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Hilbert series, Howe duality and
branching for classical groups

By THOMAS J. ENRIGHT and JEB F. WILLENBRING*

Abstract

An extension of the Littlewood Restriction Rule is given that covers all
pertinent parameters and simplifies to the original under Littlewood’s hypothe-
ses. Two formulas are derived for the Gelfand-Kirillov dimension of any unitary
highest weight representation occurring in a dual pair setting, one in terms of
the dual pair index and the other in terms of the highest weight. For a fixed
dual pair setting, all the irreducible highest weight representations which occur
have the same Gelfand-Kirillov dimension.

We define a class of unitary highest weight representations and show that
each of these representations, L, has a Hilbert series Hy(q) of the form:

Hr(q) = (I—Q)%R(Q%

where R(q) is an explictly given multiple of the Hilbert series of a finite di-
mensional representation B of a real Lie algebra associated to L. Under this
correspondence . — B , the two components of the Weil representation of the
symplectic group correspond to the two spin representations of an orthogonal
group. The article includes many other cases of this correspondence.

1. Introduction

(1.1) Let V be a complex vector space of dimension n with a nondegener-
ate symmetric or skew symmetric form. Let G be the group leaving the form
invariant. Now, G is either the orthogonal group O(n) or the sympletic group
Sp(%) for n even. The representations F* of GI(V) are parametrized by the
partitions A with at most n parts. In 1940, D. E. Littlewood gave a formula
for the decomposition of F* as a representation of G by restriction.

*The second author has been supported by the Clay Mathematics Institute Liftoff Pro-
gram.
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THEOREM 1 (Littlewood Restriction [Lit 1,2]). Suppose that A is a par-
tition having at most % (positive) parts.
n

(i) Suppose n is even and set k = 5. Then the multiplicity of the finite

dimensional Sp(k) representation V* with highest weight p in F equals

(1.1.1) > dimHomgy, () (F*, F* ® F*),

3
where the sum is over all nonnegative integer partitions & with columns of even
length.

(ii) Then the multiplicity of the finite dimensional O(n) representation EV
in F* equals

(1.1.2) > dim Homgy, ) (F*, F* ® F¢),
£

where the sum is over all nonnegative integer partitions & with rows of even
length.

Recently Gavarini [G] (see also [GP]) has given a new proof of this the-
orem based on Brauer algebra methods and has extended the result for the
orthogonal group case. In that case the weaker hypothesis is: The sum of the
number of parts of A plus the number of parts of A of length greater than one
is bounded by n. In this article we describe some new results in character
theory and an interpretation of these results through Howe duality. This will
yield yet another proof of the Littlewood Restriction and more importantly a
generalization valid for all parameters A.

In 1977 Lepowski [L] gave resolutions of each finite dimensional represen-
tation of a semisimple Lie algebra in terms of generalized Verma modules as-
sociated to any parabolic subalgebra. This work extended the so-called BGG
resolutions [BGG] from Borel subalgebras to general parabolic subalgebras.
The first result of this article gives an analogue of the Lepowski result for uni-
tarizable highest weight representations. To formulate this precisely we begin
with some notation.

Let G be a simple connected real Lie group with maximal compactly em-
bedded subgroup K with (G, K) a Hermitian symmetric pair and let g and ¢
be their complexified Lie algebras. Fix a Cartan subalgebra b of both ¥ and
g and let A (resp. Ag) denote the roots of (g,h) (resp. (¢,h)). Let A,, be the
complement so that A = Ay U A,,. We call the elements in these two sets the
compact and noncompact roots respectively. The Lie algebra £ contains a one
dimensional center Czg. The adjoint action of zy on g gives the decomposi-
tion: g =p~ @t @ p*, where £ equals the centralizer of zy and p* equals the
+1 eigenspaces of ad zg. Here q = €@ p™ is a maximal parabolic subalgebra.
Let A" denote a fixed positive root system for which AT = A U A and
where A is the set of roots corresponding to p*. Let W (resp. W) denote
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the Weyl group for (g,h) (resp. (£,5)). We call the latter the Weyl group
of £ and regard it as a subgroup of W. Then W = WyW*! where we define
WY = {z € W|zAT D Af}. Let p (resp. pe, pn) equal one half the sum over

the set A™ (resp. Af, A}). When the root system A contains only one root
length we call the roots short. For any root a let oV denote the coroot defined
by (a\/ g) — 2(0475).

= (wa)

Next we define the root systems and reductive Lie algebras associated to
unitarizable highest weight representations of G. Suppose L = L(A + p) is
a unitarizable highest weight representation of G with highest weight A. Set
Uy ={a € Al(a,\+p) =0} and U] = ¥, NAT. We call ¥, the singularities
of A + p and note that \I/j\L is a set of strongly orthogonal noncompact roots.
Define W), to be the subgroup of the Weyl group W generated by the identity
and all the reflections 7, which satisfy the following three conditions:

(1.1.3) (i) a€ A and (A\+p,a¥) € N* (ii) a is orthogonal to ¥, ,

(iii) if some ¢ € Uy is long then « is short .

Let Ay equal the subset of A of elements ¢ for which the reflection rs € Wy and
let AN? = A\NAg, Ai_ = A\NAT and AI,E = A)\iﬂA—’—. Then in our setting
Ay and Ay are abstract root systems and we let gy (resp. €)) denote the
reductive Lie algebra with root system Ay (resp. Ay ¢) and Cartan subalgebra
h equal to that of g. Then the pair (gy,%,) is a Hermitian symmetric pair
although not necessarily of the same type as (g,t). For example, if A is the
highest weight of either component of the Weil representation of Sp(n) then Ay
will be the root system of type D,, and the Hermitian symmetric pair (gy, £))
will correspond to the real form so*(2n). Let py (resp. pg ) equal half the sum
of the roots in A} (resp. Aéx)-

For any A; (resp. A;E , A;\r)—dominant integral weight 1, let E,, (resp.
FEy, .1, Bg, ;1) denote the finite dimensional € (resp. €5, gx) module with highest
weight p. Set W) ¢ = Wy N W and define:

(1.1.4)
WS = {z € Wy|zA] D A:\ﬁ?} and WY ={z e WS card(zAT N —AY) =4} .

For any t-integral & € b*, let €T denote the unique element in the We-orbit
of ¢ which is A;-dominant. For any £-dominant integral weight A define the
generalized Verma module with highest weight A to be the induced module
defined by: N(X + p) = U(g) @u(egp+) Er. Finally we define what will be an
important hypothesis. We say that X is quasi-dominant if (A + p,a) > 0 for
all « € AT with o L ¥y. Whenever \ is quasi-dominant then we find that
there are close connections between the character theory and Hilbert series of
L(A+p) and the finite dimensional gy-module By, »,—p,. To simplify notation
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we set By = By, x4p—p,- In the examples mentioned above where L is one of
the two components of the Weil representation then the resulting B) are the
two spin representations of so*(2n).

THEOREM 2. Suppose L = L(A+ p) is a unitarizable highest weight mod-
ule. Then L admits a resolution in terms of generalized Verma modules. Specif-
ically, for 1 <4 <7y = card(Af N A}Y), set C} = Z$EW§J N((z(XA+ p)h).
Then there is a resolution of L:

(1.1.5) 0—>C;\A—>--~—>Ci‘—>CS—>L—>O.

The grading of Wf\ plays an important role in this theorem. Note that
the grading Wf\’z is not the one inherited from W* We have two applications
of this theorem. The first will generalize the Littlewood Restriction Theorem

while the second in the quasi-dominant setting will give an identity relating
the Hilbert series of L and B).

(1.2) Let L denote a unitarizable highest weight representation for g, one
of the classical Lie algebras su(p,q),sp(n,R) or so*(2n). These Lie algebras
occur as part of the reductive dual pairs:

(1.2.1) (i) Sp(k) x s0*(2n) acting on P(Mogxn),
(ii) O(k) x sp(n) acting on P(Mgx,) and
(iii) U(k) x u(p, q) acting on P(Mgxy),

where n = p+q. Let S = P(Magxrn) or P(Myxy) asin (1.2.1). We consider the
action of two dual pairs on S. The first is GL(m) x GL(n) with m = 2k or k and
the second is G X G2, one of the two pairs (i) or (ii) in (1.2.1). In this setting
G is contained in GL(m) while GL(n) is the maximal compact subgroup of Ga.
We can calculate the multiplicity of an irreducible G; x GL(n) representation
in § in two ways. The resulting identity is the branching formula.

For any integer partition A = (A\; > --- > ;) with at most [ parts, let
F ()l‘) be the irreducible representation of GL(l) indexed in the usual way by
its highest weight. Similarly, for each nonnegative integer partition p with at
most [ parts, let V(’;) be the irreducible representation of Sp(k) with highest
weight p. Let EE’Z) denote the irreducible representation of O(l) associated to
the nonnegative integer partition v with at most [ parts and having Ferrers
diagram whose first two columns have lengths which sum to [ or less. Our
conventions for O(l) follow [GW, Ch. 10].

The theory of dual pairs gives three decompositions of S: as a GL(m) x
GL(n) representation,

(1.2.2) S=> " Foy®F),
A
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where the sum is over all nonnegative integer partitions having min{m,n} or
fewer parts; as a Sp(k) x so*(2n) representation,

(1.2.3) S = Z oy @V,

where the sum is over all nonnegative integer partitions p having min{k,n} or
fewer parts; and as a O(k) x sp(n) representation,

_ v (n)
(1.2.4) S=> Ejy®ED,

where the sum is over all nonnegative integer partitions v having min{k,n} or
fewer parts and having a Ferrers diagram whose first two columns sum to k or
less.

Several conventions regarding highest versus lowest weights and an affine
shift coming from the dual pair action of £ introduce an involution on weights

as follows. For an n-tuple 7 = (7,--- ,7,), define:
k k
S (B A S ot (it
Note that (7#)* = 7. Computing the multiplicity of V(’;) ® F()L) in S and
Eé’k) ® F();L) in § we obtain:
THEOREM 3. (i) The multiplicity of the Sp(k) representation V( ) in F(Qk)

equals the multiplicity of F, (’\T: ) in the unitarizable highest weight representation
Vu(n) of so*(2n).

(ii) The multiplicity of the O(k) representation Eélk) n F&) equals the
multiplicity of F()?‘f) i the unitarizable highest weight representation E,Sn) of
sp(n).

In the cases where the unitarizable highest weight representation is the full
generalized Verma module we call the parameter a generic point. A short cal-
culation shows that the Littlewood hypothesis implies inclusion in the generic

set. Then Theorem 3 implies Theorem 1.
For any partitions A and p with at most n parts, define constants:

(1.2.6) Zdlm HOmGL(n)(F(n) F(u) ® (n))

where the sum is over all nonnegative integer partitions £ with rows of even
length, and

(1.2.7) D) = dim Homgr ) (Fy), By © F().
3
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where the sum is over all nonnegative integer partitions & with columns of even
length. We refer to these constants as the Littlewood coefficients and note that
they can be computed by the Littlewood-Richardson rule.

