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The space of embedded minimal surfaces

of fixed genus in a 3-manifold IV;
Locally simply connected

By ToBias H. CoLDING and WiLLiaM P. MiNicozz1 IT*

0. Introduction

This paper is the fourth in a series where we describe the space of all
embedded minimal surfaces of fixed genus in a fixed (but arbitrary) closed 3-
manifold. The key is to understand the structure of an embedded minimal disk
in a ball in R3. This was undertaken in [CM3], [CM4] and the global version
of it will be completed here; see the discussion around Figure 12 for the local
case and [CM15] for some more details.

Our main results are Theorem 0.1 (the lamination theorem) and Theorem
0.2 (the one-sided curvature estimate). The lamination theorem is stated in
the global case where the lamination is, in fact, a foliation. The first four
papers of this series show that every embedded minimal disk is either a graph
of a function or is a double spiral staircase where each staircase is a multi-
valued graph. This is done by showing that if the curvature is large at some
point (and hence the surface is not a graph), then it is a double spiral staircase
like the helicoid. To prove that such a disk is a double spiral staircase, we
showed in the first three papers of the series that it is built out of N-valued
graphs where N is a fixed number. In this paper we will deal with how the
multi-valued graphs fit together and, in particular, prove regularity of the set
of points of large curvature — the axis of the double spiral staircase.

The first theorem is the global version of the statement that every embed-
ded minimal disk is a double spiral staircase.

THEOREM 0.1 (see Figure 1). Let ¥; C Bgr, = Bg,(0) C R? be a se-
quence of embedded minimal disks with 0%; C 0BRr, where R; — oco. If

sup |A[2 — 00,
BN,
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then there exists a subsequence, ¥;, and a Lipschitz curve S : R — R3 such
that after a rotation of R3:

(1) z3(S(t)) =t. (That is, S is a graph over the x3-axis.)

(2) Each X consists of exactly two multi-valued graphs away from S (which
spiral together).

(3) Foreach 1> a>0,3;\S converges in the C*-topology to the foliation,
F = {x3 =t}s, of R3.

(4) supp, (s(t)ns, |A]?2 — 00 as j — oo for allr > 0, t € R. (The curvatures

blow up along S.)

One half of X. The other half.

\ S—= \

Figure 1: Theorem 0.1 — the singular set, S, and the two multi-valued graphs.

In (2) and (3) that X; \ S are multi-valued graphs and converge to F
means that, for each compact subset K C R?*\S and j sufficiently large, KNX;
consists of multi-valued graphs over (part of) {x3 =0} and KN¥; - KNF.

This theorem (like many of the results below) is modeled by the helicoid
and its rescalings. The helicoid is the minimal surface ¥? in R? parametrized
by

(scost,ssint, —t) where s, t € R..

We have chosen to normalize so that the helicoid spirals down as we move
counter-clockwise. Take a sequence Y; = a; X of rescaled helicoids where
a; — 0. Since the helicoid has cubic volume growth, the density of the rescaled
helicoids is unbounded as ¢ — oco. The curvature is blowing up along the ver-
tical axis. The sequence converges (away from the vertical axis) to a foliation
by flat parallel planes. The singular set S (the vertical axis) then consists of
removable singularities.

The second main theorem asserts that every embedded minimal disk lying
above a plane, and coming close to the plane near the origin, is a graph.
Precisely this is the following:
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THEOREM 0.2 (see Figure 2). There exists € > 0, so that if
¥ C By, N{z3 >0} C R3

is an embedded minimal disk with 0% C OBay,, then for all components ¥/ of
B, N'X which intersect Bey,,

(0.3) sg/p |As|* <7ry?.

By the minimal surface equation and the fact that ¥’ has points close to a
plane, it is not hard to see that, for £ > 0 sufficiently small, (0.3) is equivalent
to the statement that ¥/ is a graph over the plane {x3 = 0}.

An embedded minimal surface ¥ which is as in Theorem 0.2 is said to
satisfy the (e, ro)-effective one-sided Reifenberg condition; cf. Appendix A. We
will often refer to Theorem 0.2 as the one-sided curvature estimate since it
gives a curvature estimate for disks on one side of a plane.

Beru rg = 0

B2T‘0

Figure 2: Theorem 0.2 — the one-sided curvature estimate for an embedded
minimal disk ¥ in a half-space with 9% C 9By,,: The components of B,, N %
intersecting B.,, are graphs.

€3

\ Rescaled catenoid
/\ X9 ¢
e ——— e

T xr3 =10
Figure 3: The catenoid given by re- Figure 4: Rescaling the catenoid
volving x1 = cosh x3 around the x3- shows that simply connectedness is
axis. needed in the one-sided curvature

estimate.
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Note that the assumption in Theorem 0.2 that 3 is simply connected is
crucial as can be seen from the example of a rescaled catenoid. The catenoid
(see Figure 3) is the minimal surface in R? parametrized by

(cosh s cost, cosh s sint, s) where s, t € R.

Under rescalings the catenoid converges (with multiplicity two) to the flat
plane; see Figure 4. Likewise, by considering the universal cover of the
catenoid, one sees that being embedded, and not just immersed, is needed in

Theorem 0.2. The following corollary is an almost immediate consequence of
Theorem 0.2:

COROLLARY 0.4 (see Figure 5). There exist ¢ > 1, ¢ > 0 so that the
following holds:

Let 31 and ¥y C Ber, C R? be disjoint embedded minimal surfaces with
0%; C OBer, and Bey, NY; # 0. If 31 is a disk, then for all components ¥} of
B,, N X1 which intersect Ber,
(0.5) sup |[A|? <ry2.

1

graph

graph

Figure 5: Corollary 0.4: Two sufficiently close components of an embedded
minimal disk must each be a graph.

To explain how these theorems are proved by the results of [CM3]-[CM5]
and [CM7], we will need some notation for multi-valued graphs. Let D, be
the disk in the plane centered at the origin and of radius r and let P be the
universal cover of the punctured plane C\ {0} with global polar coordinates
(p,0) sop>0and b € R. Given 0 <r < s and 0; < 6, define the “rectangle”
SIS C P by

S ={(p,0)|[r <p<s,01<0<0b}.

An N-valued graph of a function u on the annulus Dy \ D, is a single-valued
graph over

Sra ™M ={(p.0)|r <p<s,|0] < N}
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(Eﬁ,{(ge2 will denote the subgraph of ¥ over the rectangle Sf}s’%). The multi-
valued graphs to be considered will never close up; in fact they will all be
embedded. Note that embedded means that the separation never vanishes.
Here the separation (see Figure 6) is the function given by

w(p,0) =u(p,0 +2m) —u(p,0).
If ¥ is the helicoid (see Figure 7), then
Z\xg—axiszzluzg,

where X1, Y9 are co-valued graphs and ¥; is the graph of the function uy(p, 0)
= —6 and X is the graph of the function ug(p,0) = —0 + 7. In either case the
separation w = —2x. A multi-valued minimal graph is a multi-valued graph
of a function u satisfying the minimal surface equation.

T3-axis

Figure 6: The separation of a multi-valued graph. (Here the multi-valued
graph is shown with negative separation.)

T3-axis

One half rotation

/

=

Figure 7: The helicoid is obtained by gluing together two co-valued graphs
along a line. The two multi-valued graphs are given in polar coordinates by
ui(p,0) = —0 and uz(p,0) = —0 + 7. In either case w(p,d) = —2.
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In this paper, as in [CMT7], we have normalized so that the embedded multi-
valued graphs have negative separation. We can achieve this after possibly
reflecting in a plane.

The proof of Theorem 0.1 has the following three main steps; see Figure 8:

A. Fix an integer N (the “large curvature” in what follows will depend on
N). If an embedded minimal disk ¥ is not a graph (or equivalently if the
curvature is large at some point), then it contains an N-valued minimal
graph which initially is shown to exist on the scale of 1/ max |A|. That is,
the N-valued graph is initially shown to be defined on an annulus with
both inner and outer radii inversely proportional to max |A].

B. Such a potentially small N-valued graph sitting inside ¥ can then be
seen to extend as an N-valued graph inside 3 almost all the way to the
boundary. That is, the small N-valued graph can be extended to an N-
valued graph defined on an annulus where the outer radius of the annulus
is proportional to R. Here R is the radius of the ball in R? containing
the boundary of 3.

C. The N-valued graph not only extends horizontally (i.e., tangent to the
initial sheets) but also vertically (i.e., transversally to the sheets). That
is, once there are N sheets there are many more and, in fact, the disk X
consists of two multi-valued graphs glued together along an axis.

A was proved in [CM4], B was proved in [CM3], and C will be proved in
this paper together with the regularity of the set of points with large curvature
— the axis of the double spiral staircase.

Using [CM3], we showed in [CM4] that an embedded minimal disk in a
ball in R? with large curvature at a point contains an almost flat multi-valued
graph nearby. Namely, we showed:

THEOREM 0.6 (Theorem 0.2 of [CM4]. See A and B in Figure 8). Given
N €Z, and e > 0, there exist C1 and Ca > 0 so that the following holds:
Let 0 € ¥2 € Br C R3 be an embedded minimal disk with 0¥ C 0Bg. If
for some R > rqg > 0,
max [A]? >4C%ry?,
B,,N%
then there exists (after a rotation of R®) an N-valued graph 3y over Dg/c, \
Da,, with gradient < e and contained in XN {z3 < & (23 + 23)}.

An important consequence of Theorem 0.6 is (see Theorem 5.8 of [CM4]):
Let ¥; C Bsyg be a sequence of embedded minimal disks with 9%; C 0Bsg.
Clearly (after possibly going to a subsequence) either (1) or (2) occurs:

(1) supp, s, |A]* < C < oo for some constant C.

(2) supp,x, |A]* — oo.
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By

C

Figure 8: Proving Theorem 0.1. A. Finding a small N-valued graph in 3.
B. Extending it in X to a large N-valued graph. C. Extending the number of
sheets. (A follows from [CM4] and B follows from [CM3].)

