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Removability of point singularities
of Willmore surfaces

By ERNST KUWERT and REINER SCHATZLE*

Abstract

We investigate point singularities of Willmore surfaces, which for example
appear as blowups of the Willmore flow near singularities, and prove that
closed Willmore surfaces with one unit density point singularity are smooth in
codimension one. As applications we get in codimension one that the Willmore
flow of spheres with energy less than 87 exists for all time and converges to a
round sphere and further that the set of Willmore tori with energy less than
8T — d is compact up to Mobius transformations.

1. Introduction

For an immersed closed surface f : ¥ — R" the Willmore functional is
defined by

W) =5 [ 1P duy,
Y

where H denotes the mean curvature vector of f, g = f*geuc the pull-back
metric and p4 the induced area measure on 3. The Gauss equations and the
Gauss-Bonnet Theorem give rise to equivalent expressions

1 1[0
W) =5 [ AR dy + (D) = 5 [ 1A dy + 27x(2),
P %

where A denotes the second fundamental form, A° = A — % g ® H its trace-free
part and y the Euler characteristic. The Willmore functional is scale invariant
and moreover invariant under the full Mobius group of R™. Critical points of
W are called Willmore surfaces or more precisely Willmore immersions.

We always have W(f) > 4rn with equality only for round spheres; see
[Wil] in codimension one, that is n = 3. On the other hand, if W(f) < 8=
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then f is an embedding by an inequality of Li and Yau in [LY]; for the reader’s
convenience see also (A.17) in our appendix. Bryant classified in [Bry] all
Willmore spheres in codimension one.

In [KuSch 2], we studied the L? gradient flow of the Willmore functional
up to a factor, the Willmore flow for short, which is the fourth order, quasilinear
geometric evolution equation

Ohf+AgH+QANH =0

where the Laplacian of the normal bundle along f is used and Q(A®) acts
linearly on normal vectors along f by
Q(A%)¢ = g% g7 A% (A, 6).

There we estimated the existence time of the Willmore flow in terms of the
concentration of local integrals of the squared second fundamental form. These
estimates enable us to perform a blowup procedure near singularities, see
[KuSch 1], which yields a compact or noncompact Willmore surface as blowup.
In contrast to mean curvature flow, the blowup is stationary as the Willmore
functional is scale invariant. In case the blowup is noncompact, its inversion is
again a smooth Willmore surface, but with a possible point singularity at the
origin.

The purpose of this article is to study unit density point singularities of
general Willmore surfaces in codimension one. Our first main result, Lemma
3.1, states that the Willmore surface extends C1® for all & < 1 into the point
singularity. This cannot be improved to C!'! as one sheet of an inverted
catenoid shows. For the proof, we establish that the integral of the squared
mean curvature over an exterior ball around the point singularity decays in a
power of the radius; that is,

(1.1) / |H|? dpy < Co®  for some 8 > 0.
[If1<el

(1.1) implies the regular extension of the Willmore surface by standard technics
in geometric measure theory, when we take into account our assumption of unit
density. In codimension one, we can choose a smooth normal v and define the
scalar mean curvature Hg. := Hr up to a sign. Observing for the normal
Laplacian that AjH = (AgHy)v, the Euler-Lagrange equation satisfied on
the Willmore surface simplifies in codimension one to

(1.2) AyHge + |A°*Hy. = 0.

The decisive point in order to make (1.2) applicable, more precisely to control
the metric near the point singularity, is to introduce conformal coordinates by
the work [MuSv] of Miiller and Sverak, again using our assumption of unit
density. Considering (1.2) as a scalar second order linear elliptic equation
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in Hg., conformal changes result in multiplying the Laplacian with a factor,
and the equation transforms to a linear elliptic equation in a punctered disc
involving the euclidean Laplacian. Using interior L> — L?—estimates for the
second fundamental form of Willmore surfaces, as proved in [KuSch 1], we
obtain

AH,. +qH,. =0 in B}(0) — {0},

ly|*q(y) — 0 for z — 0,

/ sup |q(y)|o de < oo.
lyl=0

In Section 2, we investigate this equation by introducing polar coordinates
(r, ) combined with an exponential change of variable r = e~!. As the result-
ing function is periodic in ¢, we derive ordinary differential equations for its
Fourier modes from which we are able to conclude decay for the higher Fourier
modes for t — oo. This yields (1.1).

Knowing C1®—regularity, we can expand the mean curvature

H(z) = Hylog |z| + C°
around the point singularity where Hy are normal vectors at 0 which we call
the residue. The point singularity can be removed completely to obtain an
analytic surface if and only if the residue vanishes. Inspired by the Noether
principle for minimal surfaces, we get a closed 1-form by calculating the first
variation of the Willmore functional with respect to a constant Killing field
and observe that the residue can be computed as the limit of the line integral
around the point singularity of this 1-form. From this we conclude in Lemma
4.2 that the residues of a closed Willmore surface with finitely many point
singularities of unit density add up to zero. As inverted blowups have at most
one singularity at zero, inverted blowups are smooth provided this singularity
has unit density.

The final section is devoted for applications of our general removability
results. Here, we will always verify the unit density condition for the possible
point singularities by considering surfaces with Willmore energy < 87 via the
Li-Yau inequality; see (A.17). The main importance of the argument in our
applications is that we are able to exclude topological spheres as blowups.
Indeed, by our removability results we know that the inversions of blowups
are smooth and by Bryant’s classification of Willmore spheres in codimension
one in [Bry|, the only Willmore spheres with energy less than 167 are the
round spheres. Now round spheres are excluded as inversions of blowups, since
blowups are nontrivial in the sense that they are not planes.
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As application we mention

THEOREM 5.2. Let fy: S? — R3 be a smooth immersion of a sphere with
Willmore energy

W(fo) < 8.

Then the Willmore flow with initial data fo exists smoothly for all times and
converges to a round sphere.

Actually this improves the smallness assumption of Theorem 5.1 in
[KuSch 1] to g = 8m. This constant is optimal, as a numerical example of
a singularity recently obtained in [MaSi| indicates.

Further we mention the following compactness result for Willmore tori.

THEOREM 5.3. The set
My := {Z C R* Willmore | genus(X) = 1, W(X) < 87 — 4§ }

18 compact up to Mobius transformations under smooth convergence of com-
pactly contained surfaces in R3.

2. Power-decay

We consider  Q := B?(0) — {0} C R%,v € C*™(Q), A measurable on {2
which satisfy

2.1) IAv|<|AP o] in 9,
(2.2) | <CJA] inQ,
(2.3) | Allp~,) <Co " || Allr2(p,,) for Bap, €,
(2.4) /yAP < 0.
0

LEMMA 2.1 (Power-decay-lemma). Under the assumptions (2.1)—(2.4),
Ve>0,3C. <o0,V0<p<1,

(2.5) / lv]? < C.0*.
B,(0)

Remark. From (2.1)—(2.4), we can conclude
(2.6) Av+qu=0 in B0)— {0},

ly[?q(y) >0 for y — 0.
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In [Sim 3] equations with this asymptotics were investigated, and Lemma 1.4
in [Sim 3] yields

07! 0 ll2(8,0)=B, a(0)= O(&F%) = 07" || v |28, (0) B, a0 = O )

for all k € Z,e > 0. From (2.2) we only get v(y) = o(|y|~!) which does not
suffice to obtain the conclusion (2.5) from (2.6) as the example

v(y) = v(r(cos p,sinp)) := m COs ¢
shows. For the proof of the power-decay-lemma, it is decisive to observe that
1/2
/ sup [q(y)|o do < oo
o lvl=e

by (2.3) and (2.4), which yields integrability in Proposition 2.2 and (2.14)
below.

We reformulate the problem by putting, for 0 < t < oo,
ult, @) :=v(e ),
w(t, ) :=e 2 |A(e™1T19)|2.
Introducing polar coordinates and r = e, that is,
i(r, ) = v(re'?),
u(t, p) =0(e™", 9),

we calculate 0y = —rd, and

Av = %&«(r@rﬁ) + 7128317 = %(Ofu + O?Ou) =2 Au;
hence by (2.1)

(2.7) |Au| = e | Av| < e #|AP|v]| = |wu| in Ry x R.
From (2.2)-(2.4), we see for o = e~ ! that

(2.8) sl;p w(t, @) <o® || A H%m(aBe)

<C| A ||%2(Bzg)—> 0 for o — 0, that is t — oo.
Then (2.2) yields

(2.9) sup le"tu(t, )] < Co || A llp~@p,)— 0 for o — 0, that is t — co.
)

The next proposition gives an integral bound on the supremum in (2.8).
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PROPOSITION 2.2.