For any t-integral £ € h* and s € W, define:

(1.2.8) s®E= (s(€+p)t—p, and s-E=(s®EH).

Theorems 2 and 3 combine to give:

THEOREM 4. (i) Given nonnegative integer partitions o and pu with at
most min(k,n) parts and with p having a Ferrers diagram whose first two

G Fli) =2 2 (=

? SGW“

columns sum to k or less, then

(1.2.9) dim Homg ) (E

(ii) Given partitions o and v such that £(o) < min(2k,n) and L(v) <
min(k, n),

(1.2.10) dim Homgy ) (Vs Fory) = D Z
( SEW

An example is given at the end of Section 7 where the sum on the right reduces
to a difference of two Littlewood coefficients.

(1.3) For any Hermitian symmetric pair g, ¢ and highest weight g-module
M, let My denote the t-submodule generated by any highest weight vector.
Write g = p~ @ €@ p*, where p™ is spanned by the root spaces for positive
noncompact roots, and set M; = p~ - M;_q for j > 0. Define the Hilbert series
Hy(q) of M by:

(1.3.1) H(q) = Hy(q) =Y dim M; ¢ .

Jj=20
Since the enveloping algebra of p~ is Noetherian there are a unique integer d
and a unique polynomial Ry;(q) such that:

(1.3.2) Hy(q) = (?Aj(;))d where Rp(q) = Z a; ¢ .

0<j<e
In this setting the integer d is the Gelfand-Kirillov dimension ([BK], [V]),
d = GKdim(M) and Rps(1) is called the Bernstein degree of M and denoted
Bdeg(M). This polynomial Rps(q) is a g-analogue of the Bernstein degree.
For any g)-dominant integral p we let Bf% . denote the grading of By, ,, as a
g) N p~-module as in (1.3.1) with p~ replaced by gy N p~. Define the Hilbert
series of By, , by :

(1.3.3) P(q) Zdlm ng u ¢
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THEOREM 5. Suppose L = L(\ + p) is unitarizable and X\ + p is quasi-
dominant. Set d equal to the Gelfand-Kirillov dimension of L as given by
Theorems 6 and 7. Then the Hilbert series of L is:

dim E\,  P(q)
dim Ey, » (1—¢)® "

(1.3.4) Hr(q) =

Moreover the Bernstein degree of L is given by:
dim F))

dim B,.
THEOREM 6. Suppose that L is a unitarizable highest weight representa-
tion occurring in one of the dual pairs settings (1.2.1).

(i) If g is so*(2n), then the Gelfand-Kirillov dimension of L equals
k(2n — 2k — 1) for 1 <k < [252] and equals (}) otherwise.

(ii) Ifg issp(n), then the Gelfand-Kirillov dimension of L equals & (2n—k+1)
for 1 <k <n-—1 and equals (";1) otherwise.

(iii) If g is u(p, q), then the Gelfand-Kirillov dimension of L equals k(n — k)
for 1 <k <min{p, q} and equals pq otherwise.

Note that in all cases the Gelfand-Kirillov dimension is dependent only on
the dual pair setting given by k£ and n and is independent of A otherwise. It is
of course convenient to compute the Gelfand-Kirillov dimension of L directly
from the highest weight. Let 3 denote the maximal root of g.

THEOREM 7. Set s = —2(%’\’56)). Then for so*(2n), the Gelfand-Kirillov

dimension of L is
S@n—s—-1) for2<s<2[5] -2
(Z) otherwise;
for sp(n), the Gelfand-Kirillov dimension of L is
s(2n—2s+1) for1<2s<n
(n—QH) otherwise;
and for u(p,q) with n = p + q, the Gelfand-Kirillov dimension of L is

s(n—s) forl<s<min{p,q}
pq otherwise.

(1.4) In Section 6 we apply Theorems 5 and 6 to determine the Gelfand-
Kirillov dimension, Hilbert series and Bernstein degree of some well-known
representations. We begin with the Wallach representations [W]. Let r equal
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the split rank of g, let ¢ be the fundamental weight of g which is orthogonal to
all the roots of £. Suppose g is isomorphic to either so*(2n), sp(n) or su(p, q)
and set ¢ = 2, % or 1 depending on which of the three cases we are in. For 1 <
j < r define the j** Wallach representation W; to be the unitarizable highest
weight representation with highest weight —jc¢. For so*(2n) the Hilbert series
for the first Wallach representation is:

(1.4.1)

L0 = (i~ g s, <nﬁ;3j><n;2> v

0<j<n-3

For sp(n) the Hilbert series for the first Wallach representation is:

(1.4.2) HL(q):ﬁ 3 <;>qt.

0<t<[%]

This is the Hilbert series for the half of the Weil representation generated by a
one dimensional representation of €. The other part of the Weil representation
has Hilbert series:

(1.4.3) Hr(q) = ﬁ Z <2t1 1)qt-

0<t<[2]

For U(p, q) the Hilbert series for the first Wallach representation is:

) me-goe 2 () ()

0<t<min{p,q}

These examples are obtained from Theorem 5 by writing out respectively the
Hilbert series of the n — 3™ exterior power of the standard representation of
s0*(2n — 4), the two components of the spin representation of so*(2n) and the
p — 1% fundamental representation of U(p — 1,q — 1). In these four examples
the Bernstein degrees are: ﬁ(?:;), on—1  9n=1 and (g:f) In Section 6
we give several other families of representations with interesting combinatorial
expressions for the Hilbert series and Bernstein degrees including all high-
est weight representations with singular infinitesimal character and minimal
Gelfand-Kirillov dimension.

Call a highest weight representation positive if all the nonzero coeffi-
cients of the polynomial Ry (g) in (1.3.2) are positive. All Cohen-Macaulay
S(p~)-modules including the Wallach representations are positive but many
unitary highest weight representations are not. From this perspective Theorem
5 introduces a large class of positive representations, those with quasi-dominant
highest weight.

The representation theory of unitarizable highest weight modules was
studied from several different points of view. Classifications were given in
[EHW] and [J]. Studies of the cohomology and character theory can be found
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in [A], [C], [ES], [ES2] and [E]. Both authors thank Professor Nolan Wallach
for his interest in this project as well as several critical suggestions. A form of
Theorem 3 and its connection to the Littlewood Restriction Theorem are two
of the results in the second author’s thesis which was directed by Professor
Wallach.

Upon completion of this article we have found several references related
to the Littlewood branching rules. The earliest (1951) is by M. J. Newell [N]
which describes his modification rules to extend the Littlewood branching rules
to all parameters. A more recent article by S. Sundaram [S] generalizes the
Littlewood branching to all parameters in the symplectic group case. In both
articles the results take a very different form from what is presented here.

During the time this announcement has been refereed, there has been
some related research which has appeared [NOTYK]. In this work the authors
begin with a highest weight module L and then consider the associated variety
V(L) as defined by Vogan. This variety is the union of Kc¢-orbits and equals
the closure of a single orbit. In [NOTYK] the Gelfand-Kirillov dimension and
the Bernstein degree of L are recovered from the corresponding objects for
the variety V(L). As an example of their technique they obtain the Gelfand-
Kirillov dimension and the degree of the Wallach representations ([NOTYK,
pp. 149-150]). Our results in this setting obtain these two invariants as well
as the full Hilbert series since all the highest weights are quasi-dominant. The
results of these two very different approaches have substantial overlap although
neither subsumes the other.

Most of the results presented in this article were announced in [EW].

2. Unitarizable highest weight modules and standard notation

(2.1) Here we set down some notation used throughout the article and
state some well-known theorems in the precise forms needed later. Let (G, K)
be an irreducible Hermitian symmetric pair with real (resp. complexified) Lie
algebras g, and &, (resp. g and £) and Cartan involution €. Let all the associated
notation be as in (1.1). Let b be the Borel subalgebra containing h and the
root spaces of AT,

(2.2) For any Ay dominant integral weight \ let Fy denote the irreducible
finite dimensional representation of € with highest weight A. Define the gener-
alized Verma modules by induction. Let p™ act on F\ by zero and then induce
up from the enveloping algebra U(q) to U(g):

(2.2.1) N()\ + p) = N(F)\) = U(g) ®U(q) Fy .

We call N(A+p) the generalized Verma module with highest weight A. Let
L(X+ p) denote the unique irreducible quotient of N (A + p). Since g =q@®p~
and p~ is abelian we can identify N (A + p) with S(p~) ® F), where the S( )
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denotes the symmetric algebra. Therefore the natural grading of the symmetric
algebra induces a grading N (A + p)* of N(A + p). Different levels in the grade
correspond to different eigenvalues of adzy and so any £-submodule of N(A+p)
will inherit a grading by restriction. Suppose that N(\ + p) is reducible with
maximal submodule M. Then M inherits a grading and we define the level of
reduction of N(A + p) to be the minimal j for which M7 # 0.

We say that L(A+p) is unitarizable if there exists a unitary representation
of G whose U(g) module of K-finite vectors is equivalent as a g-module to
L(A+p). The unitarizable highest weight modules are central to all that we do
here so we now describe much that is known about this set. The classification
we follow is from [EHW]. Let A be any £-dominant integral weight in h*. Let
[ denote the unique maximal root. Choose ¢ € h* orthogonal to the compact
roots and with (¢,8Y) = 1. Consider the lines L(A\) = {\+ 2( | z € R}, for
E-dominant integral A € h*. A normalization is chosen for each line so that
z = 0 corresponds to the unique point with highest weight module a limit of
discrete series module. When A is such we write Ay in place of A and the line
is parametrized in the form {\g + z(|z € R}. Then (Ao + p, ) = 0 and the set
of values z with g + 2( unitarizable takes the form:

(2.2.2)

° ° e... ... o °
A B

Let A denote the highest weights of all the unitarizable highest weight modules.
Let A, denote the subset of weights A for which N (X + p) is reducible. We call
these the unitary reduction points. These points correspond to the elements on
the line (2.2.2) which are the equally spaced dots from A to B. The constants
A and B are both positive.

The characteristics of the line and these equally spaced points are deter-
mined by two real root systems Q(A) and R()\) associated to each line L(\).
As defined in [EHW] Q(X) C R(\) and equality holds in the equal root length
cases. In all cases the number of reduction points on the line equals the split
rank of Q(\) and the level of reduction is one at the rightmost dot and it
increases by one each step until the level equals the split rank of Q(\) at the
leftmost dot. For any reduction point A let I(A) denote the level of reduction
of that point and define the triple a(\) = (Q(\), R(\),I()\)). Let A denote the
set of all such triples as A ranges over the set of reduction points. For a € A,
let A, denote the set of all A with a(\) = a.

