

> (T (m)s, i) (T (n) i, i) = Y D(m)izD(n)ss.

i=1 i=1

On the other hand, by Lemma 7,

N
tr (D(m)D(n)*) = Dia(m)Dai(n) + Da1(m)Di2(n) + Z Dj;(m)D;;(n)
i=1

where Dy3(m), Doy (m), D12(n) and Dy (n) are all O(N~/2). Thus
N
> (Tn(m)i, i) {Tn ()i, i) = tr (D(m) D(n)*) + O(N ™).

=1

The proof of the second assertion is similar. O
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4. Proof of Theorem 2

In order to prove Theorem 2 it suffices, by Proposition 6, to show that as
N — o0,

1 ifu=v,
0 if u#v,

where U, U, € SUy are random matrices in SU», independent if v # p.

N
% > V(W) Vi) — E(tr Uy trUy) = {
j=1

PROPOSITION 9. Let {1;}Y.| be a Hecke basis of Hy. If N > No(u,v) is
prime and u,v =0 mod N, then

1 & | ~ [1+O0(N"Y) ifu=v,
¥ 2 V) = {o<N—1>

otherwise.

Proof. Choose m,n € Z? such that Q(m) = p and Q(n) = v. By (2.3)
and Lemma 8 we find that
N

N
% D Vo) Vi) = (=1)™m2tmm2 N (T (n)ay, o) (T (m) g, 5
j=1

j=1
= (=1)™mtmne g (D(n)D(m)*) + O(N71).

By definition of D(n) we have

* 1 n m *
D(n)D(m) - ‘C(?N)P BI’BZGZC(QN)TN( Bl)TN( BQ) .

We now take the trace of both sides and apply the following easily checked
identity (see (2.1)), valid for odd N and Bj, Bs € C(2N):

(_1)m1m2+n1n2N if nBi =mBs mod N,

tr(TN(nBl)TN(mBQ)*) = .
0 otherwise.

We get

1 & _
(4.1) NZVV(%)V;L(%)
j=1

(_1)m1m2+n1n2 mimse+nine -1
B:,B:€C(2N)

nBi=mBs mod N

_ N . ‘n=m mo -1
~ Gam] {B€C@2N):n=mB mod N}|+O(N™),
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which, since |C(2N)| = N £ 1, equals 1 + O(N~1) if there exists B € C(2N)
such that n = mB mod N, and O(N ') otherwise. Finally, for N sufficiently

large (i.e., N > Ny(p,v)), Lemma 4 gives that n = mB mod N for some
B € C(2N) is equivalent to pu = v. O

5. Proof of Theorem 3

5.1. Reduction. In order to prove Theorem 3 it suffices to show that

N
(5.1) Z Vi())Vi(1j) = E(tr Us tr Uy tr U, tr U,)

where Uy, Uy, U, and U, are independent random matrices in SUs.
Let S C Z* be the set of four-tuples (k, A, 4, ) such that k = A\, u = v, or
K=UA=Vv,0r K=V,A=pu, but notk =A=pu=v.

PROPOSITION 10. Let {¢;}¥, be a Hecke basis of Hy and let r,\, u,
v eZ. If N is a sufficiently large prime, then

24+O0ONY ifk=A=pu=v,

N
Z (W) VA@) V() Vo () = { LHOWNTY) if (8,4, p,v) €8,
7= O(N—1/2) otherwise.

ZIH

Given Proposition 10 it is straightforward to deduce (5.1), we need only
to note that E((trU)*) =2, E((trU)?) =1, and E(tr U) =

The proof of Proposition 10 will occupy the remainder of this section. For
the reader’s convenience, here is a brief outline:

(1) Express the left-hand side of (5.1) an exponential sum.

(2) Show that the exponential sum is quite small unless pairwise equality
of Kk, A\, i, v occurs, in which case the exponential sum is given by the
number of solutions (modulo N) of a certain equation.

(3) Determine the number of solutions.
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5.2. Ergodic averaging.