(e 9]

(2.10) /sup lw(t, )] dt < oo Vitg > 0.
)

to

Proof. We calculate, using (2.2) and (2.3), that

0o 1/2 1/2
1 -
[ sw st di= [suplotos s ollet do< [0l A, de
log 2 7 0 v 0
1/2 1/2 20

/ ! HAHL2 (Bap—B,)2) dQ—C// / |A(rw)2ro™t dHY (w) dr do

0 0/20By

2r

0
c/l / /\A(rw)|2 do dH!(w) dr
0

0B 1/2

IN

< c/ |A(rw) 2 dHY () dr = c/ AP < oo
0 0B B,
by (2.4). O

The power-decay-lemma is an easy consequence of the following PDE-
lemma and (2.7) to (2.10).

LEMMA 2.3 (PDE-lemma). Letu € C®(Ry x R) be periodic,

u(t, o+ 2m) = u(t, p),

and w > 0 measurable on Ry satisfying

(2.11) |Aul < wlu| in Ry x R,

(2.12) sup e fu(t, )| — 0 fort — oo,
)

(2.13) w(t) =0 fort— oo,

(2.14) /w(t) dt < oo.

0
Then for any € > 0

(2.15) Jim et ) | r2,2m= 0.
—00
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Proof that the (PDE-lemma = power-decay-lemma).  From (2.7) to
(2.10), we see that u(. + o, .),sup,, |w(. + to, )| satisfy (2.11) to (2.14). Then
(2.15) yields

o 2w fe’e) 27
v|? = v(re’)|?r dp dr = u(t, @)[2e ™ dp dt
|v] @ @ @
B, 0 0 log(1/0) 0
o0
=Ce / e P dt < [05(2 -7 e_(z_g)t} log(1/0) Ced™™
log(1/0)
which is (2.5). O

To prove the PDE-lemma, we carry out a Fourier-transform. We put, for
k € Z,

u(t, ©)e % de.

I~
ol
-
SN—
I
¥=
o\dsj

Clearly
ug € C%([0, o0f),
u(t, ) = up(t)e™?,
kEZ
1
o (e, agoam = o lur(0)
kEZ
Further,
Au = Z(u'k’ — K?ug)e™
keZ
and (2.11) implies
1
216) Yol Rl < o u Bagan=w? S lul
keZ keZ

For m € Ng,0 < 6 <1, we put

Jm = Z ‘Uk‘Qa

k| =m

Iy, := Z ‘uk‘27

k| <m

ad = Z ((52\uk\2 + |u§€|2>

[k|<m
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Denoting the real part by Re, we calculate

J), = Z (uty, + uguy) = Re Z iy,

[k >m =
=3 (2li? + Re(2uwar)) ).
k| >m
Then (2.16) yields
(2.17)
Ji>Re 2uk(k g + (! k%k)) > 9m2Jy, — w2
=
=2m2 T, — 2w I Ty + J) V2 > 2m2 T, — 20212 — 20,
>2(m? — w)Jy — 22T
Next,
(2.18)
\(a;)’|:‘Re 3 2(8%u + uf)d)
|k|<m
_‘Re2z [k‘2+52uk+( k2uzc)} iy,
k| <m
1/2
sz( > yuw) [m +6%) ( > ]uk]2) ng/ﬂ
[k|<m k| <m
1/2 1/2
<om?+ 02 +w)( 3 ) (Xl
|k|<m |k|<m
+2( > |u;|2> wJ},ﬁl
[k[<m
1/2
<m?+02+w) (6 2 ful + 570 D ) + 2w(ad) V202
|k|<m |k|<m
<(m?+ 8%+ w)ta, + 2w(a )I/QJ:n/il
For m =0,
(2.19) (@) < (6 + 6 w)al + 2w(ad) /27172

For m =1 and a; = a},

(2.20) d}] < (24 w)ay + 2w(ar) /272"

To proceed we need the following ODE-lemma.
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LEMMA 2.4 (ODE-lemma). Let J,a € C*([0,00]), w € LY0,00),
Jya,w >0, J+aZ0 on [t,o0] for some large t and 0 < g < p satisfy
(2.21) J" > (p* —w)J — wJ2a}/?,
'] < (¢ +w)a +wJV?a/?,

w(t)—0 fort— oco.

Then

(2.22) either tlirgo e PlJ(t) = 00,¥ po < P,
tliglo % =0 and

(2.23) or lim et J(t) = 0,V po < p,

or

(2.24) tlirrolo % =00 and hﬁi‘,}p e a(t) < oo.

Proof. First, we fix ¢ < pp < p and consider p € ]0, oo[ satisfying
(2.25) 3t; 100 2 J(t) > alty), J'(t;) = —poJ (1)),

and define
po = inf{p € ]0, oo satisfying (2.25)}

where we set inf () := +o0.
Let o0 < p < oo and choose pg < p < pand 1 < I' = I'(pg, p) large be-
low. We fix j large and put

T = inf{t € [t;,00[ | D22 J(t) < a(t) } € ]t;, 00|,
where we observe I'?u2J (t;) > p?J(t;) > a(t;) since J > 0,T > 1. Then
(2.26) Mu?J >a on [t;,T|;

hence by (2.21)
J" > (p* —w(l +Tw)J on [t;,T|.

For t; large enough depending on p, po, p,p and w, we see
(2.27) J">p*J on [t;,T|.

We calculate
(ePot.g) = ePol(J' 4 poJ)

and by (2.27)
(ePotJ)" = ePot(J" + 2poJ’ + p§J) > 2poe?t(J' + poJ) = 2po(etJ)  on [t;, T1.
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By (2.25), we know
("), > 0;

hence
(2.28) J > —poJ on [t;,T]
Now, (2.27), (2.28) yield for ¢ < ¢ € [t;,T] that

(2.29)  J")>J(')coshp(t" —t') + % sinh p(t" —t)

> J(t') [coshp(t” —t') — % sinh (" — /)]

> J(E)(1 - ) coshp(t" ~ ) > P I
We claim
(2.30) T = .
Indeed if T' < oo, we see from (2.29) that

J(T) >0,

since p2J(t;) > a(t;) > 0, and
(2.31) p2J(T) < T2u2J(T) = a(T).
We put

t=sup{t € [t;, T[| p*J(t) > alt) } € [t;,T].
Next,
(2.32) p2J(t) = a(t).
By (2.26),

p?J <a<T2%u2J on [t T
From (2.21), we calculate
<(¢g+w@+p Haon [t T
Hence by (2.29), (2.31), (2.32),

o0

0 < T22J(T) = a(T) < a(t’') exp (/w(l N u‘1)> (70

tj
=u?J(t") exp ((1 —i—ul)/w eq(T*t/)
t]

2p

<=
b —Po

exp (1+pt /w exp (q— ﬁ)(T—t’)) p2J(T).

t;
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Since,

>
T =T(po,p) > | —— > V2> 1,
b —Po

this is impossible for ¢; large as J(T') > 0 and

lim w=0.
t—o0 ¢

This proves (2.30).
Therefore by (2.26)

a<T?u*] on [tj,00];

hence a
limsup — < I'?j?
t—oo J
and by (2.29)

tlim e Pt (t) = o0.

By definition of pg, this yields

(2.33) lim sup% <T?ud
t—o00
and
(2.34) tlim e PlJ(t) = co if pp < o0.
—00

Now we consider
0 < p < po-

By definition of g,
(2.35) p2J(t) > a(t) = J'(t) < —poJ(t) for large t.
Therefore by (2.21)
max(p?J,a) < a'xpueg<q) < (¢ +w(l+ p~ 1)) max(u®J,a) for large ¢

and
max(p?J,a) >0 for large t,

since J + a # 0 for large ¢ by assumption. If 0 < log %J < 0o , we conclude
from (2.21) and (2.35) for large ¢ that

AN ARG
log— | == ——<—pt+qg+wt+w | — .
a J a a

We infer for A > 0 that min((log 22), A) is locally lipschitz and by (2.21)

that ) ,
min <<log ﬂ) ,A> <0 for large t.
a /4
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If
i
(2.36) liminf — < oo,
t—oo @
we choose

t—o00 a

2
log (hminf ﬂ) <A<
+
and see that

2
<log 'M—J> < A for large t;
@/ +

hence

for some € > 0, for large ¢, if log “iTJ > (0. This implies
(2.37) pu?J < a for large t.
Again from (2.21), we get

d <(g+w(l+p1))a forlarge t;
hence

(2.38) a(t) < Ce,

oo
since [w < oco. From (2.36), (2.37),(2.38), we see that if
0

(2.39) lim sup 250
t—oo J
then
. .. ca 2
. - >
(2.40) hggf 7 2 ko,
and if further po > 0 then
(2.41) limsup e %a(t) < oo.
t—o00

If o = 0, then (2.22) is satisfied for the fixed py by (2.33), (2.34).
If 0 < po < 00, then by (2.34)
tlim e PlJ(t) = oo.