(2.3) Set L = L(A+p), N = N(X + p) and assume that L is unitarizable
and N is reducible. Consider the short exact sequence 0 - M — N — L — 0.
From [DES] and [EJ] the subspace M has several canonical characterizations.
Let 71 < --- < v be Harish-Chandra’s system of strongly orthogonal
roots for A, That is, let 71 equal the unique simple noncompact root and let
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Uy ={ve Al —{n}yE£mn ¢ A}. If U3 = 0 then [ = 1. Otherwise, let v,
be the smallest element of ¥y and set Wo = {y € ¥; — {7}y £y ¢ ®}. By
induction if v; and W;_; have been defined set ¥; = {y € ¥;_1|y=£~; is not zero
or aroot for all 4,1 <4 < j}. Let ;41 be any minimal element in ¥; so long as
this set is non empty. Define weights p;, 1 <i <[, by p; = —(ym1+y2+-+7).
Set ng = €N b, b]. Let F; denote the & submodule of S(p~) with highest weight
;. Suppose that £ and ¢ are £-dominant integral then F; ® Fs contains, with
multiplicity one, the irreducible module with extreme weight £ — §. We call
this component of the tensor product the PRV component.

ProrosiTION [EJ], [DES]. Suppose L is unitarizable and not isomorphic
to N and let d be the level of reduction of L. Then M is isomorphic to a
quotient of the generalized Verma module N(F,) with F, equal to the PRV
component of Fg® F).

3. A BGG type resolution for unitarizable highest weight modules

(3.1) Each finite dimensional representation of a semisimple Lie algebra
has a resolution in terms of sums of Verma modules [BGG]. Lepowski [L] gives
a refinement resolving in terms of generalized Verma modules associated to
a parabolic subalgebra. In this section we give a very similar resolution for
unitarizable highest weight representations. Define subsets of the Weyl group
by Wi = {z € W|card(zA+ N —A*") =i} and set W = Win Wt

THEOREM [L]. Suppose A is g-dominant integral and E is the finite dimen-
sional g-module L(A+p). For0 <i <r = |A}|, set C; =3 cppes N(x(A+p)).
Then there exists a resolution of E:

(3.1.1) 0—-C,—---—-C, —-Cy—E—0.

(3.2) We next consider the case where E is replaced by the Weil repre-
sentation. Suppose that g is the symplectic Lie algebra sp(n). Then the Weil
representation decomposes as the sum of two irreducible highest weight repre-
sentations. Normalizing parameters as in [EHW] set ¢ equal to the functional
on h orthogonal to all the compact roots and with 2((; ’ﬁc)) = 1. Here ( is the
fundamental weight corresponding to the long root in the Dynkin diagram

and is usually denoted w,. Let w,_1 be the adjacent fundamental weight.

Then the two components of the Weil representation are L' = L(—%C +p) and
L" = L(—2¢ 4+ wn—1 + p). Expressed in the usual Euclidean coordinates the

highest weights are (—%, —%, . -—%, —%) and (—%, —%, . -—%, —%) respectively.

THEOREM. Let Al denote the short roots in A™. Let U denote the index-
two subgroup of W which corresponds to permutations and even numbers of
sign changes and set Ut =UNW?E and UY = {z € Ut|card(zAF N—A}) =i},
For1<i<r,=AlNA}, define C, =3 i N(@(—3C + p)) and C! =
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D eyt N(:c(—%{ +wn—1+p)). Then there are resolutions of the components
of the Weil representation,

(3.2.1) 0-C, —----—C|—-Cj—L -0,
and
(3.2.2) 0—-C/ —---.—-C{—-Cj—L"—-0.

Note that the grading 4%’ is not the one inherited from W%; in general
UL £ U N Wb,

Proof. The proof begins with a review of the proof of Theorem 3.1[L].
The canonical imbeddings of the Verma submodules into Verma modules are
used to define what are called the standard maps between generalized Verma
modules. Of course in some cases some of these induced maps can be zero.
In any case these maps can be used to construct a complex with terms as in
(3.1.1). Here U is the Weyl group of type D,, and the grading 4%’ comes from
that root system. Therefore Lepowski’s argument applies by switching root
systems from C,, to D,. To prove that this complex is a resolution Lepowski
relies on the known Kostant p~-cohomology formulas for the finite module F.
This same argument gives the proof in this setting when we replace the Kostant
results with the cohomology formulas in the next theorem.

(3.3) THEOREM [E, Th. 2.2]. Suppose X\ equals either X' or N as above
and L = L(A+ p). Then, for i € N, there exists the cohomology formula of
E-modules:

(3-3-1) Hi(p—i_a L) = Dpeyes Fa:(/\—l-p)—p :
(3.4) We now turn to the corresponding results in the general case.

Proof of Theorem 2. We have two proofs of this result. The first proof
begins with the standard maps, as in the proof of Theorem 3.2, and uses
the constants associated with the root system A, to define a complex as in
(3.1.1). Then the pT-cohomology formulas [E, Th. 2.2] can be used in place
of the Kostant formulas in the Lepowski [L] argument. This knowledge of the
pT-cohomology implies that the complex is in fact exact, which completes the
first proof.

The second is a consequence of the proof of the p™-cohomology formulas
in [E]. In that article it is proved that every unitarizable highest weight module
L was an element of a category of highest weight modules which was equivalent
to another category of highest weight modules and this equivalence carried L
to either the trivial representation or one of the two components of the Weil
representation in the image category. Therefore the general result follows from
Theorems 3.1 and 3.2 since this equivalence carries generalized Verma modules
to generalized Verma modules.
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4. Hilbert series for unitarizable highest weight modules

(4.1) For any highest weight module A define the character of A to be the
formal sum: char(4) =3, dim(Ag)e®, where the subscript denotes the weight
subspace. For any weight A and Weyl group element x, define:

(4.1.1) z@®@A=(x(A+p)T —p.

THEOREM. Suppose L = L(A+ p) is a unitarizable highest weight module.
Then

(4.1.2) char(L) =

1 .
H €A+(1 — e*a) Z (_1)Z char Fx@)\ .
aEAL 1<i<ry

JJEW;"L
Proof. This result is an immediate consequence of the resolution given in
Theorem 2.

Since this sum can be rather complicated we now look at a courser invari-
ant than the character. This is obtained by using the eigenspaces for the action
of the central element z, of £. In our setting the 1,0 and —1 eigenspaces under
the adjoint action are p™, € and p~ respectively. For each Weyl group element
x let g, denote the difference of eigenvalues defined: g, = A(20) — (z ® \)(z0).
Note that since zp is £ central, g, also equals (A + p)(z0) — (z(A + p))(20). Let
S =U(p~). Then S is the symmetric algebra of p~ and any irreducible highest
weight module is finitely generated as an S module. So L has a Hilbert series.

1 i o
(4.1.3) Hi(q) = ———qmsr Z (—1)" dim Fyey ¢% .

(1-9q)

1<e<ry
€,
zeW!?

Define the degree of L, deg(L), to be the order of the pole at 1 in the rational
expression (4.1.3). Then we have:

(4.1.4) Hi(g) = o R(q) with R(g) = a;

(1-q)
which we refer to as the reduced form of the Hilbert series. In this setting the
degree of L is also equal to the Gelfand-Kirillov dimension of L, GKdim(L).
The set W™ contains one element, say {7} and so by comparison of (4.1.3)
and (4.1.4), the degree of the polynomial R(q) equals g,, —dim p*+GKdim(L).
As an illustration of an especially simple case where these formulas lead
to something interesting, suppose that A = 0. Then deg(L) = 0 and Hy, = 1.
This gives:

LEMMA. For each of the Hermitian symmetric settings and for 0 < i <
r =dim(p™),

(4.1.5) 3N dim Fy,y, = <:>

TEWE



350 THOMAS J. ENRIGHT AND JEB F. WILLENBRING

Proof. Set H(0) =1 in (4.1.3) and note that in this case g, = 1.

(4.2) For the remainder of this section we assume that g is of type so*(2n),
sp(n,R) or u(p, q). These Lie algebras occur as part of the dual pair setting:

(4.2.1) Sp(k) x so*(2n) acting on P(Mogxn),
O(k) x sp(n) acting on P(Mpx,) and
U(k) x u(p,q) acting on P(Mpxp),

where n = p + q. In these cases the element zy equals (%, %, e %) in the first
two cases and (Z,...,L; =P —P) for u(p,q) where a p-tuple precedes the
semi-colon and a g-tuple follows it.

The proof of Theorem 6 will rely on the following lemma regarding the

decomposition of tensor products.

(4.3) We continue with the three cases in (4.2.1). Let E denote the ir-
reducible finite dimensional g-module with highest weight w;, the first fun-

damental weight. Here w; = (1,0,...,0) in the first two cases and w; =
(”T_l, _71, . ,_71) for u(p,q). So the zp-eigenvalues of E are i% in the first

two cases and % and %p in the u(p, q) case. Then E splits as a direct sum of
two irreducible ¢-modules F = F, @& E_ corresponding to the zg-eigenvalues

+3 in the first two cases and 4 and =2 in the third. Set by = 3 or 4 and
b_ = _71 or —2 respectively in the first two and third cases.

LEMMA. For any &-dominant integral weight v, let F,, denote the irre-
ducible finite dimensional -module with highest weight v. Then as t-modules
EQF, = 27 F, 4+, where the sum is over all weights vy of E for which v +
is €-dominant.

Proof. The Weyl character formula gives:

char(F,) = (1/D) Y e(z) e"+0),
TEWs

From this we have: char(E'® F,) = (1/D) .. > ., €(2) e*" 7+ where
the sum is over the weights v of E. A calculation shows that v + v + p is
always dominant and so the only cancellation which can and will occur in this
expression is for those v for which v 4 v + p is singular. This is precisely the
set for which v + v is not £-dominant. The Littlewood-Richardson rule gives
an alternate proof.

(4.4) LEMMA. Let vy > 72 > - -+ > 7y, be an enumeration of all the weights
v of E for which v + v is dominant. Then there is a filtration E ® N(F,) =
By D By D -+ D Bry1 =0 where By /Bit1 = N(Fyqvy,1p) ;1 <0<,

Proof. Using the preceding lemma choose a b stable filtration of £ ® F),
and then induce up from U(b) to U(g).
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(4.5) LEMMA. Suppose that L = L(\+p) is unitarizable. Let v be a weight
of E and assume that X\ + v is t-dominant.

(i) Suppose the level of reduction of L is not one. Then E ® L contains
LA+~ +p).

(ii) Suppose that L has level of reduction one and choose § € A, so that
A — 0 is the highest weight of the PRV component in p~ @ F). Assume
that 6 # —~y++' for any weight v' of E. Then EQL contains L(A\+~+p).

Proof. From Proposition 2.3, we have a right exact sequence N (v + p) —
N(A+ p) — L — 0. Tensoring with F we obtain the right exact sequence:

(4.5.1) EQNv+p - EQQNA+p - ERL—0.

Therefore using (4.4), to prove that L(A+~+ p) does occur in F® L we merely
check that it does not occur in £ ® N (v + p).