LEMMA 11. Choose k,l,m,n € Z? such that Q(k) = r, Q(I) = ),
Q(m) = u, and Q(n) =v. Then
1 & S S N?
N > Vi) Va@y)Va() Vi () = CeN

J=1

(5.2)

Z . t(w(k‘Bl, —ZBQ) + w(mBg, —nB4))
N .
Bi,B2,B3,B,€C(N)
kB, —lBy+mBs—nB;s=0 mod N
The proof of Lemma 11 is an extension of the arguments proving the
analogous (4.1) in the proof of Proposition 9 and is left to the reader.

5.3. Ezxponential sums over curves. In order to show that there is quite
a bit of cancellation in (5.2) when pairwise equality of norms do not hold, we
will need some results on exponential sums over curves. Let X be a projective
curve of degree d; defined over the finite field I, embedded in n-dimensional
projective space P over F),. Further, let R(X1,...,X,+1) be a homogeneous
rational function in P", defined over IF,, and let d2 be the degree of its numer-

ator. Define
!

Sm(R,X)= ) e <M>

.Z’EX(]FPWL ) p

where o is the trace from F,» to F,, and the accent in the summation means
that the poles of R(x) are excluded.

THEOREM 12 (Bombieri [1, Th. 6]). If dida < p and R is not constant
on any component I' of X then

|Sm (R, X)| < (df + 2dydy — 3dy)p™* + df.
In order to apply Bombieri’s theorem we need to show that the components
of a certain algebraic set are at most one dimensional, and in order to do this

we show that the number of points defined over Fy is O(N). (Such a bound
can not hold for all N if there are components of dimension two or higher.)

LEMMA 13. Let a,b € Fy[a]. If a # 0 and the equation
71 =ay2+b, 1,72 € C(N)
is satisfied for more than two values of vy, then b =0 and N'(a) = 1.

Proof. Taking norms, we obtain 1 = N(a) + N (b) + tr(abyz) and hence
tr(abys) is constant. If @b # 0, this means that the coordinates (z,y) of 72,
when regarding ~» as an element of F?V, lies on some line. On the other hand,
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N (72) = 1 corresponds to o satisfying some quadratic equation, hence the
intersection can be at most two points. (In fact, we may identify C'(IV) with
the solutions to 22 — Dy? = 1 for z,y € Fy, and some fixed D € Fy.) O

LEMMA 14. Fiz k,l,m,n € Z? and let X be the set of solutions to
k—1I1By+mBs —nBy=0 mod N, By, Bs, By € C(N)
If Q(k),Q(1),Q(m),Q(n) #0 mod N, then |X| < 3(N +1) for N sufficiently

large.

Proof. We use the identification of the action of C(N) on F% with the
action of C'(N) on Fy[a]. The equation

k—I1By+mBs—nBy;,=0 mod N
is then equivalent to
K—AB2+pufBs —vBs=0
where §; € C(N) and k, A\, u, v € Fy[a]. We may rewrite this as

K —ANB2 = vfs — pfs = Ba(v — uBs/Ba)
and letting 3/ = (3/04, we obtain

K — N2 = Ba(v — puf').

If v—pB =0 then Kk — AfB2 = 0, and since Q(1), Q(m) Z 0 mod N implies
that A, o are nonzero®, we find that 8, and 3’ are uniquely determined, whereas
B4 can be chosen arbitrarily. Thus there are at most |C'(N)| solutions for which
v—up =0.

Let us now bound the number of solutions when v — pu3’ # 0: after writing

K — A2 = Ba(v — puf’)

as

K n —-A

vl v uf
Lemma 13 gives (note that x # 0 since Q(k) Z 0 mod N) that there can be
at most two possible values of (3, 34 for each 3, and hence there are at most
2|C(N)| solutions for which v — uf’ # 0. Thus, in total, X can have at most
|C(N)| +2|C(N)| < 3(N + 1) solutions. O

B2 = B4,

5.4. Counting solutions. We now determine the components of X on

which e (t(w(kBl’_IBQ)X,“(mBS’_"B“))) is constant.

