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A stable trace formula III.
Proof of the main theorems

By JAMES ARTHUR*

Contents
1.  The induction hypotheses
2. Application to endoscopic and stable expansions
3.  Cancellation of p-adic singularities
4.  Separation by infinitesimal character
5. Elimination of restrictions on f
6. Local trace formulas
7.  Local Theorem 1
8. Weak approximation
9.  Global Theorems 1 and 2
10. Concluding remarks

Introduction

This paper is the last of three articles designed to stabilize the trace for-
mula. Our goal is to stabilize the global trace formula for a general connected
group, subject to a condition on the fundamental lemma that has been estab-
lished in some special cases. In the first article [I], we laid out the foundations
of the process. We also stated a series of local and global theorems, which to-
gether amount to a stabilization of each of the terms in the trace formula. In
the second paper [II], we established a key reduction in the proof of one of the
global theorems. In this paper, we shall complete the proof of the theorems.
We shall combine the global reduction of [II] with the expansions that were
established in Section 10 of [I].

We refer the reader to the introduction of [I] for a general discussion of
the problem of stabilization. The introduction of [II] contains further discus-
sion of the trace formula, with emphasis on the “elliptic” coefficients agl (%s).
These objects are basic ingredients of the geometric side of the trace formula.
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However, it is really the dual “discrete” coefficients a§, () that are the ulti-
mate objects of study. These coefficients are basic ingredients of the spectral
side of the trace formula. Any relationship among them can be regarded, at
least in theory, as a reciprocity law for the arithmetic data that is encoded in
automorphic representations.

The relationships among the coefficients agsc(if) are given by Global The-
orem 2. This theorem was stated in [I, §7], together with a companion, Global
Theorem 2', which more closely describes the relevant coefficients in the trace
formula. The proof of Global Theorem 2 is indirect. It will be a consequence of
a parallel set of theorems for all the other terms in the trace formula, together
with the trace formula itself.

Let G be a connected reductive group over a number field F'. For simplic-
ity, we can assume for the introduction that the derived group Gge; is simply
connected. Let V be a finite set of valuations of F' that contains the set of
places at which G ramifies. The trace formula is the identity obtained from
two different expansions of a certain linear form

I(f), feH(G,V),

on the Hecke algebra of G(Fy ). The geometric expansion

(1) 1) =Y W' Iwg =t > () In(v, f)
M

~eT(M,V)

is a linear combination of distributions parametrized by conjugacy classes v in
Levi subgroups M (Fy ). The spectral expansion

— M Gi—-1 M
0 1) = S [ ¥ @t P

)

is a continuous linear combination of distributions parametrized by represen-
tations 7 of Levi subgroups M (Fy). (We have written (2) slightly incorrectly,
in order to emphasize its symmetry with (1). The right-hand side of (2) really
represents a double integral over {(M,II)} that is known at present only to
converge conditionally.) Local Theorems 1’ and 2’ were stated in [I, §6], and
apply to the distributions Iy (7, f) and Ips(m, f). Global Theorems 1’ and 2/,
stated in [I, §7], apply to the coefficients a* (y) and a™ (r).

Each of the theorems consists of two parts (a) and (b). Parts (b) are
particular to the case that G is quasisplit, and apply to “stable” analogues of
the various terms in the trace formula. Our use of the word “stable” here (and
in [I] and [IT]) is actually slightly premature. It anticipates the assertions (b),
which say essentially that the “stable” variants of the terms do indeed give rise
to stable distributions. It is these assertions, together with the corresponding
pair of expansions obtained from (1) and (2), that yield a stable trace formula.
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Parts (a) of the theorems apply to “endoscopic” analogues of the terms in
the trace formula. They assert that the endoscopic terms, a priori linear
combinations of stable terms attached to endoscopic groups, actually reduce to
the original terms. These assertions may be combined with the corresponding
endoscopic expansions obtained from (1) and (2). They yield a decomposition
of the original trace formula into stable trace formulas for the endoscopic groups
of G.

Various reductions in the proofs of the theorems were carried out in [I]
and [II] (and other papers) by methods that are not directly related to the
trace formula. The rest of the argument requires a direct comparison of trace
formulas. We are assuming at this point that G satisfies the condition [I,
Assumption 5.2] on the fundamental lemma. For the assertions (a), we shall
compare the expansions (1) and (2) with the endoscopic expansions established
in [I, §10]. The aim is to show that (1) and (2) are equal to their endoscopic
counterparts for any function f. For the assertions (b), we shall study the
“stable” expansions established in [I, §10]. The aim here is to show that the
expansions both vanish for any function f whose stable orbital integrals vanish.
The assertions (a) and (b) of Global Theorem 2 will be established in Section 9,
at the very end of the process. They will be a consequence of a term by term
cancellation of the complementary components in the relevant trace formulas.

Many of the techniques of this paper are extensions of those in Chapter
2 of [AC]. In particular, Sections 2-5 here correspond quite closely to Sections
2.13-2.16 of [AC]. As in [AC], we shall establish the theorems by a double
induction argument, based on integers

dder = dim ( Gder )

and

Tder = dlm(AM N Gder)a

for a fixed Levi subgroup M of G. In Section 1, we shall summarize what re-
mains to be proved of the theorems. We shall then state formally the induction
hypotheses on which the argument rests.

In Section 2, we shall apply the induction hypotheses to the endoscopic
and stable expansions of [I, §10]. This will allow us to remove a number
of inessential terms from the comparison. Among the most difficult of the
remaining terms will be the distributions that originate with weighted orbital
integrals. We shall begin their study in Section 3. In particular, we shall apply
the technique of cancellation of singularities, introduced in the special case
of division algebras by Langlands in 1984, in two lectures at the Institute for
Advanced Study. The technique allows us to transfer the terms in question
from the geometric side to the spectral side, by means of an application of the
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trace formula for M. The cancellation of singularities comes in showing that
for suitable v € V and f, € H(G(Fv)), a certain difference of functions

Yo — IJE\:/I(’Yvafv) - IM(VM fv)a Yo € FG-reg(M(FU))?

can be expressed as an invariant orbital integral on M (F,). In Section 4,
we shall make use of another technique, which comes from the Paley-Wiener
theorem for real groups. We shall apply a weak estimate for the growth of
spectral terms under the action on f of an archimedean multiplier a. This
serves as a substitute for the lack of absolute convergence of the spectral side
of the trace formula. In particular, it allows us to isolate terms that are
discrete in the spectral variable. The results of Section 4 do come with certain
restrictions on f. However, we will be able to remove the most serious of these
restrictions in Section 5 by a standard comparison of distributions on a lattice.

The second half of the paper begins in Section 6 with a digression. In
this section, we shall extend our results to the local trace formula. The aim
is to complete the process initiated in [A10] of stabilizing the local trace for-
mula. In particular, we shall see how such a stabilization is a natural con-
sequence of the theorems we are trying to prove. The local trace formula
has also to be applied in its own right. We shall use it to establish an
unprepossessing identity (Lemma 6.5) that will be critical for our proof of
Local Theorem 1. Local Theorem 1 actually implies all of the local theorems,
according to reductions from other papers. We shall prove it in Sections 7
and 8. Following a familiar line of argument, we can represent the local group
to which the theorem applies as a completion of a global group. We will then
make use of the global arguments of Sections 2-5. By choosing appropriate
functions in the given expansions, we will be able to establish assertion (a) of
Local Theorem 1 in Section 7, and to reduce assertion (b) to a property of
weak approximation. We will prove the approximation property in Section 8,
while at the same time taking the opportunity to fill a minor gap at the end
of the argument in [AC, §2.17].

We shall establish the global theorems in Section 9. With the proof of
Local Theorem 1 in hand, we will see that the expansions of Sections 2—-5 reduce
immediately to two pairs of simple identities. The first pair leads directly to
a proof of Global Theorem 1 on the coefficients a§)(§s). The second pair of
identities applies to the dual coefficients a§, (7). It leads directly to a proof
of Global Theorem 2.

In the last section, we shall summarize some of the conclusions of the
paper. In particular, we shall review in more precise terms the stablization
process for both the global and local trace formulas. The reader might find it
useful to read this section before going on with the main part of the paper.
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1. The induction hypotheses

Our goal is to prove the general theorems stated in [I, §6,7]. This will
yield both a stable trace formula, and a decomposition of the ordinary trace
formula into stable trace formulas for endoscopic groups. Various reductions
of the proof have been carried out in other papers, by methods that are gen-
erally independent of the trace formula. The rest of the proof will have to be
established by an induction argument that depends intrinsically on the trace
formula. In this section, we shall recall what remains to be proved. We shall
then state the formal induction hypotheses that will be in force throughout
the paper.

We shall follow the notation of the papers [I] and [II]. We will recall a
few of the basic ideas in a moment. For the most part, however, we shall
have to assume that the reader is familiar with the various definitions and
constructions of these papers.

Throughout the present paper, F' will be a local or global field of character-
istic 0. The theorems apply to a K-group G over F' that satisfies Assumption
5.2 of [I]. In particular,

G=]]Gps B € mo(G),
B

is a disjoint union of connected reductive groups over F', equipped with some
extra structure [A10, §2], [I, §4]. The disconnected K-group G is a convenient
device for treating trace formulas of several connected groups at the same time.
Any connected group G is a component of an (essentially) unique K-group G
[I, §4], and most of the basic objects that can be attached to G extend to G
in an obvious manner.

The study of endoscopy for G depends on a quasisplit inner twist
v G — G* [A10, §1,2]. Recall that ¢ is a compatible family of inner twists

vg: Gg — G~ B € m(G),

from the components of G to a connected quasisplit group G* over F. Unless
otherwise stated, i will be assumed to be fixed. We also assume implicitly
that if M is a given Levi sub(K-)group of G, then 1) restricts to an inner twist
from M to a Levi subgroup M* of G*.

It is convenient to fix central data (Z, () for G. We define the center of G
to be a diagonalizable group Z(G) over F, together with a compatible family
of embeddings Z(G) C Gp that identify Z(G) with the center Z(Gg) of any
component Gg. The first object Z is an induced torus over F' that is contained
in Z(G). The second object ( is a character on either Z(F') or Z(A)/Z(F),
according to whether F' is local or global. The pair (Z, () obviously determines
a corresponding pair of central data (Z*,(*) for the connected group G*.
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Central data are needed for the application of induction arguments to
endoscopic groups. Suppose that G’ € & 1(G) represents an elliptic endoscopic
datum (G',G',¢',¢') for G over F [I, §4]. We assume implicitly that G’ has
been equipped with the auxiliary data (G',€) required for transfer [A7, §2].
Then G' — G’ is a central extension of G’ by an induced torus C’ over F, while
¢: ¢ — LG is an L-embedding. The preimage Z’ of Z in G’ is an induced

central torus over F. The constructions of [LS, (4.4)] provide a character 7 on

either Z’(F) on Z'(A)/Z'(F ), according to whether F' is local or global. We
write (’ for the product of 77 with the pullback of ¢ from Z to Z'. The pair
(Z’ , E ) then serves as central data for the connected quasisplit group G (The
notation from [I] and [II] used here is slightly at odds with that of [A7] and
[A10].)

The trace formula applies to the case of a global field, and to a finite set of
valuations V of F' that contains Viam (G, (). We recall that Vi.m (G, ) denotes
the set of places at which G, Z or ( are ramified. As a global K-group, G
comes with a local product structure. This provides a product

Gv =TI G =1 (11 Gus) =16
veV v ﬁu ﬂV
of local K-groups G, over Fj,, and a corresponding product
V) = H G”U(F'U) = H (HGv,ﬁv (Fv)) = H GV,ﬁV(FV)
veV v B Bv

of sets of F,-valued points. Following the practice in [I] and [II], we shall
generally avoid using separate notation for the latter. In other words, G, will
be allowed to stand for both a local K-group, and its set of F,- valued points.
The central data (Z, () for G yield central data

(Zy,Cv) = (sz,Hcv) g | CERLEY

for Gy, with respect to which we can form the C‘}l—equivariant Hecke space

H(GV> CV) = H H(GV,ﬁva CV,Bv)‘
Bv

The terms in the trace formula are linear forms in a function f in H(Gv, (v),
which depend only on the restriction of f to the subset

GE = {9: €Gy: Hg(z) € az}
of Gy. They can therefore be regarded as linear forms on the Hecke space

H(G,V,¢) = H(GT, ¢v) = [[H(GE 5, . Cvipy)-
Bv
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We recall that some of the terms depend also on a choice of hyperspecial
maximal compact subgroup

KV =] K,
vV

of the restricted direct product

GV(AY) =[] G..
vV

In the introduction, we referred to Local Theorems 1’ and 2’ and Global
Theorems 1’ and 2'. These are the four theorems stated in [I, §6,7] that are
directly related to the four kinds of terms in the trace formula. We shall
investigate them by comparing the trace formula with the endoscopic and
stable expansions in [I, §10]. In the end, however, it will not be these theorems
that we prove directly. We shall focus instead on the complementary theorems,
stated also in [I, §6,7]. The complementary theorems imply the four theorems
in question, but they are in some sense more elementary.

Local Theorems 1 and 2 were stated in [I, §6], in parallel with Local
Theorems 1’ and 2’. They apply to the more elementary situation of a local
field. However, as we noted in [I, Propositions 6.1 and 6.3], they can each
be shown to imply their less elementary counterparts. In the paper [A11], it
will be established that Local Theorem 1 implies Local Theorem 1’. In the
paper [A12], it will be shown that Local Theorem 2 implies Local Theorem
2’, and also that Local Theorem 1 implies Local Theorem 2. A proof of Local
Theorem 1 would therefore suffice to establish all the theorems stated in [I,
§6]. Since it represents the fundamental local result, we ought to recall the
formal statement of this theorem from [I, §6].

LocaL THEOREM 1. Suppose that F is local, and that M is a Levi
subgroup of G.
(a) If G is arbitrary,

Ilé\‘/[(’)/) f) = IM(’Yv f)7 v E FG—reg,ell(Ma C)) f € H(Gv C)

(b) Suppose that G is quasisplit, and that 8" belongs to the set
AGregen(M', (), for some M' € Eqi(M). Then the linear form

f— S5, f), f e H(G.Q),
vanishes unless M' = M*, in which case it is stable.
The notation here is, naturally, that of [I]. For example, I' G reg e1(M, €)
stands for the subset of elements in T'(M,() of strongly G-regular, elliptic

support in M (F'), while T'(M, () itself is a fixed basis of the space D(M, ()

of distributions on M(F) introduced in [I, §1]. Similarly, Ag_ . en(ﬂ' NG
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stands for the subset of elements in A(M '.¢") of strongly G-regular, elliptic
support in M'(F), while A(M’, (") is a fixed basis of the subspace SD(M’, ()

of stable distributions in D(M ! 5 "). We recall that G is defined to be quasisplit
if it has a connected component G that is quasisplit. In this case, the Levi
sub(K-)group M is also quasisplit, and there is a bijection § — 6* from A(M, ()
onto A(M*,¢*). The linear forms I§,(v, f) and S§;(M', 4, f) are defined in
[I, §6], by a construction that relies on the solution [Sh], [W] of the Langlands-
Shelstad transfer conjecture. For p-adic F', this in turn depends on the Lie
algebra variant of the fundamental lemma that is part of [I, Assumption 5.2].
If G is quasisplit (which is the only circumstance in which S$; (M, 4, f) is
defined), the notation

S§(6, ) = S5 (M*, 6%, f), § € AGeregel(M, C),

of [A10] and [I] is useful in treating the case that M’ = M*.

If M = @, there is nothing to prove. The assertions of the theorem in
this case follow immediately from the definitions in [I, §6]. In the case of
archimedean F', we shall prove the general theorem in [A13], by purely local
means. We can therefore concentrate on the case that F' is p-adic and M # G.
We shall prove Local Theorem 1 under these conditions in Section 8. (One can
also apply the global methods of this paper to the case of archimedean F', as
in [AC]. However, some of the local results of [A13] would still be required in
order to extend the cancellation of singularities in §3 to this case.)

Global Theorems 1 and 2 were stated in [I, §7], in parallel with Global
Theorems 1’ and 2’. They apply to the basic building blocks from which the
global coefficients in the trace formula are constructed. According to Corollary
10.4 of [I], Global Theorem 1 implies Global Theorem 1’, while by Corollary
10.8 of [I], Global Theorem 2 implies Global Theorem 2’. It would therefore
be sufficient to establish the more fundamental pair of global theorems. We
recall their formal statements, in terms of the objects constructed in [I, §7].

GLOBAL THEOREM 1. Suppose that F is global, and that S is a large
finite set of valuations that contains Viam (G, ().

(a) If G is arbitrary,

G,E - G /e
agi (¥s) = aei(¥s),
for any admissible element s in T5,(G, S, ().

(b) If G is quasisplit, bgl(&g) vanishes for any admissible element dg in
the complement of Aen(G, S, () in Afn(G, S, Q).
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GLOBAL THEOREM 2. Suppose that F' is global, and that t > 0.
(a) If G is arbitrary,
G.E,. G -
a’disc(ﬂ-) = adisc(ﬂ-)’
for any element 7 in HidiSC(G, ).

b) If G is quasisplit, b gi) vanishes for any d) in the complement of
ell
D, gise (G, () in @idiSC(G, Q).

The notation 7g, 55, 7 and ¢ from [I] was meant to emphasize the essential
global role of the objects in question. The first two elements are attached to
Gg, while the last two are attached to G(A). The objects they index in each
case are basic constituents of the global coefficients for Gy, for any V' with

Viam(G,¢) C V C S,

that actually occur in the relevant trace formulas. The domains I‘fn(G , 5, 0),
I} gisc (G, €), etc., were defined in [I, §2,3,7], while the objects they parametrize
were constructed in [I, §7]. The notion of an admissible element in Global
Theorem 1 is taken from [I, §1]. We shall establish Global Theorems 1 and 2
in Section 9, as the last step in our induction argument.

We come now to the formal induction hypotheses. The argument will be
one of double induction on a pair of integers dge; and 7rqer, with

(1.1) 0 < 7der < dder-

These integers are to remain fixed until we complete the argument at the end
of Section 9. The hypotheses will be stated in terms of these integers, the
derived multiple group

Gder = H G,B,der;
B

and the split component
AMAGae = AM N Gaer

of the Levi subgroup of Gger corresponding to M.

Local Theorem 1 applies to a local field F', a local K-group G over F' that
satisfies Assumption 5.2(2) of [1], and a Levi subgroup M of G. We assume
inductively that this theorem holds if

(1.2) dim(Gger) < dder, (F local),
and also if
(1.3) dim(Gder) = daer, and dim(Ay N Gger) < Tder, (£ local).

We are taking for granted the proof of the theorem for archimedean F' [A13].
We have therefore to carry the hypotheses only for p-adic F', in which case G is
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just a connected reductive group. Global Theorems 1 and 2 apply to a global
field F', and a global K-group G over F' that satisfies Assumption 5.2(1) of [I].
We assume that these theorems hold if

(1'4) dim(Gder) < dder; (F glObal)'

In both the local and global cases, we also assume that if G is not quasisplit,
and

(1.5) dim(Gger) = dder, (F local or global),

the relevant theorems hold for the quasisplit inner K-form of G. We have
thus taken on four induction hypotheses, which are represented by the four
conditions (1.2)—(1.5). The induction hypotheses imply that the remaining
theorems also hold. According to the results cited above, any of the theorems
stated in [I, §6,7] are actually valid under any of the relevant conditions (1.2)—
(1.5).

2. Application to endoscopic and stable expansions

We now begin the induction argument that will culminate in Section 9
with the proof of the global theorems. We have fixed the integers dger and 7ger
in (1.1). In this section, we shall apply the induction hypotheses (1.2)—(1.5)
to the terms in the main expansions of [I, §10]. The conclusions we reach will
then be refined over the ensuing three sections. For all of this discussion, F'
will be global.

We fix the global field F'. We also fix a global K-group G over F' that
satisfies Assumption 5.2(1) of [I], such that

dim(Gyer) = dger-

Given G, we choose a corresponding pair of central data (Z,(). We then fix
a finite set V' of valuations of F' that contains Viam (G, (). As we apply the
induction hypotheses over the next few sections, we shall establish a series of
identities that occur in pairs (a) and (b), and approximate what is required for
the main theorems. The identities (b) apply to the case that G is quasisplit, and
often to functions f € H(Gy,(y) such that f& = 0. We call such functions
unstable, and we write H"(Gy, (y) for the subspace of unstable functions
in H(Gy,Cy). It is clear that H"(Gy,{y) can be defined by imposing a
condition at any of the places v in V. It is the subspace of H(Gy, (y) spanned
by functions f = []f, such that for some v € V, f, belongs to the local
v

subspace
R (GorG) = {2 € H(Gna) 1€ =0}

of unstable functions.
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Our first step will be to apply the global descent theorem of [II], in the form
taken by [II, Prop. 2.1] and its corollaries. Since the induction hypotheses (1.4)
and (1.5) include the conditions imposed after the statement of Theorem 1.1
of [IT], these results are valid for G. Let f be a fixed function in H(Gy, (v ).
Given f, we take S to be a large finite set of valuations of F' containing V. To
be precise, we require that S be such that the product of the support of f with
the hyperspecial maximal compact subgroup K of GV (AY) is an S-admissible
subset of G(A), in the sense of [I, §1]. In [I, §8], we defined the linear form

Iell(f75): ell(fS): fS:qug.