First suppose that L has a level of reduction Iy not equal to one. If the
level is zero then L = N(\ + p) and (4.4) implies the result. So assume the
level is greater than one. Let a denote the eigenvalue of zg on F)\. Then zg acts
by a+by or a+b_ on Fy;,. But the eigenvalues of 2y acting on £ ® N (v + p)
are less than or equal to a —lp + b4. In all cases by —b_ = 1 and so these sets
of eigenvalues do not intersect for lp > 1. So L(\ + 7 + p) cannot occur as a
subquotient of E ® N (v + p). This proves (i).

Now suppose the level of reduction is one and £ ® L does not contain
LA+~v+ p). Then v = XA — ¢ and we know L(\ + v + p) must occur in
E® N(v+p). By the preceding argument about eigenvalues of zy, there exists
~" a weight of Fy with A—¢§++" = A+~. This gives 6 =+’ —~ and completes
the proof.

Proof of Theorem 6. It is most convenient to proceed case by case.

(4.6) The so*(2n) case. This is the easiest case both notationally and
theoretically so we will begin here. Suppose that L = L(\ + p) is a highest
weight representation occurring in the dual pair setting (4.2.1) for Sp(k) x
s0*(2n). Set r = min{k,n}. Then from [KV], [EHW] or [DES], in Euclidean
coordinates, A has the form:

(4.6.1) A= (—k,—k,...,—k,—k—wy,... ,—k—w;) withw; > --- > w, >0,
(46.2) AX4+p=Mn—-1—k,...,—k+r,—k+r—1—w,,...,—k—wy) .
Let w = (wy, ... ,w,) and let A(w) denote the expression in (4.6.1). Choose t

maximal with w; # 0 and set x = n — t. Then organizing into segments, we
have:
(4.6.3) A= (=k,...,—k,—k—wy,...,—k—wp) .

———

T
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In the general case, for k > n—1, N(A+ p) is irreducible and the lemma holds.
So we may assume that 1 < k < n — 2 and thus the first two coordinates
of X are equal. The root system @Q(A) associated to A in [EHW] is either
su(l,q),1 < ¢ < n—1, or s0"(2p),3 < p < n. First suppose that Q(\) =
su(1,q). Then since the first two coordinates of A are equal, Q()\) is a root
system of rank either one or three with the set of simple roots either {—/} or
{—f,e2 —e3,e1 — ea} where 3 = e1 + eg is the maximal root. If we are at a
reduction point in this case then the level of reduction is one, ¢ = 1 or 3 and

(4.6.4) Ap=(1,0,-1,---)or At p=(2,1,0,—1,---) .

Alternatively suppose that A has level of reduction one and Q(\) 2 so*(2p), 3 <
p < n. From Section 9 of [EHW],

(4.6.5) Atp=(p—1p—2-,1,0,-1,--),

where the superscript ~ denotes omission of that term.

Recall from (2.2.2) the line L(\) and the parametrization A = A + z( for
some real number z. Set d(\) = B — z with B as in (2.2.2). So d()\) is the
distance from A (identified with z) to the last reduction point B. From (4.6.5)
and (4.6.4) and the fact that the distance is zero when the level of reduction
is one, we conclude: = = p and

(4.6.6) Ap+dNC=@p—-1,p—2,...,1,0,=1,---) .

So for all A in the dual pair setting Sp(k) x so*(2n) and for all k,1 < k <n—2,
we solve for d(\) to obtain:

(4.6.7) d(\) = 2k — 2n + 2u.

LEMMA. The Gelfand-Kirillov dimension of L equals k(2n — 2k — 1), for
1 <k <[5] and equals (g) otherwise. So in all cases it is independent of w .

Proof. We proceed by induction on |w| = ) w;. First if this norm is zero
then X has all coordinates —k and so this representation is the k™ point on
the line containing the trivial module of g, a so-called Wallach representation
[W]. For 1 < k < [§], this module is the coordinate ring for the variety of
skew symmetric n X n matrices of rank less than or equal to 2k [DES]. Its
dimension is k(2n — 2k — 1). For k > [§], L is not a reduction point and the
Gelfand-Kirillov dimension of L = dim p* = (g) This proves the result when
w = 0.

Now suppose w # 0. If K > n — 1, then N(X + p) is irreducible and the
lemma holds. So assume 1 < k < n — 2. Suppose L has level of reduction one.
Then from the formulas (4.6.5) and (4.6.6) the leading n—¢ coordinates form a
consecutive string of descending integers which include 0 as the z*" coordinate
and —1 does not occur. Moreover in these cases the root ¢ in (4.5) equals
€r—1 + €y. Set v = e;q1 and let w’ = (wy,... ,wi—1,wy — 1) and N = A\(w’).
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Let ' correspond to z when \ is replaced by \. If w; > 2 then x = 2’ and
d(X') = d(\) = 0. Then the pairs A\, and N, —y both satisfy the hypotheses
of (4.5)(ii). Here the level of reduction is one and the ¢ are equal for both A
and . If wy = 1 then 2/ = x4+ 1 and so d(\') = d(\) + 2 = 2 and X does
not have level of reduction one. We conclude that for all wy, L(\) occurs in
E ® L(\) and L()\) occurs in E ® L()\).

Next suppose A has level of reduction [ > 2. Then d(\) > 1. Let w’ and
v be as above. Then 2’ = z or x 4+ 1 and so d(\') > d(A\) # 0. From this we
conclude that L(\ +p) has level of reduction not equal to one. Thus by Lemma
4.5(i) we obtain the same inclusions as above: L(\') occurs in F ® L(A) and
L()\) occurs in E® L(X'). By the induction hypothesis the lemma holds for X'
Then the two inclusions in the tensor products imply that the Gelfand-Kirillov
dimension of L(\) equals the Gelfand-Kirillov dimension of L(\"). This implies
they all have the same Gelfand-Kirillov dimension and completes the proof for
the so*(2n) case.

(4.7) The sp(n) case. Suppose that L = L(A + p) is a highest weight
representation occurring in the dual pair setting (4.2.1) for sp(n). For some
t-tuple g = (p1,. .., ) with weakly decreasing coordinates, ¢ = min{k,n},
s = [{i|p; > 0}| and j = [{i|u; > 1}|, we have: s +j < k and

kE k kK k k

471 A= (o s e — )
( 7 ) < 2’ 27 ) 27 2 Mt ) 92 ,Ufl)
Organizing into segments, we have:
(4.7.2)

k k kK k k k

=(-,...,— =, ——-1,...,— =1, ——=—-1-0b;,..., —— —1—-0b
A ( 2a ) 2a 2 ; ) 2 ; 2 R ; 2 1)7
e Yy J

with b1 > by > --- ij >0, z+y+j=nz>n—-k+j,y<k—25. We
say that A is of the first type if y = 0 and otherwise of the second type. To
express the dependence on p we write A\(p) in place of A when necessary.

Now suppose that L has level of reduction one. From [EHW] we obtain
the form: for some integers 1 < ¢ <r <n,

q+r q+r vy q—7r q—71
4.73) A = —1,... —1---
( ) +p < 2 Y 2 ) Y 2 ) ) 2 ) 2 )7

with z = g and x +y = r. Here the superscript ~ designates omission of that
term in the segment. Recall from (2.2.2) the line L(\) and the parametrization
A = Ao + 2¢ for some real number z. Set d(A\) = B — z with B as in (2.2.2).
Then as in (4.6.7),

(4.7.4) )\—l—p—l—d()\)C:(q;r,...) .
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Now, solving for d(\) we have, for all A,

1
(4.7.5) d(\) = §(k—2n+2:r+y).
From (4.7.3) and [EHW], we obtain:

LEMMA. Suppose that L has level of reduction one and choose 6 € A,
so that A — § is the highest weight of the PRV component in p~ @ Fy. Then
0 = eq + er. In both cases the nonzero coordinates of 0 are disjoint from the
coordinates of A where the b;, 1 <1i < j, occur.

(4.8) Suppose A and p are given as in (4.7.1). Assume for some integer p
that pp > ppp1if 1 <p <torp, >0ifp=1t. Set ' = (p1,... , p—1, ..., f1r).
Let A = A(p) and X = A(g). B

LEMMA. Assumet # n. Let x,y,j be the indices given in (4.7.2) for X\ and
let ')y, j" be the indices given in (4.7.2) for N'. Thenx' >z , 2’ +y > x+vy
and d(X) < d(X'). Moreover if both A and N are reduction points then the level
of reduction of L(N') minus the level of reduction of L(\) equals 2(x' —x)+y'—y.
In particular the levels of reduction at X and X' either stay the same or increase
depending as the indices x and x +y either stay the same or increase.

Proof. The inequalities on « and x+y are clear. These inequalities and the
formula (4.7.5) imply the inequality for d()\). Let [ denote the level of reduction
for L. The last reduction point on the line (2.2.2) has level of reduction one
and the level increases by one for each unitarizable representation until we
reach the maximum (for that line) at the first reduction point. So when A is a
reduction point then | = 2d(\) 4+ 1 which implies the result.

(4.9) LEMMA. The Gelfand-Kirillov dimension of L equals %(271 —k+1)
for 1 <k <n and equals N otherwise.
2

Proof. We proceed by induction on |u| as in the proof of (4.6). First
suppose that A is of the first type. If y is zero then \ is on the line containing
the trivial representation and for 1 g_k: < n, L is realized on the coordinate
ring of the variety of symmetric n x n matrices of rank less than or equal to k.
The dimension of this variety is &(2n —k+1). For k > n, X is not a reduction
point and the Gelfand-Kirillov dimension of L equals (n;rl) This proves the
formula in this case.

Now suppose A is of the first type and u # 0. Choose the maximal index p
with g, # 0 and let y be the weight of E whose coordinate expression is all zeros
except +1 as the n+ 1 — p't' coordinate. Let p/ = (p1,... o ptp — 1yooe s fir).
Now suppose that L has level of reduction one. Then with notation as in
Lemma 4.7, § = 2e, and x < n+ 1 — p. From Lemmas 4.5(ii) and 4.7 we

conclude that L()\) occurs in E ® L(\). Using Lemma 4.8 we find that if the
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indices z’,%/, 5" for N are not equal to x,y, j, then the level of reduction for
L’ is greater than one. So if )’ has level of reduction one, then z,y,j equals
2’y 7" and with the argument as above L()\) occurs in F ® L(\'). On the
other hand if these indices are not equal then the level of reduction of )\ is
greater than one and so by (4.5)(i) we get the same inclusion: L(\) occurs in
E ® L(XN). In turn this implies they have the same degree. By the induction
hypothesis the lemma holds for A’ = A(¢’) and this completes the proof for A
of type one. B

Next suppose that A is of the second type. By essentially the same tech-
nique as above we prove that the degree is independent of the b; chosen in
(4.7.2). Suppose the b; are not all 0 and choose the maximal index p with
b, # 0 and let v be the weight of I/ whose coordinate expression is all zeros
except +1 as the n+1—p'" coordinate. Let p/ = (1, spp—1,... ). By
the induction hypothesis the lemma holds for X = A(;/). As above Lemmas
4.5, 4.7 and 4.8 complete the argument proving L(N) occurs in E ® L(\) and
L()\) occurs in E ® L()\'). This proves the independence of the b;.