We claim that

and hence (2.22) is satisfied for py.
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Indeed if limsup § > 0, then we get from (2.41)

t—o0

limsup e %a(t) < oo;
t—00

hence
a
limsup — < limsupe %a(t) limsup lim sup eld7P0)t = (.
t—o0 t—o0 ( ) t—o0 e—potj(t) t—o00

If o = oo and limsup;_,,, 5 > 0, then (2.24) is satisfied by (2.40) and
(2.41).
If 1o = oo and limy .o § = 0, then

J(t) > a(t) for large t.
As po = 00, (2.25) is not satisfied for p = 1; hence
J'(t) < —poJ(t) for large t
which yields
lim e~ J(t) =0 Ve > 0.

t—o0

Now for any g < pp < p, exactly one of the three statements (2.22), (2.23),
(2.24) is satisfied. This implies (2.22)—(2.24) for any g < p < po; hence exactly
one of the statements (2.22)—(2.24) is satisfied for all ¢ < pp < p. O

Now we are ready to prove the PDE-lemma.

Proof of the PDE-lemma. We apply the ODE-lemma to J = Ji, a = ag,
p=1+2,q=203<1,by (2.13), (2.14), (2.17), (2.19). If J; + a} = 0 for large ¢,
or (2.23) or (2.24) of the ODE-lemma is satisfied then we put ag = af),

Jo<ap+J1 < 6‘2a8 +J; < Cse,

which implies (2.15) as Jo(t) = & || u(t,.) ||%2(0727r). Therefore it suffices to
consider that (2.22) of the ODE-lemma is satisfied; that is,

1m 20 (t)
t=o0 J1 (1)

Next, we apply the ODE-lemma to J = Jo,a = a1,p = 2v/2 > 2 = ¢ by (2.13),
(2.14), (2.17), (2.20). From (2.12) we see that

(2.42) = 0.

1
B) < o [ ult,) [3s0m < O™

Therefore (2.22) of the ODE-lemma is not satisfied. If J; + a; = 0 for large ¢
or (2.23) of the ODE-lemma is satisfied, then

Jo(t) < ai(t) + J2(t) < C
which implies (2.15).
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Therefore it remains to consider that (2.24) of the ODE-lemma is satisfied;
hence

Coaq(t
We put
bi= > (Jurl® + [ ).
k=1
Clearly

ap=b+ayp and J <b+ Js.
From (2.42), (2.43), we see that

@ _ 2 _ g ao +b
b+Jy — i J2
Therefore
ap _ _ao b+J2< ag Jo o
ap+b b+Jy ap+b T b+ Jo ap+b ’
hence
b b
(2.44) D_wth
aq ao
Further b
ap + agp
=1+ — 1;
b ty Tl
hence

b ag+0b b
2.45 — = .
( ) Jo Ja ao—l—b—}OO

This implies

b b
2.4 li f— > lim ——
( 6) 1H1 ln Jo t—oo ag + b + JQ
From (2.16) and (2.46), we conclude for |k| = 1 that
1
(2.47) g — ug| < o lw llz20.2m |l |22 (02m < Cwb'/?
and

:Rez (ug + up)u ez4ukuk+ReZ (uf — ug)u

k=1 k=1 k=1
Therefore

(2.48) |t/ — Re dugiy,| < Cwb
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and
00 t Aunid!
< _*k
(2.49) b(t) <b(0) exp (/C’w) exp (/Re 2 )
0 0
t i
<Cexp(/R “’g“’f)
0
Now,

and we see that
(2.50) le| <.
We calculate
¢ = 2Ju}|? + Re 2upa) = 2(|ul|® + |ur|?) + Re 2up (@) — ay);

hence by (2.47)

(2.51) | —2b] < Cwb
and (2.48) is rewritten
(2.52) |t/ — 2¢c| < Cwh.

Now, (2.49) shows
¢

(2.53) b(t) < C’exp(2/
0
Next, using (2.48), (2.50) and (2.51), we get

<g)’ o db—ca 2674 (< = 2b)b — (b — 2¢) — 2¢?

).

SO

b b2 b2
c c 2
>2—-Cw— Cw|5] - 2\5| > —Cuw.
This yields
c c
inf —(t)>-=(tg) —
it 50250 [ cw
to
and
. . pC . cC
htm inf —(¢) > limsup — (),
—00 t—o00
since

[ee]

/W<OO.

0
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This means that

. c
a —tlilgog(t) €[-1,1]
exists. We claim
(2.54) a <0.

Indeed if o > 0 then N
c> §b > 0 for large t.

We put
v:=b+c>b>0 for large ¢

and see by (2.51) and (2.52) that
V=4 =0 —2c)+(—2b)+2(c+b) >2y—Cuwb>(2—Cuw)y.

Hence
(2.55) 2(t) > (1) > () exp  ~C / w)et > coet
0

From (2.12), we know

lim sup e~ Z lur(t)* < hmsupe 2 Jo(t) = 0;

t—o0 \k\ 1 t—o0
hence by (2.55)
EEETI ot
hm mf Z g, (¢ = hgg}lf b(t)e =" > Ox
k|=1
and
B
—1
T
k=1
Then
Re Y 2uiu(t)
c k=1
0<a= lim —(¢
= A=l > @+ 0P
> (e Hugl? + efug]?)
< lim F= <e
Timoo 30 (Jug? g ?) T
IE|=1

which is a contradiction and (2.54) is proved.
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From (2.54), we conclude for any € > 0 that
t
lim (/2E —Et) = —00;
t—o00 b
0
hence by (2.53)

¢
lim sup e **b(¢) < limsup C exp (/2 — at) =0.
0

t—o0 t—o00

SO

From (2.46), we get

limsup e~ || u(t,) H%Q(O omy= 27 lim sup e~ Jo(t) =0
t—o00 ’

t—o00

which implies (2.15). O

3. Cl“-regularity for point singularities

Let ¥ be an open surface and f : ¥ — R? be a smooth immersion with
pull-back metric g = f*geuc and induced area-measure ji4. Its image as varifold
is given by

p= flug) = (> HO(fH () HPLF(2)

which is an integral 2-varifold in R3; see [Sim 1, §15], if p is locally finite, for
example, when 3 is closed.

LEMMA 3.1. Let ¥ be an open surface and f : ¥ — R3 be a smooth
Willmore immersion that satisfies

(3.1) 0 € spt p,
(3.2) 02(n,0) < 2,
(3.3) where  has square integrable weak mean

curvature in Bs(0) — {0} for some § > 0,

(3.4) /]A\Q dpg < oo.
)

Then p is a CH®-embedded, unit density surface at 0 for all 0 < o < 1, and
the second fundamental form A satisfies the estimate

(3.5) |A(z)] < Cela|™ Ve > 0.
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Proof. By (3.2), (3.3), (A.1) and (A.2), we see that

(3.6) u has square integrable weak mean curvature in Bgs(0).
From (3.1), (3.2), (A.7) and (A.10), we get
(3.7) 1< 6%(i,0) < 2.

Hence by (3.6), we see from [Sim 1, §42] that tangent cones exist; that is,

ILLQ"L = Cme#lu“ - HC?

1

where (,(z) := 0~ 'z, converge for subsequences g, | 0 weakly as varifolds to

stationary, integral cones C', depending on the subsequence, with

po(Bj(x))
wo 0

Invoking [KuSch 1, Th. 2.10], as f is a Willmore immersion and by (3.4), we
obtain that also the convergence ji,, — pc is smooth in compact subsets of
R? — {0} and Ac = 0 in R? — {0}. Hence C is a union of integral planes and,
by (3.8), C is a single density plane through 0 and 6%(u,0) = 1.

Further spt p is a smooth graph over some plane in Bg (0) — BZ’ /2 (0) for
small g, and hence it is a smooth embedded, unit-density Willmore surface in
B3(0) — {0} for ¢ small enough which is diffeomorphic to an annulus

spt 10N (B3(0) — {0}) = BE(0) — {0}.

Since the conclusion of the lemma is local near 0, we can identify 3 with its
image and modify ¥ and f outside BE(O) so that X is a smooth, embedded
surface in R? — {0} which is Willmore in B$(0) — {0} and can be parametrised
by

(3.8) < 0*(uc,0) = 0*(11,0) < 2 for all 2 € R3,

f:R? - L CR®— {0}

such that f(y) — 0 for y — oc.