We also defined endoscopic and stable analogues I5,(f,S) and S§(f,9) o
Iy (f,S). The role of the results in [II] will be to reduce the Study of these
objects to that of distributions supported on unipotent classes.

Let us use the subscript unip to denote the unipotent variant of any object
with the subscript ell. Thus, I'uip(G,V, () denotes the subset of classes in
Cen(G,V, ) whose semisimple parts are trivial. Applying this convention to
the “elliptic” objects of [I, §8], we obtain linear forms

(2.1) Liip(£,8) = > agp(a,9)fala),
GFunip(Gyvvc)
with coefficients

unlp(a S) = Z agl(a x k)ra(k), a € Tuip(G,V, Q).
kekY. (G.S)

unip

We also obtain endoscopic and stable analogues ump( f,S) and Sgup( f,8) of
Linip(f,S). These are defined inductively by the usual formula

un1p(f7 )_ Z (GG)Slﬁllp(f/7S)+€( ) un1p(f7 )7

G'e€d,(G,5)

with the requirement that I, ump(f, S) = Limip(f, S) in case G is quasisplit. The
natural variant of [I, Lemma 7.2] provides expansions

(22) ump(fa )_ Z afnfp(a S)fG( )
aEFinlp(G,V,C)

and

(23) ump(f’ )_ Z unlp(/B S)fG(/B)
BEAL,;, (GV0)

unip

with coefficients

agi (0, 8) = Y aGf(a x k)ra(k), aeT8 (G V,0),

kekY€ (G,S)

unip
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and

unlp(ﬁ S) Z bgl(ﬁ X E)TG(E)’ pe Aunlp(Gva V, C)

e’ (G,S)

unip

(See [L, (8.4)~(8.9)].)

The global descent theorem of [II] allows us to restrict our study of the
“elliptic” coefficients to the special case in which the arguments have semisim-
ple part that is central. Recall that the center of G is a diagonalizable group
Z(G) over F, together with a family of embeddings Z(G) C Gg. Let us write
Z(G)v,o for the subgroup of elements z in Z(G, F') such that for every v € V,
the element z, is bounded in Z (G, F,), which is to say that its image in G, lies
in the compact subgroup K,. The group Z(G)y,e then acts discontinuously on
Gy . Its quotient

Z(G)v,o = Z(G)v,elv/Zy

in turn acts discontinuously on Gy = Gy /Zy. If z belongs to Z(G)y,, and

f2(x) = f(zz), we set
Iz,unip(f, S) = Iunip(fz; S),

zump(fa ) - Ilfmp(vaS)v
and

zump(fa ) ump(fz’ )

LEMMA 2.1. (a) In general,

Ieﬁl(fas)_Iell(fvs): (qump(fa S) — zunlp(f> ))

ZGZ(E)V’U

(b) If G is quasisplit and f is unstable,
ell(f7 ) = Z SzGunlp(f? S)

ZGZ(E)VYG

Proof. Consider the expression in (a). It follows from the expansions

L, (8.5), (8.8)] that
() = Ta(£.9) = Y (afif(r.8) = a7, 9)) fa ().

“/GFgll(G,VaC)
The coefficients can in turn be expanded as

Gt (19 — a9 = > (aff oy x k) =i < k) )rak),
keklE (G,S)



A STABLE TRACE FORMULA III 781

by [I, (8.4), (8.6)]. Proposition 2.1(a) of [II] asserts that agl’g(y x k) equals
agl(fy x k), whenever the semisimple part of 7 x k is not central in G. It follows
that if the semisimple part of 7 is not central in G, agl’g (v, 5) equals a§, (v, S).
If the semisimple part of v is central in G, v has a Jordan decomposition that

can be written
v = z2a, 2 € Z(G)vo, a € Finip(G, V., Q).

The trivial case of the general descent formula [II, Cor. 2.2(a)] then implies
that

G,E G,E

aell (77 S) - agl(’% S) = aunip(av S) - a‘anip(av S)
The formula (a) follows.
To deal with (b), we write
Sailf.S) = > b6 9)fE0),
SeAE(G,V,()
and
bgl(fsa S) = Z 531(5 x Ora(l),
teLlif(G,9)

according to [I, (8.9), (8.7)]. Since f is unstable, f&(5) vanishes on the subset
A (G,V, () of Agll(G, V,(). On the other hand, if § lies in the complement
of Aqi(G,V,(), and the semisimple part of 0 is not central in G, Proposi-
tion 2.1(b) of [II] implies that b5 (5, S) = 0. If the semisimple part of § is
central in GG, § has a Jordan decomposition

0= 2/87 z € Z(G)V,Oa o€ Ainip(C:v V7 C)
The simplest case of the descent formula [II, Cor. 2.2(b)] then implies that

bSi(7, S) = b5 (e, S).

unip

The formula (b) follows. O

We have relied on our global induction hypotheses in making use of the
descent formulas of [IT]. The next stage of the argument depends on both the
local and global induction hypotheses. We are going to study the expressions

Lae(f) = Y MW Y. @M Iu(y. f),

MeLo Y€ (M,V,()
g = S wtwe Tt S dMEMIE(L ),
MeLo ’YEFS(MerC)
and
Sea(f) = D WTIwETt > (M, M)
MeLo M'eEen(M,V)

S oM(@)SG o, f),
S'EA(MV,C!)
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that comprise the three geometric expansions in [I, §2,10]. However, we shall
first study the complementary terms in the corresponding trace formulas.
These include constituents of the three spectral expansions from [I, §3,10].
We shall show how to eliminate all the terms in the spectral expansions ex-
cept for the discrete parts I gisc(f), Igdisc(f) and Sy’ G (f). Asin [I, §3], the
nonnegative real numbers ¢ that parametrize these distributions are obtained
from the imaginary parts of archimedean infinitesimal characters.

PROPOSITION 2.2(a). (a) In general,
(2.4)
Igar(f) _Ipar(f) = Z (Itg,disc(f) _It,diSC(f)) _Z ( z unlp(f7 ) I unlp(f’ ))

t z

(b) If G is quasisplit and f is unstable,
(25) par Z St dlsc Z z unlp

The sums over t in (a) and (b) satisfy the global multiplier estimate
[I, (3.3)], and in particular, converge absolutely.

Proof. We begin with the assertion (a). By the geometric expansions
[I, Prop. 2.2 and Th. 10.1(a)], we can write

L) = Tous(£) = (1°(F) = 1(£)) = (I () = Torn(1))

in the notation of [I]. Now

(D) =T(H) = X (a%(0) —a®()fa(r),

YELE(G,V,()

by the definition [I, (2.11)] and the formula [I, Lemma 7.2(a)]. If we apply
the global induction hypothesis (1.4) to the terms in the expansions [I, (2.8),
(10.10)], we see that

GE(y) — a%(y) = a§iE (7, 8) — aSi(7, S).
It follows from [I, (8.5), (8.8)] that

Iorb(f) - Iorb(f) = gl(f? S) - Iell(fa S)

a

Combining this with Lemma 2.1, we see that

() = Toar(£) = (150 = 1(N) = 3 (Fanip () = Lomin()).

z
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The second step is to apply the spectral expansions for I€(f) and I(f).
It follows from Propositions 3.1 and 10.5 of [I] that

) =100 = 3 () = 1(h),
¢
where the sums over ¢ satisfy the global multiplier estimate [I, (3.3)]. We have
to show that the summands reduce to the corresponding summands in (2.4).
By Proposition 3.3 and Theorem 10.6 of [I], we can write If (f) — I;(f) as
the sum of a distribution

I)funit(f) - Itmnit(f)

defined in [I, §3,7], and an expression

>

ey (@M ) = () D, 1)) .
MeLo R

Consider the terms in the expansion. The indices M are by definition proper
Levi subgroups of G. For any such M, the global induction hypothesis (1.4)
implies that ™€ () equals a™ (7). Local Theorem 2’ would also tell us that
the distributions I§,(m, f) and Ips(m, f) are equal. At this point, we do not
know that the theorem holds for arbitrary 7. In the case at hand, however, 7
belongs to 1€ . (M, V, (), and therefore has unitary central character. In this
case, the identity follows from the study of these distributions in terms of their
geometric counterparts [A12], and the local induction hypothesis (1.2). (For
special cases of this argument, the reader can consult the proof of Lemma 5.2
of [A2] and the discussion at the end of Section 10 of [AC].) The terms in the

expansion therefore vanish. The remaining distribution has its own expansion

Igunit(f) - It,unit(f) = / (QG’E(TF) — aG(ﬂ'))fo(ﬂ')dTr,

IF (G,V,€)

according to [I, (3.16) and Lemma 7.3(a)]. Applying the global induction
hypothesis (1.4) to the terms in the expansions [I, (3.12), (10.21)], we deduce

that

G.E G _ G¢ G
( (ﬂ-) - adisc(Tr) - CLdisc(ﬂ-)'

It follows from [I, (8.13), (8.16)] that
Igunit(f) - It,unit(f) = Iidisc(f) - It,diSC(f>'

This gives the reduction we wanted. Summing over ¢, we conclude that

() = 1) = Y (FKaielf) = Traise(£))

t

a”c(m) —a

and that the identity of (a) is valid.



784 JAMES ARTHUR

The argument in (b) is similar. Assume that G is quasisplit, and that f
is unstable. The geometric expansion [I, Th. 10.1(b)] asserts that

Spar(f) = S9(f) = SGu (),

in the notation of [I]. Now, S ,(f) has a simple expansion

SSu(f) =Y b 0)fE0),

SEAE(G,V ()

according to [I, Lemma 7.2(b)]. Since f is unstable, the function f& vanishes

on the subset A(G,V,¢) of AS(G,V,¢). Tt follows from [I, Prop. 10.3(b) and

(8.9)] that
G = X B S)IE0) = SG(S. )

SeAE(G,V ()

Combining this with Lemma 2.1, we see that

SG’

par( = Z z ump

The second step again is to apply the appropriate spectral expansion. It
follows from [I, Prop. 10.5] that

= > SE(),

where the sums over t satisfy the global multiplier estimate [I, (3.3)]. For a
given t, Theorem 10.6 of [I] expresses S&(f) as the sum of a distribution S&

t,unit
defined in [I, §7], and an expansion in terms of distributions

SG(M' ¢, f), Me L0 M e&qn(M,V), ¢ €M, V,C).

Local Theorem 2’ would tell us that the distribution S§;(M’, ¢') vanishes if
M’ # M, and is stable if M’ = M. Since f is unstable, S{;(M’, ¢/, f) ought
then to vanish for any M’. Given that the element ¢ € ®,(M’,V,{’) at hand
has unitary central character, this again follows from the study of the distri-
butions in terms of their geometric counterparts [A12], and the local induction
hypothesis (1.2), even though we have not yet established the theorem in gen-
eral. The terms in the expansion therefore vanish. The remaining distribution
has its own expansion

Seui£) = [ ¥9(0)16(0)ds,
o7 (G,VQ)
provided by [I, Lemma 7.3(b)]. We can then deduce that
Sgunit(f) = Z dlsc(¢)fG(¢) = Sgdisc(f)v

Pt (G V0)
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from [I, Prop. 10.7(b) and (8.17)], and the fact that f is unstable. Summing
over t, we conclude that

SG(f) = Z It,disc(f)’

The identity in (b) follows. O

We shall now study the expressions on the left-hand sides of (2.4) and
(2.5). If M belongs to £, the global induction hypothesis (1.4) implies that
the coefficients a:¢(vy) and a™(7) are equal. We can therefore write the left-
hand side of (2.4) as

() = Le(F) = X WMIWE > a1 ) = (3. )

MeLo yET (M, V()

There are splitting formulas for I§,(v, f) and Ip/(y, f) that decompose these

distributions into individual contributions at each place v in V' [A10, (4.6),

(6.2)], [A11]. The decompositions are entirely parallel. It follows from the

induction hypothesis (1.2) that any of the cross terms in the two expansions

cancel. To describe the remaining terms, we may as well assume that f =[] f,.
v

In particular,

f=ful”, £ =]
WA

for any v. The left-hand side of (2.4) then reduces to
(2.6)
SWIWEIT Y. > @I O £) = T O £)) 1),

MeLo veV ~eD(M,VC)

where v = 7,7" is the decomposition of v relative to the product Gy = G,GY;.
Similarly, there are splitting formulas [A10, (6.3), (6.3')], [A11] for the distri-
butions S§;(M’, &', f) that occur in the expansion of the left-hand side SG,.(f)

par
of (2.5). Applying the local induction hypothesis (1.2), one sees that Sgn( f)
equals
(2.7) doWRTIwEIT Y WML M)

MeLo M'eE(M,V)

Y T@sGL e, )M (0)7),

veV 5’€A(M’,M5)

for any function f = IIf, such that f¢ = 0, and for the decomposition
8 =61(8")Y of §'.



786 JAMES ARTHUR

We have not yet used the induction hypothesis (1.3) that depends on the
integer rqer- In order to apply it, we have to fix a Levi subgroup M € L such
that

dlm(AM N Gder) = Tder-

Since rge is positive, M actually lies in the subset £° of proper Levi subgroups.
The pair (G, M) will remain fixed until the end of Section 5.

If v belongs to V, M determines an element M, in the set £ C L,
of (equivalence classes of) proper Levi subgroups of G, that contain a fixed
minimal Levi subgroup of G,. The real vector space

ar, = Hom (X (M), , R)
then maps onto the corresponding space ap; for M. As usual, we write af/fu
for the kernel in aps, of the projection of aps, onto ag,. We shall also write
Vin (G, M) for the set of p-adic valuations v in V' such that

dim(a§y ) = dim(af)).

This condition implies that the canonical map from af/;; to a% is an isomor-
phism.

If v is any place in V, we shall say that a function f, € H(G,, () is
M-cuspidal if f,, = 0 for any element L, € L, that does not contain a
G,-conjugate of M,. Let Hy(Gy,(y) denote the subspace of H(Gy,(y)
spanned by functions f = [] f, such that f, is M-cuspidal at two places v

v

in V. In the case that G is quasisplit, we also set
Hy* (Gv, ¢v) = Hu(Gv, Gv) N H™ (G, (v).

We write W (M) for the Weyl group of (G, M) [A10, §1]. As in the case
of connected reductive groups, W (M) is a finite group that acts on L.

LEMMA 2.3. (a) If G is arbitrary, Igar(f — Ipar(f) equals

)
@8 WDt Y > a0 ) = T £) R (30,
vEVEn (G, M) v€T' (M, V()
for any function f =T fu in Hy(Gy,Cy ).
(b) If G is quasisplit, Sgar(f) equals
(29  w@HTt > oM, M)
M’Egell(M,V)
> S oM@)SGOM, 8, £ (M (0)),
v€Van (G, M) 5’€A(1\~4’,V,Z’)
for any function f =TI fu in HY(Gy, (v ).
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Proof. To establish (a), we write the expression (2.6) as

SIS Y P (IO fo) = T £2)) FLY),
L

veV yel(L,V,()

where L is summed over a set of representatives of W -orbits in £°. This is
possible because the factors on the right depend only on the WOG -orbit of L, and
the stabilizer of L in W equals WFW (L). If L does not contain a conjugate
of M, our condition on f implies that f7(+") = 0 for any v. The corresponding
summand therefore vanishes. If L does contain a conjugate of M, but is not
actually equal to such a conjugate, we have

dim(Ar N Gger) < dim(Aps N Gder) = Tder-

In this case, the induction hypothesis (1.3) implies that I%(7,, f,) equals
I1, (v, fv), for any v. The corresponding summand again vanishes. This leaves
only the element L that represents the orbit of M. The earlier expression (2.6)
for I, .(f) — Ipar(f) therefore reduces to

MY > M) (I o) = I (s £2)) FR (7):

vEV yel(M,V,()

This is the same as the given expression (2.8), except that v is summed over
V instead of the subset Vi, (G, M) of V.

Suppose that v belongs to the complement of Vi, (G, M) in V. If v is
archimedean, I§;(vy, fo) equals Ins (e, fu), by [A13] and [A11]. If v is p-adic,
the map from af/;; to a]\G4 has a nontrivial kernel. In this case, the descent
formulas [A10, (4.5), (7.2)] (and their analogues [A11] for singular elements)
provide an expansion

151 (vos fo) = Taa (s f)

= > (ML) (T (s for) = T (s forr),
Ly €Ly (M)

in which the coefficients dG (M L,) vanish unless L, is a proper Levi subgroup
of G,. But if L, is proper our local induction hypothesis (1.2) tells us that
I} Lot (Yo, fo,L,) equals I " (Vs fo,r,). The summand for v in the expression
above therefore vambhes in either case. We conclude that Igar( ) — Ipar(f)
equals (2.8), as required.

The proof of (b) is similar. We first write the expression (2.7) as

YWt > L)
L

Llegell (L7V)

Y X S Y (0)7),

VeV eA(L, V)
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where L is summed over a set of representatives of W -orbits in £. If L does
not contain a conjugate of M,

()Y (@)7) = (¥ (@)7) =o, vev,

so the corresponding summand vanishes. If L strictly contains a conjugate of
M, our induction hypothesis (1.3) implies that the distribution S& (L., 4., f,)

v YU

vanishes if I’ # L, and is stable if L' = L. Since the function f is unstable,
the product

SE (Ll ()Y ((0)") vev,

vanishes for any L', v and ¢’. The corresponding summand again vanishes.
The earlier expression (2.7) for SS_(f) therefore reduces to

par

wonIt Y (M, M)y
M'eEq(M,V) veV
> BM@)SFHOLLE )M (@),

S'eA(M',V,C)

This is the same as the required expression (2.9), except that v is summed
over V instead of the subset Vg, (G, M). But if v belongs to the complement
of Vin(G, M) in V, the condition that f be unstable again allows us to deduce
that the products

S (ML, 6, £) (PN ((8)7)

all vanish. If v is archimedean, this follows from [A13] and [All]. If v is
p-adic, it is a simple consequence of the descent formulas [A10, (7.3), (7.3')]
(and their analogues [A11] for singular elements), and the local induction hy-
pothesis (1.2). The summand corresponding to v therefore vanishes. We con-
clude that SG, (f) equals (2.9), as required. O

par

We remark that if M’ and v are as in (2.9), the local endoscopic datum
M for M, need not be elliptic. However, in this case, [A10, Lemma 7.1(b)]
(together with our induction hypotheses) implies that

S§1(M;, 8, f,) = 0.
It follows that v could actually be summed over the subset
Vin(G, M) = {v € Ven(G, M)+ any, = ang, }
= {v € Vin : dim(a]\Gj’é) = dim(a%)}

of Van(G, M) in (2.9).
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3. Cancellation of p-adic singularities

To proceed further, we require more information about the linear forms in
fv that occur in (2.8) and (2.9). We shall extend the method of cancellation of
singularities that was applied to the general linear group in [AC, §2.14]. In this
paper, we need consider only the p-adic form of the theory, since the problems
for archimedean places will be treated by local means in [A13] and [A11].

As in the last section, G is a fixed K-group over the global field F', with
a fixed Levi subgroup M. Suppose that v belongs to the set Vg, of p-adic
valuations in V. Then G, is a connected reductive group over the field F,,. We
shall define two subspaces of the Hecke algebra H(Gy, (y).

Let H(Go, () be the subspace of functions in H (G, (,) whose strongly
regular orbital integrals vanish near the center of G. Equivalently, H (G, ()%
is the null space in H (G, () of the family of orbital integrals

fo — fmG(Zvav)a Jo € H(Gy, &),

in which z, ranges over the center
Z(év) = Z(G, F,)/Z(Fy)

of G, = Gy/Zy, and av, ranges over 'ypnip(Gy, (). For the latter description, we
could equally well have replaced I'ynip (G, () by the abstract set Runip(Gy, (o)
introduced in [A11]. This set is a second basis of the space of distributions
spanned by the unipotent orbital integrals, which has the advantage of behav-
ing well under induction. More precisely, Runip(Guv, (y) is the disjoint union of
the set Runip,ell(Go, Gv) of elliptic elements in Runip(Gy, ¢v), together with the
subset

Runip,par(Gva gv) = {Pg“ D Pu € Runip7ell(Lva gv)> Lv - Gv}

of parabolic elements, induced from elliptic elements for proper parabolic sub-
groups of G,. (See [A11].) We have reserved the symbol H(G,,¢,)° to de-
note the larger subspace annihilated by just the parabolic elements. That is,
H(Gy, )0 is the subspace of functions f,, in H (G, () such that

fU,G(ZvaU> = 07 2y € Z(Gv)7 Qy € Runip,par(Gvy CU)

Suppose now that v lies in our subset Vg, (G, M) of valuations v in Vg,

such that a]\va maps isomorphically onto aAG4. We shall define a map from

H(Gy, ()° to another space, which represents an obstruction to the assertion
of Local Theorem 1(a). In the case that G, is quasisplit, we shall construct
some further maps, one of which is defined on the space

Huns<GU7 (v)o = Huns(Gw Cv) N H(Gva Cv)ov

and represents an obstruction to the stability assertion of Local Theorem 1(b).
The maps will take values in the function spaces Z,.(M,, () and SZyc(My, ()
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introduced in earlier papers. (See for example [Al, §1].) We recall that
Zac(My, () and SZ,e(M,, ¢y) are modest generalizations of the spaces Z(M,, )
and SZ(M,, (), necessitated by the fact that weighted characters have singu-
larities in the complex domain. They are given by invariant and stable orbital
integrals of functions in a space Ha.(M,, (). By definition, Hqe(M,, () is the
space of uniformly smooth, ¢, !-equivariant functions f, on M, such that for
any X, in the group
arw = an,, F, = H, (My),

the restriction of f, to the preimage of X, in M, has compact support. By
uniformly smooth, we mean that the function f, is bi-invariant under an open
compact subgroup of G,. An element in Z,.(M,,(,) can be identified with
a function on either of the sets I'(M,, (,) or R(M,,(,) (by means of orbital
integrals) or with a function on the product of II(M,, (,) with ay,/az, (by
means of characters). Similarly, an element in SZ,.(M,, (,) can be identified
with a function on A(M,,(,) (by means of stable orbital integrals) or with
a function on the product of ®(M,,(,) with ay,/az, (by means of “stable
characters”). We emphasize that the sets R(M,, (), A(M,, (y) and ®(M,, ()
are all abstract bases of one sort or another. In particular, the general theory
is not sufficiently refined for us to be able to identify the elements in ®(M,, ;)
with stable characters in the usual sense.