To complete the proof we determine the degree formula when A is of the
second type and b; =0, 1 <+¢ < j. In this case A has indices z,y, 7 with j =0
and y =n — .

k kEk k
(4.9.1) )\_<——...,—5,—5—1,...,—5—1).
x ntw

Set p = x + 1 and let v be the weight of E whose coordinate expression is
all zeros except +1 as the p™ coordinate. Let o= (s — 1o ).
Suppose L has level of reduction one. Then from (4.7.3), we have:

o —

r+n r+n —r+n x—n)
2 b 2 ) ) 2 AR ] 2 )

xT

(4.9.2) A= (

where as before superscript ~  designates omission of the term. From Lemma
4.7, 0 = ez +epn, 7 =€, and so 0 # —y + ' and thus by Lemma 4.5(ii), L()\)
occurs in F ® L(\). By Lemma 4.8, d()') is greater than zero and so L(\)
does not have level of reduction one. So L(\) occurs in E® L(X'). By applying
this shift A to A’ successively n — x times we obtain the parameter:

k k k
4.9. N=(-=Z,—=,...,—= ] .
(193 (-5-5-3)

Each shift of the type A to A increases the value of the function d() by one.
So we continue to get both inclusions in tensor products and thus the Gelfand-
Kirillov dimension of L equals the Gelfand-Kirillov dimension of L(A\”). The
case of N\ was handled above. The proof is complete for level of reduction
one. If the level of reduction of L is not one then d(X') > d()\) > 3 and the
argument above applies with (4.5)(i) replacing (4.5)(ii). This proves (4.9).
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(4.10) The u(p,q) case. Suppose that L = L(\ + p) occurs in the
dual pair U(k) x u(p, q) setting (4.2.1) acting on polynomials in nk variables
with n = p+¢q. Choose r,s with 0 <r <p—1, 0 < s < qg—1 and let
w = (wi,...,w,) and u = (uy,...,us) be weakly decreasing sequences of
nonnegative integers with w, # 0 and ug # 0. Then in Euclidean coordinates,
for some integers [ > 0 and m > 0,

(4.10.1)
A= (=k—l,...,—k=l,—k—l—wy,... ,—k=l—wi;u1+m,... ,us+m,m,... ,m),

where k satisfies one of the four inequalities: £k > r+sifl=m=0; k> p+s
ifl#A0and m=0; k>r+qifl =0 and m # 0; and finally k > p + ¢ if
[ #0and m # 0. In (4.10.1) the semicolon designates the separation of the
n-tuple into a p-tuple and g-tuple. We write A\(w, u) in place of \ if we need to
emphasize the dependence on w and u. Organizing into segments, we have:

(4102) A=(—k—1...,~k—1,~k—1—w,,...

cos—k=l—wyur+m,. o us +Fmym, ... m).
———

Y

Now suppose in addition that L has level of reduction one. Then from [EHW]
with ¢ = f"THquer,
(4.10.3)
Ap=(@x+c,....14+ccC 5 d+ce,—1+c,...,—y+1+c).
N ——— ——— 4

~~

z Y

Comparing these last two formula, we see that if A has level of reduction one
thenk=n—-l—-m—x—y.

Recall from (2.2.2) the line L(\) and the parametrization A = \g + z( for
some real number z. As was done above in the other two cases set d(\) = B—z
with B as in (2.2.2). From (4.10.3) we obtain:

(4.10.4) At p+dNC=(r+c,...,—y+1+c).
Then solving for d(A), for all A,
(4.10.5) dXN) =k+l+m—n+z+y.

Turning to the proof of Theorem 6 we begin by eliminating some of the
easy cases. First note that the first reduction point on the line (2.2.2) occurs
at d(\) = min{z,y} — 1. Suppose m =0and [ > 1. Then k > p+s=p+q—vy
and dA) =k+l—-n+zx+y>1+2x >z > min{z,y}. Suppose m > 1 and
[=0. Thenk>r+qg=p+q—xandd\) =k+m-n+z+y>m+y>
y > min{z,y}. Finally suppose m > 1 and | > 1. Then k£ > p+ ¢ = n and
dN) =k+l4+m—-n+z+y>1+m+2x+y > min{z,y}. Therefore in all
three cases N(\ + p) is irreducible. So if A is a reduction point then we may
assume that both m and [ are zero.
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LEMMA. Suppose L is unitarizable with level of reduction one. Choose
0 € A, so that A — 9§ is the highest weight of the PRV component in p~ ® F),.
Then § = ez — epqp1—y- In particular the coordinates of & are disjoint from the
coordinates where the w; and u; occur.

Proof. The properties of § follow from (4.10.3).

(4.11) Choose integers a,1 < a <, and b,1 < b < s, and assume either
Wq > Wey1 if 1 < a <7y or wg > 0if a = r; and either w, > wupyq if
I1<b<s;oru >0ifb=s Setw = (w,...,weg—1,...,w,), v/ =
(ugy...up — 1,000 ug), N = AMw',u) and M = ANw,v'). Let 2/,y" and ¢’
(resp. 2”,y” and 0” ) denote the indices x,y in (4.10.2) and the weight ¢ in
(4.10) obtained when A is replaced by X' (resp. \”).

LEMMA. With notation as above, ' > x = 2" |, ' >y =1v'. If X\ does
not have level of reduction one then both X' and N also do not have level of
reduction one. If both A and X' (resp. \") have level of reduction one then
x=2a" and § =& (resp. y=vy" and 6 =4") .

Proof. The inequalities on x and y are clear. Since A has level of reduction
one if and only if d(\) = 0, the rest of the lemma follows from the formula for
d(*) in (4.10.5).

Let F; denote the first fundamental representation of su(p, q). Set e = —%

and f = "T_l and, for 1 < i < n, set L equal to the n-tuple with the
it? coordinate f and all the others equal to e. The L are the weights of F/1. Let
E denote the tensor product of Fq with the central character %(1, 1,---,1).
The weights of E are the n-tuples e; with 1 in the i*® coordinate and zeros
elsewhere.

(4.12) LEMMA. The Gelfand-Kirillov dimension of L(A+p) equals k(n—k)
for all 1 < k < min{p, q} and equals pq otherwise.

Proof. First consider the three cases considered in (4.10) where [ and
m are not both zero. Then k > min{p,q}, N(X + p) is irreducible and the
Gelfand-Kirillov dimension is pq. So the lemma holds in these cases.

Now suppose [ = m = 0. Suppose that w and u are not zero and let \' and
A’ be defined as above. By (4.10) and (4.5), L(\ + p) occurs in E ® L(A+ p)
and L(N" + p) occurs in E* @ L(\ + p). Now suppose L(\ + p) has level of
reduction one. Then by Lemma 4.11, if L(X + p) also has level of reduction
one, 6 = 0 = 0" = ey —epp1-y. If we set v = e, or —e;, and then apply
(4.5)(ii), L(A+ p) occurs in both E* @ L(N + p) and E® L(A" + p). If L(A+p)
does not have level of reduction one then we apply (4.5)(i) and obtain the same
inclusions. Therefore the Gelfand-Kirillov dimension is independent of both w
and u.
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Now suppose w = u = 0. Then the parameter A lies on the line with
the trivial representation and the Wallach representations. We know N(\+ p)
is irreducible unless 1 < k < min(p,q) and these representations lie in the
Wallach set. They are isomorphic to the coordinate ring of the variety of all
p X ¢ matrices having rank less than or equal to k. Now Gl(p) x Gl(q) acts
on this space and a calculation of the stabilizer gives the dimension equal to
k(n — k). This completes the proof.

This completes the proof of Theorem 6 in all three cases.

(4.13) COROLLARY. With notation now as in Theorem 6, suppose L(A+ p)
is an irreducible highest weight module occurring in one of the dual pair set-
tings. Let J denote the annihilator of L in U(g). Then in the three cases
s0*(2n),sp(n) and u(p, q); the Gelfand-Kirilov dimension of U(g)/J is,

2k(2n — 2k — 1) (resp. k(2n —k+1) , 2k(n —k) ),
where the restrictions on k are as in (4.2).

Proof. From Borho-Kraft [BK], the Gelfand-Kirillov dimension of U(g)/J
is twice the Gelfand-Kirillov dimension of L.

5. Hilbert series of unitarizable and finite dimensional
representations

The generalized BGG resolution is given as a sum indexed by the coset
space W, These spaces have interesting combinatorial descriptions which will
offer some detailed presentations of Hilbert series. They will also give the most
direct route to the proof of a theorem which relates Hilbert series for unitary
highest weight representations and those for finite dimensional representations.
We describe the results separately in the three cases: so*(2n), sp(n,R) and

u(p, q).

(5.1) The so*(2n) case. Let L(\+ p) be any unitarizable highest weight
representation and let A + p = (ai1,...,a,) be its expression in Euclidean
coordinates as in (4.6). We partition these coordinates as follows. Define ©°
to be the set of all positive coordinates a for which —a is also a coordinate of
A+ p. Let © be the set of all nonnegative coordinates ¢ not in ©°. Let ¥ be
a complementing set defined by:

(5.1.1) Ap=(0,0°-6°v)" .
Choose indices i1 < - -+ < 4, so that

(5.1.2) O={A+p)iys---,(A+p)i,.}.
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LEMMA. Suppose that A is a reduction point. Then © contains two or
more coordinates. If |©| = 2, then gy = sl(2,R). If m = |©] > 3 then
A;\*‘ ={e;;, £ ;|1 < j <k <m} and is of type Dy,.

Proof. From (4.6.5) and (4.6.6), A+ p = (b,... ,c¢,---) where the initial
segment from b to c is a set of consecutive decreasing integers which includes 0.
From this we see that © contains 0 and all coordinates in ¥ are negative with
absolute value greater than all the coordinates in ©. Since A is a reduction
point, |©| > 2. Then W), is generated by the reflections s, for roots a =
ei, +ei,, 1 <s <t < m. From this, gy is contained in so(2m). We now
check the opposite inclusion. Set as = e;, +¢;,,,1 < s < m, and a;, =
Sa,(€i, + €i,) = €;, — ei,. Then the set of roots

{O[]_, —Q2,03,..., (_]-)mam—l) _am}

is contained in Ay and is a set of simple roots for the root system D,,. With
the earlier inclusion, gy is of type D,,.

The terms in the resolution of L(\ + p) in Theorem 2 correspond to all
subsets of © of even cardinality as follows. For any subset ® C © of even
cardinality, define ®" by the identity © = & U ®" and set:

(5.1.3) Ao +p=(®V,0% -0° —&, V)t |
Recalling (4.1.1), we have equality of sets:
(5.1.4) Do} ={s@\sc Wi},

where ® is any subset of © of even cardinality. If A = s® A then define €4 to
be 0 or 1 depending on whether the parity of the length of s in W, is even or
odd. So £¢ has the same parity as the cardinality of SA'; N —A';.