In (1) (by a standard argument), Bs(y;) is a graph for all y; € Bp N Y;, where
s depends only on C. In (2) (by Theorem 5.8 of [CM4)) if y; € B N %; with

A (y;) — oo,

then we can (after passing to a subsequence) assume that y; — y, each ¥;
contains a 2-valued graph ¥g; over Dg/c,(y) \ De,(y) with &; — 0, and ¥g;
converges to a graph y € Yo over Dg/c,(y). In either case in the limit there
is a smooth minimal graph through each point in the support.

The multi-valued graphs given by Theorem 0.6 should be thought of as
the basic building blocks for an embedded minimal disk. In fact, using a
standard blow up argument, we showed in [CM4] (Corollary 4.14 combined
with Proposition 4.15 there) that Theorem 0.6 was a consequence of the next
theorem. This next theorem will be used to construct the actual building
blocks starting off on the smallest possible scale:

THEOREM 0.7 ([CM4]). Given N € Z and ¢ > 0, there exist C1, Ca,
C3 > 0 so that the following holds:
Let 0 € ¥2 € Br C R3 be an embedded minimal disk with 0¥ C OBg. If
for some ro with R > rq > 0,
sup |A]? <4|AP2(0) =4C? 1“52,
B, NS

0

then there exists (after a rotation) an N-valued graph
Y,C¥N {22 <& (2? 4+ 22)}
over DR/02 \ D,, with gradient < e and separation > Csry over 0D, .

It will be important for the application of Theorem 0.7 here that the initial
separation of the sheets is proportional to the initial scale that the graph starts
off on.
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Theorems 0.1 and 0.2 deal with how the building blocks fit together. A
consequence of Theorem 0.1 is that if an embedded minimal disk starts to
spiral very tightly, then it can unwind only very slowly. That is, in a whole
extrinsic tubular neighborhood it continues to spiral tightly and fills up almost
the entire space.

Let us also briefly outline the proof of the one-sided curvature estimate,
i.e., Theorem 0.2. Suppose that > is an embedded minimal disk in the half-
space {x3 > 0}. We prove the curvature estimate by contradiction; so suppose
that ¥ has low points with large curvature. Starting at such a point, we
decompose (see Corollary II1.1.3) ¥ into disjoint multi-valued graphs using
the existence of nearby points with large curvature (see Proposition 1.0.11),
a blow up argument, and [CM3], [CM4]. The key point is then to show (see
Proposition I11.2.2 and Figure 9) that we can in fact find such a decomposition
where the “next” multi-valued graph starts off a definite amount below where
the previous multi-valued graph started off. In fact, what we show is that
this definite amount is a fixed fraction of the distance between where the two
graphs started off. Iterating this eventually forces ¥ to have points where
x3 < 0, which is the desired contradiction.

Consecutive
blow up points.

Figure 9: Two consecutive blow up points satisfying (II1.2.1).

To prove this key proposition (Proposition I11.2.2) about where the next
multi-valued graph starts off, we use two decompositions and two kinds of
blow up points. The first decomposition which is Corollary III.1.3 uses the
more standard blow up points given by (III.1.1). These are pairs (y,s) of a
point y € ¥ and a radius s > 0 such that

sup [AP < 4JAP(y) = 40752

B (y)
The point about such a pair (y, s) is that by [CM3], [CM4] (and an argument
in Part IT which allows us replace extrinsic balls by intrinsic ones), ¥ contains
a multi-valued graph near y starting off on the scale s. (This is assuming
that C; is a sufficiently large constant given by [CM3], [CM4].) The second
kind of blow up points are the ones satisfying (II1.2.1). Basically (II1.2.1) is
(IT1.1.1) (except for a technical issue) where 8 is replaced by some really large
constant C. The point will then be that we can find blow up points satisfying
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(IT1.2.1) so that the distance between them is proportional to the sum of the
scales. Moreover, between consecutive blow up points satisfying (I1I11.2.1), we
can find a bunch of blow up points satisfying (III.1.1); see Figure 10. The
advantage is now that if we look between blow up points satisfying (II1.2.1),
then the height of the multi-valued graph given by such a pair grows like a
small power of the distance whereas the separation between the sheets in a
multi-valued graph given by (III.1.1) decays like a small power of the distance;
see Figure 11. Now since the number of blow up points satisfying (III.1.1)
(between two consecutive blow up points satisfying (I11.2.1)) grows almost
linearly, even though the height of the graph coming from the blow up point
satisfying (II1.2.1) could move up (and thus work against us), the sum of the
separations of the graphs coming from the points satisfying (II1I.1.1) dominates
the other term. Thus the next blow up point satisfying (II1.2.1) (which lies
below all the other graphs) is forced to be a definite amount lower than the
previous blow up point satisfying (II1.2.1).

Blow up point satisfying (IT1.2.1).
\/ e~

<\
Blow up point%tisfying (IT1.1.1).
/ \

Blow up point satisfying (I11.2.1).

Figure 10: Between two consecutive blow up points satisfying (II1.2.1) there
are a bunch of blow up points satisfying (III.1.1).

Blow up point satisfying (II1.2.1).
The height of its multi-valued

graph could grow.
J\\\_ _— A

\—/ 'V—/ |
|
Blow up point satisfying (II1.1.1). height
The separation of its multi-valued :
graph could decay sublinearly.

— \’_/\
AN
Blow up point satisfying (II1.2.1).

Figure 11: Measuring height. Blow up points and corresponding multi-valued
graphs.
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=0

/ /7

T3-axis
/:\ 3
|
|
|
1

$3=0

Ny \

Xy X

Figure 12: A schematic picture of the limit in [CM15] which is not smooth and
not proper (the dotted zs-axis is part of the limit). The limit contains four
multi-valued graphs joined at the x3-axis; Zf, E; above the plane z3 = 0 and
Y1, Y5 below the plane. Each of the four spirals into the plane.

Finally, we discuss the differences between the so-called local and global
cases. The local case is where we have a sequence of embedded minimal disks
in a ball of fixed radius in R? - the global case (Theorem 0.1) is where the
disks are in a sequence of expanding balls with radii tending to infinity. The
main difference between these cases is that in the local case we can get limits
with singularities. In the global case this does not happen because any limit is
a foliation by flat parallel planes (if the curvatures of the sequence are blowing
up). However, in both the local and global cases, we always get a double spiral
staircase.

Recall that a surface ¥ C R?3 is said to be properly embedded if it is
embedded and the intersection of ¥ with any compact subset of R? is compact.
We say that a lamination or foliation is proper if each leaf is proper.

To illustrate the key issue for the failure of properness, suppose that ¥; C
Bg, is a sequence of minimal disks with 0%; C 0Bpg, and |A|?(0) — oo as
1 — o0o. In the global case, where R; — 0o, Theorem 0.1 gives a subsequence
of the ¥; converging off of a Lipschitz curve to a foliation by parallel planes.
In particular, the limit is a (smooth) foliation which is proper. However, we
showed in [CM15] that smoothness and properness of the limit can fail in the
local case; see Figure 12.

In either the local or global case, we get a sequence of 2-valued graphs
which converges to a minimal graph ¥, through 0 (this graph is a plane in the
global case). Furthermore, by the one-sided curvature estimate (see Corollary
1.1.9), the intersection of ¥; with a low cone about ¢ consists of multi-valued
graphs for ¢ large. There are now two possibilities:

e The multi-valued graphs in this low cone close up in the limit.

e The limits of these multi-valued graphs spiral infinitely into .
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In the first case, where properness holds, the sequence converges to a foliation
in a neighborhood of 0. In the second case, where properness fails, the sequence
converges to a lamination away from 0 but cannot be extended smoothly to
any neighborhood of 0. The proof of properness in the global case is given in
Lemma 1.1.10 below.

Let 21, z2, 3 be the standard coordinates on R? and IT : R3 — R? orthog-
onal projection to {x3 = 0}. For y € S C ¥ C R? and s > 0, the extrinsic and
intrinsic balls are Bs(y) and Bs(y), respectively, and 3, s is the component of
Bs(y) NY containing y. Dy denotes the disk Bs(0) N {z3 = 0}. Also, Ky, is the
sectional curvature of a smooth compact surface ¥ and when ¥ is immersed
Ay, will be its second fundamental form. When X is oriented, ny;, is the unit
normal.

The reader may find it useful also to look at the survey [CM13] and the
expository article [CM14] for an outline of our results, and their proofs, about
embedded minimal disks and how these results fit together. The article [CM14]
is the best to start with.

This paper completes the results announced in [CM11] and [CM12].

Since the announcements of our results, a number of interesting theorems
have been proved using our Theorems 0.1 and 0.2. For instance, in [CM10],
using Theorem 0.2, we gave an alternative proof of the so-called generalized
Nitsche conjecture originally proved by P. Collin by very different arguments;
cf. also [Ro]. In [CMS8], using Theorem 0.2 and [CM5], we proved that any
embedded minimal annulus in a ball (with boundary in the boundary of the
ball and) with a small neck can be decomposed by a simple closed geodesic into
two graphical sub—annuli. Moreover, we gave a sharp bound for the length of
this closed geodesic in terms of the separation (or height) between the graphical
sub—annuli. This serves to illustrate our “pair of pants” decomposition from
[CM6] in the special case where the embedded minimal planar domain is an
annulus.

Using Theorems 0.1, 0.2, W. Meeks and H. Rosenberg proved that the
plane and helicoid are the only complete properly embedded simply-connected
minimal surfaces in R?, [MeRo]. Recall that if we take a sequence of rescalings
of the helicoid, then the singular set S for the convergence is the vertical axis
perpendicular to the leaves of the foliation. In [Mel], W. Meeks used this
fact together with the uniqueness of the helicoid to prove that the singular set
S in Theorem 0.1 is always a straight line perpendicular to the foliation, cf.
also [Me2] for finer metric space structure. Very recently, W. Meeks and M.
Weber have constructed a local example (i.e., a sequence of embedded minimal
surfaces in a tubular neighborhood of a circle whose intersections with every
sufficiently small ball are disks) where S is a circle, [MeWe].