We consider the inversion I(z) := |z|~2 x, which is a conformal diffeo-
morphism with conform factor A(x)? := |9;I(z)|?> = |z|~* on R® — {0}, put
f:=1I0f,Y=1I(X),:=H?2 and consider the pull-back metric

g:= .]F*geuc = (/\2 o )" geue = (/\2 o f)g

¥ is a smooth, complete surface in R3.

Now we use the conformal invariance of the Willmore functional; more
precisely this means that |A%?4,, where A% denotes the trace-free second fun-
damental, remains invariant under conformal changes of the ambient metric;
see [Ch]. This yields, by (3.4),

(3.9) /\A%]Q dji < /\AE]Q dy < oc.
b)) b))
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Next we abbreviate ¥ := N Bg(0) for large R and see from Gauss-Bonnet’s
theorem that

/KE di + / Kos dH! = QTFX(SR) = 2m,
ER BER

where K3, and kg5, denote the Gaussian- and geodesic curvature on 3 and 0% k.
By smooth convergence for subsequences around R~10Xy to flat annuli, we

see
lim Kos . dH! =27
R—oo
%R
and obtain
li Ks dp = 0.
Jim [ K dii= 0
S
As ) .
AP = |HP — 2K = AP~ J|HP,
we see, using (3.9) first, that Hs, € L?(ji); then
(3.10) /]Ag|2 dji < oo,
=
K € LY(j1), and
(3.11) /Ki dfi = 0.
by

Now ¥ is a simply connected, complete, noncompact, oriented surface embed-
ded in R? with square integrable second fundamental form. By a theorem of
Huber, see [Hu], it is conformally equivalent to C = R?, say

f:R2 =S S CR?
with conformal factor |0; f |2 = e%%. Taking (3.11) into account, more precise

information is given in [MuSv, Th. 4.2.1 and Cor 4.2.5] which yield that 3 has
a single end with multiplicity one, that is,

(3.12) o € L°(R?),
)l
(3.13) yli)rgow €]0, ool.

Composing f with 7! and an inversion at 0 in R2, we get a conformal diffeo-
morphism f : (R U {oc}) — {0} — ¥ defined by

foy=ateh ().

|y|?
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We calculate the conformal factor via the pull-back metric

g@=@%@@:m4mm4ha@%)

~ _4 " Y
= |y|_4f (i2> 62U<W)geu0 = 62ﬂ(y)geuc
vl
and see by (3.12) and (3.13) that it remains bounded as y — 0. That is,

(3.14) @ € L2 (R?).
Further, by (3.13),

(3.15) hm%@hﬁg<wﬁ<£J04€th

y—=0 [y ly[?
in particular, there is C' < oo such that
(3.16) SN B30) C f(BE,(0)) for o> 0 small.

Abbreviating, we delete the tildes and consider f as our original embedding f.
As f is a Willmore immersion near 0, say on €2 := B?(0) — {0}, it satisfies the

Euler-Lagrange equation

W(f) = AgHs +|A’PHee =0 in Q,

where Hg. denotes the scalar mean curvature and AY is again the trace-free
second fundamental form, see [KuSch 1, (1.2)]. This is a linear, second order
elliptic equation in the mean curvature Hy.. Since f is conformal, we can write

this using the euclidean Laplace-operator in €2:

(3.17) AHg. +e*|A°?PHy. =0 in Q.

We want to apply the power-decay-Lemma 2.1 to v = Hg.. Clearly
[u],e|4°) < CJA| in €,

and

A € L*(B3(0)).

This verifies (2.1), (2.2) and (2.4). To verify (2.3), we use [KuSch 1, Th. 2.10,
Rem. 2.11] after reparametrising so that [, [A|* duy < €0(3). Since the eu-
clidean distance in € and the intrinsic distance in f(€2) compare by a bounded
factor with (3.14) and W(f) =0, as f is a Willmore immersion, this yields

(3.18) I A HLOQ(Bg) <Co ' A HL2(B§Q) for any B%Q C Q.
This verifies (2.3), and the power-decay-Lemma 2.1 implies

/ |Hsc|2 dpg < C.0®° Yo<p<1:Ve>0.

B3(0)
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Using (3.16), we see
(3.19) / |H,|* du < / |Hye|? dpg < Co0*™° Ve > 0.
B3(0) B2,(0)

Next we apply [Bra, Th. 5.6] in the version of the remark following its proof,
recalling that p has at least one tangent cone in 0 which is a single density
plane, and obtain from (3.19) that for each 0 < ¢ < ¢ there exists an unoriented
2-plane T, € G(3,2) such that

(3.20) height ez, (0,0,T,) := 0 * / dist(&,Tp)? du(§) < C.0*™° Ve > 0.
B3(0)

Using [Bra, Th. 5.5] or likewise [Sim 1, Lemma 22.2], we obtain again from
(3.19) that

(3.21) tilt ex,(0,0,T,) := 02 / | Tep — T, |1 dp(€) < Ce0*™¢ Ve > 0.
B3(0)
First we obtain from the densitiy bound (3.7) that
| T, — Ty |I< C.o'™% Ve>0;

hence T, — Ty and
(3.22) | T, - Ty || < C-0""° Ve>0.
By (3.18), we see for ¢/,y" € B3,(0) — B2(0) C Q that

I Tryyie = Tryym | < ClY = y"1 | Al sz, 0)-B200)) < C | AllL2(82,(0)) -
Together with (3.22) this implies

(3.23) sup || Tep —To ||— 0 for o — 0;
€€B2(0)NS

hence for small enough gy > 0, we see that u, respectively 3, can be written

as a graph of a smooth function ¢ on B2 (0) — {0} over the plane Tp. We
infer from (3.13) and (3.23) that ¢ extends to a C''—function on B2 (0) with
©(0) = 0,Dp(0) = 0 and by (3.20), (3.21) and (3.22)

(3.24) I ¢ llz2(B2(0)) < Ce@®™° Ve >0,
” DQO HLQ(Bg(O)) < CgQQiE Ve > 0.
Since D¢ is bounded, we get
(3.25) |4 9)] < D%l < ClAu(,9)| in B2,(0) — {0},
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where A, denotes the second fundamental form on Y. Therefore
(3.26) / |D?*¢* < 00
B3, (0)
and choosing a suitable cut-off function, we get by (3.24) that
p € W?2(By, (0)).
For the pull-pack metric § := (., ©)*geuc, We see that
(3G 00) = /G Hau(.p) = h  weakly in B (0) — {0}
with
(3.27) I B |l 2(B20y) < Ce0' ™ Ve >0

by (3.19). Putting a;;(Dey) = gij\/ﬁ with gi; = §ij(Dy) = 6;5 + 0ip0jp, we
calculate

a;j(Dp)0ijp = h — 0p,,0i;(Dp)0jpdirp in Bgo (0);
hence
(3.28) |aij(D@)dijep| < | + C|Dg| |D*¢| in B3 (0)

as Dy(y) is bounded. Since Dy is continuous and D¢(0) = 0, we obtain by
Calderon-Zygmund estimates, (3.24), (3.26) and (3.27) that

I D> | L2(52(0))
< C(H hllzasz, ) + | Do llo=(s2,0)) || D*¢@ 282,000 +0° |l HLQ(BSQ(O)))

£

<7 || D*¢ |lL2(m2,(0) +Ce0'™
for any 7, > 0 and 0 < p < o, small enough. Iterating, we get
| D*¢ lz2(B2(0)) < Ce0'™° Ve >0.

Using (3.18) with extrinsic balls, see [KuSch 1, Th. 2.10], we get for any
x # 0 with ¢ := |z|/2 small,

| Ayl (B3(2)) <Co™ " I A 2283, ()
<Co™" || D*¢ ||L2(s2,0))< Ce0™® Ve >0,

which yields (3.5). This implies A, (., p) € LP(B,,(0)) for all 1 < p < oo; hence
© € W2P(B,,(0)) by (3.25) and finally ¢ € C1¥(B,,(0)) for all 0 < a < 1. O
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Remark. 1. The above lemma cannot be improved to get C!-regularity.
Indeed, the inverted catenoid is a Willmore surface as it is an inversion of a
minimal surface. Like the catenoid, it has square integrable second fundamen-
tal form. It admits the parametrisation

cosht
£ g) = ot v
f(¢,9) cosh(t)? + t2 cosh(t)2 + 2

and consists of two graphs near 0 which correspond to +¢t > 0. Therefore
each of these graphs satisfies the assumptions of the lemma near 0. Writing

r=v a? + y2 = cos‘;l(()i?r‘)z‘;kz‘,27 we see
+t
p(r)

= (2
hence these graphs are not C! near 0.
2. If ¥ C R3 is a smooth, embedded surface with
(X - %) N Bs(0) = {0}
then (3.3) is immediately implied by (3.4).