(5.2) The sp(n) case. Let L(A+ p) be any unitarizable highest weight
representation and let A + p = (ai,...,ay,) be its expression in Euclidean
coordinates. We partition these coordinates as follows. Define ©° to be the
set of all positive coordinates a for which —a is also a coordinate of A + p.
Let © be the set of all coordinates ¢ not in ©° with ¢ > 0 and all pairs of
coordinates ¢, d both not in ©%, both nonzero and with ¢+ d > 0. Let ¥ be a
complementing set defined by:

(0,05 0,—0% W)*  if zero is a coordinate of A\ + p

5.2.1) A+p=
( ) P {(@, 0%, —0% Ut if zero is not a coordinate of A + p.

Choose indices i1 < - -+ < iy, so that

(5.2.2) O ={(A+pis--- s A+p)i}-
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LEMMA. Suppose X is a reduction point. Then from (4.7.3):

qg+r q+r —/q—i-\r q—r q—/r\

i. Suppose q = r. If A has level of reduction one, then A'; = {2¢;,} and is
of type Ay for m = 1 while

A ={e;, e |1 <j<k<m}U{2e|1<j<m}

and is of type Cp, for larger m. If X has level of reduction greater than
one, then A; = {e;, + ei,} and is of type Ay for m = 2 while A; =
{ei, £ e |1 < j <k <m} and is of type Dy, for m > 2.

ii. Suppose r > q and let | denote the level of reduction. Ifl =r —q+ 1
then AT = {2e;,} and is of type Ay for m =1 while

Af = e, Teq |1 <j <k <m}U{2e1 <j <m)

and is of type Cy, for larger m. Ifl #r —q+ 1 then A;\r = {e;, +e5,}
and 1is of type Ay for m = 2 while A;\r ={e;, e |1 <j<k<m} and
is of type Dy, for m > 2.

Proof. First suppose ¢ = r. From (4.7.3) if A has level of reduction one,
A+ p takes the form (a,a —1,--- 1,6, -++). So VU is a set of negative integers
with absolute value greater than a. It follows that A = {2e;, } and is of type
Ay for m =1 while AT = {e;, £e;, |1 <j <k <m}uU{2e;|l <j<m} andis
of type Cy, for larger m. Again since A is a reduction point, m > 1.

If the level of reduction is greater than one, then A + p will begin with
either the integer a and include all the decreasing consecutive integers to zero
or it will begin with the odd half integer a and include all the decreasing
consecutive odd half integers to % Again this implies that ¥ is a set of negative
integers(or negative odd half integers) with absolute value greater than a. In
either case W) will only contain permutations with an even number of sign
changes. So Ay will only contain short roots. With the argument exactly
as in the so*(2n) case, A} = {e;, + €;,} and is of type A1 for m = 2 while
AT ={e;, ;|1 <j <k <m} and is of type Dy, for m > 2. Here, since A is
a reduction point, m > 2.

Now suppose g < r. From (4.7.3), A + p has the form:

(5.2.3) (@ya—1,...,8...,—b,—b—1,---),

for some integers(or odd half integers) a,b and e with a > b > 0, e # —b and
le] < b; by which we mean that the initial segment of A+ p is a decreasing string
of consecutive integers (or consecutive odd half integers) from a to —b with one
omission, the value e. From this form, all the elements of ¥ are negative and
have absolute value greater than a. Let [ denote the level of reduction of .
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Then from (4.7.3), e = 3(r — ¢ — 1+ 1). Now consider cases depending on the
value of e. If e = 0, then © is a set of positive integers and A} = {2¢;, } and is
of type A for m =1 while A} = {e;, +e;,[1 <j <k <m}U{2¢;,|1 <j<m}
and is of type C,, for larger m. If e < 0, then either 0 is a coordinate of
A+ p or the coordinates are odd half integers. In either case W), is a set of
permutations with even numbers of sign changes. So A) is contained in the
short roots. Then as in the so*(2n) case, A} = {e;, + e;,} and is of type A;
for m = 2 while A7 = {e;, £ ;|1 < j < k < m} and is of type D, for
m > 2. Finally suppose e > 0. Then either 0 is a coordinate of A + p or the
coordinates are odd half integers. In either case W) is a set of permutations
with even numbers of sign changes. From the form (5.2.3), the last coordinate
in ©, (A+ p);,, equals —e and we have:

(5.2.4) A+p)i > A+p)i, > > A+ P, > [(A+p)

=e€.

im

So in this case as well, AT = {e;, + €;,} and is of type A; for m = 2 while
A;\*‘ = {e;;, £¢;, |1 < j <k <m} and is of type Dy, for m > 2.

In (5.2.1) the first formula gives an integral point because of the zero
coordinate. In the second formula we have an integral subcase when the coor-
dinates are integers and a half integral subcase when the coordinates are odd
half integers. We refer to these as the first, second and third cases. Now, by
the lemma the terms in the resolution of L(A + p) correspond to all subsets of
O in the second case and all subsets of even cardinality in the first and third
cases. Set © = ® U PV and
(5.2.5)

o+ (®V,0%,0,—0°% —&, ¥)*  if zero is a coordinate of X + p
o= (®V, 0%, -5 —& )t if zero is not a coordinate of A\ + p .

As in the previous example, we have equality of sets:
(5.2.6) Do} ={s®Nsec W},

where ® is any subset of © in the second case and any subset of even cardinality
in the first and third cases. If A\ = s® A then define e to be 0 or 1 depending
on whether the parity of the length of s in W, is even or odd. So in all cases
€g has the same parity as the cardinality of SA'; N —Aj. Note that when 0
occurs as a coordinate (the first case), 0 is not in ©. However in the so*(2n)
case 0 € ©. So the descriptions vary accordingly in the so*(2n) and the first
case here.

(5.3) Theu(p, q) case. Letn =p+qgandlet \+p = (a1,...,ap;b1,...,bg)
= (a;b) be the highest weight plus p of a unitarizable highest weight repre-
sentation of u(p,q). Let ©° be the intersection of the coordinates of a and
coordinates of b. Now let ©1 be the coordinates a; which are not in ©° and
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for which a; > b; for some b; not in ©°. Similarly let ©2 be the coordinates b;
which are not in ©° and for which a; > b; for some a; not in ©°. Finally let
W, ., i=1,2 be the complementing coordinates for which

(5.3.1) Adp= ((@1,@3,\111)+; (\112,@8,@2)+) .
Choose indices i1 < --- < iy and j; < --- < jg so that

(53.2) ©1={(A+p)irs--- (A +p)i,}, O2={(A+p)j,----(A+p)j,}.

From (4.10.3), for some half integers ¢ and d with d > ¢,
(5.3.3)

N
Abp=(z+c...,l4cC i 1+dd —1+d,...,—y+1+d),
N— ———

z Y

where [ = d — ¢+ 1 equals the level of reduction of .

LEMMA. Suppose A is a reduction point. Then 1 < i3 < --- < iy <z <
n+1l—y<j <. <jg <n. Moreover

A ={ej—ex]l<j<k<nandjke{ir iptU{ji-jg}}
which is of type Ay g —1 and [gx, 9] = su(p’,¢’).

Proof. The form (5.3.3) implies that d > ¢ and so any element of ¥y is
less than d — y + 1 and any element of Wy is greater than x 4+ ¢. Then for
a €V, a<d—y+1<d-101+1=c. Similarly, for b € Wo, b > x4+ ¢ >
l+c=d+ 1.

Suppose i € ©; and ¢ > x. Then for some j, ¢+1<j <n, (A+p); >
(A+p)j. So (A+p); < (A4 p); < ¢ <d. Since the last y coordinates of A+ p
are a consecutive set of integers or odd half integers, (A + p); occurs twice as
a coordinate of A + p. This implies (A + p); € ©F which is a contradiction and
proves ¢ < z. Similarly suppose j € ©2 and j < n+ 1 —y. Then for some
i, 1 <i<p, A+p)i>A+p)j. SoA+p)i>AN+p);>d+2>c+2
Since the first  coordinates of A\ 4 p are a consecutive set of integers or odd
half integers, (A + p); occurs twice as a coordinate of A + p. This implies
(A+p); € ©° which is a contradiction and proves j > n + 1 —y. It follows
that 1 <43 < - <ipy <z <n+l-y < j1 < - <jy <n Then
A ={ej—ex|ll <j<k<mnandjk€ {ir iy} U{jijy}} which is of
type Ap+q—1 and [gi, 2] = su(p', ¢').

The terms in the resolution of L(A 4 p) are parametrized by all pairs of
subsets ® = (P, Py) with &; C O, , i = 1,2 and card ®; = card P4 as follows.
Define ®;and A\¢ by the identities:

(5.3.4) ©; = ®; U and Mg +p = ((Pg, @Y, 0%, W) T: (¥y, 0%, &y, 5)T) .
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As in the previous examples, we have equality of sets:
(5.3.5) e} ={s®\sec W},

where ® = (&1, Py) with &; € O; , i = 1,2 and card ®; = card Py. If
A = s ® A then define €4 to be 0 or 1 depending as the parity of the length of

s in W, is even or odd. So in all cases €4 has the same parity as the cardinality
of SA'; N —Aj.

(5.4) Let Fp denote the finite dimensional ¢-module with highest weight
Ao Set Dy = [[1<j<p—1 4! - For any r-tuple @, let [Ta =[], ;<. (ai — aj).
LEMMA. (i) Suppose € = u(n) and Ao + p = (ai1,...,an). Then
1
dim Fcp = — H (CLZ' — aj) .
" o1<i<j<n

(ii) Suppose = u(p) x u(q) and Ao + p = (a1,... ,ap;b1,...,by). Then

dim F@Z DID H (ai—aj) H (bi—bj) .

PP 1<ic<p 1<i<j<q
(iii) Suppose (5.1.3) holds and ¥ = (). Then
: o (=2, 2Y)F
dim Fcb = dim F@W .
(iv) Suppose (5.2.5) holds and ¥ = (). Then
: _1: H(_(I)¢(I)v)+
dim F(I) = dim F@W .

(v) Suppose (5.3.4) holds and ¥y = ¥y = . Then
[1(®2, @1)* [1(P1, 25)"
[1(®1, @) TI(®2, ®5)*
Proof. The formulas in (i) and (ii) are coordinate versions of the Weyl
character formula. To verify (iii) , note that (i) gives:
dim Fp _ [[(-®,®Y, 0%, —0%)*
dim Fy ~ J[(®,®V,05, —65)*

dim Fgp = dim Fj

Since the set ©° U —0O°¢ is stable under multiplication by —1, all terms in this
ratio cancel except those in

[[(=®,o")"
[1(®, V)

This gives (iii). The verification of (iv) is similar. To verify (v), we begin
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with (ii). Then

dim Fp  [[(®2,®),0%)" [[(®1,®5,0%)"
dim Fy  [[(®1,®Y, 05" [[(Ps, DY, 0%)+

Cancelling factors of the form a — b with b € ©° gives (v).

(5.5) For any weight p which is dominant for £y, let £, denote the finite
dimensional £)-module with highest weight u. For each ® as above, let Eg
denote the finite dimensional irreducible £y-module with highest weight A\g.