Recently, our results here played a key role in our proof of the Calabi-Yau
conjectures for embedded surfaces in [CM17]; cf. [JXa] and [Na]. The main
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result in [CM17] was a chord-arc bound for possibly non-compact embedded
minimal disks, relating the extrinsic and intrinsic distances. This chord-arc
bound implies that a complete embedded minimal disk in R3 is properly em-
bedded. As an immediate consequence, we get intrinsic versions of all of the
results of this paper. See [CM17] for more details and more general results.

In the case where ¥ has infinite topology (e.g., when ¥ is one of the
Riemann examples), a number of interesting results have been obtained relying
on our results. This is an area of much current research, see [CM6], the work of
Meeks, J. Perez and A. Ros, [MePRs1], [MePRs2], and [MePRs3], the survey
[MeP] and references therein.

Part I. The proof of Theorem 0.1
assuming Theorem 0.2 and short curves

In this part we will show how Theorem 0.1 follows from Theorem 0.2, the
results about existence of multi-valued graphs from [CM3], [CM4] which were
recalled in the introduction, Corollary II1.3.5 of [CM5], and the results about
properness of embedded disks from [CMT7] (once we see that the conditions in
corollary 0.7 of [CM7] are satisfied). The remaining parts of this paper are
devoted to showing Theorem 0.2 (Part II.2) and that Corollary 0.7 of [CM7]
applies (Part IV; see, in particular, Theorem 1.0.10 below).

We will use several times that given a > 0, Proposition 11.2.12 of [CM3]
gives a constant N, so that if u satisfies the minimal surface equation on

g N 2wt N,

e=Ns, eNo R
with |[Vu| <1, and w < 0, then
p| Hessy| + p|Vw|/|w| < aon S
Theorem 3.36 of [CM9] then yields
IVu — Vu(1,0)| < Ca.
We can therefore assume (after rotating R? so that Vu(1,0) = 0) that
(1.0.8)  |Vu| + p| Hessy| + 4 p |Vw|/|w| 4 p? | Hessy|/|w| < e < 1/(27).

0,27
1L,R

The bound on | Hess,,| follows from the other bounds and standard elliptic
theory. In what follows, we will assume that w < 0. (This normalizes the
graph of u to spiral downward; this can be achieved after possibly reflecting in
a plane.)

If ¥ is an embedded graph of u over Sl_/zgg%”
Dpr \ D; between the top and bottom sheets of the concentric subgraph over

—27,N+27
S1R (

, then F is the region over

recall that, possibly after reflection, we can assume w < 0). That
is, when N is even, F is the set (see Figure 13) of all

{(rcosf,rsinf,t)|1 <r < Rand —27 <6 <0}
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0p C X is a curve connecting
the two halves.

' ]
|
i

==

ZQIEQE\El

FE is the shaded region.

Figure 13: The set F in (1.0.9).  Figure 14: Theorem 1.0.10 — the ex-
istence of the other half and the short
curves, oy, connecting the two halves.

which satisfy
(1.0.9) u(r, 0+ (N +2)m) <t <u(r@).
To apply Corollary 0.7 of [CM7] we need the following result (which will

be proved in Part IV) on existence of “the other half” of an embedded minimal
disk and short curves, oy, connecting the two halves:

THEOREM 1.0.10 (See Figure 14). There exist C, Ry, Ny, € > 0 so that
for N > Ny the following holds:

Let ¥ C Byg be an embedded minimal disk with 0¥ C 0B4g. If R > Ry
and X1 C ¥ is a (multi-valued) graph of a function uy with |Vuy| < e over

S*37T,N+37T
1/2,2R )

then ENX\ X1 is a graph of a function uy over S?:g+27r with
up(1,2m) < uz(1,0) < ui(1,0).
Moreover, for all 0 < 0 < N 4+ 27, a curve
op C{zi+23<1}INX
with length < C connects the image of uy over (1,0) with the image of uy over

(1,0).

The main example of the “two halves” of an embedded minimal disk and
short curves connecting them comes from the helicoid. Namely, let ¥ be the
helicoid, i.e.,

Y ={(pcosh,psinb,—0)|p, 0 € R},
then ¥\ {p = 0} consists of two oco-valued graphs, ¥; and X9, and the curves
0p given by

YN{xz=—-0tU{(—cosT,—sinT,—7)|0 <7< 0+7}
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Point with large
curvature in Y.

El 20

B4T0

Figure 15: Proposition 1.0.11 — existence of nearby points with large curva-
ture.

are the short curves connecting the two halves. Theorem 1.0.10 asserts that
this is the general picture.

We will use the following result from [CM5] to get nearby points with
large curvature (here, as before, ¥,  is the component of Bg(y) N X
containing y):

ProprosITION 1.0.11 (Corollary II1.3.5 of [CM5]. See Figure 15). Given
C1, there exists Cy so that the following holds:
Let 0 € ¥ C Bac,r, be an embedded minimal disk. Suppose that

Y1 and X € BN {23 < (22 + 23)}
are graphs of functions u; satisfying (1.0.8) on S;fgj: with
u(ro, 2m) < ug(ro,0) < ui(ro,0),
and v C 0% 2y, 15 a curve from 31 to Xo. Let g be the component of
Y0,0om0 \ (B1UX2UD)

which does not contain X .

If either:
e 0¥ C 0By, r,, OT
e X is stable and Xy does not intersect 0%,
then
(1.0.12) sup  |z)?|A|*(z) > 4CF.

1‘620\34T0

Note that by the curvature estimate for stable surfaces, [Sc|, [CM2], when
Y is stable then the conclusion of Proposition 1.0.11 is that no such surface
exists for C, Cy sufficiently large.
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I.1. Regularity of the singular set

If § > 0 and z € R3, then we denote by Cs(z) the (convex) cone with
vertex z, cone angle (7/2 — arctan d), and axis parallel to the zg-axis. That is
(see Figure 16),

(I1.1.1) Cs(z) = {z € R*| (x5 — 23)% > 6% (21 — 21)* + (22 — 22)))} .

LEMMA 1.1.2 (see Figure 16). Let 0 € S C R3 be a closed set such that
for some 6 > 0 and each z € S, such an S C Cgs(z). If for all t € x3(S) and
all e > 0,

SN{t<zz<t+e}#0,
Sn{t—e<az3<t}#0,

then S N {x3 =t} consists of exactly one point S; for allt € R, and t — & is
a Lipschitz parametrization of S. In fact,

(1.1.3) ‘tg — t1’ < ‘StQ — Stl‘ <V1+4+ 52 ‘tQ — tl‘ .
S Cs(z)
X

Figure 16: It follows from the one-sided curvature estimate that the singular
set has the cone property and hence is a Lipschitz curve; see Lemma 1.1.2.

Proof. First, by the cone property, it follows that S N {z3 =t} consists of
at most one point for each t € R. Assume that S N {x3 =t} = 0 for some t.
Since S C R? is a nonempty closed set and

z3:S CCs(0) - R

is proper, z3(S) C R is also closed (and nonempty). Let t5 € 23(S) be the
closest point in z3(S) to tg. The desired contradiction now easily follows since
either SN {ts < x3 < tp} or SN {tp < x3 < ts} is nonempty by assumption.

It follows that t — S; is a well-defined curve (from R to §). Moreover,
since

S, C {.’Eg =11+ (tg - tl)} N C5(St1) C B\/m\h*tﬂ(stl) ,
(1.1.3) follows. O
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We will refer loosely to a set S as in Lemma 1.1.2 as having the cone
property. Next we will see, by a very general compactness argument, that for
any sequence of surfaces in R3, after possibly going to a subsequence, then
there is a well defined notion of points where the second fundamental form of
the sequence blows up. The set of such points will be the S in Lemma 1.1.2
below; we observe in Corollary 1.1.9 below that S has the cone property.

LEMMA 1.1.4. Let ¥; C Bpg, with 0¥; C 0BR, and R; — oo be a sequence
of (smooth) compact surfaces. After passing to a subsequence, ¥;, we may
assume that for each © € R>:

e Either supp (3)ny, |A|? — oo for all r > 0.
e Orsup; supg, (z)ns, |A]? < co for some r > 0.
Proof. For r > 0 and an integer n, define a sequence of functions on R?
by

(I1.1.5) Airpn(x) =min{n, sup |A|2},
B, (z)NX;

where supg (;)ns, |A]?2 = 0if B.(x) NY; = 0. Set

2k 1
(116) Dz’,r,n = khlgo2_k Z Ai,(l—i—mQ*")r,na
m=0

with D; ., continuous and A; 2y.p, > Dj rr, > Airpn. Let v,y be the (bounded)
functionals,

(1.1.7) Virn(p) = /B ¢ Dy for ¢ € L*(R?).

By standard compactness for fixed r, n, after passing to a subsequence, we see
that v ., — v, weakly. In fact (since the unit ball in L?(R?) has a countable
basis), by an easy diagonal argument after passing to a subsequence we may
assume that for all n,m > 1 fixed

Vjo-mp — Vo-m , weakly .
Note that if z € R? and for all m, n with n > |z| + 1 (identify By-n(x) with
its characteristic function),
(118) I/g—mm(BQ—m (.’I})) > nVO](Bgfm) s
then for each fixed r > 0, we have

sup |A]? — 0.
BT((E)QZ]

On the other hand, if for some n > |z| + 1, m, (1.1.8) fails at x, then

sup sup |A|? < oo forr=2"""1, O
J B.(z)NX;
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To implement Lemma 1.1.2 in the proof of Theorem 0.1, we will need the
following (direct) consequence of Theorem 0.2 with ¥, playing the role of the
plane (and the maximum principle as in Appendix C):

COROLLARY 1.1.9 (see Figure 17). There exists 69 > 0 so that the fol-
lowing holds:

Let ¥ C Bsopg be an embedded minimal disk with 0% C 0Bsg. If ¥ contains
a 2-valued graph Y4 C {23 < 62 (2 + 23)} over Dy \ D,, with gradient < do,
then each component of

BrjsNE\ (Cs,(0) U Bay,y)

18 a multi-valued graph with gradient < 1.

BQTO
Bi(y)

Figure 17: Corollary 1.1.9: With ¥; playing the role of z3 = 0, by the one-sided
estimate, > consists of multi-valued graphs away from a cone.