(cosf,sinfh,0) + es

1
~ +r?log ~;
r

3. If ¥ is a closed surface, pp € ¥ and f : ¥ — {po} — R3 is a smooth
immersion which can continuously be extended on ¥ and satisfies W(X) =
W(f) < 8m and 61(u, f(po)) = 0, then by (A.2), we get H, € L*(u), W(u) =
W(f) < 8m and obtain from the Li-Yau inequality (A.17)

62(, f(po)) < %ww <2

4. Higher regularity for point singularities

Let ¥ be an open surface and f; : ¥ — R™ be a smooth family of immer-
sions with

Otfelimo =V = N+ Df.£

where N € N¥ is normal and § € T'Y is tangential. In [KuSch 2, §2], the first
variation of the Willmore integrand with a different factor was calculated for
normal variations V = N to be

(4.1) 8t(i\H]2 an) :%(AQVJrQ(AO)V, H) du
= S (A H + QUAY)H, N)
1
5 Ve (Ve H) = (N, Ve H) ) d

where the Laplacian of the normal bundle along f is used, e; is an orthonormal
basis of TY satisfying Ve; = 0 in the point considered and

(42) Q(AO)H = Ao(eia ej)<A0(€iv ej)v H> = gikgle?j<Agl7 H>



338 ERNST KUWERT AND REINER SCHATZLE

For tangential variations V' = Df.£, we consider the flow ®; of &, that is,
dy = idy, 0:P; = £ o Oy, and calculate for ¢t = 0,

1
(4.3)  or(F1Hz P duy,)
1 1 *
=031 Hpon.? dpigon,) = 01(F1H o €. @ (dp))
1 1 . .1
— o(grad, [HI%,€) dyu+ 7| H|div, () dp = divy (71 H[%) du,
where grad,|H|* = ¢g79;|H|?* and divy(¢) := V9 10i(/9¢"). Putting (4.1) and
(4.4) together, we get
1 1
(4.4) a, (Z]HP du) = S(AgH + QA" H, N) dp + duy
where wy is the 1-form on ¥ whose hodge with respect to g is given by
1 1 1
(45)  (wn)(X) = (VN H) — SN, VH) + |[HPg(6, X).

Considering V = const € R” and a Willmore immersion f : ¥ — R"™, we obtain
for any open Q C X

d
0= EWQ(f"‘tV) :/ dwy;
Q

hence wy is closed on X.
After these preliminary remarks, we turn to the following lemma.
LEMMA 4.1. Let ¥ = graph ¢ be a C%®-graph, ¢ € C1*(B%(0)), 0 < «
< 1,0(0) =0, in R with [|A|* duy < oo,
(4.6) |A(z)| < Celz|™° Ve>0

and ¥ — {0} is a smooth Willmore surface.
Then there is the expansion

H(]$T
|2
for some Hy, hg € NoX C ]R3, 1s called the residue
Resx(0) := Hy

(4.7) H(x) = Hylog|z| + CP%, VH(z) =

oc’?

+O0(|z]*7h),

of ¥ at 0.
The residue can be calculated with the use of the closed 1-form wy on

¥ — {0} for any V € R3 by

(4.8) / wy — —7m(V,Resx(0)) for o — 0,
o3,
where Xy := B3(0) N X.
If Resx(0) = 0 then X is a smooth Willmore surface.
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Proof. Since the induced metric of the chart (y +— (y,(y))) is C%,
we get a conformal Ch®—parametrisation f : BSQ(O) = ¥NUQ) of ¥ in
a neighbourhood U(0) of 0 with conformal factor |9;f|> =: €2* by standard
elliptic theory. Without loss of generality, we may assume Df(0) = i : R?
— R3.

Further let v € C%*(B3,(0)) be the normal, defined up to a sign. From
the Weingarten equations (0;v, 0; f) = —(v, A;j) and (4.6), we see
(4.9) [Vv(y)| < Cely[™ Ve > 0.
Since ¥ — {0} is Willmore, we get the Euler-Lagrange equation (1.2)

AgHy + |A’PHye =0 in B3,(0) — {0}.
In the above conformal coordinates, this reads, by (4.2) and (4.6),
AHy = —e**|A"*Hy. € LP(B2(0)) Vp < o0,

where A denotes the euclidean Laplacian. Hence the solution of the Dirichlet
problem
(4.10) Aw = —eQ(A")H in B2(0), w=0 on dB;(0)
lies in w € W2P(B2(0)) — C*(B2(0)).

We see that Hg —w is harmonic in B2(0) — {0}, and as |Hg(y) —w(y)| <
C:ly|~¢, the only singular contribution can be a logarithm; hence

Hye(y) = alog |y| + Cpie

for some a € R. As H = Hyv,v € C% and by (4.9), we get the expansion

_ Hpy"

H(y) = Hylog |y| + C22, VH@) =5 +O(ly[*Y)

where clearly Hq = av(0) € NoX. Recall that f € CY® and Df(0) = i : R?
— R3. Now = = f(y) = y + O(Jy|'T%), and we arrive at (4.7).
When the residue Hy vanishes, we see that H — w is harmonic in BS(O);

hence H € C’llo’?(Bg(O)). In general, we see from the equation
Af =eH weakly in B%Q(O)
and the facts that f € C1*(B3,(0)) and e** = |9;f|* that H € che k>0

loc ?

implies f € CIIZJQQ’Q and A = V2f € CIIZ? This in turn yields w € CFH2 and

loc

H € C*2% Then the bootstrap proceeds proving that f and > are smooth.

loc
Finally, we calculate the residue with the help of wy . For 0 < ¢ < 1 small,
we see that ¥, := B3(0) N ¥ is a disk whose boundary 9%, = 9B3(0) N X is a
smooth curve converging when rescaled to a planar circle as ¥ € C*. More
precisely, we get for the unit outward normal at 93, in 3

(4.11) %m:%+mww
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As xn, is the positive oriented tangent of 93,

/wV: /wv(*ng) dH! = /(*wv)(ng) dH?.
0%, 0%, 03,

Decomposing V =: N + &, N € NX, & € TS, in normal and tangential compo-
nents, we calculate the terms in the definition (4.5) using (4.6),

1
| [ lPs€ny 0] < Coceo 0,

0%,
and
Vi, N, H)| = [(Vn,(V =), H)| = [(A(§,np), H)| < Cco™".
Hence )
‘ / 5V, N, H) dH1’ 0.
o3,
From (4.6), (4.7) and (4.11), we obtain
xl x
N,V, H) =(N, (Hy— a-hy) (= @
(N, H) = (N, (Hors + O(al™™)) (7 + 0e1*) )
1
= (N, Hg)m + O(|z|*™h).
Hence )
[ SNV, 1) M (V. ),
%,
and (4.8) follows. O

LEMMA 4.2. Let ¥ be an open surface and f : ¥ — R3 be a smooth
Willmore immersion with pull-back metric g = f*geuc, induced area-measure
pg and p = f(ug). Assume for distinct points p1, ... ,pn € R3 that

spt = f(X)U{p1,...,pn} is compact,
02 (. pk) < 2,

p has square integrable weak mean curvature in R® — {p1,... N},
/]A|2 dpg < oo.
P
Then X, more precisly spt p is CH*-embedded with unit-density near py, and
N
(4.12) > Ress(pr) =0,
k=1

where the residue Resy, is as defined in the development of Lemma 4.1.
In particular, if N =1 then 3 is a smooth, immersed Willmore surface.
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Proof By Lemma 3.1 spt p is a C“embedded, unit-density surface
satisfying (4.6) near py, and the residue of ¥ at py is well defined. Putting

Q= IR’ — Uil  By(pr)) CC B

and X,(py) := B3(pr) N X for small ¢ > 0, we obtain for any V € R® and the
associated closed 1-form wy on X in (4.5) that

:/de_ Z / wVHWVZReSZpk

Qe k= 182 pk

hence
N

Z Resy(pr) = 0,

k=1
as V is arbitrary.

When N = 1, this means Resy(p;) = 0, and ¥ is a smooth Willmore
surface according to Lemma 4.1. O

Remark. Lemma 4.2 applies in particular to smooth, embedded surfaces
¥ CcC R3 with

E—E:{pl, apN}

by Remark 2 following Lemma 3.1.
The following lemma removes point singularities at infinity.