3Recall that Q, up to a scalar multiple, is given by the norm.
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LEMMA 15. Assume that Q(k),Q(l),Q(m),Q(n) # 0 mod N, and let
Sol(k,l,m,n) be the number of solutions to the equations
(5.3) kB —lBy+mBs —nBy; =0 mod N
(5.4) w(kB1,—1Bs) + w(mBs,—nBy) = —C  mod N
where B; € C(N). If C =0 mod N and N is sufficiently large, then
(5.5)

2lC(N)? if Q(k) = Q) = Q(m) = Q(n),
Sol(k,l,m,n) = ¢ |C(N)|? + O(IC(N)]) if (Q(k), Q(), Q(m),Q(n)) € S,
O(|C(N)]) otherwise.

On the other hand, if C #0 mod N then
Sol(k, 1, m,n) = O(|C(N)]).

Proof. For simplicity?, we will assume that N is inert. It will be convenient
to use the language of algebraic number theory; we identify (Z/NZ)? with the
finite field F> = Fx(v/D) by letting m = (z,y) correspond to p = = + yv/D.
First we note that if n = (z,w) corresponds to v then

w(m,n) = zw — zy = Im((x + yv'D)(z + wVD))

where Im(a + bv/D) = b, and hence w(m,n) = Im(fiv).

Thus, with (k,l,m,n) corresponding to (v1,v2,vs,v4), the values of
Q(k), Q(), Q(m), Q(n) modulo N are (up to a scalar multiple) given by
N (1), N(v2), N(vs), N(vg). Putting u; = v;3; for 5; € C(N), we find that
w(kB1,—1Bs) + w(mBs,—nBy) = —C can be written as

Im(fazpe + fizpa) = C.

Now, kBy — By +mB3s —nBs =0 mod N is equivalent to g1 — po = pqg — 3.
Taking norms, we obtain

N (1) + N (p2) — tr(mpe) = N(pa) + N (us) — tr(maps)

and hence
tr(paps) = tr(pipe) + Na+ N3 — Ny — No

if we let N; = N'(;). Since tr(p) = 2Re(u) = 2Re(fz), we find that
2Re(fizpq) = 2Re(uaiz) + Ny + N3 — N1 — No.
On the other hand, Im(fzgus + fi3ps) = C implies that
Im(fzps) = —Im(pipe) + € =Im(upz) + C

“The split case is similar except for possibility of zero divisors, but these do not occur
when k,l,m,n are fixed and N is large enough.
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and thus
Hapa = pipz + K
where K = (Ny + N3 — N; — Ny)/2 + C/D. Hence we can rewrite (5.3) and
(5.4) as
Hapa = pipiz + K
M1+ p3 = p2 + pa
wi = vif3i, Bi € C(N) fori=1,2,3,4.

Case 1 (K #0). Since u; = v;8; with 3; € C(N), we can rewrite

Hzpa = pipz + K

as
3vafa/Ps = afi/Pr + K,

and hence

Ba) B3 = L(1/1V_251/52 + K).

U3y

Applying Lemma 13 with v1 = (4/03 and vo = (1/02 gives that (1/52, and
hence p1fi2, must take one of two values, say Cy or Cy. But puius = C1 implies
that p; = ug% and hence pg4 = ,ugclN%K. We thus obtain

Ch
M2 1_F2 =1 —po=pa—p3=p3|1l—

Now, if uy # po then both 1 — % and 1 — % are nonzero. Thus pg is
determined by p3, which in turn gives that g as well as py are determined by
w3. Hence, there can be at most C'(IV) solutions for which g # pa. (The case
iz = Co is handled in the same way.)

On the other hand, for p; = ps we have the family of solutions

(5.6) M1 = K2, H4 = HK3.
(Note that this implies that C' = Im(@yp2 + fzps) = 0.)
Case 2 (K =0). Since K =0 and p1 = ug + 4 — p3 we have

Hapg = pafiz + K = (p2 + pa — p3)i2

and hence
pa(fz — f2) = (p2 — p3) 2.