Note that since ¥ is compact and embedded, the multi-valued graphs given
by Corollary 1.1.9 spiral through the cone. That is, if a graph did close up, then
the graph containing ¥; would be forced to accumulate into it, contradicting
compactness.

Another result needed to apply Lemma 1.1.2 is:

LEMMA 1.1.10 (see Figure 18). There exists co > 0 so that the following
holds:

Let ¥; C Bpg, be a sequence of embedded minimal disks with 0¥; C OBRp,
and R; — oo. If ¥g; C X; is a sequence of 2-valued graphs over Dg ¢ \ De,
with ¢; — 0 and

Yai — {3 =0} \ {0},
then

(I.1.11) sup |AI? = .
Bl ﬂzq‘,lﬁl{13>00}
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Point with large
curvature in ;.

I3 = C

B

Figure 18: Lemma 1.1.10 — point with large curvature in ¥; above the plane
x3 = cg but near the center of the 2-valued graph X4 ;.

Nonproper multi-valued graph
in the limit of the X;’s.

Limit of g ;.

Cs(0)

Figure 19: If Lemma I1.1.10 failed, then by Corollary 1.1.9 the limit of the ¥;’s
would contain a nonproper multi-valued graph contradicting Corollary 0.7 of
[CMT].

Proof. Suppose not (see Figure 19); assume that for each ¢y > 0, there is
a sequence of embedded minimal disks ¥; (and C; depending on both ¢y and
the sequence) with

(I1.1.12) sup |AI> <01 < o0
BlﬁElﬂ{zg>co}

and 2-valued graphs Y4; C X; over Dp. /C \ D, with ¢; — 0 and
Xai — {3 =0} \ {0}.
Increasing ¢; (yet still &; — 0) and replacing R; by S; — oo, we can assume
Sai C {23 < &} (a1 +23)}

is a 2-valued graph over Dy onyg. \ D o-ny, /2 with gradient < ¢; (the constant
N, is given before (1.0.8)).
By Corollary 1.1.9, each component of

B2 eNg S; Ny \ (C5o(0) UB e*Nﬂei)
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is a graph. Hence, by the Harnack inequality, if o > 0 is sufficiently small and
gi € Bg,N%; \ (Cu(0) U By,),

then for i large ¥; contains an (Ng +1)-valued graph over D ong g\ D ¢-~41q,/2
with
gradient <e < 1/(4m)

so that ¢; is in the image of {|@] < =} for this graph. Consequently, each
component of

BS,- n; \ (Ca(()) U B2si)

is a multi-valued graph satisfying (1.0.8).
Fix h and ¢ with 0 < h < af. We get points

Z2i € {$3:h, a:%—i—y% :fz}ﬂxi
and multi-valued graphs ¥, ; with

Zi € 2171' - {1'3 > O}QEi

S—37r,37r+N1;
0/2,5./2
so that X;; spirals into {z3 = 0} (note that we have assumed that it spirals

defined over , with N; — o0, so that z; is in the image of S, "™, and

down; we can argue similarly in the other case). In particular, Theorem 1.0.10
applies, giving the other multi-valued graphs Y ; so that:

e > ; and X9, spiral together, and
e 3y ; is the only part of ; between the sheets of ¥ ;.

Moreover, Theorem 1.0.10 also gives the short curves og; connecting these. It
now follows from Corollary 0.7 of [CM7] that the separations of the graph ¥ ;
at z; go to 0. Since this holds for all such A and ¢, it follows that

¥i\ Cu(0) — F,
where F is a foliation of R?\ C,(0) by minimal annuli (all graphs over part
of {z3 = 0}).
Theorem 0.7 gives 0 < Cy < oo so that, given 7o > 0, if y; € X; \ B3y, @
is large, and

(L.1.13) il |AI* (i) > Ca
then there is a 2-valued graph XY, C 3; \ Bg,)y,| starting in
Beyy:|(yi) C {xs > C3ro}

(by Theorem 0.7, 3%, starts in B, ),,|(yi) where Cy = C4(C2) and, by Corollary
L1.9, y; € Cs,/2(0)). Let Cy = Cy(Ca) > 1 be given by Proposition 1.0.11 and
set ro = 1/(4C%).
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Choose h;,¢; — 0 with
g < l; <ro/4,
0< h; <al;,
and let z;, 31 ;,%92; be as above. Since 0%; ;, 2, is a simple closed curve, it
must pass between the sheets of ¥ ;. Since ¥9; is the only part of ¥; between

the sheets of 31 ;, we can connect 1 ; and Yo ; by curves v; C 9% ., 2r, Which
are above X1 ;. We can now apply Proposition 1.0.11 to get the points

Yi € Byya(zi) N2\ Bar,y(2i) C Bijatae, \ Bsr,
as in (1.1.13).
To get the desired contradiction, observe that if ¢g < Csrg, then the 2-
valued graphs X%, given by (I.1.13) and Theorem 0.7, have
separation > C5 = C5(Cy) >0

(since Bey,jy, (i) C {3 > C31o}). Namely, this separation is on a fixed scale
bounded away from zero even as XY, extends out of Cq(0), contradicting
¥\ Ca(0) — F. The lemma follows. O

I1.2. Proof of Theorem 0.1

Proof of Theorem 0.1. By Lemma 1.1.4, after passing to a subsequence
(also denoted by ;) we can assume that for each z € R? either
(I1.2.1) sup |A[|? — oo for all 7 > 0,
or Sup; SUPg, (z)ny, |A|? < oo for some 7 > 0. Let S C R3 be the points where
(I.2.1) holds. By assumption B; N'S # (. Thus, after a possible translation
we may assume that 0 € S and it follows easily from the definition that S is
closed. By Theorem 5.8 of [CM4] (and Bernstein’s theorem; see for instance
Theorem 1.16 of [CM1]), there exists a subsequence X; and 2-valued graphs
Ya,j C Xj over Dg /o \ De; with e — 0 such that
Yaj — {x3 =0} \ {0}
(after possibly rotating R3). (This fixes the subsequence and the coordinate
system of R3.) Again by theorem 5.8 of [CM4] (and Bernstein’s theorem) for
each §; € S there are 2-valued graphs Zﬁl’ ; C Xjover Dg_/c(8t) \ De, (St) with
€; — 0 such that
Sag — {ws =t} \ {8t}
Hence, by Corollary 1.1.9, S C Cs(S;). By Lemma 1.1.10 (and scaling), for all
t € x3(S) and all £ > 0, we have
SN{t<zz<t+e}#0,
Sn{t—e<azz3<t}#0.
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It follows from Lemma I.1.2 that ¢ — S; is a Lipschitz curve and £;\S — F\S
in the C“-topology for all & < 1 (and with uniformly bounded curvatures on
compact subsets of R?\ S; see also Appendix B). O

Part II. “The other half”

Theorem 1.0.10 will follow by first showing that if an embedded minimal
disk contains a multi-valued graph, then “between the sheets” of the graph
the surface is another multi-valued graph - “the other half”. Second, we show
an intrinsic version of Theorem 0.7 and, third, using this intrinsic version, we
construct in Part IV the short curves connecting the two halves.

I1.1. “The other half” of an embedded minimal disk

We show first that any point between the sheets of a multi-valued graph
must connect to it within a fixed extrinsic ball:

LEMMA 11.1.1. There exist e > 0 and Cs > 2 so that the following holds:
Let 0 € X C Bg be an embedded minimal disk with 0% C 0BR. Suppose
that

YgC {22 <a?+a3}ny

is a 2-valued graph over Ds,, \ Dy, with gradient < 5. If Ey is the region over
Do, \ D,, between the sheets of X4, then

EonX C EO,CS ro -

Proof. Fix €5 > 0 small and Cs large to be chosen. If the lemma fails,
then there are disjoint components ¥, and ¥ of B¢, », N X with

YgC¥gand y € EgNy.

By the maximum principle, ¥, and ¥ are disks. Let 7}, be the vertical segment
(i.e., parallel to the xz-axis) through y connecting the sheets of ¥;. Fix a
component 7, of 7, \ ¥ connecting 3 to X\ 3. Let © be the component of
Bc,r, \ ¥ containing 7, (so that 0¥, and 7, are linked in Q). [MeYa] gives
a stable disk I' C Q with o' = 9%,. By means of the linking, I" intersects
ny. The curvature estimates of [Sc], [CM2] (cf. Lemma 1.0.9 of [CM3]) give
a constant C, so that any component I'y of Big,, NI intersecting 7, is a
graph with bounded gradient over some plane; for ¢, small, this plane must
be almost horizontal. Hence, I'y is forced to “cut the axis” (i.e., intersect
the curve in ¥4 over 0D, connecting the top and bottom sheets), giving the
desired contradiction. O
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In the next proposition > C Bygr with 9% C 0Byg is an embedded minimal
surface and
Yy c{ad <ai+aiiny

is an (N + 2)-valued graph of u; over Dag \ Dy, with |Vu;| < e and N > 6.
Let E be the region over Dg\ Dy, between the top and bottom sheets of the
concentric (N + 1)-valued subgraph in X;. To be precise, F; is the set of all

{(rcos@,rsin®,t)|2r <r<R,(N—-1)r <60 < (N+1)r}
where r and 6 satisfy

(I1.1.2) ui(r,0) <t <wui(r,d —2Nm).

ProrosiTION 11.1.3. There exist Cy > Cs and g > 0 so that if ¥ is a
disk as above with
R>Cyry andeg > e,

then E1 NY\ X1 is an (oppositely oriented) N-valued graph ¥s.

Proof. Fix z € ¥1 over 0D,,. Since 0%, o, is a simple closed curve, it
must pass between the sheets of ¥; and hence through some other component
Yoof E1NX.

The version of the “estimate between the sheets” given in Theorem I11.2.4
of [CM3] gives €g > 0 so that F1 NX is locally graphical (i.e., if z € E1 N,
then (nxy(z),(0,0,1)) # 0). It follows that each component of E; N ¥ is an
N-valued graph.