The maps will actually take values in the appropriate subspace of cuspidal
functions. We recall that a function in Z,.(M,, () is cuspidal if it vanishes on
any induced element

Yo = piP, po € T(Ry, Cv),

in I'(M,, (), where R, is a proper Levi subgroup of M,,. Similarly, a function in
SZac(My, () is cuspidal if it vanishes on any properly induced element

oy =0y, oy € ARy, G),
in A(My, ().
ProprosITION 3.1. (a) There is a map
en + H(Go, )" — Zae( Mo, Go),
which takes values in the subspace of cuspidal functions, such that
(3.1) ent(fos o) = 151 (vos fo) = Tt (o, f),

for any fy, € H(Gva CU)O and Yo € F(Mm Cv)
(b) If G, is quasisplit, there is a map

eM =M™, HunS(GU,Cv)O — SZac(My, Co),
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which takes values in the subspace of cuspidal functions, such that

(3'2) 5M(fva5v) = S]C\}((vafv%

for any f, € H™(Gy, () and 6, € A(M,, ().
(V) If Gy is quasisplit and M’ belongs to E%(M), there is a map

M H(G, C0)°? — STae(M,C),
which takes values in the subspace of cuspidal functions, such that

(3.2) M (fo,0,) = S§; (M), ), f.),

for any f, € H(Gy,()° and d, € A(M;,a])

Proof. The main point will be to establish that the assertions of the lemma
hold locally around a singular point. To begin the proof of (a), we fix a
function f, € H(G,,(,)?. Consider a semisimple conjugacy class ¢, € I'ss(M,)
in M, = M,/Z,. We shall show that the right-hand side of (3.1) represents
an invariant orbital integral of some function, for those strongly G-regular
elements v, € I'G-reg(My,(y) in some neighbourhood of ¢,. To do so, we
shall use the results in [A11] on the comparison of germs of weighted orbital
integrals.

According to the germ expansions for I5,(v,, fo) and Ins (e, fo) in [A11],
the right-hand side of (3.1) equals

33 Y > (95w E(pe, o) = g (v p) I, £2)),
LGL(M) pUERdU(LmCU)

for any element 7y, € I'g-reg(My, (y) that is near c¢,. Here, d, € Ags(M,) is the
stable conjugacy class of ¢,, and Ry, (L, (,) denotes the set of elements in the
basis R(Ly, (,) whose semisimple part maps to the image of d, in Ags(L,). One
might expect to be able to sum p, over only the subset R., (L, (,) of elements
in Ry, (Ly,¢,) whose semisimple part maps to c,. Indeed, g%, (v,, p,) vanishes
by definition, unless p, lies in R, (Ly, (). Local Theorem 1 implies that the
germs gff and gk, are equal [A11], so we would expect gff(%,pv) also to
have this property. For the moment, we have to leave open the possibility that
gf/[’g represent a larger family of germs, but we shall soon rule this out.

We shall show that the summand with any L # M in (3.3) vanishes. If
L is distinct from G, the first local induction hypothesis (1.2) tells us that
the distributions I]@’g (v») and I%,(v,) are equal. It follows from [A11] that the
germs gﬁl’g(%, pw) and g/ (7, pu) are also equal. In particular, the correspond-
ing inner sum in (3.3) can be taken over the subset R, (Ly,Cy) of R, (Ly, ().
If L is also distinct from M, the second local induction hypothesis (1.3) implies
that If(pv, fv) equals I (py, fu). It follows that the summands in (3.3) with L
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distinct from M and G all vanish. Consider next the summand with L = G.
Then

Ig(pva f) = IG(pm fv) = fv,G’(Pv)'

Suppose first that ¢, is not central in G,. The descent formulas in [A11] provide
parallel expansions for gff(%, pv) and g5 (7ve, py) in terms of germs attached
to the centralizer of ¢, in G,. The induction hypothesis (1.2) again implies
that the germs are equal. In the remaining case that ¢, is central in G,, we
have

Rdu(Gvan) = Re, (Gva) = {Cvav NS Runip(Gvagv)}

If «, belongs to the subset Rynipel(Gv,Cv) Of Runip(Go,Cy), the germs
gfj‘g(%, cocry) and g§; (Yo, cyy) are equal. This is a simple consequence [A11]
of the results of [A10, §10]. If o, belongs to the complement Rynip par(Go, Cy)
of Runipel (Gos Cv) in Runip(Go, Cv), fo,c(cow) equals 0, since f, belongs to
H(Gy, ()0, In either case, the term in (3.3) corresponding to p, = ¢,a, van-
ishes. This takes care of the summand with L = G.

We have shown that (3.3) reduces to the summand with L = M. We
obtain
(3.4)

If/[(lyvafv)_IM(Pyvva) = Z gA]\//[[(P}/vaU)(I](?J(IOWfU)_IM(p’vav))7
puERe, (Mo,Co)

for elements v, € I'Goreg(My, () that are close to ¢,. Since g%(%, py) is an
ordinary Shalika germ, the right-hand side of (3.4) represents an invariant
orbital integral in 7,. We conclude that there exists a function ep/(f,) in
Z(My, () such that (3.1) holds locally for any strongly G-regular element 7,
in some neighbourhood of ¢,.

To establish the full assertion (a), we have to let ¢, vary. The obvious
technique to use is a partition of unity. However, something more is required,
since we have to show that a function of noncompact support is uniformly
smooth. We shall use constructions of [Al] and [A12] to represent e,/ (fy) in
terms of some auxiliary functions in Z,.(M,, (y).

Suppose that 7, is any element in I'G-reg(My, (»). Then we can write

Ine (o, fo) = T (o, fo) — Z f]j%/[('va CGL(fU))v

LeLo%(M)

in the notation of [Al, Lemma 4.8]. One of the purposes of the paper [A12]
is to establish endoscopic and stable versions of formulas such as this. The
endoscopic form is

IJ‘((‘/[('Yvyfv) = CIJ(\g/I('mev) - Z IA]%/[’g ('Yva CQ%(fU))y
LeLo(M)
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where €I ]‘?4(%) and CQE are endoscopic analogues of, respectively, the supple-
mentary linear form “Ips(7,) and the map 0y, from He(Gy, Cy) 10 Zae( Ly, Cp)-
Therefore, the difference

I]é\:4(fyva fv) - IM(’YU? fv)

can be expressed as

(Tt o) = Tl £) = (T (s 05()) = T (0, 0(£) ).
LeLo(M)

Suppose that L € £°(M). Since L is distinct from G, the induction hypothesis

(1.2) tells us that Tf/l’g(%) — TE (7). If L is also distinct from M, it follows

from the induction hypothesis (1.3) and the results of [A12] that °6(f,) =

“Or(fv). Therefore the summands with L # M in the last expression all

vanish. We obtain

I](‘f/[(’)’va fo) = Ini (o, fo) = “emt(fos W) — (Cgf\/[(fva'Y’U) - CQM(fv,%,)),
where

ernt(for ) = I5 Yoy fo) = “Int (Yo fo)-

We can of course restrict the variable v, to the strongly G-regular elements in
some neighbourhood of ¢,. Since the left-hand side of the last formula repre-
sents a function in Z(M,,¢,) in such a neighbourhood, and since “0%,( fy, v»)
and “0ps(fu,7w) represent functions in Z,.(M,, () for all v, “err(fo, o) must
represent a function in Z(M,, ¢,), for all strongly G-regular elements v, near ¢,.
The advantage of the auxiliary function ey (fy, ) is that it has bounded sup-
port in 7,. This follows from [A1l, Lemma 4.4] and its endoscopic analogue in
[A12]. We can therefore use a finite partition of unity to construct a function
Cer(fv) in Z(M,, ) whose value at any strongly G-regular element ~, equals

ch(fvv '711)-
Having defined “cp/(fy), we set

en(fo) = “enil(fo) = (05 (o) = “Onr(£2))-

Then e)/(fy) is a function in Z,.(M,, () such that (3.1) holds for every =, in
I'Greg(My, Gy). To show that (3.1) is valid for elements that are not strongly
G-regular, we consider the ordinary Shalika germ expansion

em(for Vo) = > 931 (s po)ent (fos pu)
pvERCc, (Manv)

of enr(fo), for vy € I'Greg(My, () near ¢,,. The left-hand side of this expression
equals the left-hand side of (3.4) by construction, and so the two right-hand
sides must be equal. It follows from the linear independence of the germs

g]\]\/./{(')’vapv)a Pv € Rcv(Mva)a



794 JAMES ARTHUR

that

ent(fo: po) = 151 (pos £0) = Tnt(pos o), po € Re,(My, Co).
This is equivalent to the identity

et (fo ) = I3 (v, o) = T (Yo o), Yo € Le, (My, Gu),

since I'c, (My, () and R, (M,,(,) represent bases of the same space. But
the set I'(M,, () is by definition a disjoint union of subsets I'c, (M, (,). We
conclude that (3.1) holds in general.

The last step in the proof of (a) is to show that the function e/ (f,) is
cuspidal. Consider an element

Yo = qu;\/[vy Pv € F(Rv7<v)a

induced from a proper Levi subgroup R, of M,. Applying the descent formulas
[A10, (4.5), (7.2)] (or rather their generalizations [A11] to singular elements),
we see that

gM(fm’Yv) = I]E\:4(’7v7fv)_IM(’7mfv)
= Y G (ML) (TR (pes fur) = TR (pus forr)).
Ly€L(My)

The coefficient d% (M, L,) is defined in [A10, §4], and actually equals the cor-
responding coefficient dg;’ (M,, L) in this case, since v belongs to Vi, (G, M).
In any case, since R, is proper in M,, the coefficient vanishes unless L, is a
proper Levi subgroup of G,,. But if L, is proper, the induction hypothesis (1.2)
tells us that f]L%z’g(pU, fo.L,) equals T ]l%‘: (pv, fo,r,). The summand correspond-
ing to L, vanishes, so that ep/(fy,7) = 0. Therefore ep/(f,) is a cuspidal
function in Zyo(My, ().

The proofs of (b) and (b’) proceed along similar lines. Assume that G,
is quasisplit, and that f, belongs to H(G,,(,)". We fix an endoscopic datum
M’ in Ey(M), and a semisimple stable conjugacy class d), in Ag(M!) =
Ags(M]). We shall study S$ (M, 6!, f,), for strongly G-regular elements
NS AG_reg(Mv;, ') that are close to d,. In the special case that M’ = M*,
we assume that f, belongs to the subspace H"™(Gy, ()" of H(Gy, (), and
we write d, = d), and §, = §. In general, we take d, to be the image of d} in
Ags(My).

We shall apply the stable germ expansion of [A11l]. According to this
expansion, S/ (M!, 0!, f,) equals the sum of

v Yo

(3.5) Z hJ\G/I(M{n&/mUv)fziG(Uv)
O'vEA‘;:v (GU’CU)
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and

(3.6) >y > LMI<L,L’>hL (0, 00) ST (Lt o, o),

LeLO(M) L'e&y (L) U{JEA% (ZL,ZL)

for any element 0, € Ag_reg(w’ ¢!) that is close to d/,. Here AS (G, Gy) de-
notes the set of elements in A® (GU, Cv) whose semisimple part maps to the im-
age of d, in Ay (G, ), and Ag (L, ¢! ) is a similarly defined subset of A(L, ().
The functions

8 — h§ (M5 o)

in (3.5) are the “stable” germs of [A11]. If M’ = M* and 4, = 4}, and if o,
belongs to the subset Ay, (G, (y) of Ag (G, (), we generally write
B (5%, 00) = WG (ML, 61, )

v 'L)?

The germs hL (0

r,05) in (3.6) follow this notation.
Consider the sum in (3.5). Suppose first that d, is not central in G,.
The descent formula of [A11] then asserts that h$,(M!,8!,0,) = 0, unless

M’ = M* and o, lies in the subset Ay, (Gy, () of Agv (Gy, ¢y). However this
last condition implies that

f G(Uv) = fG(O'v) =0,

since f, is unstable. Therefore (3.5) vanishes in this case. In the remaining
case that d, is central in G,, we have

A5 (Gor ) = {duf By € A%, (G )}

If 6, belongs to the subset Aump o1 (G, Gp) of elliptic elements in Ainip(Gv, Cv),
we apply the results on cuspidal functions in [A10, §10]. It is a simple conse-
quence [A11] of these results that h§,(M!, 8, d,3,) = 0, unless M’ = M* and
By lies in the subset Aypip e11(Gw, () of Aunlp,ell(GU7 (v). But the last condition
implies that

5 a(doB) = fE(duBy) = 0,

again because f, is unstable. On the other hand, if 3, belongs to the com-
plement Ainip,par(G’W o) of A (Gv, Gv), fiG(duﬁv) = 0, by virtue of the

unip,ell
fact that f, lies in H(Gy,(,)°. The sum (3.5) therefore vanishes in this case

as well.
We have shown that S$; (M}, 0", f») equals the expansion (3.6). Turning

v Yo
our attention to (3.6), we consider an outer summand in this expression cor-
responding to any L # M. If L’ is an endoscopic datum for L that is distinct
from L*, SE(L!,0!,f,) = 0, by the induction assumption (1.3). This takes

care of all the elements in the inner sum over &y;/(L), provided that M" # M*.
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If M' = M*, the set &y (L) also contains L*. In this case, however, the
induction hypothesis (1.3) implies that the distributions

Sg(o'vafv) ZSE(LEUﬁ,fu)» JUZJ* = o,

are stable. Since f, is unstable, the distributions vanish at f,. It follows that
the terms in (3.6) with L # M vanish. We conclude that

37 SGMy S f) = > W8, 0)ST (M, 0, f),
oL €8, (M1,.C))
for all 8, € Ag-reg(M!), () that are close to d.,. Since h%;(@’}, ol is a stabilized
Shalika germ, the right-hand side of (3.7) represents a stable orbital integral in
8. We conclude that there is a function e’ (f,) in ST(M’, ) such that (3.2)
or (3.2') holds (according to whether M’ equals M* or not) for every strongly
G-regular element §, that is close to d.
To establish the full assertions (3.2) and (3.2"), we have to let d), vary.
We again use the constructions of [A12]. Given M’ € &Egq(M) and
S AG_reg(M;, E;,), we can express S$(M!, 5, f,) as
CSJGM(M’L/)’CZHJC’U) - Z §][\/7[’/ (6;7 C"?L(Linfv))y
LeLO(M) L'e€&y (L)

where ¢S§(M/,6!) and °nr (L)) are “stable” analogues of “Ips(7,) and °6y,
respectively. Suppose that L € £°(M) is distinct from M. It follows from
the induction hypothesis (1.3) and [A12] that °nr(L), f,) = 0 for any
L' € &(L) distinct from L*, and that “ny (L, f,) depends only on f&. But
if L* lies in Ey/(L), M’ has to equal M*, and f& = 0 by assumption. The

term corresponding to L therefore vanishes. We obtain
S]C\}(M’ll)? 5;;’ fv) = CEM/(fva 5;) - CUM(Mq/;a Jo, 64;)7

where

M (f,.8) = <SS (M, 8, 1)

v U

We have already shown that S$;(M/, &), f,) represents a function in ST (]TJ: - ¢ ")
for 0], near d,. Since “npr (M), fu,9,,) represents a function in SZ,.(M), ()) for
all &, we see that ™' (f,, 8 represents a function in ST(M’, () for &/ near
d'. As in (a), the auxiliary function €™’ (f,,d") has bounded support in &,
[A12]. We can therefore use a finite partition of unity to construct a func-
tion ™’ (f,) in ST(M",¢!) whose value at any strongly G-regular element ¢/,
equals €™ (f,,6!).
Having defined ™’ (f,,), we set

M (fo) = ™ (fo) = “nar (M, ).
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Then ¢M'(f,) is a function in SIQC(M ' (') such that the relevant identity
(3.2) or (3.2) holds for every &, in Ag_, (M}, (},). To show that the identity
holds for elements that are not strongly G-regular, we compare (3.7) with the
Shalika germ expansion of e’ (f,) around any d’,. It follows from the linear
independence of the germs

h%:((x}vo’;)v 0'4) € Adﬁ,(zf\\j;va)%
that the required identity is valid for elements in Ay (M, ). Tt is therefore
valid in general.

The final point to check is that the function M’ (f,) is cuspidal. Consider

an element

5, = (o), o, € AR, (),
induced from a proper Levi subgroup R, of M. We can represent R, as an
element in E(R,), for a proper Levi subgroup R, of M, that is uniquely
determined up to conjugacy. We shall use the extension [A1ll] to singular
elements of the relevant descent formula [A10, (7.3), (7.3")], with the elements
F1, Gi, My, and Ry of [A10, §7] taken to be F,, G,, M,, and R,, respectively.
Suppose first that M’ = M*. Then R, = R), and 0, = J,, is induced from the
element o, = o}, in A(R,, (). The descent formula in this case is

SGGu fo) = > €% (M, Ly)SE (5, fEv).
Ly€L(Ry)

The coefficient €% (M, L,) vanishes by definition [A10, (6.1)], unless L, is a
proper Levi subgroup of G,. But if L, is proper, our induction hypothesis
(1.2) implies that S}Lzz (Sy) is stable, and since f, is assumed to be unstable in

this case, gﬁz (8y, fEv) = 0. The sum therefore vanishes. In the other case that
M' # M*, the descent formula is simply the identity

S (M, 8, f.) = 0.

vy Yo

(The hypotheses in [A10, §7] on which this identity rests are included in the
induction hypothesis (1.2) and (1.3).) We have shown in both cases that

M (fo,0,) = S5 (M}, 5, f,) = 0.

v Yo

Therefore eM'(f,) is a cuspidal function in SZu.(M’,("). This completes the
proof of Proposition 3.1. O

COROLLARY 3.2. The mappings of Proposition 3.1 satisfy formulas

(38) en(fo) = “eni(fo) = (05 (F) = “On(£2)
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and

(3.9) eM (o) = M (fo) = “n (M, o),

in the notation of the proof. As above, f, is any function in H(Gy,(,)° that is
unstable in the case that M' = M*. O

We now return to the discussion of Section 2. Recall that V is a finite
set of valuations of F that contains Viam(G,¢). Let H(Gv,(y)? denote the
subspace of H(Gy, (y) spanned by functions of the form

(3.10) =11 £ fo € H(Gu, )"

veV
For any such function, we can obviously write
f=rf, veV, fUeH(GY, ),

with the superscript as usual being used to denote an object associated to
V — {v}. If G is quasisplit, we set

H"S(Gy, ¢v)? = H"™(Gy, ¢v) NH(Gy, ¢v)°.

Then H"™(Gy,¢y)? is spanned by functions of the form (3.10) such that
f& = 0 for some v.

We extend the maps of Lemma 3.1 to functions on Gy so that they are
parallel to the expansions (2.8) and (2.9). Thus

EM : H(GVaCV)O — Iac(MVyCV)

is a map such that

(3.11) en(f,7) = D, em(fo, ) (7Y,

vEVa (G,M)
for any element v = [[7, in I'(M,V,(), and any function f € H(Gy,(y)° of
the form (3.10). If G ;}s quasisplit,
M =M HY™(Gy, (v)° — STae(My, (y)
is defined by

(3.12) 5M(fv §) = Z eM(fvaév)f%M((sv)a

vE€EVaL (G,M)
for 6 = [[6, in A(M,V,¢) and for f € H™(Gy, vy )° of the form (3.10). (This

is well defined, since if f, does not belong to H"(G,,, ¢,)?, (f*)M = 0, and the
corresponding summand vanishes.) Finally, if G is quasisplit and M’ € %, (M),

sM/ : H(Gv,CV)O — SIac(NQ/aa/)
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is defined by

(3.12)) M) = Y M) M ((6)),

vEVﬁn(G,M)

for & = [16), in A(M',V, ") and f € H(Gy,(y)? as in (3.10). The co-domains

Tac(My, Cv), STue(My, Cv) and SZa. (M, C},) are natural variants of the spaces
discussed for v at the beginning of this section. For example, Z,.(My,(y) is
defined by orbital integrals in terms of the space Hg.(My, () of uniformly
smooth, ¢y L_equivariant functions on My whose restrictions to each set

M ={me My : Hy(m)= X}, X € ay,

have compact support.
In Section 2, we also defined the space Hps(Gy,(y) of functions in
H(Gy,(y) that are M-cuspidal at two places. Let M (Gy,¢y)? and

HS(Gy, ¢y)? denote the intersections of Hys(Gyv,Cy) with H(Gyv,¢y)? and

HYS(Gy, Cy)Y respectively. The following result is a corollary of Lemma 2.3
and Proposition 3.1.