If o — us = 0, we must have u; = uq, and we obtain the family of solutions

(5.7) fi2 = p13,  H1 = j4
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On the other hand, if us —pus # 0, we can express 4 in terms of po and pg:

_ M2 Ny — Tiapi3

pa = ————H2 = —— 3
A3 — [2 N3 — Tizps

which in turn gives that

2 — M3__
(5.8) p1=pia + j1a — pig = po + 235 — g
H3 — H2
M2 p3 . M2—p3_ po—p3__ pefi3 — N3
=——— () +———Mh="—"——"3= -
A3 — 2 3 — 2 A3 — 2 p2ft3 — No

Summary. If K # 0 there can be at most 2|C(NN)| “spurious” solutions
for which g1 # peo; other than that, we must have

p1 = p2, P = j
On the other hand, if K = 0, then either

M2 = {3, 1 = g

or

s Loy oM B Vs
A3 — [2 N3 — Tiapi3 A3 — [2 pops — Na

We note that the first case can only happen if Ny = Ny and N3 = Ny, the
second only if No = N3 and N; = Ny, and the third only if No = N4 and
Ni = N3. Moreover, in all three cases, C' = Im(K) = Im(fzpus + fzpa) = 0.
We also note that if No = N3, then the third case simplifies to u; = po and
13 = pq. We thus obtain the following:

If C' # 0 then K # 0 and there can be at most O(N) “spurious solutions.”

If C =0and N; = Ny = N3 = N, then K = 0 and the solutions are given
by the two families

M4

M2 = H3, {1 = H4

and
sy =B
N3 — [iaps ’ p2fiz — No
If C =0and Ny = Ny # No = N3 then K = 0 and there is a family of
solutions given by

M4

M2 = [3,  p1 = H4.
Similarly, if C' = 0 and N; = N3 # Ny = N4 then K = 0 and there is a

family of solutions given by

_ B2 — H3 _ B2 — M3
=_——M2, M1 = _—"—HM3-
M3 — 2 w3 — 2

Ha
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If C =0 and Ny = Ny # N3 = Ny then K # 0, in which case we have a
family of solutions given by

H1 = K2, H3 = H4

as well as O(N) “spurious” solutions.

Finally, if C' = 0 and pairwise equality of norms do not hold, then we must
have K # 0 (if K = 0 then figus = pifz + K implies that NsNg = N1 No,
which together with N7 + No = N3 + N4 gives that either Ny = N3, No = Ny
or N1 = Ny, Na = N3) and in this case there can be at most O(N) “spurious”
solutions.

Now Lemma 4 gives that pairwise equality of norms modulo N implies

pairwise equality of Q(k),Q(l),Q(m), Q(n). O

5.5. Conclusion. We may now evaluate the exponential sum in (5.2).

ProprosITION 16. IfQ(k),Q(1),Q(m),Q(n) #0 mod N then, for N suf-
ficiently large, we have

3 . <t(w(kB1, —IBy) + w(mBs, —nB4))>

(5.9)
N
B1,B2,B3,B,€C(N)
kB,—IlBs+mBs—nB;=0 mod N

21C(N)]2+O(IC(N)]) if Qk) = Q1) = Q(m) = Q(n),
= ICIV)P+O(IC(N))  if (Q(K),Q(1), Q(m), Q(n)) € S,
O(|C(N)[3/?) otherwise.