COROLLARY. Suppose ¥ = W, = Wy = (). Then in all cases:

dim Fj

dim Fo = dim Ej

dim Fg .

Proof. First suppose we are in the cases so*(2n) and sp(n), and Ag/\ =
{ei, —e ]l < j <k < m} Where 0 = {(/\ + Py s (A + 0} From
Lemma 5.4 (i), dim Fg = D [1(—®,®")" where ¢ equals the cardinality
of ©. Combining this with (111) and (iv) gives the result. By Lemmas 5.1
and 5.2 in all the remaining cases €\, = b , Wf\ contains only two elements
and the corresponding weights in the W% orbit are {(£(A + p))™}. The two
representations of € with these highest weights are dual to each other and so
have the same dimension. So the formula holds in these degenerate cases as
well.

Now consider the u(p, q) case. Here by Lemma 5.3,
Az)\ ={e;, —e,[1<j<k<ptu{e, —¢,1<s<t<q}.

Then dim Ep = 55— [[(®2,®Y)" [[(®1,®Y)". Therefore identity (v) in

Lemma 5.4 implies the formula.

(5.6) For any gy-dominant integral pu we let B, denote the irreducible
finite dimensional gy-module with highest weight p. Let BIZ denote the grading
of B, as a gy Np~ -module. Define the Hilbert series by:

(5.6.1) P(q) = Py(q) = > dim B} ¢' .

THEOREM. Set e = dim pT and ¢/ = dim p™ N gyr. Suppose that L =
L(\ + p) is unitarizable and X is a quasi-dominant reduction point and that
in the coordinate form either (5.1.3), (5.2.5) or (5.3.4) holds. Then ¥ = ¥ =
Uy = (). Setd equal to the Gelfand-Kirillov dimension of L given by Theorem 6.
Then d = e — €' and the Hilbert series in reduced form for L is:

dim Fy P(q)
dim Ey (1 —q)@

(5.6.2) Hr(q) =
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Proof. In this setting (4.1.3) becomes:

1 .
(1-q) Y (=1 dim Fy ¢,
1]

where (®) = (A — Ao)(20). By (5.5), this becomes:

(5.6.3) Hr(q) =

1 dlm Ey .
6.4 Hy(q) = * dim Eg ¢\ .

Now using the generalized BGG resolution [L] for finite dimensional represen-
tations, this becomes:

1 dim Fy

(5.6.5) Hr(q) = (1= ¢ dim Ey

P(q).

Since the polynomial P(q) is finite nonzero at ¢ = 1, the exponent e — ¢’
must equal the Gelfand-Kirillov dimension d. Alternatively we could verify
this formula directly from the expressions in Theorem 6. This completes the
proof.

COROLLARY. The Bernstein degree of L(\+ p) is giiﬂ gg dimB,.

Proof. This follows from (5.6.2) and the identity: P(1) = dimBj.

6. Examples of Hilbert series

(6.1) Suppose L = L(A+p) is a unitarizable highest weight representation
occurring in a dual pair setting. We say L is minimal if its Gelfand-Kirillov
dimension is positive and minimal in the set of Gelfand-Kirillov dimensions of
unitarizable highest weight representations occurring in the dual pair settings.
For the cases so*(2n),sp(n) and u(p,q) we now describe quite explicitly the
Hilbert series of all minimal L with singular A+ p. These results are shown to
be a consequence of Theorem 5.6. A calculation using Theorem 6 shows that
the minimal L are those with A + p given by (4.6.2), (4.7.2) and (4.10.3) with
k=1.

(6.2) The sp(n) case. This is the easiest of the three cases. Here for
k = 1 we obtain only two highest weights, the two components of the Weil
representation. The two parameters are: A+ p = (n — 1/2,...,1/2) and
Ap=(n—-1/2,...,3/2,—1/2). Then the B* are the representations of type
D,, with highest weight (1/2,...,1/2) and (1/2,...,1/2,—1/2) which are the
two spin representations each of dimension 2"~!. The weight spaces are all
one dimensional with weights having coordinates of £1/2 where the number
of negatives is even (resp. odd). A quick calculation shows that the Hilbert
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series for the spin representations are:

(6.2.1) Po= ¥ (5) @

0552z \
and
n .
2.2 P(q) = I
(6:22) W= (,"%,)
0<j<z
Then by (5.6), the Hilbert series for the minimal representations of sp(n)
are:
1 n ;
(1—qm Og;_ 2j
and
1 n 4
(6.2.4) Hi(g) = ——— Y. < , ) 7 .
(=g (52, \27 +1

The Bernstein degree of these two representations is 2" 1.

(6.3) The so*(2n) case. From (4.6.2) the A+ p for minimal L in this case
are:

(6.3.1) Adp=(n-2,n-3,...,0,—1 —w),

where w is a nonnegative integer. If A\ + p is singular then 0 < w < n — 3.
Then gy is of type D,,_o and B* is isomorphic to A" 3~ E tensored with a
central character of gy where F is the first fundamental representation of gy of
dimension 2n — 4. Here the zero exponent denotes the trivial representation.
As a €\ module F = E, @& E_ where E. (resp. F_) has all weights with 1
(resp. —1) as one coordinate and all others zero. Then

(6.3.2) AVEUE> N AT @ NE
0<j<n—3—w

From this isomorphism the Hilbert series of the finite dimensional gy module
B by is:

n—2 n—2 ;
6.3.3 P(q) = J.
(6:3.3) W= 2 <n3wj>< j >q
0<j<n—3—w
If A+ p is singular and given by (6.3.1) then its Hilbert series is:

(6.3.4)
1 (n71+w)

HLo) = g (w2 <n—§:i _j) <n;2> 7.

n—3—w/ 0<j<n—3—w
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The Bernstein degree of this representation is:

(6.3.5) @< 2n =4 ) .

(152, \n=3—w

(6.4) The u(p,q) case. Suppose g is of type u(p,q), k =1 and A + p
is singular. If either p or ¢ equals one then N(\ + p) is irreducible and thus
H(q) = ﬁ. So we assume p, ¢ > 2. From (4.10) the possibilities are:

(6.4.1a) Atp=n—-1,n—-2,...,g—w;q,q—1,...,1)
or
(6.4.1Db) Adp=n—-1,n-=-2,...  ¢ut+qq—1,...,1).

where 0 < w < ¢g—1,0 < u < p—1 and for convenience we introduce a
shift to p and write p = (n,n — 1,...,1). For all of these values of w and
u, gn = u(p — 1,g — 1). The representation B) equals a one dimensional
representation for the extremes w = 0,¢— 1 and u = 0, p — 1 and otherwise B
is the fundamental representation with highest weight w14, or wp—1—, plus
a central character of g). Let E denote the first fundamental representation
of u(p —1,¢ — 1) and write £ = E,_1 @ E,_; with the components the ¢
submodules of dimension p — 1 and ¢ — 1 respectively.
The decompositions we want are:

p—1+w p—1—j w—+J

(6.4.2a) /\ Cn2 Z /\ e /\ Ci! and

0<j<p-1

p—1-u p—1-u—j j
(6.4.2b) A c2= > A clte Aot
0<j<q—1
This leads to the Hilbert series for By;
(6.4.3)
-1 -1 - -1 -1\
o () a5 ()
0<j<p-1 N 7 J 0<j<g-1 /N

which leads to the Hilbert series for L = L(\ + p);
1 (p—1+w

e e N GD L

w /) 0<j<p-1

and

644 o) = ((+)) S e

u ) 0<j<q-1
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The Bernstein degrees of these representations are respectively:

64z L) (p "ol ) and Loz (p "ol > |

(7)) \p—1tw ("2 \p—1-u

This completes the singular cases of minimal Gelfand-Kirillov dimension.

7. Branching rules

(7.1) By a partition A we mean a finite sequence of weakly decreasing
positive integers, Ay > Ao > --- > X;. The number of terms in the sequence
A will be called the length of A and be denoted ¢(\). Partitions will always
be denoted by lower case Greek letters. Let |A\| = >, \; denote the size of .
Given a partition A we denote the conjugate partition to A by \. That is, the
partition obtained by flipping the Young diagram of A\ over the main diagonal.
Equivalently, (A\); = [{j : A\; > i}|. Note that |A\| = || and £(\) = (X);. Let
P denote the set of partitions. Define

(7.1.1) Pr={\€ P: )\ €2N for all i},
Po={AeP:(XN);e2Nforalli}.

The set Pg (resp. Pc) consists of partitions whose Young diagrams have even
rows (resp. columns).

For each partition A such that £(\) < m let F();n ) denote the irreducible
(finite dimensional) representation of GL(m) with highest weight Aje; + Aoea +
<o A€ Similarly, let V(i‘n ) be the irreducible Sp(m) representation indexed

by A ; and, for A with (\); + (X)2 < m let E(’\m) be the irreducible O(m)

representation indexed by .
(7.2) Given nonnegative integer partitions, u, o and v, each with at most
m parts, define the classical Littlewood-Richardson coefficients c7j,, by,

(7.2.1) o = dimHomgr gy (Fly, Floy ® Fry)

Given o, p1, and v such that (o), £(p), £(v) < ng, for all n > ng,

dim HomGL(n)(F(U F(‘;) ® F(”n)) = dimHomGL(no)(F&O),F&O) ® F&O)).

n)?

In this sense cj,, is independent of n.
For partitions o and i, we define the following sums of Littlewood-Richardson

coefficients,

(7.2.2) Cp = ep,Cop and D=3 p c).
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THEOREM (Littlewood Restriction Formula (LRF), [Litl]). (i) (LRF for
O(k) C GL(k)). Setr = L%J Let o and p be partitions with at most r parts.
Then,

(7.2.3) Cpp = dimHomo (Ey,, F(R))-

(ii) (LRF for Sp(k) C GL(2k)). For partitions o and u, with at most k
parts,

(7.2.4) Dy = dim Homgy ) (Vi) Fowy)-

The above theorem does not answer the branching question in general
because the length of o is restricted. In the following, we provide a description
for general o.

(7.3) Theorem 4 provides a resolution where each term is of the Littlewood
form. If n is large, (n > k for O(k) and n > 2k for Sp(k)) then o indexes a
general irreducible GL(n) representation. In particular, the above is a general
solution to the branching problem in the sense of Littlewood if we take n =k
(resp. n = 2k) for O(n) (resp. Sp(k)).

LEMMA. Under the Littlewood hypotheses, the general branching formulas
(1.2.9) and (1.2.10) imply the formulas of Littlewood, (7.2.3) and (7.2.4).

Proof. In the first case we suppose that ¢ and p have at most [g] parts.
Set n = [%] Then from (4.7.1) we observe that uf 4+ p has all nonpositive
coordinates and thus the generalized Verma module N (ujj + p) is irreducible.
So the sum in formula (1.2.9) degenerates to one term, giving the Littlewood
formula.