COROLLARY 3.3. (a) If G is arbitrary,
(3.13) L5 (F) = Tpar(f) = (WMDY (2a(£)),

for any function f in Hy(Gy, Cy)°.
(b) If G is quasisplit,

(3.14) SG(N=IWADITE X UM M) (M (1)),
M'eEn(M,V)

for any function f in HYS(Gv, (v)°.

Proof. To establish (a), we combine the expansion (2.8) of Lemma 2.3
with the definition (3.1) and (3.11) of e5,(f). We obtain

Igar(f) _Ipar(f) - ‘W(M)‘il Z aM(V)EM(f77)'

YET(M,V,0)

We are assuming that f is M-cuspidal at two places. It then follows from
Corollary 3.2 that the function eps(f) in Zso(M,V,() is actually cuspidal at
two places. This means that the geometric side of the trace formula for M,
formulated as in [I, Prop. 2.2], simplifies at the function e)/(f) [A2, Th. 7.1(b)].
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We obtain R
Men(h)) = > aMMem(f).

YEL(M,V,0)

The identity (3.13) follows.
To deal with (b), we begin with the stable expansion (2.9) of Lemma 2.3.
Combining this with the definitions (3.2), (3.2"), (3.12) and (3.12’), we obtain

S =1W@nI=t 3w, M) Y w1,
M'eEen(M,V) JIEA(M/’V;&)
Corollary 3.2 implies that the function e’ (f) in SZae (M Vo ZQ/) is cuspidal at
two places. This means that the geometric side of the stable trace formula for
M’ simplifies at the function e™’(f). There is no direct reference to such a

simplified formula, but it is easily derived from the general stable expansion in
[I, Th. 10.1(b)]. Indeed, we can write

SM(EM () = Sab (M)
= X W X @S (.M ().
Rre(ch’yo S EA(RV,E
by [I, (10.5)]. From the local induction hypothesis (1.2) and the splitting for-

mula for S AEJ' ' ((5’ ,eM /( f )), we deduce that this expression equals zero. Combin-

ing the global induction hypothesis (1.4) with the expansion [I, Lemma 7.2(b)]

for S’\é\fg (z-:M (f )), we then obtain the simplified expansion

S(M )= X @M (1),
S'EA(M',V,C!)

The identity (3.14) follows. O

4. Separation by infinitesimal character

Proposition 2.2 and Corollary 3.3 are the main results so far. Together,
they provide a pair of identities (a) and (b) that will be objects of study for the
rest of the paper. We shall now apply the theory of archimedean multipliers,
following the argument in [AC, §2.15]. We shall replace the function

f= @ 7 fs € H(Gv,pyCvpy):

,BGWQ(G)
by its transform f, = @ fs. under a multiplier o € C>®(hZ)W. We will
B

then study the resulting identities in terms of the function @(v). Our goal is
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to show that each side of the identity in question vanishes, by the comparison
of a distribution that is discrete in v with one that is continuous. This is a
crucial step that goes back to the comparison of distributions in [L3, §11] by
Langlands.

We are following notation at the beginning of [I, §3]. In particular, b is
a split Cartan subalgebra of a split form of the real group Gy, g, , for any
component 3 € mo(G), and W is the corresponding Weyl group. Any element
« in the space £(h)">= of compactly supported, Weao-invariant distributions on
h determines an endomorphism

f:@f,@ —)fa:@fﬂ,om
B B

of H(Gy,Cy). We shall take a to be in the subspace C°(h%)Wee of £(h)Wee.
As in [I, §3], h% denotes the subspace of points in h whose projection onto
ag lies in ay (relative to the canonical embedding azy C ag). Then a(v) is
a Wo-invariant Paley-Wiener function on the complex dual space hi/ a6 7.0
where aa 4 is the annihilator of az in af;. We recall that it is the W-orbits in
he/ a¢ zc that parametrize archimedean infinitesimal characters v of elements
7 in the set
(G, ¢v) = [[T(GY 6, Cviay )
Bv

of irreducible representations of (components of) GZ. We recall also that there
is a natural subset by, of bz /iag; 5, which embeds into bz /ag; ¢, and whose
Wo-orbits contain the infinitesimal characters of all unitary representations.
(See [A2, p. 536] and [A7, p. 558].)

It will sometimes be convenient to index “discrete” distributions in the
trace formula by an archimedean infinitesimal character v, rather than the
norm ¢t = ||Im(v)||. For this purpose, v stands for an element in the set
b /W of W-orbits in h. We recall that || - || is the restriction to b of
the Hermitian norm on g /ag ;¢ that is dual to a fixed, We-invariant Eu-
clidean inner product on h%. We shall use a double subscript (v,disc) to
denote the contribution of v to any object that has been indexed by (¢, disc).
For example, if ¢ = [[Im(v)||, II, 4isc(G, V, () denotes the set of representations
in IT; gisc (G, V,¢) whose archimedean infinitesimal character equals v. It is
empty unless the projection of v onto ay ¢ coincides with the differential of the
archimedean infinitesimal character of (. Moreover,

II/,diSC(f) = Z ag;isc(ﬂ—)fG(ﬂ)
7'l'el_lll,disc(Gz‘/vC)

and

It,disc(f) = Z Iu,disc(f)-
{v:|Im(v)||=t}
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Following [I, §3], and earlier papers [A2], [AC] and [A7], we write

bi(r) = b3(r,0) = {v € b [Re()] <r}
and
by (r, 1) = {v € by(r) : |m()|| > T},
for any nonnegative numbers r and T'.

LEMMA 4.1.  For any function f € H(Gv,(y), r can be chosen so that for
every a € C(hZ)Wee | the distributions I, gisc(fa), If,disc(fa) and Sfdisc(fa)
vanish if v does not belong to b (r)/Ws.

Proof. As « varies, the functions f,, are uniformly K.-finite, where K, =

Il K8 is a union of maximal compact subgroups. It follows from Harish-

B
Chandra’s Plancherel formula that the tempered characters

fa,G(Tr)7 S Htemp(GVa CV)?

are supported on representations m whose archimedean infinitesimal characters
have bounded real part. The same property for the larger family of unitary
characters is then easy to establish from the Langlands classification. In par-
ticular, we can find an r such that the function I, gisc(fa) of v is supported
on b¥(r)/Ws. The corresponding assertions for the functions I,i disc (fa) and
SSdisc( fa) then follow from their inductive definitions in terms of I, gisc(fa),
and standard properties of archimedean transfer factors. O

We now recall the spaces Hy (Gy, Cy)? and HYS(Gy, (y)?, defined near
the end of the last section. Let us write H,,(Gv, ()% and Ha (Gy, ¢y) for
the subspaces spanned by functions f = T[[f, in Hu(Gyv,(y)? and

HIS(Gy, Cy)? respectively, such that for some v € Vg, f, belongs to the
space H(Gy, ()% defined at the beginning of the last section.

PRrROPOSITION 4.2. (a) If G is arbitrary,
(41) I(;disc(f) - II/,diSC(f) =0,

for any v and any f € Hu(Gy,Cy)®.
(b) If G is quasisplit,

(42) SVG,disc(f) =0,

for any v and any f € HYS(Gy, ).
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Proof. The proposition is a general analogue of the results in [AC, §2.15]
for GL(n). (See also [A7, Lemmas 8.1 and 9.1].) To prove it, we shall combine
the global multiplier estimate [I, (3.3)] with Proposition 2.2 and Corollary 3.3.
This will allow us to express the left-hand sides of (4.1) and (4.2) each as the
value of a certain limit. We shall then show that the two limits vanish.

To deal with (a), we fix the function f in Hy(Gy,¢y)%. Suppose that
a € C2(h%)W= is a multiplier. The function f, certainly lies in H(Gy, (v).
It therefore satisfies the identity (2.4) of Proposition 2.2. In fact, f, belongs
to Har(Gy, ¢y)%, since the conditions that define this subspace of H (G, (y/)
are not affected by multipliers. We can therefore apply Corollary 3.3(a) to the
value taken at f, by the linear form on the left-hand side of (2.4). Moreover,
the sum

S (2 wnip s §) = Leoanip(fas 9))

obtained from the right-hand side of (2.4) is equal to zero, since the functions
fa.z.c vanish on T . (G,V,(). The identity reduces to

WD (enr(fa)) = 3 (FaselFa) = Traise(fa))-

For the linear form on the left-hand side, we note that since W, contains the
corresponding Weyl group attached to M, a determines a multiplier for My .
It acts on the spaces H(My, (y) and Hqo(My, (v ), and as explained on p. 530
of [A2], also on Z,.(My,(y). The various definitions tell us that the function
em(fa) equals epr(f)q. Since this function is cuspidal at some place, we can
expand the linear form on the left-hand side as

™ (EM(f)oa) = Z z%isc (5M(f)a)v

by the simple version [A2, Lemma 7.1(a)] of the spectral expansion. The
distribution ft%isc depends (through ¢) on a Euclidean norm on the analogue
hM:Z for M of the space hZ = hZ. We assume that this is the restriction of
the Euclidean norm we fixed on hZ.

We have obtained an identity
WD Y e (23(Fa) = 3 (Faise(fa) = Loaise(fa))
t t

between two absolutely convergent sums over t. The right-hand sum satisfies
the global multiplier estimate [I, (3.3)]. It happens that the left-hand sum also
satisfies this stronger estimate, but the justification requires further comment.

The spectral expansion for functions in the standard Hecke algebra does
satisfy the required estimate. This follows from Proposition 3.1 of [I], which is
in turn a direct consequence of the proof of Lemma 6.3 of [A2]. However, the
function e,/ (f) belongs to Z,.(My, (y) rather than Z(My, (). Moreover, the
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multiplier « is supported on the space h? = h&Z, rather than the subspace
hM:Z attached to M. With only these general conditions on e,;(f) and a, the
estimate of [A2, Lemma 6.3] would actually fail. The estimate was carried out
for the special case of what were called moderate functions. In the present
context, the moderate functions form a space that lies between Z(My, (v )
and Z,.(My,Cy). They are defined as on p. 531 of [A2] by a mild support
condition, and a similarly mild growth condition. We shall prove that eps(f)
is a moderate function in Z,.(My, (v ), in order to show that the left-hand side
of the identity does satisfy the desired estimate.

To establish that p/(f) is moderate, it will be enough to verify that for
v € Van(G, M) and f, € H(G,,)?, the function e(f,) satisfies the local
form of the two conditions on p. 531 of [A2]. The fact that ep/(f,) is cuspidal
means that the support condition is vacuous. To check the growth condition,
we recall that

enr(fo) = “enr(fo) = (05 (F) = “Ou(f),

by Corollary 3.2. As we saw in the proof of Proposition 3.1, the function
‘e (fy) actually belongs to Z(M,, (,). It is therefore compactly supported on
['(M,,(,). The functions “6%,(f,) and “Or(f,) belong to the larger space
Zac(M,,¢y). However, according to the assertion in [Al, Lemma 5.2] for
On1(fy), and its analogue [A12] for 65,(f,), the two functions have a property
of rapid decrease. More precisely, as functions on the product of Iiemp(My, )
with ayry/az4, ‘O (fy) and C9%( fv) are both rapidly decreasing in the second
variable. Therefore e;/(f,) has the same property. The required condition of
moderate growth pertains to e/(f,) as a function on I'(M,,(,). However,
since ep/(fy) is cuspidal, the condition is an obvious consequence of what we
have just established. Therefore e;/(f,) satisfies both conditions. It follows
from (3.11) that eps(f) is a moderate function in Z,.(My, (y). Once we know
that ep/(f) is moderate, the relevant part of the proof of Lemma 6.3 of [A2]
tells us that the spectral expansion of I (5 M ( f)a) satisfies the global mul-

tiplier estimate. But the spectral expansion of ™ (5 M f)a) is just the sum
on the left-hand side of the identity we have been considering. Therefore, the
left-hand side does satisfy the global multiplier estimate.

We have established an identity

> (Ll fa) = Draie(fo) = WD i (201 (Fa) ) = 0.

£>0
in which the sum over ¢ satisfies the global multiplier estimate [I, (3.3)]. The
estimate itself depends on the choice of a positive number T'. Before applying
it, we recall that

IEise(fo) = Traise(F) = D (I isc(Fa) = Tnice(£))

v
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where v is summed over orbits v € b} /W with ||Im(v)| = ¢t. In fact, by
Lemma 4.1, we can restrict v to the orbits in b (r)/Ws, for some r > 0 that
is independent of ¢t and . We can therefore express the sum

(43) > (Taise(fa) = Tuaise(fa))
taken over the orbits v € b7 (r)/Wo with |[Im(v)|| < T, as a difference between

(4.4) WY e (21 (f)a)

t<T

and the expression obtained from the left-hand side of the last identity by
restricting the sum to those ¢t with ¢ > T'. It is to the last expression that we
apply the global multiplier estimate. The resulting conclusion is that we may
choose r, together with positive constants C' and k, with the property that for
any N >0, a € OP(h?%)"W=> and T, the difference between (4.3) and (4.4) has
absolute value that is bounded by

ce*N sup  |a(v)|.
vebx (r,T)

(See [I, (3.3)].) We note that for any given T', the sums in (4.3) and (4.4) can
be taken over finite sets that are independent of a.

Let vy € b} (r)/Ws be a fixed infinitesimal character. According to [AC,
Lemma 2.15.2], we can find a function a; € C°(h%)"W= such that @; maps
bk (r) to the unit interval, and such that the inverse image of 1 under ay is
simply the set of points in the W-orbit of v1. We fix a;, and then choose
Ny > 0 such that oy belongs to CR7, (h%)Wee. Assuming that  and k have been
chosen as above, we can find a positive number 7T such that

@ (v)| < e”2,

for all points v in the set b} (r,T). This is possible because @; is rapidly
decreasing on the vertical strips. For each positive integer m, let «,, be the
convolution of a; with itself m times. Then ay, belongs to Py, (hZ)Wee  and

m
am(v) = (al(l/)) .
Taking oo = ayy, in the estimate above, we see that (4.3) equals the sum of (4.4)
and an expression whose absolute value is bounded by
Ceka1m.

It follows that the difference between (4.3) and (4.4) approaches zero as m
approaches infinity.
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Suppose that v is any point in b (r)/Ws. Then
aisefon) = lonelfos) = 37 (afE(m) = aGie(m)) fan.a(7)

mell (G,V,0)

v, dlSC

= Y (a5E(m) — aGe(m) ) fo(m)aim ()

_ (a1(1/))m(lzidisc(f) - Iu,disc(f))‘

This equals Il,1 dise (f) = Ly agisc(f) if v = v1, and otherwise approaches zero
as m approaches infinity. Since there are only finitely many nonzero terms in
(4.3), we conclude that the value of (4.3) at a = «,,, approaches the difference

Izi,dlsc(f) - IVl,diSC(f)

as m approaches infinity. This difference therefore equals the corresponding
limit

: 1
(45) n%gnoo ( ’ tg’; tdlSC( m))
of (4.4). We have reduced the proof of (a) to showing that the limit (4.5) is
Zero.

To deal with (b), we assume that G is quasisplit, and that f belongs to
HIS(Gy, ). We shall retrace the steps in the argument for (a) above,
making modifications as necessary. If a € C®(h%)W= is a multiplier, the
function f, remains unstable. This follows from Shelstad’s characterization of
stability at the archimedean places in terms of tempered L-packets [Sh]. (This
point is not essential to the argument, since we could have insisted at the outset
that f be unstable at some finite place.) In particular, f, satisfies the identity
(2.5) of Proposition 2.2. The function f, actually belongs to H}S(Gy, (),
since the conditions that define this subspace of H"™(Gy, (y) are not changed
by multipliers. We can therefore apply Corollary 3.3(b) to the value at f, of
linear form on the left-hand side of (2.5). Moreover, the sum

E : z unlp

obtained from the right-hand side of (2.5) is equal to 0. The identity becomes
WO S M MOS8 (fa)) = 2 St fo
Mlegell(Mvv)
For the linear forms on the left-hand side, we recall that for any M ', there is
a multiplier o’ for M7, such that
a(V') =av), vebe/ag zc
Here
v — vV =v+di,
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is the affine linear embedding of hg into the corresponding space (6’)?& D bt
attached to M’. We also write

t=Im@)|| — ' = [Im()[| = ¢ + [[Tm(di) |

for the associated change of norms. (See [A7, p. 561] and [I, §7].) The action
of o on IGC(M"/,E’V) is uniquely determined by the given condition, even
though o itself is not.) The correspondence @ — «’ is compatible with the
archimedean transfer map, from which it follows that e’ (f,) = eM'(f)o. We
can therefore expand the linear forms on the left-hand side as

SM (M (fa)) =SS (M (e )
t
by [I, Prop. 10.5].
We have obtained an identity

WOHTY Y LMY (M () = X S (fa):

t Mlegell(M7V) t

between two absolutely convergent sums over t. The right-hand sum satisfies
the global multiplier estimate [I, (3.3)]. We would like to show that the left

sum over t satisfies this stronger estimate, and also that the linear forms §g}4 /
can be replaced by their “discrete” analogues.

The stronger estimate would follow from the proof of [I, Prop. 10.5] and
[A2, Lemma 6.3], if it could be shown that for any M’, the function ¢ "(f) in
SIM(M’V, Z’V) was moderate. This amounts to showing that eM'(f) satisfies
the analogues of the weak support and growth conditions on p. 531 of [A2].
As in (a), it is enough to verify that for any v € Vg, (G, M), the function
eM'(f,) satisfies the relevant form of these conditions. The fact that eM'(f,) is
cuspidal means that the support condition is vacuous. The growth condition
is a consequence of the identity

eM'(fo) = €M (fo) = mu(M], f.)

of Corollary 3.2. For as we saw in the proof of Proposition 3.1, the func-
tion eM’'(f,) belongs to ST(M: ;,a)), and therefore has compact support on
A(M;, a)) By the analogue [A12] of [A1l, Lemma 5.2], the function “nas (M), f,)
is rapidly decreasing (in the sense of [A2, Lemma 5.2]). It follows easily that
“nar (M), f,) satisfies the relevant growth condition, at least on the elliptic ele-
ments on which eM’(f,) is supported. The same condition therefore holds for
the original function e™’'(f,). Recalling the definitions (3.12) and (3.12'), we

conclude that eéM’'(f) is a moderate function in SZ,.(M},,t,). Therefore the

sum _
Zgﬂ I(EM/(f)a’>
t
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does satisfy the global multiplier estimate. _

For any t, the general spectral expansion [I, (10.18)] for gtj‘,m (le(f)a/)
is easily seen to simplify. Guided by the proof of [A2, Th. 7.1(a)], one applies
the splitting formula in [A12] to the terms

S (6, (Do), D e, ¢ e (B VD),

in this expansion. Since e™ /( f)a is actually cuspidal at two places, the local
induction hypothesis (1.2) implies immediately that these terms all vanish. It
follows from [I, (10.18)] that

gtjl (5M/(f)a’) = §t:1/1nit (EM/(f)a')

Recall that Lemma 7.3(b) of [I] provides an expansion for §%{mit (5M'( f) a/),

~

as well as an expansion for the more elementary linear form S%;isc <€M /( f )a/).
One can compare the coefficients of the two expansions by means of the formula
(10.22) of Proposition 10.7(b) of [I]. If we combine this formula with the global
induction hypothesis (1.4), and the fact that e’ (f) . is cuspidal at some place,
we find that

~17 M’ ~2r1 M’

Situnit (2 (Nar) = Slgie (6™ (N )-
The right-hand side here represents a simple version of the stable spectral
expansion of the original linear form §t1}4 / (5M /( f )a/). This is the second point

we wanted to check.
We have established that

Z (Sgdisc(fa) - |W(M)|_1 Z L(M7 M,)S%disc <€M (f)(ﬂ)) = 07
t>0 M’Ecgeu(M,V)
where the sum over ¢ satisfies the global multiplier estimate [I, (3.3)]. The rest
of the argument is very similar to the discussion above for (a). By Lemma 4.1,
we can write

Sgdisc(fa) = Z Slfdisc(fa)’

where v is summed over the orbits in a set h*(r)/ Wy with |Im(v)|| = ¢.
We fix an orbit v; € b} (r)/Ws, and then choose a corresponding function
a1 € CF (h#)W> as above. Following the discussion of (a), we deduce that
the linear form

Sﬁ,disc(f)

may be represented by the limit

a6 Jim (WY S 0 M8 (2 () )

t<T M'€E(M,V)
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for some ¢ > 0. This reduces the proof of (b) to showing that the limit (4.6) is
Z€ro.
To deal with the limits (4.5) and (4.6), we first write

hie(emr(Pan) = D Dise (20 (e )

and

S\%(;isc (‘SM, (f)a'm) = Z S’\IJI\FZA,,:iiSC (EMl(f)aﬁn)7

where v is summed in each case over the infinitesimal characters for My with
[Tm(w)[| = ¢.