Fix a component Q of Byg \ X. We show next that 3o is the only other
component of F1 NY (ie., B4 NY C X UXy). If not, then there is a third
component Y3 which is also an N-valued graph. An easy argument (using
orientations) shows that there must then be a fourth component ¥4 of E1 NX.
By the fact that each ¥; is a multi-valued graph, it follows easily that we can
choose two of these four which cannot be connected in €2 N Eq; call these 3,
and ¥;,. The rest of this argument uses these components to find a stable
I" €  which has points of large curvature by Proposition 1.0.11, contradicting
the curvature estimates from stability. First, we construct OI'. Let o; C ¥;,
be the images of {§ = 0} from {z} + 23 = 4r}} to dBR and set

yj = {x%%—x% :4rf}ﬁ80j.

By Lemma II.1.1, we can connect the points y; and ys by a curve
oo C Bc.y, NY. By the maximum principle, each component of B N X is
a disk. Therefore, we can add a segment in 0Br NX to o9 U o1 U os to get a
closed curve o C ¥. A result of [MeYa] then gives a stable embedded minimal
disk I' C Q with dI' = 0.

Now that we have I', we show that Proposition 1.0.11 applies. Namely, let
(the disk) I's¢, r, (00) be the component of Bac,,, NI containing oy, so that
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Il¢. r, (00) contains a curve v C 0Bsy¢, », connecting o1 to oy. Since o1 and o9
are in the middle sheets of ¥;, and ¥;, (and I' is stable), we get that I" contains
two disjoint (N/2 — 1)-valued graphs I'y and T’y in Fj which spiral together
and v connects these (note that F4 NI may contain many components; at least
two of these, say I'1, 'y, spiral together). Let I'g be the component of

FR/Q(J()) \ (V ul’yu FQ)

which does not contain T's¢_ ., (0¢). It is easy to see that I'o N AT = {J; in fact,
if x € T'g, then
distr(z,0r') > |x|/2.

Therefore, for R/r; sufficiently large, Proposition 1.0.11 gives an interior point
of large curvature, contradicting the curvature estimate for stable surfaces. We
conclude that

EiNY CX¥iuUlsy.

Finally, it follows easily that X5 is oppositely oriented. O
The proof of Proposition I1.1.3 can be simplified when ¥ is in a slab. In

this case, [Sc|], [CM2] and the gradient estimate (cf. Lemma 1.0.9 of [CM3])
force I' to spiral indefinitely if it leaves Fj.

I1.2. An intrinsic version of Theorem 0.7

We will first show a “chord-arc” type result (relating extrinsic and intrinsic
distances) assuming a curvature bound on an intrinsic ball.

LEMMA I1.2.1 (cf. Lemma II1.1.3 in [CM5]). Given Ry, there exists Ry
so that the following holds:
If 0 € ¥ C Bp, is an embedded minimal surface with 0¥ C 0Bpg, and

sup [A[? < 4,

Ry

then
EO,RO C BR1 .

Proof. Let ¥ be the universal cover of ¥ and II : ¥ — ¥ the covering
map. With the definition of d-stable as in section 2 of [CM4], the argument of
[CM2] (i.e., curvature estimates for 1/2-stable surfaces) gives C' > 10 so that
if Bog,/2(2) C 3 is 1/2-stable and II(Z) = z, then

1:.[ : B5R0(§) — BSRO(Z)
is one-to-one and Bsg,(2) is a graph with

B4RO(Z) N 8B5RO(Z) =0.
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Corollary 2.13 in [CM4] gives ¢ = ¢(CRy) > 0 so that if |21 — 23] < € and
|A]? < 4 on (the disjoint balls) Borg,(2i), then each
Beg,2(Zi) C 8
is 1/2-stable where II(%;) = 2.
We claim that there exists n so that
¥0,rR, C B(2n+1)CR, -

Suppose not; we get a curve o C Yo, C Bg, from 0 to 0B(3,41)cR,- For
i =1,...,n, fix points z; € 0Baicr, No. It follows that the intrinsic balls
Ber, (z):

e are disjoint;
e have centers in Br, C R?;
e have |A|? < 4.
In particular, there exist i1 and io with
0< |z, — zi,| < C'"Ron™ /3 < ¢,

and, by Corollary 2.13 in [CM4], each Beg,/2(Z;) C 3 is 1/2-stable where
(%) = 2;,. By [CM2], each Bsg, (2i,) is a graph with Bap, (zi,)N0Bsg, (2;,) =
(). In particular,

Br, ﬂaBg,RO(Zij) =0.

This contradicts the fact that o C Bg, connects z;, to 0Bcr,(2i,). O

An immediate consequence of Lemma I1.2.1, is that we can improve The-
orem 0.7 (and hence also, by an intrinsic blow-up argument, Theorem 0.6) by
observing that the multi-valued graph can actually be chosen to be intrinsically
nearby where the curvature is large (as opposed to extrinsically nearby):

THEOREM 11.2.2. Given N € Zy and € > 0, there exist C1, Co,C5 > 0
so that the following holds:

Let 0 € ¥2 € Br C R3 be an embedded minimal disk with 0¥ C OBg. If
for some ro with 0 < ry < R,

sup [A]* < 4|A[*(0) = 4Cfrg?,

then there exists (after a rotation of R®) an N-valued graph
£, C 20 {ad <&} +a3)

over Dgyc, \ Dy, with gradient < ¢, separation > C3 o over OD,,, and dists(0,X,)
S 2 To.
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Proof. By combining Theorems 0.4 and 0.6 of [CM4], we get Cp, Co, C3 so

that if

sup |A]? <4]A]*(0) =4C3ry?,

0,70
then we get (after a rotation) an N-valued graph X, over Dg/c, \ Dy, with
gradient < ¢,

£, C 2N {2 <& (aF +ad)},
separation > Csrg over 0D,,, where 3, intersects ¥ ,,. Namely, Theorem 0.4
of [CM4] gives an initial N-valued graph contained in ¥ ,, and then Theorem

0.6 of [CM4] extends this out to dDg/c,. Let C1 be the R; from Lemma I1.2.1
with Ry = Cp. By rescaling, we can assume that

sup [A[? < 4]A[2(0) = 4.

C1

By Lemma I1.2.1, we have that

20700 C BCl s
and so we conclude that
sup |A]? < 4.
>o,cp
Theorems 0.4 and 0.6 of [CM4] now give the desired X,,. O

A standard blowup argument gives points as in Theorem I1.2.2 (with
Cy=1and s =rp):

LEMMA I1.2.3 (Lemma 5.1 of [CM4]). Given Cy and Cy, if Beyo,(0) C 2
s an immersed surface and

[A*(0) > 4,
then there exists Be,s(z) C Be,c,(0) with
(I1.2.4) sup |AP? <4|A]%(2) =4C%s572.
3045(2)

Proof. This follows as in Lemma 5.1 of [CM4], except we define F intrin-
sically on B¢, ¢, (0) by
F =d*|AP

where d(z) = C1Cy — distx(x,0) (so that F' = 0 on dB¢,¢,(0) and F(0) >
4(C1C4)?). Let F(z) be the maximum of F and set s = C/|A|(z). It follows
that
sup [P <4]AP(2)
Bagz/2(2)

and (using F(z) > (C1C4)?) we get 2045 < d(z), giving (11.2.4). O
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Part III. The stacking and the proof of Theorem 0.2

This part deals with how the multi-valued graphs given by [CM4] fit to-
gether. As mentioned in the introduction, a general embedded minimal disk
with large curvature at some point should be thought of as obtained by stacking
such graphs on top of each other.

IT1.1. Decomposing disks into multi-valued graphs

Fix N > 6 large and 1/10 > ¢ > 0 small. We will choose £, > 0 small
depending on ¢ and then let N, = N,(g4) be given by Proposition 11.2.12 of
[CM3]. Below ¥ will be an embedded minimal disk. Theorem II1.2.2 gives
C1,C5,C3 (depending on g4, N, and N,) so that if Br(y) N X = () and the
pair (y, s) satisfies
(IT1.1.1) sup |A]? <4|AP(y) =4CFs2,

Bss(y)
then (after a rotation) we get an (N +N,+4)-valued graph X1 over Dy (v, g /5 (P)\
D o-nyg2(p) (Where p = (y1,y2,0)) satisfying:

e gradient < gg;
e separation > C5 s over 9Ds(p);
o disty(y, %) < 2s.

In particular, by Proposition I1.2.12 of [CM3] and the version of the “estimate
between the sheets” given in Theorem III.2.4 of [CM3], we can choose £, =
gg(e) > 0 so that

(1) The concentric (N +3)-valued subgraph 3 over Dp /¢, (p)\ Ds(p) satisfies
(L.0.8).

(2) Each component of ¥ between the sheets of 3 (as in (I1.1.2)) is an
(N + 2)-valued graph also satisfying (1.0.8).

In the remainder of this section, C7, Cs, C3 will be fixed.

Let g9, Cy be from Proposition II.1.3 and suppose that ¢ < gg. If s <
R/(8C5Cy) for such a pair (y, s), then Proposition II.1.3 applies. Let £ and
E be the regions between the sheets of the concentric (N + 2)-valued and
(N + 1)-valued, respectively, subgraphs of 21; these are defined over

Dryc, () \ Ds(p) -
By Proposition I1.1.3 (and (2) above), we have that
E apy \ i]l
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is an (N + 1)-valued graph $; similarly, EN Y \ $1 is an N-valued graph
Yo C 532. Let 31 C 21 be the concentric N-valued subgraph. Since 0%, 4, is
a simple closed curve, it must pass through E \ X;. Therefore, since X5 is the
only other part of ¥ in E, we can connect 3 and > by curves vy and v_ with

vi C OBys(y) N
which are above and below FE, respectively. This gives components Y of
Sy.r/20) \ (B1UTa Ury)

which do not contain X, and which are above and below E, respectively
(these will be the ¥¢’s for Proposition 1.0.11).