LEMMA 4.3. Let 3 be a smooth, noncompact Willmore surface satisfying

: pis(Br(0))
4.1 liminf —/————+ <2
( 3) 1R—»oo w2R2 <%
(4.14) /AEP dps: < 0.

by

Then for any xo € ¥ and the inversion I(x) := |z — x9|~2 (x — o), there is
¥ = I(X) U {0}, a smooth Willmore surface,
(4.15) W(E) = W(D) + 4.

Proof. As ¥ is noncompact, we obtain from (4.13) and (A.22)

. ux(Br(0))
. < _ .
(4.16) 1< ngréo I <2

Further we can perform a blowdown; that is,

R'Y — T weakly as varifolds
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for subsequences R,, — co where T' depends on the subsequence. We get, for
almost all o > 0,
0 n7(By(0) = lim 0™%1p-15,(B,(0)) = lim (Rpn0)~* (B, 0(0));

m—00

hence by (4.16),

(4.17) 1§M<2 Yo > 0,

in particular
(4.18) 0 € spt pur

and pr # 0.

From (4.14) and since ¥ is Willmore, we see by [KuSch 1, Th. 2.10] that
the convergence to 7T is smooth in compact subsets of R? — {0} and A7 = 0 in
R? — {0}. Hence T is a union of integral planes, and, by (4.17), (4.18), it is a
single density plane through 0.

Now, we consider any xg ¢ ¥ and the inversion I() := |z — x| ™2 (x —x0).
¥ = I(¥)uU{0} is a smooth Willmore surface outside 0. Since R;,'Y converges
for subsequences weakly as varifolds to single density planes T' through 0, we
conclude that

Qr_nli =I(zo+ om(X —x0)) = I(xo+T)=T for oy = R;bl — 0,
and therefore
(4.19) 62 (ps, 0) = 1.

Moreover, as the convergence xg + o (X — x9) — x¢+ T is smooth in compact
subsets of R? — {x(}, we see that ¢,'> — T smoothly in compact subsets of
R3 — {0}. Therefore 0B,(0) intersects ¥ in a single closed, smooth curve for
small o= R~ > 0, and

(4.20) (X — Bgr(z0)) U{c} 2 ¥ N B,(0) 2 B1(0) under homeomorphy.
We see that X U {oo} = ¥ are topological manifolds and, putting Y :=
YN Br(zo), X, := X — B,(0), we get

X(2) = x(Zr) = x(Zp) = x(2) - 1.

Gauss-Bonnet’s Theorem yields

/ K, dus + / Fos, dH' =27x(SR) = 27x(3),
ER 82}:{

/Ki dps + / Kos, dH! =2mx(5,) = 27x(3) — 2.
b))

e 629
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By smooth convergence for subsequences around R0 and o193, to flat
annuli, we see

Il{iTI(I)lo / Kox, dH' =21 = —13%1 / Ko, dH?
)P o8

e

and obtain

/Kg dus = 27x(2) — 21 = 27X (%) — 47 = liﬂr)l/Ki dps — 4r.
0

s, see [Ch], we get

1487 dns = [ 18P dus < o0

From (4.14) and the conformal invariance of |A°

and, since [A°%? = $|H|> — 2K = |A|]> — }|H|?, we conclude

—hm /H22 dps, /|A 2 d,uz—i—hm/KE dps,
/’A |2 d,u;;—i—/Kg dﬂz+47T—W(E)+47T< 00,
X
which establishes (4.15), and Hs, As, € L?(psy).
In particular, ¥ has square integrable weak mean curvature in R® — {0}

and by (4.19), (4.20), we finally obtain from Lemma 4.2 with N = 1 that 3 is
a smooth embedded Willmore surface, concluding the proof. O

5. Convergence and compactness results

In this section, we derive several applications of the removability of point
singularities for Willmore surface. We start with a convergence result for
bounded surfaces.

THEOREM 5.1. Let X; C R3 be a sequence of smooth, closed Willmore
surfaces satisfying

e =1 [ 1As P des, <C.
X
W(E;) <8r — 6, Y — X #0 weakly as varifolds.

Then % is a smooth, closed Willmore surface.
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Proof. Any connected component C' of 3; satisfies W(C') > 47 by (A.18).
Therefore ¥; are connected and by [Sim 2, Lemma 1.1], the diameter of X; is
uniformly bounded; hence ¥ is compact and has square integrable weak mean
curvature with

W) =W(ux) < 8t — 6.
From (A.17), we get

1 8T — 0
1 0% (n) < —W(E) < 2 in R3.
(5.1) () < 47rW( ) < i <2 in
Since [y, |As;|? dus, is uniformly bounded, we see from [KuSch 1, Th. 2.10]
that the convergence is smooth outside finitely many distincts points p1,... ,py

€ >. Moreover

/]AZIQ dus, < oo.
b
From Lemma 3.1 and (5.1), we see that Y is an embedded C!®-surface in R3
satisfying (3.5), respectively (4.6), near p;.
We calculate the residues of 3 in p; as defined in Lemma 4.1. For p small
enough, 0B,(p;) intersects 3 and ¥; for j large enough depending on g in a
single, closed, smooth curve. By smooth convergence,

/ wy, — / wy, = — / dwy,;, =0

9B, (p:)NX 0B, (p:)NX; 3B, (pi)

as wy, is closed and ¥; is smooth. Therefore by Lemma 4.1,

Resz (pz) = lim / wy = 0,
0l0
aBg(pi)mZ

and X is a smooth, closed Willmore surface. O

Remark. The assumption ¥ # 0 is equivalent to the assumption that

spt X; /> oo.

Clearly, if spt X; — oo then ¥ = 0.

On the other hand, if there exists x; € spt ¥; with limsup,_, . [z;| < oo,
then spt ¥; C Bpr(0) for some large R, as the diameter of ¥; is uniformly
bounded by [Sim 2, Lemma 1.1]. Then

ps(Bgr(0)) > limsup ps;, (Bgr(0)) = limsup H*(;) = 1,
J—00 J—00
and X # 0.

In the following, we will perform several blowup procedures. The next
lemma gives the necessary convergence properties.



WILLMORE SURFACES 345

LEMMA 5.1. Let X; be a sequence of closed surfaces satisfying

(5.2) W(E,) < 81 — 6,
6:3) [l s, <c
X
(5.4) ¥;— X smoothly in compact subsets of R3,

where X3 is a smooth, noncompact Willmore surface.
Then for any xo € ¥ and the inversion I(x) := |z — 0|2 (z — 0)

Y:=I1(X)U{0} is a smooth Willmore surface,

(5.5) W) +4r = W(E) < 11;5ng(2]-),
(5.6) g(2) < liminf g(%;).

Jj—00

If there are r; | 0, x; — 0 such that for i‘j = 1(X;) and a subsequence

(5.7) ¥ = rj_l(Ej —x;) — Y smoothly in compact subsets of R®

and X' is a noncompact Willmore surface then for any x{, ¢ ¥ and the inversion
I'(a) = |a — 2|~ (¢ — o),

Y :=TI(Z)Yu{0} isasmooth Willmore surface,
(5.8) W(E) + W(E') <liminf W(Z;) + 4,
j—00
(59) 9(S) + 9(=) <limnf 4(S,).
j—o0

Proof. Since the ¥; are compact, we get from (5.2) and (A.23)

87—
=% <9

. u(Br(0)) 1 .1
1 — L ) <1 f— Y <
A o RE V) S liminf EV(E;) <

Clearly, from (5.3),
/]AZIQ dus, < oco.
by

This verifies (4.13) and (4.14), and Lemma 4.3 implies that 3 is a smooth
Willmore surface. From the convergence in (5.4), we see that dist(zo,%;) —
dist(zg, %) > 0; hence xg ¢ Ej for large j, and by conformal invariance, we
see that X' satisfies (5.2) and (5.3); hence ¥/ is a smooth Willmore surface by
what we have just proved.

Further

(5.10) ¥;:=1I1(X;) - ¥ smoothly in compact subsets of R* — {0}.
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First this implies with (4.15) that

W(E) + 41 = W(E) < liminf W(E;) = liminf W(Z;),

which is (5.5).
Secondly, as X is smooth near 0, (5.10) yields for ¢ > 0 small enough and
Jj large enough depending on p that 0B,(0) intersects E_Jj in a single closed,
smooth curve. We put
¥, =3 — B,(0),
jot = Xj — By(0).

Considering homology or appropriate triangulations, we see

(5.11) X(E5) = x(Zjo) + X(Z; N B,(0)) < x(Zjot) + 1,

as x(X; N B,(0)) < 1. By smooth convergence X, — ,, we get

(5.12) X(Z) = x(E,) + 1= lim x(Zjp4) +1 > lim x(%;),
j—00 j—00

or likewise
g9(¥) < liminf g(3;),

J—00

which is (5.6).