LEMMA 4.3. (a) If v is any infinitesimal character for My, there is a
Schwartz function

A — 8M,l/<f7 )‘)7 A€ iu?W,Z/iaE,Z7
such that for any a € C°(h7)Wee,
Bliwe(ona) = [ caulf,Nal + N,
Za}kw,z/mz:,z

(b) Suppose that G is quasisplit. Then for any infinitesimal character v
for My and any M’ € Eqn(M,V), there is a Schwartz function

A —>€l])/’1,(f>)\)7 Aeia%,Z/iaE,Za

such that for any o € C°(h%)Wee,

S e (M (P)er) = [ M (£, Na(w + N,
ia}h,z/’i%,z

Proof. Consider part (a). Any element ¢ in Z,.(My, (y) can be regarded
as a function on the product of II(My,(y) with ay/az. For example, if ¢
is the image of a function h € Huo(My, v ), the value of ¢ is defined by an
integral

é(m, X) = /MX/Z h(m)©, (m)dm, (7, X) € I(My, Cv) % an/az,

over a compact domain, in which © is the character of m, and
M ={me My : Hy(m)+az =X}

Now the given element a@ € C°(h%)W= is to be regarded as a multiplier for
My, . Tt transforms any function ¢ in Z,.(My, y) to the function

o, X) = / é(m, X — Y)a(m, Y)dy,

G,Z
Ay /az
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Z . . . . ..
where a]\Gj is the subspace of elements in ay; whose image in ag lies in agz,

and

an(m,Y) = / A + Ve VA, Y € oS,

. * . *
zClM,Z/zaG’Z

This follows easily from the fact that ia}, /iag, , is isomorphic to the dual

group of af\;jz/az. (See [A2, (6.1)].) We are most interested in the case that 7
is unitary, and the element X € as/ay is trivial. Then M‘)f equals the set we
have denoted by M‘% . In order to match earlier notation, we generally reserve
the symbol 7w for the restriction of the representation to this subset of My .
Then 7 may be identified with an orbit {my} of ia}y 7 in it (My, Cv), or if
one prefers, the representation in that orbit whose infinitesimal character has
minimal norm. We shall usually suppress the element X = 0 from the notation
in this case, and write

¢(m) = ¢(mx, 0).

We use these remarks to express the value of I %isc

at a7 (f)a. We obtain
a sum

~

Bhc(em(Pa) = Y adle@en(falr),

WEHu,disc(Mv‘/aC)

which can be taken over a finite set that is independent of «, and in which

ent(fa(m) = / ent(f, 7 =Y )ans (x, Y)Y

G,Z
a]\/[ /az

It would be enough to show that for any = in I, gisc (M, V, ¢), the function
G,Z
X — ey(f,m, X), X €ay”/az,

is rapidly decreasing. For assertion (a) would then follow, with

e (L= > al(n) / (o X0 0ax,
m€ll,, gise(M,V,0) ay/~/az

from an interchange of integrals in the last formula. As in the special case
proved in [AC, Lemma 2.15.3], we shall combine the cuspidal property of the
map ey with the fact that m is unitary. (The proof of [AC, Lemma 2.15.3] is
a little hard to decipher, because of an unfortunate typographical error in the
assertion of an earlier result [AC, Cor. 2.14.2]. The symbol II* (M (FS)) in
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the second sentence of that assertion should actually be II;; (M (F S)) The

earlier result was meant to serve as the special case of [AC, Lemma 2.15.3] in
which 7 is tempered.)
We can assume that f is a product of [] fy, as in (3.10). It is then not

hard to see from the definition (3.11) that ep/(f, 7, X) equals

> | A Xp)ews (i X)X,

vEVian (G, M) ¥ O,y /92,

temp

where 7 = 7¥ ® m,, and aMy is the set of vectors Xy = X{, ® X, in

amyv = @ aM,w
weV

whose projection onto aps equals X. For any v,

Xy — fu(r", Xy) = H Ity (Twy X)),
wevv
is a smooth function of compact support on the quotient of ap;y+ by azyw.
The growth of ep;(f, m, X) is therefore reflected entirely in the growth of the
functions ep(fy, Ty, Xy). It would be enough to show that for any
v € Van(G, M) and 7, € ynis (M, G),

XU — sM(f’v,ﬂ-va X’U)

is a rapidly decreasing function on the quotient of the lattice aps, by az ..

To exploit the fact that e,/(f,) is a cuspidal function, we expand
em (fu, Ty, Xy) in terms of the basis T'(M,) of (possibly) nontempered vir-
tual characters discussed in [A12], among other places. (The notation here
differs slightly from that of the earlier papers [A5] and [A7], where the ele-
ments in T'(M,) were taken to be tempered. For example, if G is an inner
form of GL(n), T'(M,) now represents the basis of standard characters used in
the proof of [AC, Lemma 2.15.3].) We obtain a finite linear combination

5M(fU77T’U7XU) = Z 5(7TU)TU)€M(fU7TU7X’U)7
TvET(Mv,CU)

where T'(M,, ¢, ) denotes the subset of elements in T'(M,) with Z,-central char-
acter equal to (,. Recall that T(M,,(,) contains the subset Ty (M,, () of
elliptic elements. If 7, belongs to the complement of Tg (My, () in T'(My, (),
Ty is properly induced. In this case

EM(fvaT’Ua X’U) - 07

since eps(fy) is cuspidal. We can therefore expand ey (fy, 7y, Xy) as a finite
linear combination

5M(fva77v’Xv) = Z 5(7rvav)5M(fvuTv’Xv)’
Tov eTell(M'UyCv)
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for complex numbers 6(m,, 7,). The original representation 7, for M, is unitary,
and in particular, has unitary central character. We can therefore restrict the
last sum to the set of elements in Ty (M,, (,) with unitary central character.
But the set of elements in Te (M, () with unitary central character is precisely
the subset Tiemp en(My, (y) of tempered elements. It is therefore sufficient to
prove that for any element 7, in Tiemp,ell (Mo, Gv), the function

Xy — EM(f’lMT’UaX’U)a X, € aM,v/aZ,v7

is rapidly decreasing.
For the case of tempered 7,, we have only to refer back to our proof that
epm(fv) is moderate. Indeed, we can write

8]\4(.}01177—1)7)(’0) = CEM(fvaT’UaXv) - (Ce]gW(fUaTvaXv) - CGM(fva’lan))a

by Corollary 3.2. As in the proof of Proposition 3.1, “e/(f,) belongs to
Z(M,,¢y). In particular, the function

Xv —_— C€M(fv77—vav)7 X’U S aM,v/aZ,vy

is actually of compact support. Moreover, [A1l, Lemma 5.2] and its endoscopic
analogue [A12] imply that the function

Xy — Cai/l(fvawXU) - CGM(fU,TU,Xv), X, € aM,v/aZ,va

is rapidly decreasing. It follows that the original function en/(fy, 7y, Xy) is
rapidly decreasing in X, as required. This completes the proof of assertion
(a). Observe that the argument depends in an essential way on the original
representations being unitary. For it would otherwise be necessary to contend
with nonunitary twists of elements 7, in Tiemp el (Mo, (v), and since

EM(fv7TU,)\7XU) = e)\(Xv)EM(fvav7X’U)7 A€ a*M,Za

the functions in question could then have exponential growth.

For the second half (b) of the lemma, we fix the endoscopic datum
M’ € En(M,V). We can regard any element in SZ( NQ/,QTQ/) as a function
on the product of @(NQ/,QTQ/) with ay, /az,. Since M’ is elliptic, there is a
canonical isomorphism X’ — X from a ]\7[// a, onto the space apr/az. We can
therefore take the second variable of a function in SZ( NQ,, ¢ V) toliein aps/az.
If aAGj/Z denotes the subspace of elements in a~, whose projection onto ag lies
in az, X' — X restricts to an isomorphism from a%’/z /az, onto aAGJ’Z /az. This
is dual to an isomorphism A — \’ from ia}, ,/iag; , onto ia*ﬁ[,’g, / ia*&/ﬁ/ with
the property that (v + \) =v' + \.

The role of II, gisc(M,V,() in the proof of (a) is taken by the set
@V/,disc(ﬂ’, v, 5/) attached to M’. The elements in this set belong to ®( NQ/, a/),
and have unitary central character. When they occur as the first component of
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a point in the domain of a function in SIGC(M Vi Z’V), we suppress the second
component from the notation if it is equal to zero. Then

S ! dlSC< M,(f)a/> = Z~ bdlsc(¢ ) M/(f)a’@s/)'
¢’€<1>V/!disc(M’,V,(j’)

One verifies that the distributions on the right can be expanded as
M (P @) = [, MY (6, Y)Y
Clju’ /Clz

where

an(¢,Y') = /

* N *
’aM,Z/mG,Z

&' (V4N )e N )g) = / a(v+N)e Vg,

O, Z/ZaG Z

It would be enough to show that for any ¢’ in <I>,,/7diSC(M ' 'V, ('), the function
X — M (f, ¢, X), X € a$ Jaz,

is rapidly decreasing. For assertion (b) would then follow, with

o= X o) [, ey,

¢/€¢'V/,disc(M'7V7C/)

from an interchange of integrals.
We can assume that f equals a product [] f,, as in (3.10). We write
v

¢ = ® ¢, for elements ¢, € ®(M’,, (") with unitary central character, and
v

then apply the definitions (3.12) and (3.12') of eM'(f,). We see without diffi-
culty that it would suffice to prove that for any v € Vi, (G, M), the function

Xy — 5M/(fva¢;>Xq/;)> X, € aM,v/aZ,va

is rapidly decreasing. The function f, € H(Gy,(,)° is of course fixed. In
the special case that M’ = M*, we can assume that it lies in the subspace
HYS(Gly, C)P of H(Gy, ()0, since there can be at most one nonzero term on
the right-hand side of (3.12).

By construction [A7], [A12], the set ®(M', (") of abstract stable charac-
ters is a union of the subset (Dell( {’ ) of elhptlc elements with the subset of
elements induced from proper Levi subgroups of M. M. 1f d)’ is properly induced,

M (f,, 60, X)) =0,

since &?M/( fv) is cuspidal. We may therefore assume that ¢!, is elliptic. But
the set of elements in ®e (M7, (;,) with unitary central character is the subset
Ptemp,ell (M 1, ) of tempered elements. It is therefore sufficient to prove that
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for any element ¢/, € @temp,eu(z\? - a}), the function
XU I gM <f’u7¢;)7X1l;)7 X’U S aM,fU/aZ,qn

is rapidly decreasing.
For the case of tempered ¢/, we write

M (fo, b, X1) = M (fy, ¢, X1) = Cnpr(ML, fo, &1, X1),

by Corollary 3.2. We can then argue as in the earlier proof that eM /( fv) is
moderate. Since €™’ (f,) belongs to ST(M’, (), as we observed in the proof
of Proposition 3.1, the function

Xv B CEM (fvvqbg)ale;)v Xv € aM,U/aZﬂH

actually has compact support. Moreover, the stable analogue [A12] of [Al,
Lemma 5.2] implies that the function

X’U — CnM(M'LlnfUJQS;?X'{;)v X S aM,v/aZ,w

is rapidly decreasing. Therefore the original function ™' (f,,#., X!) is also
rapidly decreasing, as required. This completes the proof of the remaining
assertion (b) Lemma 4.3. O

With Lemma 4.3 in hand, we can now finish the proof of Proposition 4.2.
We have to show that the limits (4.5) and (4.6) are both zero. According to
the lemma, we can write the first limit (4.5) as

Jim (o [

M,Z/iaz;,z

ertw (s N am (v + )\)d)\>,

where v is summed over the infinitesimal characters for My with || Im(v)| < T.
The sum may be taken over a finite subset of b (r), which is independent of
m, and which represents a set of Weyl orbits in by, (r)/ia}, ;. Moreover, the
integral converges absolutely uniformly in m. If A+ lies outside the W,-orbit
of vy, we see that
A (@4 8) = Jim (@0+07) =0,

since 0 < a(v + A) < 1. We conclude that the limit (4.5) vanishes. The
treatment of the second limit (4.6) is identical. By Lemma 4.3, it equals

Jm (WOO'Y Y ) [

e NER ),
v M'EEy(M,V) a3, /105 2

where v is summed over the set of infinitesimal characters of My with ||[Im(v)||
< T. Using the same arguments, we deduce that this limit also vanishes. We
have shown that the required limits vanish, and therefore that the identities
(4.1) and (4.2) hold, with v = v;. The proof of Proposition 4.2 is complete. O



A STABLE TRACE FORMULA III 815

5. Elimination of restrictions on f

The next step will be to remove the local restrictions on f. We shall show
that the identities of Proposition 4.2 remain valid without the constraints on
the p-adic unipotent orbital integrals. This section can be regarded as a general
(untwisted) analogue of the special case in [AC, §2.16] of inner forms of GL(n).
As in the earlier special case, we shall relax the constraints one p-adic place at
a time.

Let v € Vg, be a fixed p-adic valuation. We have at our disposal three
sets TI(G,), T(G,), and ®¢(G,), consisting of virtual characters that are re-
spectively irreducible, standard and endoscopic. The sets represent three dif-
ferent bases of the complex vector space of virtual characters on the connected
p-adic group G,. Likewise, we have three subsets Iiemp(Gy), Ttemp(Gy) and
@femp(Gv), which represent three separate bases of the space of tempered vir-
tual characters on G,. It will be best to work with the latter two pairs of
bases, since they behave well under induction. We shall of course also restrict
ourselves to the subbases of elements that have central character on Z, equal
to (y-

We shall consider a fixed connected component 2, in either of the two sets
Tiemp(Go, Cy) OF CIJt‘gemp(GU, Cv). Then Q, is a quotient of a compact torus under
the action of some finite group. As such, it acquires a measure dw from the Haar
measure on the torus. Given ,, we write (), ¢ for the complexified connected
component in the associated set T(Gy, ) or ®¢ (G, ¢,). The next lemma will
be stated in terms of a space H(S2,), which we define to be the subspace of
functions f, € H(Gy, () such that the associated function f, g(7,) or 50(%)
(on either Tiemp (G, Gy) or @femp(Gv, (v)) is supported on €,,. At the beginning
of Section 3, we defined two subspaces of H(Gy, (,) by imposing constraints
on the unipotent orbital integrals. These provide corresponding subspaces

H<Qv>0 = H(Qv)mH(GvaCU)O
and

H(QU)OO = H(QU)HH(GmCU)OO

of H(€,). We shall say that €, is elliptic or parabolic according to whether
the functions in H({2,) are cuspidal or not. Then €2, is parabolic if and only
if it is induced from an elliptic component Qp, (in either Tiemp en(Lv, Cy) Or
@femp,eu(Lv, (v)) attached to a proper Levi subgroup L, of G, over F,.

LEMMA 5.1. (a) Suppose that Q, is a parabolic component in Tiemp (G, Cv),
and that f¥ is a function in H(GY,,(y,) such that the identity (4.1) holds for
any function f = fUfy, with f, € H()%. Then (4.1) also holds for any
[ = f"fu, with f, € H(Qy).
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(b) Suppose that G is quasisplit, that Q, is a parabolic component in
@ﬁemp(GU, Cv), and that f¥ € H(GY,, (yr) is such that the identity (4.2) holds for
any function f = fUf,, with f, € H(Q,)%. Then (4.2) holds for any f = f* fo,
with f, € H(y).

Proof. The basic idea is quite simple, and is familiar from the special cases
in [AC] and [A7]. To treat the general case here, we have to deal with the usual
minor technical complications. In particular, we need to account for the split
component of the center of GG, or rather, its quotient by the split component
of Z,. As in the last section, we shall work with the vector spaces ag, and
az,, and the canonical lattices that they contain. Suppose that X, is a point
in the quotient

aGw/aze = Ha,(Gv)/Hz,(Zy)

of these lattices. Let H(G;*,(,) be the subspace of functions in H (G, ¢, ) that
are supported on the subset

Gi{“ = {ac € Gy: HGv(x) +azy = XU}
of G,. We can then define the intersections
H(vi Xv) = H(Qv) N H(vava Cv)

and
H (D, X0)* = H(Q2) " NH(Qu, Xo).
Any function in H(S2,) is obviously a finite sum of functions in the various
spaces H(Qy, X,). It is therefore enough to establish the assertions (a) and (b)
for functions f, in H(Q,, X,), for a fixed element X,.
To deal with (a), we consider the pairs of elements

1= (Zv,OéU>, 2y € Z(Gv)7 Qy € Runip(Gv7<U)7

that parametrize Shalika germs near the center of G,. Any such i gives rise to
the linear form

Jz(fv) = fv,G(zvav)7 fv € H(GvaCU)v

on H(Gy,(y). Having fixed Q, and X, we let 1(£,, X,) be a fixed maximal
set of pairs {i} for which the restrictions to H(2,, X, ) of the linear forms {J;}
are linearly independent. By the trivial (abelian) case of the Howe conjecture,

I(9Qy, X,) is a finite set. (The set is actually empty unless Z(G,) intersects the
group @UX“ = GXv/Z,.) The subspace H(Qy, X,)% of H(£, X,) equals the
intersection

{fo € H(Qu, X,) : Ji(f) =0, i € (R, X,)}
of the kernels of linear forms in this finite set. We fix functions

{f enQu,X0): j eI, X))
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with the property that

, 1, ifi=j
. 7\ 9 9
Mm_{ai“%ﬁ

for any ¢ and j in I(Q,, X,). The map

fo— 10 =fo =22 Jif)F;

is then a projection from H({2,, X,) onto H(y, X,)%.
Consider the distribution on the left-hand side of (4.1). It has an expansion

FaselH) = a5 = Y (a§i(m) — afue(m)) fo(m),

mellf ;.. (G,V,()

v,disc

for any function f € H(Gy,(y). We take f = ff,, and then consider the dis-
tribution as a linear form in f,. As such, it has a further expansion associated
to the basis T(Gy, (). To see this explicitly, we write

fv,G(ﬂ-U) = Z 6(7Tv77—v)fv,G(7—v)a

TUET(G’U7C’U)

for coefficients d(m,, 7,) attached to any representation m, € II(Gy,(,). We
assume that f, belongs to the subspace H(GXv, ) of H(Gy, (). Following our
general conventions, we write ag, , for the annihilator in ag, ~of the subspace
az, C ag,. Then f, has an equivariance property

fv,G’(Tv,)\v) = e)\v(XU)fU,G<Tv>7 AU S ia*Gle,a

with respect to the action of iag; , on T(Gy,(y). Let T(Gy, () denote the
space of orbits of iag; , In T(Gy, (y). The expansion becomes

(51) Ilidisc(f) - Il/,disC(f) = Z a(Tv)fv,G(Tv)’

Ty ET(G’U?C’U)

where the coeflicient

a(Tv) = au,disc(fv7 TU)

equals

5 (200 -~ afutm) F56) X Bl n )OO,

m \€iay,

Since
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the summand in (5.1) does indeed depend only on the image of 7, in T'(G, (,).
Observe also that while the last sum is over representations 7 € Hl, dise (G, V, Q)
for the subset GV of Gy, the factors in a given summand depend on a choice of
a representative ¥ ® m, of 7 in Iynit(Gv, (v). However, the product of these
factors depends only on 7. Finally, we note that for fixed fY, the sum over 7,
in (5.1) can be taken over a finite set that depends only on the support of f, ¢
(as a function on T(G,, (y)).

Suppose that fV is as in (a), and that f, belongs to H(2,, X,). We shall
write Q, and @,7@ for the spaces of orbits of iaa“ z, in )y, and Q, ¢ respectively.
By assumption, the linear form

> aw)fucw)

wEﬁU C

on the right-hand side of (5.1) vanishes if f, lies in the subspace H(£2,, X, )%
of H(Qy, X,). Therefore

weh, ¢
It follows from the definition of f%° that

Yo awfuew) = > dJilf),

we, ¢ i€1(Q, X )

where

d= Y aw)figw).

MEQU’C

The function a(w) on the left-hand side of this identity is supported on finitely
many elements in Q,c. To deal with the right-hand side, we recall that
the Fourier transform of any p-adic orbital integral, as a distribution on
Ttemp(Gv, Cv), is a smooth function. This is a special case of [A6, Th. 4.1].
(See Remark 4(c) on p. 185 of [A6], as well as Corollary 9.1 of that paper.)
Therefore

Kt = [ A@fa@ds, e M@ X,
where each A;(w) is a smooth function on €, such that
Aj(wr,) = e 44(w), Ao € i0%,,7,

Setting '
w) = Z a'A;(w)
we conclude that

(52) Z va / A va fv EH(Q’U)X’U)‘

weﬁv C



A STABLE TRACE FORMULA III 819

We shall complete the proof of (a) by showing that the discrete distri-
bution on the left-hand side of (5.2) can be compatible with the continuous
distribution on the right-hand side only if both sides equal zero. This is a
p-adic variant of the comparison we applied to archimedean multipliers in the
last section. The arguments are essentially those of [AC, p. 191] and [A7,
p. 567].

By assumption, the component €2, is parabolic. It is therefore induced
from an elliptic component

QLU C Ttemp,ell(va C’u)

attached to a proper Levi subgroup L, of G, over F,. We can then identify
Q, with the set of orbits Qr, /W (Qr,), where W(Qy,) is the stabilizer of r,,
in the Weyl group W (L) of (Gy, Ar,). Now the real vector space iaj , acts
transitively on the elliptic component €2r,. Let iAj be the stabilizer in ia7, 5
of any point wy in €2z,. Then A7 is a lattice in iaj . . For any choice of base
point wp, we can identify Qr  with the compact torus

ia: = Z.azv’zv /'LA:
The smoothness condition for the function A(w) in (5.2) pertains of course to
the co-ordinates defined by the torus, and as we noted earlier, the measure dw
is induced from a Haar measure on the torus.