Given a pair satisfying (I11.1.1), Proposition 1.0.11 and Lemma I1.2.3 easily
give two nearby pairs (one above and one below):

LEMMA II1.1.2. There exists Cy > 1 so that the following holds:
Let 0 € ¥ C Bsgr be an embedded minimal disk with 0¥ C OBsr. If the
pair (0,s) satisfies (I11.1.1) and

s < min{R/(2C4), R/(8CQC())} )
then we get a pair (y—,s—) also satisfying (II1.1.1) with y— € ¥_ and
Ey,As, - E0,6’45 \ Bys .

Moreover, the N-valued graphs corresponding to (0, s) and (y—, s—) are disjoint.

Proof. Proposition 1.0.11 gives Cy = C4(C1) and a point z € ¥g ¢, /2 N
DI \Bgs with
|2 |A](2) > 4(8C1)°.

Since E N'Y consists of the multi-valued graphs 31 and 3o,
22| A]?(z) < C on EN Bg,s N\ Bag

for C' small (C' can be made arbitrarily small by choosing € even smaller).
Hence, z ¢ F and so

B.jp(z)NE=0.
Applying Lemma I1.2.3 on B|.|/2(2), we get a pair (y—,s—) satisfying (IIL.1.1)
with
Bss (y-) C By.j2(2)
(CX_\ E). It follows that
Yy 4s. C Xo,cus \ Bus

and the corresponding N-valued graphs are disjoint. O
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Let Cy4 be given by Lemma III.1.2. Iterating the construction of Lemma
IT1.1.2, we can decompose an embedded minimal disk into basic building blocks
ordered by heights (the points p; in Corollary III.1.3 are the projections to
{z3 = 0} of the blowup points y;):

COROLLARY II1.1.3. There exist Cs > 1, C5 > 0 so that the following
holds:

Let ¥ C Be, g be an embedded minimal disk with 0¥ C 0Bc,r. If the pair
(Yo, s0) satisfies (111.1.1) with

Be,(vo) C Br,

then there exist pairs {(yi, si)} (fori > 0) satisfying (I11.1.1) with y; € ¥_ and
corresponding (disjoint) N-valued graphs ¥; C ¥ of u; over Dagr(0) \ Das, (pi)
with gradient < 2e, separation > Cs s; over 0Dag, (pi), and satisfying:

(IIL.1.4)  Ifi < j and both u; and u; are defined at p, then u;(p) < u;(p);
(11115) Eyi+1743i+1 - Eyiyc45i \B45i (yl) and Ul BC43i (yl) \ BR 7& [Z)

Proof. Starting with (yo, s9), we can apply Lemma III.1.2 repeatedly,
until the second part of (II1.1.5) holds, to find bottom N-valued graphs giving
(II1.1.4) and the first part of (III.1.5). Each N-valued graph is a graph over
some plane with gradient < €. Since X is embedded, we can take these to be
graphs over a fixed plane with gradient < 2¢ (after possibly taking C5 > 3Cy+1
larger). Now Cs > 0 is just a fixed fraction of Ci. O

In the next lemma and corollary, ¥ C B¢, g is an embedded minimal disk
with 0¥ C B¢, R.

LeMMA IT1.1.6. If (y,s) satisfies (I11.1.1) and Bs(y) C Bpgja, then the

corresponding 2-valued graph over Dgr(0) \ Ds(p) (after a rotation) has
separation > Cs(s/R)®s/2 over 0Dg(0).

Proof. By the discussion around (III.1.1), we see that the separation |w|

is > C3s at dD(p) and
[Vlog |lw|| < &/pp on Dar(p) \ Ds(p)-

Since Ds(p) C Dg/2(0), integrating gives
(I11.1.7) min |w| > min )\w| > C3(s/(2R))% s. O

0DR(0) Dar(p)\Dr/2(p

COROLLARY II1.1.8. There exists Cs > 0 so that if the pair (0, s) satisfies
(IIL.1.1) and for some 4C3s < { < R,

sup AP <5072,
B (0)NS_
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then there ewists a pair (z,7) satisfying (IIL.1.1) with ¥, C Xg /2, so that
the separation at 0Dy(0) between the 2-valued graphs ¥o, 3., corresponding to
(0,5s), (z,7), is > Cg (s/L)° ¢, and ¥, C X_.

Proof. Set (yo,s0) = (0,s) and let (y;,s;), X4, u;, and p; be given by
Corollary IT1.1.3. Let ig be the first ¢ with
BC487‘,0 (ylo) \BK/Q(O) 7& 0.

Set (2,7) = (Yip—1,8i,—1). It follows for i < ig that B, (y;) C By/2(0) and
s; > s/2 since

sup |A|? <5C%s72.
B, (0)N%_

Hence, by Lemma III.1.6 (as in Corollary I11.1.3), we get that 3; has separation
> Cy (s/0)° 5i/4
at 0Dy(0) for i < ig. By (III.1.5),
(/A< Cusi <(1+Ca) Y Cusi,
i<io i<io
Since the ¥;’s are ordered by height, the separation at 9D,(0) between ¥y and
Y, =%i,-11s

> " Ca(s/0)° s:/4 > Ce (s/0)° L. O

<10

I11.2. Stacking multi-valued graphs and Theorem 0.2

If (y,s) satisfies (III.1.1), then X, is the corresponding 2-valued graph
and X, _ the portion of ¥ below ¥,. Given C' > 8, we will consider such pairs
which in addition satisfy

(I11.2.1) sup  |A]? <4|AP(y) =4C%s72.
Bcs(y)ﬂEy,,

Using Section III.1, we show next that a pair (0, s) satisfying (III.2.1) has
a nearby pair with a definite height below (. In this section, ¥ C B¢, g is an
embedded minimal disk with 0¥ C 0B¢, .

PROPOSITION 111.2.2 (see Figure 9). There exist C,C >10C% and 6 > 0
so that if the pair (0, s) satisfies (I1L.2.1) with s < R/C, ¥o C X is over Dg\ D
(without a rotation), and

Vu((Rs)Y?,0) =0,
then there is a pair (y,t) satisfying (I11.2.1) with
y € Cs(0)NE_\ Bega -
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Proof. We will choose C' large below and then set 6 = §(C) > 0 and
C = C(C). Note first that (since Vu((Rs)'/2,0) = 0) Corollary 1.14 of [CM7]
gives for s < p < (Rs)'/? that

Vu(p, )| < Ca(p/s) ™.

Integrating this, we get for s < p < (Rs)'/? that
p
(I2.3)  fu(p,0)] < s+ Ca / (r/5)"5/12dr < (142C,) (s/p)* 2 p.

Proposition 1.0.11 gives Cy(C1,C) and a point zg € Be,s N Y- \ Bys with
[A[*(20) > 5C* CF |20 2.
Define the set A by
(I11.2.4) A={z € Bg,sNY_||AP(z) >5C*C}x|?},
(so zo € A) and let z9 € A satisfy |zo| = infze 4 |z|. Consequently, by (I11.2.1),

|AI? <5C%s72 on B, NX_,
Cs <|zo| < Cps.

An obvious extrinsic version of Lemma I1.2.3 (cf. Theorem A.9) gives a pair
(y,t) satisfying (II1.2.1) with Bei(y) C Bjgy|/2(z0). We can assume |p| >
Alyl/5.

Since |A|* < 5C% 572 on By, 2NY_ and (0, s) satisfies (I11.2.1) and hence
(IT1.1.1), it follows that Corollary III.1.8 (with ¢ = |p|) gives a pair (z,r) also
satisfying (III.1.1) with

Y, CX¥_and X,, C ZQM .

2
Thus the separation between ¥y and X, is at least C. (s/|y|) |y| at p. However,

since ¥ is embedded, then ¥, must be below both ¥y and X.. Combining this
with (IIL.2.3) gives

(I11.2.5) |”35|"?’J(‘y) > O, (ﬁ)— (1+2C,) (ﬁ)w .

Since C < 2|y|/s < 3Cy, the proposition follows from (II1.2.5) by choosing C
sufficiently large and then setting C' = C(C,C5) and Cj, = Cy(C) (where C' is
chosen so that Cy, s < (Rs)/?). O

We next prove Theorem 0.2. Namely, iterating Proposition II1.2.2, we
show that if the curvature of an embedded minimal disk were large at a point,
then it would be forced to grow out of the half-space it was assumed to lie in.
First we need:
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LEmMA I11.2.6. Given C and § > 0, there exists €1 > 0 so that the
following holds:

Let ¥ C By, N {x3 > 0} be an embedded minimal disk with 0% C 0Bay, .
If

sup \A|2 < C’FJQ,
Sn{xs<dro}

then for any component ¥ of By, 'YX which intersects Be,r,,

sup |[A|? <ry2.
E/

Proof. If y € B,, N X N {x3 < drp/4}, then

sup |Vas|> < Caxd(y)d2ry?
2y,6r0/2
(by the gradient estimate) and hence %, 5, /2 is a graph for 23(y)/(d ro) small;

cf. Lemma A.3. The lemma follows by applying this to a chain of balls as in
the proof of Lemma 2.10 in [CM8] or the theorem in [CM10]. O

Let C4,...,Cs be as above and 6, C, C be from Proposition 111.2.2.

Proof of Theorem 0.2. By Lemma II1.2.6 (and scaling), it suffices to find
d>0and C' > 1so that if ¥ C B, sp N {z3 >0} and 0¥ C 9B, 4, then

(I11.2.7) Sup |A]> <4C?C?(dR)72.

Suppose that (I11.2.7) fails; we will get a contradiction. An obvious ex-
trinsic version of Lemma I1.2.3 gives a pair (yo, so) satisfying (II11.2.1) with
Bes,(yo) C Bagr. Let 3y be the corresponding N-valued graph of ug over
Dgp \ Ds,(po) and X the portion of ¥ below Y.

To apply Proposition 111.2.2, we will need that if (y, s) satisfies (II1.2.1)
with y € Bop N ¥ (where %, is a graph of u over D4, \ Ds(p)), then

(I11.2.8) s < R/C and |Vu((CRs)"/2,0)| < 6/4.

To see (II1.2.8), observe first that the sublinear growth proven in Proposition
I1.2.12 of [CM3] applies to the positive function ug so we get that

supug < 2dR(6/d)° < 12Rd*<.
DGR

It follows that
BerNY_ Cc{0<z3<12Rd"°}.