Next, we extend ;N B,(0) outside B,(0) to a smooth surface in R which
is a plane near infinity and whose Willmore energy exceeds that of 3; N B,(0)
only by w(g) — 0 for o — 0. Then replacing the plane by a large, slightly
deformed sphere, we get a smooth, closed surface ijvg,— CC R3 satisfying

Jj—00 J—o0

— 1
(5.13) liminf W(3;, —) <liminf 1 / |Hs, 2 dps, + 41 + w(o),
$,NB,(0)
(5.14) X(ij,@,—) = X(ij N BQ(O)) +1,
(5.15) Y 0— N By(0)=3; N By(0).
Asr; | 0,25 — 0, we see from (5.7) that

r;l(flj’&_ — ;) — %' smoothly in compact subsets of R®.

As we already know that ¥/ is smooth near 0, we get as in (5.12) that

(5.16) X(2) > limsup x(£,,-) > limsup x(E; N B,(0)) + 1

J—00 J—00

when recalling (5.14).
Combining (5.11), (5.12) and (5.16), we see

X(2) +x(X) > lim X(imﬂL) + lim sup X(ij N B,(0)) +2 = limsup x(X;) + 2,
j—oo

J—00 J—00
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or likewise

9(2) + g(¥') < liminf g(%;),

J—00

which is (5.9).
Next we see

W(E) < limliminf3 [ [Hg |* dps,
ol0 joo L g d

EJ_BQ(O)
W) < liminf W(Z;,.-),
j—o00
which yields (5.8) by (5.13). O

In the following applications, we will strongly use Bryant’s result in [Bry]
that Willmore spheres M? C R?, not round spheres, satisfy

(5.17) W(M?) > 167.

A more elementary proof of [Bry, Th. E] can be found in [Es, §6, Prop.]. When
combined with a theorem of Osserman [Os, Th. 9.2], one obtains the estimate
slightly weaker than (5.17) that Willmore spheres M? C R3 which are not
round spheres satisfy

W(M?) > 8.

Actually, this estimate suffices for all applications in this section, except that
we have to assume the strict inequalities

W(fo) <8r and /]AO|2 dpg < 8w
5

in (5.18) and (5.19) below, respectively.
We continue our applications with a long-time existence theorem for im-
mersed spheres.

THEOREM 5.2. Let fy: S? — R3 be a smooth immersion of a sphere with
Willmore energy

(5.18) W(fo) < 8.

Then the Willmore flow with initial data fo exists smoothly for all times and
converges to a round sphere.

Remark. Using Gauss-Bonnet’s theorem we can reformulate the above
theorem:
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COROLLARY. Let ¥ be a closed surface and fy : ¥ — R> a smooth immer-
ston satisfying

(5.19) /\AOP dpy < 8.
%

Then the Willmore flow with initial data fo exists smoothly for all times and
converges to a round sphere.

A numerical example of a singularity which was recently obtained in [MaSi]
indicates that one cannot improve 87 in the above statement. This determines
£0(3) = 87 as the optimal constant in the smallness assumption of Theorem
5.1 in [KuSch 1].

Proof. In case W(fy) = 8w, we see from (5.17) that fy is not a Willmore
immersion. Since the statement of the theorem concerns only the asymptotic
behaviour of the Willmore flow f : S? x [0, T[— R3 with initial data f(0) = fo,
we may assume WW(fy) < 8m. Therefore

(5.20) W(f,) < W(fo) < 87Vt e [0,T],

and all f; are embeddings by (A.17). We put ¥; := £;(S?) and assume that
[0,T[,0 < T < o is the maximal existence interval of f.
As in [KuSch 1, §4], we define

K(r,t) == Sélﬂ@ / ]AEJQ dys, .
‘ 3:NB.(x)

Clearly for fixed t,
limk(r, t) = k(o,t) < liminf k(r,t)

rTe rle
and with a simple covering argument

(5.21) limsup k(r,t) < Ck(p,t)
rle

for some C' < co. Hence for £ > 0 small enough, we can choose r; > 0 with
e < Kk(ry,t) < Ce.

As in [KuSch 1] any sequence ¢ T T has a subsequence t; 1 T' and z; € R3 such
that

ﬁ)j = r;l(thJrcOTfj —xj) — 3 smoothly in compact subsets of R>.
As all the ¥; are not only immersed, but embedded, this convergence procedure
is much simpler than the general situation of [KuSch 1, Th. 4.2].

The limit ¥ is a smooth, complete Willmore surface that satisfies

(5.22) W(E) < W(fo) < 8.
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Actually, we want to select t;,z; in such a way that

(5.23) e < / |Ag|? dpg < oo.
b
This is certainly possible, if

5.24 lim inf _Ert o oo
(5.24)

1T T

Indeed for lim infy7 74y ¢rs /¢ > T > 0, we can choose tg < T such that 7y .4 >
I'ry Vtg <t <T. Putting tj11 :=t; + corf}j, we see

re, > r,IV >0 Vj € Ny.
Clearly for ¢ small and by [Sim 2, Lemma 1.1],
re < diam(%;) < CH?(2,)V2

The first variation formula for the areas yields

d

EHQ(Et) = —/<H2,,78tf> dps, < C(/ |0, f? dMEt)lﬂa

and as f evolves as gradient flow of the Willmore functional up to a factor,

T 1/2
HA(Z,) < H2(So) + Ct1/2</ /yatfﬁ dps, dt) " < 0041,
0

Hence
r < CO(1+1t),
1+ tjt1 = 1+ t; + C(]’I“glj < (1 + CCo)(l + tj),

and
0<7riT¥ <rf <C+1t)) <O+ Cop) (1 +to),

which yields I" < (1 4+ C¢y) for j — oo. This establishes (5.24), hence (5.23).
Now if

(5.25) 3 is compact,

then the conclusion of the theorem easily follows. Indeed, in this case the
convergence X; — X is smooth, and ¥ is a smooth Willmore sphere. By
(5.22), it follows from (5.17) that ¥ is a round sphere. This yields

lim [ |AS, [* dpy, = jlggo/ \A%f dpg, = / | AL dpg, = 0,
3 >

J—00
L, %

and the theorem follows immediately from [KuSch 1, Th. 5.1].
Therefore it remains to prove (5.25). If 3 is not compact, we get from
Lemma 5.1 that for any zo ¢ > and the inversion I(x) := |z — x| 72 (x — x0),

S :=I(2)U{0} isasmooth Willmore surface.
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Moreover from (5.5) and (5.20), we get

W(X) < 8,

and from (5.6), we see that 3 is a Willmore sphere which by (5.17) is a round
sphere containing 0. Then ¥ = I~1(X) is a plane, hence Ay = 0, contradicting
(5.23), and (5.25) is proved. O

For tori we obtain the following compactness result.

THEOREM 5.3. The set
My s :={% CR® Willmore | g(X) = 1, W(X) < 87 —§ }
is compact up to Mobius transformations under smooth convergence of com-

pactly contained surfaces in R3.

Proof. We consider ¥; € M;s. To prove the compactness only up to
Mobius transformations, we may assume

HA(Z;) =1, 0€X;.

From the bounds on the Willmore energy and the fixed genus of 3J;, we conclude
with Gauss-Bonnet’s theorem,

/ Az, |? dus, < 32,
as |A|> = |[H|? — 2K. A subsequence converges
(5.26) Y; — X weakly as varifolds.

From Theorem 5.1 and its remark, we see that ¥ # 0 and X is a smooth
Willmore surface. Clearly,

(5.27) W(E) < 8r — 0.
Now, define

Kj(r) == sup / ESHEISR
z€RS3
EJQB,(x)
and choose 7; > 0 recalling (5.21) with
e < /{j(’l"j) < Ce
for € > 0 small enough. If

(5.28) liminfr; > 0,

j—00
we see from [KuSch 1, Th. 2.10] that the convergence ¥; — ¥ is smooth and
¥ is a torus; hence ¥ € M by (5.27), and the conclusion of the theorem
follows.
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Otherwise, r; — 0 for a subsequence and we choose x; € R? so that

/ |As,|? dus, > e.
0B, (2)

Again by [KuSch 1, Th. 2.10], we see that
(5.29) 3= rj_l(Ej — ;) — ¥ smoothly in compact subsets of R

and

(5.30) /|Ag|2 dug, > <.
3!

As 2j = T2 is connected and rj — 0, we see that 3 is not compact.
Then Lemma 5.1 yields for any xg ¢ ¥ and the inversion

I(z) := |z — 20|72 (z — x0)

that
S :=1(2)U{0} isa smooth Willmore surface.