Proof. Since both w(kBy, —IB3) + w(mBs,—nBy) and kB; — [By + mBs
— nBy are invariant under the substitution

(Bla BQ, B37 B4) - (B/Bla BlBQ: B/B37 B,B4)
for B € C(N), we may rewrite the left hand side of (5.9) as |C(N)]| times

(5.10) Z . <t(w(k‘, —1By) +]i;(m33, —nB4))) _

B,,B3,B.€C(N)
k—IB>+mBs—nB4s=0 mod N

Let X be the set of solutions to
k—I[IBy4+mBs—nBy; =0 mod N, By, B3, By € C(N)

By Lemma 14, the dimension of any irreducible component of X is at most 1.
The contribution from the zero dimensional components of X is at most
O(|C(N)]). As for the one dimensional components, Lemma 15 gives that
w(k, —1Bg2)+w(mBs, —nBy) cannot be constant on any component unless pair-
wise equality of norms holds. Thus, if pairwise equality of norms does not hold,
Bombieri’s theorem gives that (5.10) is O(N'/2) = O(|C(N)|'/?).
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On the other hand, if w(kB1, —{Bs)+w(mBs, —nB4) equals some constant
C modulo N on some one dimensional component, then Lemma 15 gives the
following: C' = 0 mod N, and (5.10) equals Sol(k,l, m,n), which in turn
equals |C(N)|? or 2|C(N)|? depending on whether Q(k) = Q(I) = Q(m) =
®(n) mod N or not. O

Proposition 10 now follows from Lemma 11 and Proposition 16 on recalling
that |C(N)| = |C(2N)| =N £ 1.

6. Discussion

6.1. Comparison with generic systems. It is interesting to compare our
result for the variance with the predicted answer for generic systems (see [7],
[5]), which is

(6.1) > | fola)fo(Alz)ds

where fo = f— fT2 y)dy. Using the Fourier expansion and collecting together
frequencies n lying in the same A-orbit this equals

Y Y fwiea- Y| Y fm

t=—o00 0£neZ? me(Z2—0)/(A) |nem(A)
where (A) denotes the group generated by A. We can further rewrite this ex-
pression into a form closer to our formula (1.1) by noticing that the expression
g(n) := (—1)™™ is an invariant of the A-orbit: e(n) = e(nA), because we
assume that A =1 mod 2. Thus we can write the generic variance (6.1) as

2

(6.2) > Yo (=1 fn)

me(Z2—0)/(A) |nem(A)

ot (—1m Fm)| in (11),

is now clear: Both expressions would coincide if each hyperbola {n € Z? :
Q(n) = v} consisted of a single A-orbit. It is true that each hyperbola consists
of a finite number of A-orbits for v # 0, but that number varies with v.

The comparison with with our answer Zu;«éo

6.2. A differential operator. There is yet another analogy with the modu-
lar domain, pointed out to us by Peter Sarnak: We define a differential operator

L on C*(T?) by
1 o 0
L= _WQ <a_p’ a?)

so that Lf(n) = Q(n)f(n).
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Given observables f, g, we define a bilinear form B(f, g) by

B(f.9) =Y _*(w)g*(v)
v#0
so that (cf. Conjecture 1) B(f,g) = E(X¢X,) and by Theorem 2, B(f, f) is
the variance of the normalized matrix elements.

It is easy to check that L is self adjoint with respect to B, i.e., B(Lf,g) =
B(f,Lg). Note that L is also self-adjoint with respect to the bilinear form
derived from the expected variance for generic systems (6.1), (6.2). This feature
was first observed for the modular domain, where the role of L is played by
the Casimir operator [12] (cf. Appendix 5 of Sarnak’s survey [14]).

6.3. Connection with character sums. Conjecture 1 is related to the value
distributions of certain character sums, at least in the case of split primes,
that is primes N for which the cat map A is diagonalizable modulo N. Let
M € SLy(Z/2NZ) be such that A= MDM~! mod 2N. In [11] we explained
that in that case, all but one of the normalized Hecke eigenfunctions are given

in terms of the Dirichlet characters x modulo N as 1, 1= 4/ %UN(M)X. We

can then write the matrix elements (T (n)vy, 1) as characters sums: Setting
(m1, mg) = nM, we have

T 2 1 m2Q AN
(Tn(n)Yy, Py) = ™™™ /Nm Z e( N IX(Q +m1)x(Q),
Q@ mod N
and Conjecture 1 gives a prediction for the value distribution of these sums as

Y Vvaries.
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