It is a simple consequence of the trace Paley-Wiener theorem [BDK] that
the image of H (2, X)) under the map

fv — fv,G(w)7 w e Qv»

is the iazvm z,-equivariant Paley-Wiener space on (2. In other words, the image
can be identified with the space of W (Qy,)-invariant functions ¢, on Qr,,
which coincide with finite Fourier series on the torus ia}, and which satisfy the
condition

qsv(w)\v) = QSU(w)eAU(XU)’ w 6 QL’U’ )\’U 6 iazvyzv'
We can obviously identify each side of (5.2) with a linear form in ¢,. We obtain
(5.3)
> WOl @L)Ma@oe) = [ W) Ao @),
L

v

wEﬁLmC

where Qp, ¢ and Qp, are the quotients of Qp, ¢ and Qr, by g, z,» and
W(Qp,,w) is the stabilizer of w in W (€, ). This identity holds for any func-
tion ¢, that lies in the iag , -equivariant Paley-Wiener space on 1, and
is symmetric under W (€2, ). But as equivariant functions on €, ¢ and Qp,
respectively, both a(w) and A(w) are also symmetric under W (€, ). It follows
that (5.3) actually holds for any ¢, in the full equivariant Paley-Wiener space
on QLH-
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To exploit (5.3), we identify Qp, with ia} by choosing a base point wy.
Then ¢, ranges over the space of finite, iag; , -equivariant Fourier series on
the torus iaj. We shall consider the Fourier transform of each side of (5.3) as
a distribution on the dual group

A, = Hom(A}, Z).

Let AX* C A, be the preimage of X, under the canonical map from A, to
agw/az,. Then AXv is an affine sublattice of A,, on which the kernel AY of
the map acts simply transitively. The image of the space of test functions ¢,
under Fourier transform is the space of functions of finite support on AXv.
The Fourier transform of the distribution a(w) on the left-hand side of (5.3)
is a finite linear combination of (nonunitary) exponential functions on AXv
(relative to the action of AY). The Fourier transform of the distribution A(w)
on the right-hand side of (5.3) is a rapidly decreasing function on AXv. The
resulting two distributions on AX* are incompatible. They can be equal only
if they are both simultaneously equal to zero. It follows that the left-hand side
of (5.3) vanishes, and hence, that the left-hand side of (5.2) also vanishes.
We have established that

> aw) focw) =0, fo € H(Qy, Xo).
“’eﬁv,@

It follows from (5.1) that
Ilidisc(f) - IV,disc(f) = Z a(Tv)fv,G(Tv) =0,

TET(GU 7411)

for any function f = f'f, with f, € H(Qy, X,). The same formula therefore
holds for any such function with f, € H(2,). This completes the proof of part
(a) of Lemma 4.1.

We need only add a few remarks in the case of part (b), since the proof is
essentially the same. In this case, G is quasisplit, and €, is a parabolic con-
nected component in @femp(Gv, (v). Here, we take I(€,, X,) to be a maximal
set of pairs

P = (Zvaﬁv)a Zy € Z(av)7 By € Aﬁnip(vaCU)a
such that the endoscopic orbital integrals
Ji(fv) = fin(Zv/Bv)a Jo € H(Q, Go),

on H(€,, X,) are linearly independent. We then define a projection
Jo — 80 =fvo— Z Jz(fv)fqln

from H(£2,, X,) onto H(£, X,)%, as in (a).
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The distribution on the left-hand side of (4.2) has an expansion
Slfdisc(f) = Z bgsc(¢)fg(¢)

pe®? i (GV,Q)

v,disc

Assume that f = ff,, where f, belongs to H(GxXv,(,). We can then consider
the distribution as a linear form in f,. We see that

(54) SI/G,diSC(f) = Z ﬁ(¢v)f1iG(¢v)a

Do (G o)

where the set 55(6’1,, G) = ®(GZv,(,) equals the space of orbits of iag;, 7z, in
®¢(Gy, ), and the coefficient

/3((2511) = ﬂu,disc(fva ¢U)

is defined as a double sum
v,€/ v
® v

over elements ¢ € ® .. (G,V,() and \, € iag;, 7z, such that ¢ has a repre-

v,disc

sentative ¢” ® ¢, », in ®(Gy, (y). Suppose that f¥ is as in (b), and that f,
belongs to H(y, (). Combining (5.4) with the projection f, — f°, we obtain

an identity '
> BWifiew) = > bU(f),

wGﬁmC ieI(Qv’Xv)

where

b= > BW)(fia)w).

WEQU C

Since the endoscopic orbital integrals J;(f,) are finite linear combinations of
invariant orbital integrals, their Fourier transforms are also given by smooth
functions. Therefore

LMJzélMMﬁdwwa fo € H(Q, X,),

where each B;(w) is a smooth function on €2, such that
Bi(wy,) = e ) B (),
It follows that
65 % BWfiew) = [ B@fia@ds, S €M X,)

v

“’Eﬁu,(c

where

B(w) = Zﬁ’Bl(w)

)
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The rest of the proof of (b) is the same as that of (a). We identify €,
with a set of orbits Q,, /W (€, ), for an elliptic component

QLU - q)(tgemp,ell(Lva CU)

attached to a proper Levi subgroup L, C G,. For any base point wy € €,
we identify 27, in turn with a compact torus

ZCL,U —ZaLv’ZU/ZAv.

The proof of (b) is then established by transforming (5.5) into an identity
between distributions on a corresponding affine lattice A;Xv. O

COROLLARY 5.2. (a) The identity (4.1) of Proposition 4.2(a) holds for
any function f in Hy (Gy,Cv).

(b) If G is quasisplit, the identity (4.2) of Proposition 4.2(b) holds for any
function f in HYP(Gy, ).

Proof. Proposition 4.2(a) applies to any function in H/(Gy, (). We
have to show that it remains valid for functions in the larger space H (Gyv, ().

Now H s (Gy, () is spanned by functions f = [] f, that satisfy the follow-
veV
ing conditions.

(i) For each place v € Vi, (G, M), f, belongs to H (G, ¢,)°.

(ii) At some place v € Vi, f, belongs to H(Gy, ().

(iii) At two places v € V, f, is M-cuspidal.

The larger space H(Gyv,Cy) is spanned by functions f = IIf, that satisfy
only condition (iii). Notice that if f, is M-cuspidal, the restriction of the
function f, ¢ to any connected component of Tiemp (G, Cv) is also M-cuspidal.
We can therefore span Hy(Gy, () by functions that satisfy (iii), and the
following support condition.

(sq) For each place v € Vg,, there is a connected component §2, of
Tiemp(Go, Cv) such that f, belongs to H(€2,).

We consider a function f = [] f, that satisfies (iii) and (s,), for fixed

components §2, in the sets Ttemp(GvU, Cv). To establish part (a) of the corollary,
it is enough to show that any such f satisfies the identity (4.1). We are free
to enlarge the set V if we choose. In particular, the left-hand side of (4.1)
remains unchanged if V' is replaced by a larger set V3 = V U {v1}, and f is
replaced by a function f; = fu,,. The local component wu,, here stands for
the unit in an unramified Hecke algebra at vq. It lies in H(€y,, ), where
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(v, is an unramified character on Z,,, and €2, is the parabolic component of
unramified representations in Tiemp(Go,, G, ). We may therefore assume that
the set

Voar = Vpar(f) = {v € Vin: Qs parabolic}

is nonempty.

Suppose that f satisfies the extra constraint that f, belongs to H(Gy, ¢,)%,
for each v € Vpar. Then f satisfies the condition (ii). If v lies in the comple-
ment of Vpar in Vi, € is elliptic, and H(Gy, ¢,) equals H($y, ¢,)° by definition.
Therefore f satisfies condition (i) as well as (i) and (iii). In other words, f
belongs to H(Gy,(v)%, and consequently satisfies the identity (4.1). To
remove the extra constraints, we apply Lemma 5.1(a) to each of the places
v € Vpar. We thereby deduce that the identity remains in force without the
requirement that f, lie in H(fy,¢,)%. This establishes that (4.1) holds for
any f that satisfies (iii) and (s,), which in turn yields the required assertion
of part (a).

The same argument applies to part (b), except that H(Gy, ¢y)? and
HYS(Gy, Cy) play the roles of Hy(Gy,¢v)? and Har(Gv,Cy). The space

HYS(Gy, )Y is spanned by functions f = ][ f, that satisfy conditions
veV
(i)—(iii), and also the following supplementary condition.

iv) At some place v € V, f& = 0.
( ) p bl v

The larger space H}{}*(Gy, () is spanned by functions f = IIf, that satisfy only
conditions (iii) and (iv). Observe that if f, is either M-cuspidal or unstable, the
restriction of the function fi ¢ to any connected component of @femp(Gv, Cv)

has the same property. We can therefore span H}3°(Gv, (y) by functions that
satisfy (iii), (iv), and the following support condition.

(sp) Foreach place v € Vg, there is a connected component €2, of @femp(Gv, Cv)
such that f, belongs to H(£,).

We can then derive the assertion of part (b) as above. O

6. Local trace formulas

Our concern has been the global trace formula, and the stabilization of its
various terms. However, there will come a point in the next section when we
have to apply the local trace formula. In the present section, we shall lay the
groundwork for this. In particular, we shall take up the study begun in [A10,
§9] of how to stabilize the local trace formula.
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For the next three sections, F' will be a local field. We take G to be a
reductive K-group over F', which for the moment is arbitrary. In this context,
Z stands for a central induced torus in G over F', and ( is a character on Z(F).
Before we discuss stabilization, we have first to reformulate the invariant local
trace formula of [A5] so that it is compatible with the canonically normalized
weighted characters of [A8]. As might be expected from the global construc-
tions in [I, §2-3], the result will be a little simpler than the formula of [A5, §4]
that depends on a noncanonical choice of normalizing factors.

We temporarily adopt notation from [A10, §8-9], in which V' = {v, v}
is reduced to the role of an index set of order two. Then Fy = F X F|
Gy = G(Fy) = G(F) x G(F), and {y = ¢ x (7!, while

f:fle% flEC(G,C):C(G(F),C>,

is a function in the Schwartz space C(Gy, (y). The geometric side of the local

trace formula will be the linear form

(61) I(H)= 3 W I (-tmianiao) [ L (v, f)dy,
MeL FG-reg,ell(Mv‘/vC)

defined [A10, (9.2)] in terms of the invariant distributions Ips(7, f) in [A10, §4].

We have written I'greg o1 (M, V, () for the subset of strongly G-regular, elliptic

elements in the basis I'(M, () =T (M(F), C), identified with its diagonal image

{(77 7) Py E FG’—reg,ell(Mv g)}

in I'(My,Cv). (The set I'gregen(M,V,() is bijective with the family
LGregenn(M) of strongly G-regular, elliptic conjugacy classes in M(F) =
M(F)/Z(F) used to state [A10, (9.2)].) The spectral side will be a distri-
bution

(62) lawlD)= [ €O)fe(rdr

Taisc (vazc)

that is essentially discrete. Here we are following notation of [A5, §3] (with
obvious modifications for the character ¢). We have written Tyisc(G,V, () for
the diagonal image

{(7', ™) T € Tyise(G, C)}

in Tiemp(Gv, Cv) of the subset Tuiee(G,C) of Thomp(G1C) = Thomp(G(F),C)
defined as on p. 96 of [A5]. As on the geometric side, we do not generally
distinguish between the element 7 attached to G(F') and the corresponding pair
(7,7V) associated to Gy. Thus, i%(7) is the function [A5, (3.2)] on Tyisc(G, ¢),
and dr is a measure on Tgisc(G, () defined as in [A5, (3.5)] (with iag; , playing
the role of iaf,), while

fa(r) = (f)a(T)(f2)a(t) = fra() f2.a(T).



A STABLE TRACE FORMULA III 825

PROPOSITION 6.1.  I(f) = ILaisc(f)-

Proof. We can afford to be brief, since the proof is similar to that of [A5,
Th. 4.2]. The discussion of [A5, §4] applies only to a function in the Hecke
space, but it extends easily to the Schwartz space by the arguments of [A6, §5].
We note in passing that while the formula of [A5, §4] is close to the assertion
of this proposition, the invariant local trace formula established in the paper
[A6, §5] is of a rather different nature. The latter was designed to prove the
qualitative theorems in [A6, §4] for distributions on G(F’), rather than for the
comparison of distributions on different groups.

The starting point is the noninvariant trace formula, which consists of two
different expansions of a noninvariant linear form J(f). As formulated in [A5,
Prop. 4.1], the expansions are

(63) ()= 3 W IWE| ! (i) | Tu(r iy
MeL FG-rcg,cll(M>V:<)

and

(64) J(f) = 3 (WIWE| (pmuiae) [ () daa (7. )
MeLl Taisc (M, V()

The point here is that the distribution Jys(7, f), defined for example as in [A5,
84], actually equals a canonically normalized weighted character. To put it
another way,

Iu (7, f) = om (7, f) = o f1 X fo, 7 x77),
where

ém 2 C(Gv,Cv) — I(My,¢v)

is the mapping of [A8, §3] and [A10, §4]. This property is not hard to establish
from the definitions just cited. Since we have already proved the analogous
global property in [I, §3], we shall leave the details to the reader. (The prop-
erty is closely related to the analyticity assertions of [A4, Lemma 12.1] and
[A8, Prop. 2.3]. Unnormalized weighted characters are generally only mero-
morphic.)

Following the usual recipe, we define invariant linear forms

": ¢(Ly,¢v) — C, LecL,
inductively by setting
J(F) = 3 (W IWE |~ (- 1) AT (6 (f)).

Lel
It follows by induction from (6.3) and the definition
Tu(n )= (o)

LeL(M)
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that I¢(f) is equal to the expansion (6.1) for I(f). On the other hand, if we
define invariant linear forms

Iy (1) : C(Lv,¢v) — C, Lec,
inductively by setting
Tu(r.f) =Y i(recl).

LEL(M)
then

| fa(lr), it M =G,
Iﬂ%(“f)_{o, if M+ G.

It follows by induction from (6.4) that I¢(f) is also equal to the expansion
(6.2) for Igisc(f). We have shown that I(f) equals Igis.(f), as required. O

The proposition asserts that the expansions on the right-hand sides of
(6.1) and (6.2) are equal. This is the invariant local trace formula we were
seeking. It differs from the earlier formula in [A5, Th. 4.2] as follows. On
the geometric side, the invariant distributions Ips(7, f) in (6.1) are defined
in terms of the weighted characters of [A8], while their counterparts in [A5,
(4.10)] use the weighted characters on p. 101 of [A5]. On the spectral side, the
distribution Igisc(f) in (6.2) is essentially discrete in the variable 7, while its
counterpart [A5, (4.11)] contains continuous terms that arise from normalizing
factors for intertwining operators.

We turn now to the question of stabilizing the terms in (6.1) and (6.2).
Suppose that G’ is an endoscopic datum for G. Following the convention in
[A10, §9], we shall identify G’ with the diagonal endoscopic datum

=G xG
for Gy = G x G. We recall that if G’ represents the datum (G’,G’, s',¢’), then

G’ represents the adjoint datum (G’ G (s ) Recall that the Langlands-

Shelstad transfer factor attached to (G,G’) depends on a choice of auxiliary
data G’ — G’ and &: G’ — LG for G'. We would like to choose compatible
auxiliary data for G'. Since G’ equals G’ as a quasisplit group, we can set
G’ = G'. The choice of L-embedding

gl: ?/:g/%Lé/:Lé/

is then dictated by the following lemma, which was suggested to me by Kot-
twitz.

LEMMA 6.2. Given 5’, there exists £ so that the relative transfer factor
for (G,G") is the inverse of the relative transfer factor for (G,G’).
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Proof. This is Lemma 8.1 of [A10], which was stated essentially without
proof. However, there is one point that ought to be verified in detail. In fact,
the description of £ given on p. 258 of [A10] is not correct, since the map &
defined there is not an embedding of the required type. (Its restriction to Athe
subgroup G/ = G is not the identity embedding of this group into G/ = G’ )
We need to see how the choice of & is forced on us by the transfer factor for
(G,G).

We may assume that the group G/ = G’ equals G’ [LS, (4.4)]. Then ¢ is
simply an L-isomorphism, which we use to identify G’ with “G’. We can then
treat & as an L-embedding of “G’ into “G. With this assumption, the relative
transfer factor for (G,G’) is defined as a product of four terms [LS, (3.2)-
(3.5)]. The relative transfer factor for (G,G’) is defined by a similar product,
except that the element s’ in the factors Ay and A; [LS, (3.2), (3.4)] has to be
replaced by its inverse (s')~L. If {xn} are the x-data for G’ on which the other
two factors Ap and Ag [LS, (3.3), (3.5)] depend, we are free to take {x,'} to
be the x-data for G’. It is then clear from the definitions [LS, (3.2)-(3.4)] that
the three factors Ay, Aip and A; for G’ are all inverses of the corresponding
factors Ar, Arr and A; for G'. The remaining factor

Z2 = ZZ((S,’V)’ 5/ € AG—reg(G/)v Y€ Freg(G)v

for G’ is absolute, in the sense that it can be defined without reference to a
base point. It is also the only factor that depends on the choice of &' We are
now treating & as an L-automorphism of “G’. The choice of &’ is therefore
equivalent to that of an L-embedding

g =¢o (?)—1 Lo LG,
which coincides with ¢ on G’. We can assume that the restriction of & to the
Weil group Wr of F preserves a I-splitting of G’. Then £ is of the form

E(g xw) =2 (w)é (g xw), g el we W,

where 2’ is a 1-cocycle from W to the center Z(G') of G'. We have to show
that 2’ can be chosen so that A(d’,7) equals the inverse of the corresponding
factor Ay(¢’,~y) for G'. This is the point that is not immediately obvious from
the definitions.

The assertion is not in itself hard to verify, but it does require a recapitula-
tion of the various objects [LS, (2.5), (2.6), (3.5)] that go into the construction
of Ag(d’,7). The x-data are attached to the maximal torus 7' in G* (the
underlying quasisplit inner form of G) that is the image of the centralizer of
(a representative of) ¢ under a fixed admissible embedding. Their role is to
provide two L-embeddings &r: YT — LG’ and &7: YT — LG. The factor Ay
is defined in terms of these embeddings by the local Langlands correspondence



828 JAMES ARTHUR

on T(F). To conserve notation, we assume that the restrictions of &, ¢’ and
& to the relevant dual groups are s1rnply the trivial injections of embedded
subgroups T € G/, G’ ¢ G and T C G. The factor is then defined by

A(8',7) = (a, ),
where § is the image of ' in T'(F'), and a is the 1-cocycle from Wg to T defined
by
¢ o&p = aér.

Our task is to choose £ so that the corresponding cocycle @ for G’ maps to the
image of a=! in H'(Wp,T).

The value of the L-embedding &7 at an element w € Wy is given by a
product

ér(w) = r(w)n(w).

Here r: Wy — T is the 1-chain defined in [LS, (2.5)] in terms of the y-data
{Xa} and a fixed gauge on the roots of (G,T), while

n(w) = n(wT(a)) X w
is the element in “G defined in [LS, (2.1)] in terms of a fixed I p-splitting
(T,B,{Xa: a € A(B,T)})

for (é, f) We recall that o is the image of w in the Galois group I'r =
Gal(F/F), while wy(c) is the element in the Weyl group € of (G, T) defined
by the action of I'r on 7', and n(wT(U)) is a representative of wr (o) in the

normalizer N of T in G. The value at w of the second embedding & is given
by a corresponding product

&r(w) = r'(w)n' (w).
In this product, n’(w) is defined in terms of a fixed splitting

(7.5 {X5: e AB.T)})

fo such that B’ = G' N B [LS, (3.1)]. The two elements n(w) and

T)
) in “G have the same action by conjugation on T. Their quotient

(G,
(w

<l

therefore lies in 7'. Since the quotient
c(w) = 7' (w)r(w) ™
also lies in f, we obtain a decomposition

a(w) = b(w)c(w).
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We must compare this with the corresponding decomposition for @(w). Now
@(w) is defined by replacing ¢’ with &’ = 2/¢/, for a 1-cocycle 2’ € Z! (Wp, Z(@’))
to be chosen, and by replacing the y-data {x»} by {x;'}. This has the effect
of replacing b(w) by 2/(w)b(w), and c(w) by c(w)~!, as one sees easily from
the construction in [LS, (2.5)]. It follows that

a(wya(w) = (b(w)e(w)) (2 (w)b(w)e(w) ™) = 2/ (w)b(w)?.

It would be enough to show that the 1-cocycle b(w)? in Z*(Wpg,T) maps into
the image of H* (WF, Z(CA}’)) in H'(Wg, T). For we could then take z/(w) to

be any element in Z* (WF, Z(G' )) whose image in H'(Wg,T) equals that of

b(w)~2. This would in turn yield a formula
Ba(8",7)As(8,7) = (aa, §) = (b, 6) = 1

that gives the desired relation between the two factors.
The map 0: w — wr(o) X w is a homomorphism from Wg to the group
LQ = Q x Wg. The map w — n(w) is the composition of this homomorphism
with a function
v: wXxw— n(w) Xw

from ©Q to the group YN = N x Wg, where Wg acts on N by means of the
fixed T'p-splitting of (G, T). To define n(w), Langlands and Shelstad first set

n(wa) = n(a) = exp(Xy) exp(—X_q) exp(Xa),

for any simple root «, and for the root vectors X, and X_, given by the
splitting. Following [Sp|, they then define

n(w) = n(a) - --nlan),

for an arbitrary element w € € with reduced decomposition w = wq, -+ wq,,
into simple reflections. There are of course similar maps §: Wr — LQ’ and
V' L — LN’ for G'. We therefore have a diagram

!