Moreover, by (5.5),

W) < 8w — 4,

and by (5.6) g(3) < 1. If g(%) = 0, that is, ¥ is a Willmore sphere, we get
from (5.17) that ¥ is a round sphere containing 0. Then 3 = I1(2) is a plane;
hence As, = 0 contradicting (5.30). Therefore ¥ is a torus; hence £ € M4
and

(5.31) g(X) =1.
Clearly
(5.32) 3, = I(fij) — % smoothly in compact subsets of R® — {0}.

Proceeding from (5.26) with ¥; replaced by ¥;, we claim that (5.28) holds true
for ¥;. Hence the convergence in (5.32) is smooth and the conclusion of the
theorem follows.

Indeed, otherwise, as in (5.29), there are 7; | 0,Z; € R® and 7; — 0 by
(5.32) such that

¥ = (7)) "1(%; — ;) — ¥ smoothly in compact subsets of R?,
and, since ¥ := I'(X’) U {0} for an appropriate inversion I’,
g(X) =1
as (5.31). On the other hand by (5.9)
9(%) +9(2) < liminf () =1,

which is a contradiction by (5.31). O
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Remark. If 53 > 67 for g =1,...,90 — 1, the proof above shows by (5.8)
that the sets
Mg, :={% C R* Willmore | g(%) = go, W(X) <87 —6 }

are compact up to Mobius transformations.
Clearly the Willmore conjecture, see [Schm], implies ﬂ? = 272 > 6, hence
compactness of My s up to Mobius transformations.

Appendix

In this appendix, we collect for the reader’s convenience some results which
are consequences or adaptions of results already known in literature.

A. Monotonicity formula

In this section, we review the arguments in [Sim 2| proving a monotonicity
formula for surfaces with square integrable mean curvature and show that all
arguments generalize to integral 2-varifolds, p # 0, in an open set U C R"
with square integrable weak mean curvature H, € L?(u).

We extend our definition of the Willmore functional and put

1
W) =5 [P d.
U

Actually to treat point singularities yo € U, we only assume that u (U —{yo})
has square integrable weak mean curvature when considered as varifold in
U — {yo}, and we add the assumption

(A1) 0, (1. 90) = 0,
which is certainly satisfied if 62(u,yo) < oo. We consider a cut-off function

&5 € CH(R"{yo}) with & = 1 on R"—Bjs(yo), 0 < & < 1, [V&s| < C3 X, 40
and obtain for any n € C}(U), observing nés € CH(U — {yo}), that

- /Hw dp — — /H,m&s duz/divu(nfa) dp
= / & divyn dp + / n Vués dp — / div,n du,

as by (A.1)

/77 V&5 du| < C(n)d~tu(Bs(yo)) — 0 for a subsequence d; — 0.
Therefore u has square integrable weak mean curvature
(A:2) H, € L*(n),

when considered as a varifold in U.
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Approximating the lipschitz test function which leads to [Sim 2, (1.2)], we
obtain for any By, (xo) CC U the following monotonicity formula:

(A.3)

1 x—x0)t
o (B, (20)) + / |ZHM + %F du
Bo(z0)— B, (20)
_ 1
— B +ig [ P du

B,(x0)—Bo(20)
1 1
by [ oo ) Hule) dute) - 5 [ 07 - ) Hy(a) dula)
By (x0) B (20)

where r(x) := |z — 20| and .* denotes the orthogonal projection onto the
normal space (T)*. First we get (A.3) for almost all 0 < o < o < gg, then
for all after approximation.

When .
Raoimy [ 07— a0) Hulo) dula)
Bg(xo)
and
_ 1
(A2) Q= e uBaeo) + g [P du Ry
B, (20)

then ~ is monotonically nondecreasing. We estimate

(4.5) Byl < 3 (720Bofa0)) ™ 1| Hy (000
and get for any 6 > 0
)
<o uBa)) + g5 [ VP et g (e uBateo)) 1 i ss e

16
B,( xg)
+%( ) ’H 22(B. (o))
< (14 6)07(Bylao)) + (35 +C57) / L dja+ 60~2u(Bo (x0).

By (o)
In particular, for 0 < ¢ < gq,
(A6) o 2u(By(wo)) < (1+8)05u(Bg, (w0)) + C(1+ 8~ )W(n) < oo.
Then we get from (A.5) that
lﬁg Ryy0=0;
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hence the density

(A.7) 02 (11, o) exists
and
1
(A8)  wab®(,20) < 0 (Bo(0)) + 15 / |y, dp+ Ray o
Bg(xo)

For z; — 20,0 < o < 00/2, we get
0 p(By(w0)) > limsup o pu(B,(x;))

j—o0
. 1

> lim sup <w202(u,:ﬂj) T / |H,|? dp — ij,g)
o B,(x)

>limsup web?(u, ;)

Jj—00
L 1/2
~C(05%1(Bau (20)) + W) 1l Hy |22 (Bayto -
When p | 0 this yields
(A.9) 0%, wo) > limsup 0% (1, x;),

J—00

and 62(u) is upper semicontinuous. In particular,

(A.10) 02(p) > 1 on spt .

Now we consider U = R™. If limsup,,_,, 0~ 2(B,(0)) = oo then by (A.6)
(A.11) Jlim 07u(B,(0)) = o0

and by (A.5)

(A.12) Jim () = co.

If limsup, .., 0 ?u(B, (O < 00, we estimate, for 0 < o < g < o0,
Ro,l < /IHldﬂ<— / 1, dy
+§(g H(Bo(0) 1 Hy (a5, 0

hence

1/2
timsup o) < o (Tmsup o 2u(Bo(0))) || H 125 o)

0— 00 00—

and as 0 — 00,

(A.13) Jim Ry o =0.
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As 7 is monotonically nondecreasing, we see in any case by (A.11), (A.12) and
(A.13) that

1
(A.14) Qlinolo'y(g) = tholo 0 2u(B,(0)) + ZW('M) € [0,00] exists.
If
(A1) lim 0™ 2u(B,(0)) =0,
0—00

which is certainly true when spt p is compact, we get from (A.6)
(A.16) 02 u(Bo(0)) < CW(p).

Letting ¢ — oo in (A.8) and recalling (A.13) and wy = 7, we arrive at the
Li-Yau inequality, see [LY],

(A.17) 0, 0) < W)
Together with (A.10) and p # 0, this implies

(A.18) W(p) > 4m

and hence

(A.19) . srllrgothW(E) =4dr = ;&%W(u)
If

(A.20) W(p) < 8w

then (A.17) and the integrality of u yield
(A.21) 6?(p) =1, p-almost everywhere.

Actually, the assumption (A.15) is equivalent to the compactness of the support
of . More precisely, we show that

(A.22) lim o %u(B,(0)) > 7 <= spt y is not compact.
0—00

By (A.14) the limit on the left always exists in [0, c0]. The inclusion from left
to the right is obvious.

Now we assume that spt p is not compact. For any compact compo-
nent C' of spt u, we see from (A.18) that W(uLC) > 4. Therefore spt u has
only finitely many compact components, and as spt p is assumed to be non-
compact, it has at least one unbounded component. Therefore we can select
x, € spt p with 2¢ := |z, for any large o . From (A.6) and (A.10), we get for
any § > 0

7S (1400 u(Byfan) + s [ H du
By(z,)

<9(1+ 8)(30) 2u(Bsy(0)) + Cy / 2 dp.
R"fBQ(O)
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Letting first ¢ — oo and then 0 | 0, we get (A.22) with 7 replaced by 7/9.
To prove the full strength of (A.22), we may assume that

lim o 2u(B,(0)) < oco.
0—00
Then the limit
Co, 41 — v exists weakly as varifolds

for some sequence p; — oo. We see for any ¢ > 0 that

v (B,(0)) > liminf 1(By,0(0))
wo0? T

>1/9
j—oo  wa(j0)? /

and 0 € spt v. Further, v is a stationary integral varifold. Hence H, = 0 and
by (A.8) and (A.10)
7 <v(B1(0)) < liminf QJ-_Q/L(BQ].(O)),
j—oo
which establishes (A.22).

Finally, we consider p; with W(u;) < oo and p; — p weakly as varifolds.
For ; defined in (A.4) by pj, we see

v(0) < liminfy;(p) for almost all p > 0,
j—00
hence by (A.14) and monotonicity of v;

lim 0~2u(B,(0)) + iw(n) < timinf ( lim o~p;(B,(0)) + EW(M)).

0—00 j—00 0—00
In particular, if the spt u; are compact,
1 1
(A.23) lim 0~2u(B,(0)) + 7 W(u) < liminf W (u;).
0—00 4 j—oo 4
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