In the second case we suppose that o and u have at most k parts. Set
n = k. Then from (4.6.2) we observe that zf 4 p has all nonpositive coordinates
and thus the generalized Verma module N(uf + p) is irreducible. Now, the
sum in formula (1.2.10) degenerates to one term, again giving the Littlewood
formula. In both cases, Wﬁn is the trivial group.

(7.4) The proof of Theorem 4 will depend on several applications of Howe
duality. Next we review the three cases needed. Let M = M,,x, denote the
m X n matrices and let G = Gl(m) x Gl(n). Let 6 denote the automorphism
of Gl(m) given by the composite of inverse and transpose.Then there are two
natural group actions on M. Let ¢ denote the first and 7 the second. For
a€ M,(g,h) € G,

¢(g,h)a=gah™" 7(g,h)a=0(g)ah™" .
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These actions also induce representations on P(M,,x,) which we also denote
by ¢ and 7 respectively. For f € P(My,xn),

(7.4.1) o(g,h)f(a)=f(o(g~",h a) = f(g~ " ah),
7(g,h) f(a)=f(r(g~" h™")a) = f(g" ah).

Let D,, and D,, be the invertible diagonal matrices in Gl(m) and Gl(n).
Let N,, and N, be the upper triangular unipotent matrices in Gl(m) and
Gl(n) and let N,, and N,, be the lower triangular unipotent matrices. A set of
generators for the polynomial algebra P(M;,xy) is the set of z; ;,1 < i < m,
1 < j < n, where x;; is the functional with x; j(a) equaling the 4,5 entry
of a. For a € Dy, and b € D,, let a = (a1,... ,ay,) and b = (by1,...,b,) denote
the diagonal entries. Then the weight structure is determined by:

(7.4.2) ¢(a,b)z; ; = a; *bixi;,  7(a,b)x]; = ajbjzy ;.

THEOREM (Howe duality GL(m,C) x GL(n,C)). The two actions of
GL(m) x GL(n) lead to two multiplicity-free decompositions: Under the ac-

tion of ¢,

(7.4.3) P(Minxn) = D EF)" @ F(),

g

and under the action T,

(7.4.4) P(Minxn) = €D Fiy @ F(o),

where both sums are over all partitions o with at most min(m,n) parts.

The form 7.4.3 of duality can be found in [GW, Th. 5.2.7] and 7.4.4 is
easily obtained from it.

In order to compare these actions with those of other Howe dual pairs, we
now express ¢ and 7 in terms of Euler type operators. Choose the standard
basis of gl(n) of elementary matrices {e; ;}i<ij<n Where e;; has 1 in the ijth
entry and zeros elsewhere. Then

(7.4.5) (00, €i5)Tap)(m)
(¢(eij,0)xap)(m)

Define operators on P(M,xp) for 1 <i,7 <n,1 <s,t <m,

0 0
(7.4.6) E;;= Z Tpi o Eg, = Z Tsa 5o

1<p<m P 1<q<n

b(me; ;) = 0pj Tai(m) ,

b(—€ijm) = —bai jp(m).

Lq,
Lq,

These definitions and the identities above give:

(7.47) ¢(0,¢i5) =7(0,€:5) = Eij , ¢(eij,0) =—Ej;, 7(ei;,0)=Ej; .
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Let n denote the upper triangular matrices in gl(m) x gl(n) and for 0 < i <
min{m,n}, let
Tir v Ty
Az’ = det
Tit v Tig
be the it! principal minor. These polynomials generate the algebra of n highest
weight vectors under the action of 7 and establish the isomorphism (7.4.4).

(7.5) Next we consider the dual pair O(k) xsp(n) following the notation in
[GW, §4.5.5]. Let m; denote the action of this pair on Mjy,. Then the action
of the left factor O(k) is the restriction of the representation ¢ from Gl(k)
to O(k). The action of the right factor sp(n) is given by certain polynomial
differential operators. The compactly embedded subalgebra £ is isomorphic to
gl(n) and this right action is given by:

(7.5.1) m1(0,e;5) = B j + géij )

Now consider the dual pair Sp(k) x so*(2n) again following the notation in
[GW, §4.5.5]. Let my denote the action of this pair on Makw,. Then the action
of the left factor Sp(k) is the restriction of the representation ¢ from Gl(2k)
to Sp(k). The action of the right factor so*(2n) is given by certain polynomial
differential operators. The compactly embedded subalgebra £ is isomorphic to
gl(n) and this right action is given by:

(7.5.2) 7T2(0, em-) = EZ'J + k:élj .

In both of these cases the positive noncompact root spaces are identified
with certain upper triangular matrices which act as multiplication operators on
polynomials. So in order to obtain a decomposition in terms of highest rather
than lowest weight representations we compose the action of the right factor
with the involution (z) = —X T To conveniently compare the decompositions
with those in Theorem 7.4 we also compose the action of the left factor with
O(9) = (g7 1. Define

(7.5.3) T1(9, X) = m(0(9),0(X)) , T2(g,X) = m2(6(9),0(X)) .
The dual pair decompositions now take the form:
(7.6) THEOREM (Howe Duality O(k,C) x sp(n), [H]). Under the represen-

tation T of O(k) x sp(n) the space P(Myxy) has a multiplicity free decompo-
sition:

(7.6.1) P(Myxn) = D Ef},) @ By,
“w
where the above direct sum is over all partitions p with at most r = min(k, n)

parts and subject to the conditions that (p')1 + (1')2 < k. Furthermore, E,, is
the irreducible highest weight representation of sp(n) with highest weight pf.
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(7.7) THEOREM (Howe duality Sp(k,C) x so*(2n), [H]). Under the rep-
resentation Ty of Sp(k) x so*(2n) the space P(Makxrn) has a multiplicity free
decomposition:

(7.7.1) P(Mopxrn) = EB Vi ©

where the above summation is over all partitions u with at most min(k, n) parts.
Furthermore, V), is the irreducible highest weight representation of so*(2n) with
highest weight p*.

(7.8) We now study the multiplicities of various isotypic subspaces of these
polynomial spaces.

LEMMA. Suppose W is a subspace of P(Myxyn) (resp. P(Mogxn). If W
is stable under the action of T restricted to O(k) x gl(n) (resp. T2 restricted
to Sp(k) x gl(n)) then it is also stable under the restriction of T (or ¢) and
vice versa. If W is irreducible under one action then it is irreducible under the
other. Finally if W is irreducible under the restricted T action of type p ® v,
then under the restricted action T (resp. 7o), W has type p @ vk,

Proof. The actions of the left factor are all equal and the actions of the
right are given by €ij — Ei’j, €ij — —Ej’i — kém- and €i,j — —Ejﬂ' - %(51'7]‘.

COROLLARY. Suppose W is the isotypic subspace of P(Mpxy) (resp.
P(Magxn) for type p @ v for the action T restricted to O(k) x gl(n) (resp.
Sp(k) x gl(n)). Then under the action of 71 restricted to O(k) x gl(n) (resp.
7o restricted to Sp(k) x gl(n)), W is the isotypic subspace of type p @ vE.

Finally the multiplicity of this isotypic space W is equal to both the mul-
tiplicity of the O(k) (resp. Sp(k)) representation E%, (resp. V(k)) in the Gl(k)
(resp. G1(2k)) representation F(’;c) (resp. F(/;k)) as well as the multiplicity of the
gl(n) representation F(‘::) in the highest weight representation of sp(n) (resp.
0*(2n)) with highest weight vt

Proof. The first assertions are clear. As for the multiplicities, the first

comes from the decomposition in Theorem 7.4 while the second and third
come from the decompositions Theorems 7.6 and 7.7.

(7.9) LEMMA. (i) As a representation of GL(n), the space of symmetric
nxn matrices (under the action (g, X) — gXg') is equivalent to the symmetric
square of the standard representation, denoted S*(C"). Furthermore, if g =

sp(n),
(7.9.1) S(pt) =5 (S*(C) =P .

where the sum is over o € Pr such that (o) <n .
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(ii) As a representation of GL(n), the space of skew symmetric n X n
matrices (under the action (g, X) — gXg7) is equivalent to the exterior square
of the standard representation, AN*(C"). Furthermore, if g = so*(2n),

(7.9.2) S(pt) =S (A2(C) =P FG.
where the sum is over o € Pc such that {(c) <n .

Proof. See [GW, p. 257, §5.2.5] and [GW, p. 258, §5.2.6].

These identities lead to the € multiplicity formulas for generalized Verma
modules in the next corollary.

COROLLARY. (i) In the (O(k),sp(n)) case, g = sp(n) and

(7.9.3) C¢ = dim Hom, ( )
(ii) In the (Sp(k),so0*(2n)) case, g = so*(2n) and
(7.9.4) D7 = dim Hom (Fgf) N(M)) .

Proof. As a t (2 gl(n)) representation,

S2(C™)*  for sp(n), b S2(C™)  for sp(n),
AZ(C™)*  for so*(2n), | AX(C)  for so*(2n).

(7.9.5) p- = {

By Lemma 7.9, S(p™) has a multiplicity-free decomposition involving par-
titions from either Pr or Po depending on which case we are in (sp(n) or
so*(n)). By definition of C] (resp. Dj)) we have,

{@CU ‘; for sp(n),

S ®FF =
(b1 @ D F7, for so*(2n).

(n) —
As a € representation, for any partition v,

v 5\
F(”u) N (F(n) ® F(n))* for sp(n),
(F(”n) ® F(%) for so*(2n).

For any half-integer m, F(TZ )C is one dimensional and therefore for any
highest weights 1 and vo,

1 m¢ V3 ~ 141 vy
Homyy) () @ F(is, Fiiy @ o ) = Homg (Flo) B
And this implies,

a ~ (e 1
Homgn) (FGy, S(F) @ Ft) = Homgy (FG), SE7) @ Flo))

Since as a £ representation N(u#) = S(p~) ® F(‘:j), this completes the proof.
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(7.10) Proof of Theorem 4. Set m = dimHomO(k)(EéLk),F&)). Then by

Corollary 7.8, m equals the multiplicity under 7 of F(‘Z:) in the irreducible
highest weight representation L = L(uf 4 p) of sp(n). By Theorem 2, L has a
resolution in terms of generalized Verma modules. So combining this resolution
with the identities in Corollary 7.9, we obtain the formula (1.2.9). The proof of

the other formula (1.2.10) is essentially the same when we replace the identities
(7.9.3) by (7.9.4). This completes the proof of Theorem 4.

(7.11) Set n = k and consider the dual pair O(k) x sp(n). For positive
integers a,b and ¢, let p be the partition:

a b c
(7111) = (d7 2,--+,2, L1 0,---,0 )
k

with: d > 2 and (u€); + (u€)2 < k (i.e. 2+ 2a + b < k). Similarly define y' to
be the k tuple:

c b a

(7.11.2) / D
,U,:(d, 27'”727 17"'717 07”'70 )

~

A short calculation shows that g,: = sl(2,R) and thus there are exactly two
Littlewood coefficients in the sum in Theorem 4. The theorem gives: for all v,

dim Homg (E*, F¥) = C), — Cy.
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