LQ/ AN LN/
o

Wpg lé’ lé’
N

Lo Y. LN

with vertical arrows obtained from the L-embedding &: G’ — LG. The
square is not generally commutative. However, the obstruction

BEY =€ (V@)w(¢@) . ot
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does belong to T. Since
b(w) = B(0'(w)), w € Wr,
it would obviously be enough to arrange things so that for any ¢’ € “€, 3(#')?
lies in Z(G').
The map v depends on our fixed splitting (f,é, {Xa}) for (@, f) We
shall expand the set {X,} into a complete family of root vectors { X3}, where

3 runs over the set ®(G,T) of all roots of (G,T). We claim that this can be
done in such a way that if

v = 0B, B,v € ®(G,T), 6 Lo,

then
Ad(v(0)) X = Ad(u) X,

for some element u € T with u? = 1. It is clearly enough to show that the
condition holds if 3 = v, and X3 = X, is any associated root vector. In the
special case that 3 =+ is simple, the condition follows (with u = 1) from [Sp,
Prop. 11.2.11]. If 8 = + is arbitrary, we choose w € 2 so that & = w/3 is simple.
Then (w™'0w)a = @, and

v(w ) X, = Xa.
Since Lemma 2.1.A of [LS] implies that
(0w (w) = uv(w)v(w Hw),

for some element u € T with u? = 1, the condition holds in this case as well.
The claim follows. Having chosen the family {Xg}, we take

(T,B'{Xs: BeAB,T)), B' =G nB,

to be the splitting for (G’,T). To ensure that this is a I'p-splitting, we might
have to replace £ by an L-embedding whose restriction to Wy differs from
that of ¢ by some f—conjugate. Such a change serves only to multiply a by a
1-coboundary from Wg to IA“, and therefore has no effect on the image of a in
H'(Wg,T).

We can now complete the argument. Suppose that €’ is an element in Z€Y'.
Then

BO)v(0) = £'(n),
where 6 = £'(0") and n’ = v/(6'). Assume first that 6’ belongs to the subgroup
Wr of QY. Let v be a simple root of (G',T), and set 3 = #~'y. Then
Ad (f’(n’))Xﬁ equals X, since n’ preserves the splitting for (G, T) and ¢ is
a homomorphism. Therefore

X, = Ad(€'(n")) X5 = Ad(8(0)) Ad(v(6)) X5 = Ad(B(0)u) X,
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for an element u € T with u? = 1. It follows that ’y(ﬁ(@’ )2) equals 1 for any

simple root 7 of (G', T). We conclude that 3(6’)? belongs to Z(G'), as required.
Assume now that 6’ belongs to the subgroup Q' of “Q. Then &'(n/) = n' =

n'(0'), and v(0) = v(0') = n(¢'), since ¢ restricts to the trivial embedding of
(. Consider the special case that §' = wg, for a simple root 3 of (G’ T). In
this case, we choose w € € so that a = wf is a simple root for (G, T). It then
follows from [LS, Lemma 2.1.A] and the definitions above that

n'(0")=n(B) = exp(Xgs)exp(—X_p)exp(Xp)
= Int(u )Int( (w ))_ <exp( o) exp(—X_,) exp Xa)
= Int(u)(n(w )

= Int(u)Int(u’ )n(w 1waw) = (vt )w(uu') " n(h),

for elements wu,u € T of square 1. Therefore ((6') equals the product

1

wu'w(uu')~t, an element whose square is also equal to 1. Finally, if 6 is an ar-

bitrary element in €', we write 6 as a product wg, - - -wg, of simple reflections
in . Tt then follows from [LS, Lemma 2.1.A], and what we have just proved,
that

n'(0) = n'(ws) 1 (ws,)
= wn(wg, Jugn(ws,) - - - unn(wg, )
— un(wy,) -+ nlws,) = w'n(0)
where uq,...,u,, u and v’ are all elements in T of square 1. Therefore 5(6")
equals uu’, an element whose square is again equal to 1. We have now only to
recall that “€)’ is a semidirect product of the two subgroups € and Wr. We

conclude that 3(0')? lies in Z(G') for any element ¢ in L€', This is what we
set out to prove. As explained above, the embedding

_ -2
g(w) = 8(0'(w)) "¢ (w), w e Wr,
provides a factor Ay (d,7) that is the inverse of Ay (d,7). O

We return to the setting of Proposition 6.1, in which f € C(Gy,(y) is a
function of the form f; x f,. Lemma 6.2 applies directly to the transfer

f— = = 18 < 7

of f to an endoscopic group Gf, = G’ x G'. According to the discussion on
p. 269 of [A10], which is based on the assertion of Lemma 6.2, f’ is equal to
the product

fix fh= 8 = f§.
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In particular, f’ is a function in SZ( ~’V,Z§/), where EQ, = x (¢)"'. The
transfer mappings were used in [A10, §9] to construct supplementary linear
forms I¢(f) and SC(f) from I(f). They are defined by the familiar formula

)= > UGS (f)+eG)S4(f),

G'e€Y,(G)

e

in which the linear forms S’ = S¢ on SZ(G,,(},) are determined inductively
by the further requirement that I¢(f) = I(f) in case G is quasisplit. We recall
that

(G, G") = |Oute (G)|~HZ(G)F/Z(GM)|

and that ¢(G) equals 1 or 0, according to whether or not G is quasisplit. One
of the main results of [A10] was Theorem 9.1. This theorem provides geometric
expansions

(65) 15(5) = 3 (WWE | (-pydmiansae) [ G
MeL FG-reg,ell(szvC)
and
(6.6) SO(f) = > (WM W|H(—nTmAn/ae) ST (M, M)
MeL M'eEn (M)

3 (@) SG (M8 f)de
AGereg,en(M’, V()

the latter valid for G quasisplit, that are reminiscent of the global geometric

expansions of [I, Prop. 10.1].

In [A10, §10], we also stabilized a special case of the spectral side, in which
the function f; was cuspidal. (The results were used in the cancellation of
p-adic singularities in §3.) The formal aspects of the process work in general,
being no different from the construction above. For any function f = f1 x f,,
we set R

Igisc(f) = Z L(G’ G/)S(,iisc(f/) + 5(G)Sgsc(f)v
G'e€l (@)

for linear forms §(’ﬁsc = §§i;€ on SZ( ~’V,5’V) that are defined inductively by
the condition that I§_ (f) = Iaisc(f) in case G is quasisplit. The linear form
Sgsc is defined as usual only when G is quasisplit. It follows inductively from

Proposition 6.1 and the two sets of definitions that

(6.7) IE(f) = Iie(f)
in general, and that
(6'8) SG(f) = Sgsc(f)a

in case G is quasisplit.
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G (f) and SE._(f) have expansions that are paral-
lel to (6.2). To state them, we have first to define the relevant coefficients
by local analogues of the global definitions [I, (7.7), (7.8)]. If 7 belongs to
Tiemp(Gv, Cv), we set

(6.9) (1) =D > UG, G (¢)Ag(e Zs P)Aq(p,7),
&7

The linear forms I¢.

with G', ¢ and ¢ summed over the sets ( ), Premp(GYr, Chr) and

@femp(GV,Cv) respectively, and with coefficients sG (¢') defined inductively
by the requirement that

(6.10) i“¥(r) = i%(r),

in the case that G is quasisplit. It is understood that % (7) is defined to be 0 for
any 7 in the complement of Tgisc(G,V, () in Tiemp(Gv,Cy). Like the original
coefficients i%(7), both i%¢(7) and s%(¢) are supported on sets that are dis-
crete modulo the diagonal action of iag; ;. Following the general prescription
in [L, §7], we can define iag; ,-discrete subsets T5..(G,V, () D Tuise(G, V,¢) and

4, (G, V, ¢) of Tiemp(Gv, ¢v) and <I)5emp(GV, (v ), respectively, which contain
the support of the respective coefficients i%€ (1) and s(¢$). The sums over ¢’
and ¢ in (6.9) may then be restricted to the subsets

(I)disc(é,7 ‘/7 g/) dlSC(G/ V C ) N q)temp( /Va g/V)

and @5 (G, V,¢) of Piemp(G4/,Cl) and ®f,.p(Gv, Cv) respectively. We note
that the Haar measure on iag , determines natural measures dr, d¢’, and d¢

on the respective spaces dlSC(G V., Q), @disc(é’, V,E) and @dlSC(G, V., Q).

PROPOSITION 6.3. (a) If G is arbitrary,

(6.11) Bl = [ o OO e
(b) If G is quasisplit,
(6.12) SEl) = [ vy OIE @0

Proof. The assertions of the proposition have the same form as those of
Lemmas 7.2 and 7.3 of [I]. The proofs are similar. O

COROLLARY 6.4. (a) Assume that Local Theorem 1(a) holds for G and
its Levi subgroups. Then

iGE (1)=1

(), 7 € T§ise (G, V. C).
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(b) Assume that G is quasisplit, and that Local Theorem 1(b) holds for G
and its Levi subgroups. Then the coefficient s () vanishes on the complement

Of q)diSC(G7 ‘/7 C) m (pg (G7 ‘/7 C) .

disc

Proof. Consider part (a). We first combine the assertion of Local The-
orem 1(a) with the splitting formulas [A10, (4.6), (6.2)] for the product f =
f1 % fo. We obtain

(v ) = In(v, f), v € Tgmreg.en (M, V, €),

in the usual way. It follows from the expansions (6.1) and (6.5) that I¢(f) =
I(f). Therefore

Igisc(f) = Ig(f) = I(f) = Idisc(f)'

The identity between the coefficients i (7) and i“(7) then follows from a
comparison of the expansions (6.2) and (6.11) for Igsc(f) and 1§ .(f). The
proof of (b) is similar. O

Remarks. 1. Part (a) of Corollary 6.4 is equivalent to the assertion that
I5..(f) = Liisc(f). Part (b) is equivalent to the assertion that the distribution
SE(f) is stable. This second assertion is of course required to complete the
inductive definition of I§.(f).

2. If F is archimedean, Corollary 6.4 could be established directly from
Langlands’s parametrization of tempered representations [L2], the character
identities of Shelstad [Sh], and local analogues of the results in [A3].

We now return to the induction hypothesis of Section 1, with fixed integers
dger and rger. Since our intention is to apply the local trace formula to the
proof of Local Theorem 1, and since the archimedean case is treated in [A13],
we take F' to be a p-adic field. The K-group G is then just a connected
reductive group over F. We assume that (G, F') satisfies Assumption 5.2(2)
of [I], and that dim(Gger) = dger- Given G, we fix a Levi subgroup M with
dim(Ap N Gger) = Tder- For simplicity, we shall assume that Gge, is simply
connected, and that the central induced torus Z in G is trivial. If G’ is any
endoscopic group for G, we can then take the central extension G’ to be G’
itself.

We recall that A‘é_re&eu(M ) denotes the set of isomorphism classes of pairs
(M';¢"), where M’ is an elliptic endoscopic datum for M, and ¢’ belongs to
the set Agoregeil(M’) of G-regular, elliptic stable conjugacy classes in M'(F).
Then Ag—reg,ell(M ) can be identified with the quotient of

{(M,6): M € Ea(M), &' € Agrregen(M') },

under the action of the finite group Outas(M’) on Agoyegen(M’). If 6 is the



A STABLE TRACE FORMULA III 835

image in Aé-reg,ell(M) of a pair (M’,4"), we shall write 6 and §~' for the
images of the respective pairs (M’,d’) and (M (0 )*1). We recall also that

AGoregel(M) can be identified with a subset of Aé-reg,ell(M)' It will be con-

venient to set

AE,O

Aé-reg,en(M ), if G is not quasisplit,
G—reg,ell(M) =

Aé—reg,ell(M ) — AGaregen(M), if G is quasisplit.

If G is quasisplit and § represents a pair (M’, "), we consider the linear
form

e(fu,0) = S5 (M, 8, f.), fr € H(G).

Local Theorem 1(b) asserts that this linear form vanishes if § lies in A%—Oreg, (M),

The local trace formula allows a modest step in this direction.

LEMMA 6.5. Suppose that G is quasisplit, and that

(6.13)  e(fur0) = ()£ 0 (0), 5 € A g (M), f. € H(G),

for a smooth function £(0) on the complement Aé?reg,ell(M) of AG-reg,en(M).

Then
(6.14) e(0) +e(0hH =0.

Remark. The linear forms &( f, ) and ff 1 (0) depend on implicit choices
of (absolute) transfer factors. However, the effects of these choices on the two
sides of (6.13) are easily seen to cancel. It follows that £(J) is independent of

the choices, and depends on ¢ only as a class in A‘é’?regﬁn(M ). (See [A11, §4].)

Proof. The lemma will be a simple consequence of the local trace formula,
in the form of a local analogue of Lemma 2.3(b). Let HY\*(G,V) be the
subspace of H(G, V) spanned by functions f = fi x f, such that both f; and
fo are M-cuspidal, and such that either flg =0 or fZG = 0. If f belongs to
this space, the expression (6.6) simplifies. Arguing as in the proof of Lemma
2.3(b), we see that SE(f) equals

W (M)["L(—1)dmAn /o) S, M)
M’Egen(M)

¥ n(@) " (S8 10Ty (5) + SGALLS T £ (8)) o
AG-reg,ell(l\J,)
If 6 is the image of (M’,¢') in Aé—reg@ll(M)’ the last integrand equals

n(8) 7 (201, 0) Fo,00(0) + (2, 0) f 01 (9)).
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According to the definitions [A7, §1,3],

(M, M)n(8) ™ = [Outa (M) Z(T) /2D (A /207
= (Out (M) n(8) ",
where T" = Mg/, and
n(8) = (T /Z(M)"|.

Setting
— W ()| (i),

and noting that Outas(M') acts freely on Agregen(M’), we see that SE(f)
equals

CM/ n(6)” ( (f1s )fQM( )+ e(fa, )ffM(cS))ch.

G reg, ell
Suppose that, in addltlon to the conditions above, both f; and fy are

unstable. Then f¢ o and fQ v are both supported on the subset AG_reg (M)

of A%, —reg,ell (M). Our expression for SE(f) reduces to

615)  en |, n(8) 7 (2(0) + £(9)) ££01(8) P01 (3)dd,
G-reg, ell(M)

Since SY(f) equals Sdisc( f), this in turn equals the expansion

(6.16) Lo o @)@

(GV)

disc

for SE..(f) given by (6.12).

It is not hard to show that the equality between (6.15) and (6.16) forces
each expression to vanish. The argument is similar to that of Section 5, except
simpler, since the linear forms in (6.15) and (6.16) are tempered. We shall give
a brief sketch. Let fo be fixed, and consider (6.15) and (6.16) as linear forms
on the space of functions

¢ — fiG(¢1)a ¢1 € (I)temp( ) 1€ HunS(G)'

The distribution corresponding to (6.15) can be identified with a smooth func-
tion on the image of the space

%0 (M) = &

temp,ell temp,ell(M) - (I)temp,ell(M)

in CIthemp(G). We note that (I)temp (M) is a disjoint union of compact tori,
of dimension equal to that of Ays. The distribution attached to (6.16), on
the other hand, is supported on a finite union of ¢af;-orbits in (Dtemp(G). The
two distributions are incompatible. Applying the usual comparison argument,
we see without difficulty that each distribution equals zero. Therefore, the
expressions (6.15) and (6.16) both vanish.
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We have established that (6.15) vanishes for any function f = f; x f,
with f; € HY°(G). The Weyl group W (M) of (G, Ap) operates freely on
Aé’_oreg’eu(M), the domain of integration in (6.15), and the integrand in (6.15)
is invariant under this action. If o« is any W (M )-invariant function on the

Paley-Wiener space on A‘é_oregyen(M ), we can choose f so that the function

FE1(8) = FE01(8) Fo0e(B)

equals a(8). Tt follows that the coefficients of f§;(§) in (6.15) vanish. In
particular,

(8) +£(3) = 0.

The last step will be to show that () equals e(6~1). To this end, we
consider the opposition involution 8y of G. By definition, 6y is the unique
automorphism of GG that preserves a given F-splitting, and maps any strongly
regular element z to a conjugate of z7!. It follows easily from the definition
that 0y commutes with any automorphism of G that preserves the splitting.
Since G is quasisplit, this implies that 6y is defined over F'. We reserve the
symbol @ for the G(F')-conjugate

6 = Int(way) o by, wy € G(F),

of 6y that maps M to itself, and restricts to the opposition involution of M.
Then 0 is also an involution of G that is defined over F.

As in the discussion preceding [A10, Lemma 3.1], 6 determines an involu-
tion @ on the set of pairs (M’,¢’), and an involution § on Aé_regﬁu(M). From
the symmetry condition of [A10, Lemma 3.1], we obtain

e(0f.,00) = SF(O'M', 65,0 £.) = S§ (M, &', f.) = ([, 0),
for any f. € H(G), where 0f, = f. 0 6~L. Since

(05:)3(08) = f2 01 (6),
by similar considerations, we see that

&
£(8) = £(69), 5 € A g en(M).
Now the dual of 6 restricts to the opposition involution of M , which restricts
in turn to the opposition involution of M’. It follows from the definitions that
0'(M’',5") equals (M’, ((5’)_1), and therefore that 05 = (§)7!. We conclude
that

£(8) = a((ea)*l) = 5(9(5*5) =e(67Y).

The formula (6.1) follows. O
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For later use, we recall that elements in Ag_ M) can be represented

reg,ell(
in slightly different form. Suppose that & € Ag_regyen(M ) is the image of
a pair (M’',8"). Suppose also that 7" — T* is an admissible embedding
[LS, (1.3)] of the torus T" = Mj, into the quasisplit inner form M* of M,
and that 6* € T*(F) is the corresponding image of ¢’. The stable conjugacy
class of §* in M*(F') (which we can also denote by ¢*) then depends only on
d. The endoscopic datum M’ also gives a second piece of information. It pro-
vides an element s, in T’ , which can be pulled back under the dual mapping
T* — T’ to an element £* in the group

K(M;.) = K(T*) = mo((T)"/2(M)F), I = Gal(F/F).
We have thus a correspondence
(M',8") — (6%, K%).
It Mé—reg,ell
write Dé_reg’eu(M) for the quotient of the set

(F') denotes the set of G-regular, elliptic elements in M*(F'), we

{07 57) 0 6" € MEegan(F), v° € K(M5)}

defined by stable conjugacy in M*(F). The correspondence (M’ d") — (6%, k*)
then determines a canonical bijection

6 — d7 b€ Aé—reg,ell(F)?

from A%—reg,ell(zw) onto Dg—reg,ell(M)'

The bijection 6 — d was part of the proof of [A7, Lemma 2.2] and [A10,
Lemma 2.3]. We shall use it in Section 7 in conjunction with a fixed elliptic
torus T' C M over F. Any such T can be mapped to a maximal torus T* C M*
over F by the inverse of an admissible isomorphism i: 7% — T' [K2, §9]. Since i
is unique up to stable conjugacy, we can thereby identify any stable conjugacy
class in My o, oy (F) that intersects 7" (F') with an orbit in Tg-reg(#') under
the rational Weyl group Wg(M,T) of (M, T). The quotient of the set

{(t, K): t € Toaeg(F), K € /C(T)}

by Wg(M,T) represents in this way a subset of Dé—reg,ell(M ). If ¢ belongs
t0 TGoreg (F), let F(t) be the set of elements in A‘é_regﬁn
Dé_regﬁu(M) can be represented by a pair of the form (¢, k). There is then a

(M) whose image in

canonical bijection

5 — r(6), 5 € F(b),

from F(t) onto IC(T"). One observes that an element 6 € F(t) belongs to the
subset Ag_reg,enl(M) of Ag_regﬁn(M) if and only if k(d) = 1. Moreover, for any
such d, 6 is the element in F(t) with x(0) = x(d)~!, and 5! is the element in

F(t~1) with x(671) = k(0).
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7. Local Theorem 1

We have reached the critical stage of our extended induction argument.
We recall that the induction hypotheses were stated formally at the end of
Section 1, in terms of two fixed positive integers dger and rger. In the next two
sections, we shall prove Local Theorem 1. This will take care of the part of the
induction argument that depends on rqe;,. We shall establish Global Theorems
1 and 2 in Section 9, thereby completing the induction argument.

The setting will be that of the latter part of Section 6. Then G is a con-
nected reductive group over the p-adic local field F' that satisfies Assumption
5.2(2) of [I], with dim(Gger) = dder- Furthermore, M is a fixed Levi subgroup
of G with dim(Apy; N Gger) = Tder- Since rqer is positive, M is proper in G.
We have finished our discussion of the local trace formula. We can therefore
allow f to stand for a function on G(F'), as in the statement of Local Theorem
1, rather than on G(F') x G(F) (as in the last section). Our goal is to prove
Local Theorem 1 for G.

The discussion will be simpler if we do not have to deal with central data.

LEMMA 7.1. Assume that Local Theorem 1 is valid under the restriction
that Gger is simply connected and Z = 1. Then it is also valid without this
restriction.