This bound on the height implies a bound on the radius s of the blow up pair
s<CyRd™F.
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Likewise, this height bound and the gradient estimate (since the height function
is harmonic on a minimal surface) give

sup |Vu| < Cpd'=.
OD4r

Lemma 1.8 of [CM7] and the mean value inequality (as in corollary 1.14 of
[CMT]) give )

| Hess,| < C.(CR)™®/12 p=7/12
for (CRs)Y/2 < p < CR. Combining these at p = (CRs)Y/2? and 0 = 0, we get
that

SR
(II1.2.9) |VU|<de1_E+CC(CR)_5/12/ T2 gy
0

=Cyd' ="+ CLCT12
In particular, for d > 0 small and C large, (II1.2.9) gives (IIL.2.8).

Repeatedly applying Proposition 111.2.2 (using (II1.2.8)) gives (yi+1, Si+1)
satisfying (II1.2.1) with

Yi+1 € Cs2(yi) N X\ Bes, j2(vi) -

After choosing d > 0 even smaller, it follows that the y;’s must leave the
half-space before they leave Bg. O

Proof of Corollary 0.4. Using »1 U %o as a barrier, the existence theory
of [MeYa] and a linking argument (cf. Lemma II.1.1) give a stable surface

I'c Bcro \ (21 @] 22)

with 9T C 0By, and Be,,NI" # (). Estimates for stable surfaces give a graphical
component of By, NI' which intersects B.,,. The corollary now follows from
Theorem 0.2. O

Part IV. The short connecting curves and Theorem 1.0.10

We first combine Lemmas II.1.1 and I1.2.1 to see that any curve in X
which intersects both above and below a multi-valued graph (with a curvature
bound on an intrinsic ball) connects to it in a fixed intrinsic ball:

COROLLARY IV.0.10. Given C1, there exists Cy > 1 so that the following
holds:

Let ¥, ¥4, Ey, and ro be as in Lemma 11.1.1. If a curve n C Ba,, N X
connects points in 0Bay, above and below Ey and

sup |[A2 <4C%ry?,

Cyro

then n C Beyr, -



LOCALLY SIMPLY CONNECTED 605

Proof. Let ¥a,,(n) be the component of By, N ¥ containing n. By the
maximum principle, we have that s, () is a disk and hence 0X9,, (1) must
pass through Fy (to connect the points on opposite sides of Ep). Hence, by
Lemma I1.1.1, we get

Yare (1) C Xo,0,ry -

Finally, Lemma II.2.1 yields 3¢ c.r, C Bc,r,, proving the corollary. O

Proof of Theorem 1.0.10. Fix € > 0 with
e < min{eq, 5}

(eo is given by Proposition I1.1.3 and e is from Lemma II.1.1). Choose Ny
and Ry large so that Proposition I1.1.3 gives “the other half” 5. If 3; comes
from an intrinsic blow up point, then it follows from Lemma II.1.1, that there
are short curves connecting >, and 3. While it is a priori not clear that every
multi-valued graph arises this way, Theorem II.2.2 implies that every multi-
valued graph is intrinsically near one of these. We use this below to produce
the short curves oy in general.

Suppose that no gy with length < C' exists for some 0; we get points y;
and yo with

y € {zt+i=11n%;,
C< distg(yl, yg) ,

and so that y; and yo are in consecutive sheets of ¥ (i.e., y; and y2 can
be connected by a segment parallel to the x3-axis which does not otherwise
intersect X). See Figure 20. We will get a contradiction from this for C' large.
Since 0%, 4 is a simple closed curve, it must pass through E \ X;. See

Figure 21. Therefore, since 35 is the only other part of ¥ in E, we can connect
Y1 and Y3 by a curve in 0%, 4. Connecting the endpoints of this curve to y;
and yo gives a curve n C X, 4 from y; to ya. Since By(y;) is not a graph, we
have

sup |A|? > Cp > 0.

Ba(y:)
Let Cy and Cs (depending on & and some fixed N > 6) be given by Theorem
I1.2.2 and Cy = Cy4(C1) given by Corollary IV.0.10. Lemma I1.2.3 gives pairs
(2, s;) satisfying (I1.2.4) with

Be,s,(z:) C Ber(yi)

where C’ does not depend on C. Let 21 and 22 be the multi-valued graphs
given by Theorem I1.2.2 and F; the regions between the sheets. Since

A

diStE(zi, Ei) <2s;,
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¥
Z1 /771
2 2
] +axy=1 Y
E\l S— ' ? Y2
Y1
Y p—F—— 29 nC Xy
S— \
By 5, Sy 72

Figure 20: If Theorem 1.0.10 fails, Figure 21: Proof of Theorem I.0.10.

then there are points y; € ¥ and The blowup points z1, z2 and the cor-
Y2 € Yo in consecutive sheets which  responding multi-valued graphs 31, ¥
are intrinsically far apart. and the curves 7; connecting y; with ;.

we can choose curves 7; from y; to Bag, (z;) N 3, with length < C’. Combining
Corollary 1V.0.10, Length(n;) < C’, and distx(y1,y2) > C, we see easily that,
for C large, 11 intersects only one side of EyU Bss, (22); similarly, 7o intersects
only one side of Ej U Bas, (21).

We will next find a third pair (23, s3) satisfying (I1.2.4) which is between
ELU By, (21) and FyU Bss, (22) but which is intrinsically far from 7; and 7s;
Corollary IV.0.10 will then give a contradiction. By combination of

o disty(n1,m2) > C —2C",

e 71 intersects only one side of Eg U Bas, (22),

e 7)9 intersects only one side of Fi U B, (21), and

e 1) C Xy, 4 connects yi, o,
it is easy to see that there is a point y3 € X, 4 with

dists(ys, {m,n2}) > (C —2C")/2
and so that
y3 is between EL U Bss, (1) and Ey U Bos, (22) .

(This last condition means that there is a curve 7, from Ba,, (21) to Bas,(22)
so that y3 € ny, and n,, intersects only one side of each of Ey U By, (21) and
E5 U By, (22).) As above, Lemma I1.2.3 gives a pair (z3, s3) satisfying (I1.2.4)
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with Be,s, (z3) C Ber(y3) and then Theorem I1.2.2 gives corresponding 3, Es.
Since C’ does not depend on C, we can assume that

(IV.0.11) dists (23, {m,m2}) > C/4.

It follows easily from Corollary IV.0.10 that F5 is between F; and Fs (since
f]g is close to y3 and ys is far from f]l, f]g) Moreover, it is easy to see that
at least one of 71, 7o must intersect both sides of F5 U By, (23) and, therefore,
Corollary IV.0.10 gives

(IV.O.12) diStz(ZAjg, {171,772}) < C”

(C" independent of C'). For C large, (IV.0.11) contradicts (IV.0.12), giving

the theorem. O
Appendix A.

One-sided Reifenberg condition and curvature estimates

We will show here curvature estimates for minimal hypersurfaces, X"~ C
M™, which on all sufficiently small scales lie on one side of, but come close
to, a hypersurface with small curvature. Such a minimal hypersurface is said
to satisfy the one-sided Reifenberg condition. Note that no assumption on the
topology is made. Inspired by the classical Reifenberg condition (cf. [ChC] and
references therein) we make the definition:

Definition A.1. A subset, I, of M™ satisfies the (4, 79)-one-sided Reifen-
berg condition at x € T if for every 0 < o < r¢ and every y € B,,—,(z) N T,

there is a connected hypersurface, L;;l, with 0Ly, C 0Bs(y),

(A.2) Bso(y) N Lys #0, sup |AL]* <6072,
B, (y)NL

and the component of B,(y) N T through y lies on one side of Ly .

LEMMA A.3. There exist r1(ig,k,n) > 0, 0 < eg < 1, and C = C(n) so
that for e <eg and rog < r1 the following holds:

Let z € ¥"° ! C B,, = By,(2) C M™ be an embedded minimal hypersurface
with 0% C OB,,. If there is a connected hypersurface, L"~', with OL C 0B,,,
Bor, N L #0),

(A4) sup |AL|2 < g2 7“62,
o

(A.5) sup [A]> <efrg?,
B,,NE

and By, N'X lies on one side of L, then

|A(2)|? < Ce*rg?.
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Proof. We will prove this for B,, = B,,(0) C R" (z = 0, r; = 00); the
general case is similar (cf. [CM1]). Choose €p > 0 so that the following holds:

If Bas(y) C X, s supg,,(y) |A] < 4eo, and t < 9s/5, then € X, is a
graph over T, ¥ with gradient < t/s and

(A.6) inf |y —yl|/ dists(y,y’) > 9/10.
Y €Bas (y)

Using Bey, N L # 0, let L%o be a component of B%o N L containing some
yr, € Bery, N L. By (A.4) and (A.6), we have

L%o - B%(yL).

Hence, by (A.4), we can rotate R" so that L is a graph over {z,, = 0} with
|Vix,| <eand
|zn(L)] < 4dergp.

Since L N'Y = (, the function z, + 4erg > 0 is harmonic on B%o C X. By
(A.5), the Harnack inequality (and 0 € ¥) yields C' = C(n) so that

(A7) 0 < sup(x, +4erg) < C lignf(a:n +4erg) <4Cery.

Since B o is a graph with bounded gradient, elliptic estimates give
(A.8) / AP < C'rgt / jznl?,

B%o Br
where C' = C’(n). Combining (A.7) and (A.8), the lemma follows from the

mean value inequality since Simons’ inequality (cf. [CM1]) gives

A|A? > —2|A]*. O

THEOREM A.9 (Curvature estimate). There exist €1(io,k,n) and r1(ig,k,n)
> 0 so that the following holds:

If ro < r, "' C B, = By(z) C M" is an embedded minimal hy-
persurface with 0% C 0B,,, and X satisfies the (e1,r0)-one-sided Reifenberg
condition at x, then for 0 < o < rg,

sup AP <02,
Bry—oNE

Proof. Take 1 > 0 as in Lemma A.3, and set

F = (rp— 7“)2 |A|2.



LOCALLY SIMPLY CONNECTED 609

Since F' > 0, F|0B,, N ¥ = 0, and ¥ is compact, F' achieves its supremum
at y € 0Br—o N X with 0 < 0 < ry. If FF < 1, the theorem follows trivially.
Hence, we may suppose

F(y) :Bsu£ZF> 1.

With ¢p < 1 as in Lemma A.3, define s > 0 by
s |Ay)? = <5/4.
Since F(y) = 02 |A(y)|?> > 1 and &g < 1, we have 2s < 0. Since F(y) > 1,

2 2
(A.10)  sup (i) A2 < sup (f) AR < sup F =02 |A(y)]?.
B.(y)ns 2 Bg (y)ns \2 Bg (y)Ns

Multiplying (A.10) by 4 5% /o2 gives supp._ ()N s2|A|? < 3. Hence, we have the

(e1,r0)-one-sided Reifenberg assumption, Lemma A.3 contradicting the choice
of sif C 8% < 5% /4. Therefore, F' < 1 for this 1, and the theorem follows. O

Letting rg — oo in Theorem A.9 gives the following Bernstein-type result:

COROLLARY A.11. There exists e(n) > 0 so that any connected properly
embedded minimal hypersurface satisfying the (€, 00)-one-sided Reifenberg con-
dition is a hyperplane.

We close by giving a condition which implies the one-sided Reifenberg
condition. Its proof (left to the reader) relies on a simple barrier argument (as
in the proof of Corollary 0.4).

LEMMA A.12. There exist o(io, k), 71(i0, k) > 0, and c(ip, k) > 1 so that
the following holds:

Let ¥ C By, = By,(z) C M? be an embedded minimal disk with 0% C
0B,,. If ro <11 and for some € < €q, all 0 < rg and all y € B,,_, N X there
s a minimal surface

Yy C Ba(y) \ by
with 0%y , C 0B,(y) and
Ey,a N Baa(y) ?é ®7

then ¥ satisfies the (ce ro)-one-sided Reifenberg condition at x.

Appendix B. Laminations

A codimension one lamination on a 3-manifold M3 is a collection £ of
smooth disjoint surfaces (called leaves) such that UpesA is closed. Moreover,
for each ©* € M there exists an open neighborhood U of = and a coordinate
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chart, (U, ®), with ®(U) C R? so that in these coordinates the leaves in £ pass
through ®(U) in slices of the form

(Rx {t})n®U).

A foliation is a lamination for which the union of the leaves is all of M and
a mimimal lamination is a lamination whose leaves are minimal. Finally, a
sequence of laminations is said to converge if the corresponding coordinate
maps converge. Note that any (compact) embedded surface (connected or
not) is a lamination.

PROPOSITION B.1. Let M? be a fived 3-manifold. If L; C Bor(x) C M is
a sequence of minimal laminations with uniformly bounded curvatures (where
each leaf has boundary contained in 0Bagr(x)), then a subsequence, L;, con-
verges in the C topology for any o < 1 to a (Lipschitz) lamination L in
Br(x) with minimal leaves.

Proof. For convenience, we will assume that each lamination £; has only
finitely many leaves where the number of leaves may depend on ¢. This is all
that is needed in the application of this proposition anyway. Fix z¢ € Bgr(x).
The proposition will follow once we construct uniform coordinate charts ®; on
a ball By, = By, (z¢), where 4ry < R is to be chosen.

By assumption, there exists C so that for each i and every A € L;,

sup AP <Crg?.
BurgNA
Replacing 7o > 0 with a smaller radius, we may assume that C' > 0 and ro vk
are as small as we wish and rg < %’ (i9 being the injectivity radius and k a
bound for the curvature of M in By,,). In fact, if (z1, z9,z3) are exponential
normal coordinates centered at xg on B;,, then

Uper, Br, N A

gives a sequence of disconnected small curvature surfaces in these coordinates.
By standard estimates for normal coordinates, the curvature is also small with
respect to the Euclidean metric. Going to a further subsequence (possibly with
ro even smaller), for each i every sheet of

UAEEiBQTo (0) nA

is a graph with small gradient over a subset of the R? x {0} plane containing
a ball of radius ry centered at the origin.

We claim that, in this ball, the sequence of laminations converges in the
C*“ topology to a lamination for any o < 1. The coordinate chart ® required
by the definition of a lamination will be given by the Arzela-Ascoli theorem as
a limit of a sequence of bi-Lipschitz maps

®; : (z;); — R’



LOCALLY SIMPLY CONNECTED 611

with bi-Lipschitz constants close to one and defined on a slightly smaller con-
centric ball Bg,, for some s > 0 to be determined. Furthermore, we will show
that for each i fixed

@ (Bsr, N Unes,A)

is the union of planes which are each parallel to R? x {0} ¢ R3; cf. [So].
Set the map ®; by letting

;M y1, y2,y3) = (Y1, 92, 9i (Y1, ¥2,93))

where ¢; is defined as follows: Order the sheets of Ba,,(0) Nacg, A as A;, for
k =1,--- by increasing values of x3 and let A;; be the graph of the function
fix over (part of) the R? x {0} plane. The domain of f; ) contains the ball
of radius 7o around the origin in the R? x {0} plane. With slight abuse of
notation, we will also denote balls in R? x {0} with radius ¢ and center 0 by
B;. Set

Wik = fik+1 — fij-

In the next equation, A, V, and div will be with respect to the Euclidean
metric on R? x {0}. By a standard computation (cf. [Si, (7) on p. 333] or
Chapter 1 of [CM1]), we have

(B.2) Aw; = div (a Vw; ) + bVw; i, + cw; i, ,
where

e ¢ is a matrix valued function.

e b is a vector valued function.

e ¢ is a function.

Although a, b, and ¢ depend on i, their scale invariant norms are small when
C and Vkry are. By (B.2), the Schauder estimates and Harnack inequality
(e.g., 6.2 and 8.20 of [GiTr]) applied to the positive function w; j give

(B.3) srg sup |Vw; | < C sup w;y < exp(eq sﬁ) inf w; j,

srg 2s 7( 2s o

where ¢, and 8 > 0 depend on the scale invariant norms of a,b, and c. Set
M, i, = fix(0). In the region

{(y1,92,43) € Bry X [Mj g, M 41}
define the function ¢; by

Yz — M

B4 ; =Ji M., — M.
(B.4) ®i(y1,y2,Y3) fz’k(yl’y2>+Mz‘7k+1—Mi,kz

w; (Y1, Y2) -
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Hence

Wik O
M, 1 — M, Oys

y3 — M i

(B:5) ¢ fuk M k1 — Mg

V’U)i,k +

It follows easily from (B.3) and (B.5) that for each ¢ the map ®; restricted
to Bgr,(0) C R3 is bi-Lipschitz with bi-Lipschitz constant close to one if s is
sufficiently small. By the Arzela-Ascoli theorem, a subsequence of ®; converges
in the C* topology for any o < 1 to a Lipschitz coordinate chart ® with the
properties that are required. The leaves in B,, are C1® limits of minimal
graphs with bounded gradient, and hence minimal by elliptic regularity. O

Trivial examples show that the Lipschitz regularity above is optimal.

Appendix C. A standard consequence of the maximum principle

Using the maximum principle and the convexity of small extrinsic balls,
we can bound the topology of the intersection of a minimal surface with a ball:

LEMMA C.1. Let X2 C M™ be an immersed minimal surface with 0¥ C
0By, (). Suppose that Kyrn < k and the injectivity radius of M > ig. If
ro < min{%, ﬁ}, Bi(y) C By, (x), and v C Bi(y) N X is a closed one-cycle
homologous to zero in By,(x) N'X, then v is homologous to zero in B(y) N X.

Proof. Apply the maximum principle to the function
f = disti; (y,)
on the 2-current that + bounds. O

By Lemma C.1, if y € B;(x) N ¥ is connected, then
X(Bs(y) NE) = x(Bi(z) N %)

whenever we have

™

1Vk

s+ disty(z,y) <t < min{%o,

}.

(The Euler characteristic is monotone.)

D. A generalization of Proposition I1.1.3

In [CM6], the next proposition is needed when we deal with the analog of
the genus one helicoid (cf. [HoKrWe]) where ¥ (as above (I1.1.2)) is not a disk.
The genus of a surface ¥ ( gen(X)) is the genus of the closed surface obtained
by adding a disk to each boundary circle.
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PROPOSITION D.1. There exist Cy and g¢ so that if 0 € X, IX is con-
nected, gen(X) = gen(3o,,), R> Cori, and

50287

then E1 NYX\ X1 is an (oppositely oriented) N-valued graph Y.

Proof. Note that, by the maximum principle and elementary topology (as
in part I of [CM5]), we have that ¥\ o, is an annulus for r; <t < 4R. The
proof now follows that of Proposition II.1.3.

First, (a slight extension of) the “estimate between the sheets” given in
theorem II1.2.4 of [CM3] gives gy so that E; N X is locally graphical (this
extension uses the fact that 3\ ¥y ,, is an annulus instead of that ¥ is a disk;
the proof of this extension is outlined in appendix A of [CM8]). As before, we
get the second (oppositely oriented) multi-valued graph 3o C X.

Second, we argue by contradiction to show that there are no other com-
ponents of £1NY. Fix o1 and o9 as before. The proof of Lemma II.1.1 applies
virtually without change (since at least one of ¥, and ¥, must be a disk), so
o1 and o2 connect in g c,,,. Hence, a curve

oo C an,Csm
connects o1 and oy. Replace o; with o; \ Bc.,,, so that
ooUor Uog C 2\2077«1

is a simple curve and
d(opUorUoag) C 0Xo.R -

Let 3 be the component of
EO,R \ (0’0 Uor U 0'2)

which does not intersect ¥ ,,. It follows that 3 has genus zero and connected
boundary; i.e., it is a disk. Solve as above for the stable disk I' with JI' = o3
so that I' contains two disjoint (N/2 — 1)-valued graphs in E; which spiral
together. For R/r; large, Proposition 1.0.11 gives the point of large curvature,
contradicting the curvature estimate for stable surfaces. O
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