Proof. The proof is similar to that of Proposition 2.1 of [II]. It is actu-
ally simpler, since we are working in a local context, with elements whose
centralizers are connected. We shall therefore be brief.

The first step is to reduce Local Theorem 1 to the case that Gye, is simply
connected. Given G and M, let G be a z-extension of G [K1, §1], and let M
be the preimage of M in G. Then G is a central extension of G by an induced
torus C over F such that Ger is simply connected, and M is a Levi subgroup
of G. The pair (G M) then satisfies the conditions we imposed on (G, M)
above. We write Z for the preimage of Z in G, and C for the pullback of ¢ to
Z(F). We have to check that if Local Theorem 1 holds for G, M, Z, and (,
then it is also valid for G, M, Z and (.

Recall [K1, §1] that G(F) = G(F)/C(F). We can therefore identify func-
tions (or distributions) on G(F) with functions (or distributions) on G(F) that
are invariant under translation by C (F ) In particular, there is a canonical iso-
morphism f — f from H(G ¢) onto H(G ¢). We can also assume that the fixed
bases I'G_reg, (M, 0), A & reg, ell(M ¢), etc., of C-equivariant distributions for
M, ),

etc., for M under the canonical maps v — 7, § — 8, etc., of distributions. It

G are the images of the corresponding bases I'Gereg el (M, €), A‘é_reg,eu(

follows from the definitions that

IM(’Y: f) = Iﬁ[(?) f)’ AS FG—reg,ell(M7 C)’ f € H(G,C)
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The endoscopic and stable analogues of these distributions satisfy similar for-
mulas. As in the proof of [II, Prop. 2.1], we obtain identities

I (v, ) = 153, f)
and also
SG(M',8', f) =SSO, T, ), M’ € Eqn(M), &' € Agregen(M', (),

in the case that G is quasisplit. (The last identity is really a tautology, since
we can take &' = §'.) It follows from these formulas that the assertions of Local
Theorem 1 are valid for G, M, Z, and ( if they hold for C:', M, Z and E

The second step is to reduce Local Theorem 1 to the case that Z is trivial.
Given G, M, Z and (, we define a projection

f = / ¢(2) fadz, fEH(G),
Z(F)

from H(G) onto H(G, (), where f,(x) = f(zx) for any x € G(F). We have
to compare linear forms on H(G) at a given function f with the values of
corresponding linear forms on H(G, ¢) at f€.

Suppose that ¢ belongs to the fixed basis I'g_reg e1 (M, () of (-equivariant
distributions on M (F') [I, §1], and that v € I'gregenn(M) is a conjugacy class
that maps to 7.. We can then compare the orbital integral on H(G,() at ¢
with the orbital integral on H(G) at . The relation is

f5000) = (v/70)"! /Z PERIONOLS f € H(G),

where (v/v¢) is the ratio of the given invariant measure on v with the signed
measure that comes with .. A similar relation holds for weighted orbital
integrals, and the associated invariant distributions. It follows directly from
the definitions that

(1) M6 5 = )™ [ I £
If we combine this with the discussion at the end of [I, §4] and the definitions
in [I, §6], we see that

(72) B0 = 0™ [ I, £

In the case that G is quasisplit, we also obtain
(73)  SGOISL ) = @7 [ SGO S L))
Z(F)

for M € Ea(M) and o; € AG_reg,eu(M’,Z’), and for an element
8" € Agregen(M’,7') that maps to (52. The ratio (5’/52) is defined in the
obvious way [I, (1.6)]. The general assertions of Local Theorem 1 apply to the
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distributions on the left-hand sides of (7.1)—(7.3). The corresponding asser-
tions for the case that Z is trivial apply to the distributions on the right-hand
sides. It follows from these formulas that Local Theorem 1 hold for arbitrary
(Z,(¢) if it is valid in the case that Z is trivial. This gives the second reduction,
and completes the proof of the lemma. O

We have reduced the proof of Local Theorem 1 for G, M, Z and ( to
the case that Gger is simply connected and Z is trivial. We assume from
now on that these conditions hold. In particular, the role of the general basis
I Geregenn (M, ) can be taken simply by the family I'goregen(M) of strongly
G-regular, elliptic conjugacy classes in M(F'). Moreover, if M’ belongs to
Ean(M), we can replace the basis AG_regﬁn(M NG ) by the corresponding family
AG-reg,enn(M') of stable conjugacy classes in M'(F'). This is because the derived
group of M is also simply connected, so there exists an admissible embedding
LM — LM of L-groups [L4]. Elliptic conjugacy classes of course meet elliptic
maximal tori. It will be convenient to let T' denote an arbitrary, but fixed
elliptic maximal torus in M. We will then work with those classes that have
representatives in Tg-req (F'). This was the setting at the end of Section 6.

The proof of Local Theorem 1 will be global. We shall use all the global
information we accumulated over the first half of the paper. The local objects
F, G, M and T have been fixed. They are assumed implicitly to have been
equipped with a quasisplit inner twist

¢ (G M) — (GF, M),

by which we mean an M*-inner class of isomorphisms from (G, M) to a qua-
sisplit pair (G*, M*). We are also going to fix a suitable finite Galois extension
E of F, over which G, M and T split. Given F, we propose to choose global
objects corresponding to the components of the local datum (F, E, G, M, T, ).
We shall denote these by the same symbols but augmented as in [A7, §7-9] by
a dot on top. Thus, (F E.G,M,T w) stands for the following set of objects:
a finite Galois extension F' C F of number fields, a trio of connected reductive
groups
TcMcG

over I that split over F, with M being a Levi subgroup in G and T an elliptic
maximal torus in M, and a quasisplit inner twist

If v is any valuation of F' that lies in the set Vg, (G, M), and for which F, is
a field, the completion (FU7 Ey, Gy, My, Ty, wv) is a local datum of the kind we
started with. In particular, it makes sense to speak of an isomorphism from
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(F,E,G,M,T,) to such a completion. Any such isomorphism would of course
map the Galois group I' = Gal(E/F') isomorphically onto the decomposition
group I'y, = Gal(E,/F,) of I' = Gal(E/F).

LEMMA 7.2. We can choose E and (F,E, G,M,T,z/}), together with
isomorphisms

(74)  bu: (F,E,G,M,T,) — (Fy, By, G, My, Ty 0n,), u €U,

for a finite set U of p-adic valuations {u} of F such that E, is a field, with
the following properties.

(i) (G, F) satisfies Assumption 5.2(1) of [I].

(ii) If G is quasisplit over F, G is quasisplit over F.

Ul =
There is a place v € U such that E, is a field.

)
)
(iii) For any valuation v ¢ U, G, is quasisplit over F,.
(iv)
)

(v

Proof. The lemma is a simple exercise in the approximation of local data
by global data. A less elaborate version, with some details omitted, was
given in [A7, pp. 576-577]. In the discussion here, we shall make use of [I,
Lemma 5.3, which asserts that the global form (1) and the local form (2) of
Assumption 5.2 of [I] both remain valid under inner twists of the group, and
under finite extensions of the ground field.

The local pair (G, F) satisfies Assumption 5.2(2) of [I]. This implies that
(G*, F) is isomorphic to a completion (G¥, F,), for a quasisplit global pair
(G* F) that satisfies Assumption 5.2(1). Let E be a finite Galois extension
of F such that G* splits over F, and such that T' sphts over the completion
of E defined by the valuation u of F. Replacing F by the fixed field of a
decomposition group in Gal(E/F) over u, we can assume that E = E, is a
field. Then F is a finite Galois extension of F' over which G* and T split.
Moreover, the associated Galois groups satisfy

Gal(E/F) = Gal(E,/F,) = Gal(E/F).

It follows easily that there is a Levi subgroup M* of G* over F', and an iso-
morphism
¢y (FLE,G*,M*) — (Fy, Ey, G}, M}).

The local field F D F will be the required extension. However, we shall still
have to modify the global fields £ O F in order to accommodate the extra
conditions.
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Since M™ is quasisplit over F', the torus T C M transfers to M*. More
precisely, we can find a maximal torus 7% C M™* over F, together with an
isomorphism i: T* — T over F that is admissible in the sense of [K2, §9],
which is to say that i is M-conjugate to the restriction of 1~' to T*. Let
M;(T) be the set of elements in M; = M*(F,) that are M -conjugate to
o, (T*(F)) The set of strongly G-regular points in M (T)) is open in M,
and intersects any open neighbourhood of 1 in M: in a nonempty open set.
Since the closure of M*(F) in M} contains an open neighbourhood of 1 [KR,
Lemma 1(a)], M*(F) intersects the set of strongly G-regular points in M;(T).
Let T* be the centralizer in M* of any point in this intersection. Then T* is
a maximal torus in M* over F' that is M*-conjugate to ¢%(T*). Replacing ¢*
with an M-conjugate, we can assume that ¢; takes 7™ to T*.

The torus T* need not split over E. However, it does split over the
completion E,. We can therefore find a finite Galois extension E’ of F over
which T splits, and which embeds in F,. Replacing E’ by the composite E'E,
if necessary, we can also assume that E’ contains E. If u/ is the valuation in
E’, obtained from an embedding of E’ into E,,, the decomposition group for
E'/F at u' is a subgroup of Gal(E'/F) that is isomorphic to Gal(E/F). Let
F' C E' be the fixed field of this subgroup. The associated valuation u' on E’
has the property that E’, is a field such that E’,/F!, is isomorphic to E/F.
Replacing F' ¢ E by F' C E’, if necessary, we can assume that 7' does split
over E.

We have constructed quasisplit global objects, and an isomorphism
(7.5) ¢t . (F,E,G*, M*,T*) — (F,, B, G, M, T7).

u

It is easy to modify the construction so that there are several such isomor-
phisms. Let E” be a large finite extension of F' in which u splits completely,
and let E” be a composite of E with F”. If «” is any valuation on F” over w,
E;’,, is a field such that E;’,, / ‘Q’L’,, is isomorphic to E/F. Replacing F' C E by
F"/E" | if necessary, we can assume that there are isomorphisms (7.5) for each
u in an arbitrarily large finite set U™ of p-adic valuations on F.

The local inner twist

¥ (G, M) — (GF, M)

determines an element g in the image of H*(F, M* N G%,) in HY(F,G%,).
Recall that there is a canonical bijection from H!(F, G ;) onto the finite abelian

group (Z(ésc)r>* [K3, Th. 1.2]. Let ng be the order of the image of ag in

0 (Z(ésc)r)*. We take U to be any proper subset of U™, with |U| > 3, such
that ng divides |U|. The element

P oi(ac)

uelU
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then lies in the kernel of the composition of maps

P H' (Fr, Gra) = D mo(2(Gi)™) — mo(2(G)")

uelU uelU
According to [K3, Th. 2.2, Cor. 2.5], we can build a global inner form of G*
from the local inner forms of {G* : u € U} associated to the classes {¢* (ag)}.
More precisely, taking [A10, Lemma 2.1] and [I, Lemma 4.1] into consideration,
we see that we can find a global inner twist

Vi (G, M) — (G, M),
where G is a reductive group over F with Levi subgroup M, together with
isomorphisms

Ou (FaE,G,M)—’(FwEuaGmMu)a ueU,

such that each map ¢}, o ¢ is M;—conjugate to 1/Ju o ¢y. It is clear that G is
quasisplit over F' if G is quasisplit over F, and that G, is quasisplit over F}, in
general, for each v € U.

The last point is to transfer the maximal torus 7% of M* to a maximal
torus 7" of M. For each v € U, the map

iv:qbvoio((bz)_l: T;‘ — M,

is admissible, and in particular, is defined over F,. We may as well also fix
admissible maps i,: T; — M, for the valuations v in the complement of U,
subject to the natural conditions [K2, (9.2.1)] at the unramified places. Since
M, is quasisplit for each such v, this is possible. We seek an admissible global
embedding

ji T — M

over F' that is M,-conjugate to i, for each v. There is a general obstruction to
the existence of such an embedding, which is defined in [K2, §9] as an element
in the dual of the finite abelian group K(7™). The group K(1™), taken relative

: ~ — \T
to M*, is defined to be the subgroup of elements in ’R’()((T*/Z(M*)) ) whose

image in H! (F, Z(]\/Z*)) is locally trivial. If v belongs to U™, it follows from
the fact that Ev is a field that

K1) = mo ((T)" /2(M)") = K(T7).
The local group K(T*)* acts simply transitively on the set of M,-conjugacy
classes of admissible embeddings i,,. We are certainly free to modify i, at
any v outside U. Replacing ¢, by its image under the appropriate element
in KC(T7)*, for some v in the complement of U in U™, we can assume that
the global obstruction vanishes. We then obtain a global embedding j that
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maps T* to a maximal torus 7" in M. The torus 7" over F provides the last
component of the global datum (F, E, G, M, T, 1)). Replacing ¢, by some M,-
conjugate, for each u € U, we can assume that ¢, maps T to T,. These maps
become the required isomorphisms (7.4). O

We fix the various objects provided by the lemma. We also fix a
place ug € U, and use the isomorphism qbuo to 1dent1fy the local datum
(F,E,G,M,T,) with the completion of (', E,G, M, T,v) at ug. Let V be a
finite set of valuations that contains U, and also all the ramified places for E,
G and T. If f is a given function in H(G), we choose a function

f= H Jo
veV

in H(Gy) such that f,, = f. Since |U| > 3, we can fix two other places u; and
ug in U. We assume that if v equals u; or ug, the function fv is supported on the
open subset of elements in G,, that are stably conjugate to points in T G_reg(F ).

Then f belongs to the space H (Gv), which was introduced in the context of
global K-groups in Section 2. The connected group G is a component of an
(essentially) unique global K-group [I, §4], which by [I, Lemma 5.3] and the
proof of the last lemma we may assume satisfies Assumption 5.2 of [I]. We can
regard f as a function on the K-group that is supported on Gy. The various
global results of Sections 2-5 therefore makes sense for f. We shall apply them
to our study of the relevant linear forms in f.

As always, we have to separate the discussion into the two parts (a) and
(b). Recall that we are trying to prove Local Theorem 1 for (G, M). The
assertion (a) of the theorem is trivial if G is quasisplit, while assertion (b)
applies only to this case. We may as well then treat (a) and (b) as two disjoint
cases, corresponding respectively to whether G is not, or is, quasisplit over F.
This corresponds in turn to whether G is not, or is, quasisplit over F.

To deal with (a), we shall apply the formula (2.4) of Proposition 2.2(a).
We first recall that our function f € Hy(Gy) satisfies an identity

Ilidisc(f) - Il/,diSC(f) =0, Ve ZhZ/WOW
by Corollary 5.2(a). This implies that the term

Z (Iidisc(f) - It,disc(f)) = z (Izidisc(f) - Iu,disc(f))

t

on the right-hand side of (2.4) vanishes. We also note that f vanishes on an
invariant neighbourhood of the center of Gy, since the corresponding property
holds for f,, and f,,. Therefore the other term

> (Iiunip(f> S) — It ynip(f, S))

z
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on the right-hand side of (2.4) vanishes as well. It follows that the left-hand
side

Lpar(f) = Tpar(f)

of (2.4) equals zero. Applying the expansion (2.8) of Lemma 2.3(a) for this
linear form, we see that

(7.6) S M) (I G fo) — Iy G 1)) £ (50 =0,
vEVin (G,M) 4T (M, V)
The left-hand side of (7.6) can be identified with the expansion [I, (2.11)] of

the linear form Ié\f[b(h), for some function h € H(My ). Since M is a proper
Levi subgroup, our induction hypotheses imply that

y . y £ . . ~2r e
I (h) = Lo () = 32 (M, MOS0 ().
M'eE(M,V)
Given the expansion for gé\fl;(h’) in [I, Lemma 7.2(b)], together with the in-
duction hypothesis (1.4) that the function bM’(§") is supported on the subset
A(M', V) of A®(M’, V), we can then rewrite the left-hand side of (7.6) as an

expansion in terms of M’ and §'. We conclude that

(7.7) . .
>y Y S WM (@)ey (Fo S)FHM(3)) =0,

M €€ (M,V) vEVan (G, M) §'e A(M',V)

where

EM(fm(s;)) = Z A(‘;af‘yv)(lf}[(;}/v,fv)_IM(;va]év))a

4p ET (M)

for any element &/ in A(M!). (We cannot actually claim that the function
¥y — Z (I@('yvva) - IM(;Yva fv))f;\}(’yv)a Y€ FG—reg(MV)p
v

belongs to Z(My), since f is not required to lie in HO(Gy). However, the
conditions at u; and ue allow us to truncate the function near the singular
set without changing the value of the left-hand side of (7.6). Alternatively,
one can simply note that the proof of [I, Lemma 7.2] is formal, and does not
require that the underlying function lie in the Hecke space.)

For the second case (b), in which G is quasisplit, we have to impose the
extra condition that fv be unstable for some v. The function f then lies in
HES(G.V). In this case, we apply the formula (2.5) of Proposition 2.2(b). It
follows from Corollary 5.2(b) that the term

Z SSdisc(f) = Z Sfdisc(f)
t v
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on the right-hand side of (2.5) vanishes. Since f vanishes on an invariant
neighbourhood of the center of GV, the other term

Z zump
on the right-hand side of (2.5) also vanishes. Therefore the left-hand side
G
Spar(f)

of (2.5) equals zero. Applying the expansion (2.9) of Lemma 2.3(b) for this
linear form, we see that

(7.8) . ‘ .
Sy S S @M (F )M (8) =0,

M’ €€ 1 (M,V) vEVan(G,M) §'e A(M',V)

where

M (f,8L) = S O1L, 8, ).

The formulas (7.7) and (7.8), corresponding to the two cases (a) and (b),
are almost identical. We shall analyze them together. Suppose that in addition
to the conditions we have already imposed, the function f is admissible in the
sense of [I, §1]. The summands in (7.7) and (7.8) are then supported on classes
¢ that are admissible. This means that we can take S = V in the expansion
[, (10.11)] for 5™’ (8"). It is then a consequence of the definitions that the right-
hand side of [I, (10.11)] vanishes. Therefore, the global coefficient bM/((S/ ) in
(7.7) and (7.8) reduces to the more elementary “elliptic” coefficient b}’ (8"). We
shall apply the global descent formula [II, Cor. 2.2(b)] to this latter coefficient.

We can assume that the summands in (7.7) and (7.8) corresponding to a
given &' € A(M',V) are nonzero. It follows from the conditions on f,, and
fuy» and the global descent formula for bé\ﬁ ("), that &’ belongs to the subset
AG_reg,eu,V(M) of elements in A(M’ V) that lie in AG_reg,eu(M’), and are
V-admissible. (Recall that Ag_regﬁn(M ) denotes the set of strongly G-regular,
elliptic stable conjugacy classes in M’ (F), and can be identified with a subset
of A(M', V).) Since &' is strongly regular, the global descent formula is very
simple. We obtain

bell (0) = (V 5,)bell( ) =r(M")r(T")'7(T") = (M),

where 1" is the centralizer of & in M’. Tt follows from the formula [K2,
Th. 8.3.1] for (M, M') that

oML, NEVBAT (8) = ()7 (M)~ Oty (M) |17 (M) = 7(MT) | Out y, (M) 7,

The Tamagawa number T(M ) is nonzero, and is of course independent of M
and 0’. Moreover, the group Out y, (M’) acts freely on the set of pairs

{(M',S'): M € Eq(M), & GAG_regeH(M)}
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that are relevant to M. We write Aé-reg,en(M ) for the quotient. We also write
Ag_r%eu’v(]\l ) f.’or the subset of orbit‘s in Ag—reg,ell(M ) for which M’ lies in
En(M,V) and ¢' lies in Ag-regen,v(M’). The summands in (7.7) and (7.8)
then depend only on the image 0 of (M’,d’) in Ag—reg,ell,V(M)‘ In order to
combine the two cases (a) and (b), we set

o aM(fU, &), if G is not quasisplit,
(fus0v) = e
eM'(f,,0"), if G is quasisplit.
The equations (7.7) and (7.8) can then be written together in the form

(7.9) 3 S e(fundn)fEE(8Y) = 0.

SEAé—reg,ell,V(M) VEVan (G, M)

To see how to separate the terms in (7.9), we should view the indices 6
in terms of the global form of the set Dg_re&eu(M ) defined in Section 6. Let

Dg—reg,ell(M ) be the quotient of the set of M-relevant pairs in
{0 i") 1 8 € Mogan(F), i € K(M.) |

that is defined by stable conjugacy in M*(F). The group 7% = Mg* here is of
course a maximal torus in M* over F, and the global group K(M L) = K(T*)
is defined in [K3, (4.6)]. As in the local case, there is a correspondence
(M',8") — (6*,&*) that yields a well defined bijective mapping 6 — d from
Aé_re&eu(M ) onto Dé-reg,ell(M ). This mapping underlies some of the basic
constructions of [L5]; it is also a special case of either [K3, Lemma 9.7] or
[II, Prop. 3.1]. Now, suppose that 7" C M is the elliptic torus provided by
Lemma 7.2. The quotient of the set

{G): f e Tomgan(F), e K(D)}

by the rational Weyl group WF(M ,T) then represents a subset of Dé_re& ell(]\'4 ).

We note that if v is any valuation such that E, is a field, the definition K3,
(4.6)] reduces to

K(T) = o (ff/Z(z\?)f) = (ffv /Z(M)fv) = K(T}).

Following notation at the end of Section 6, we set JF(f) equal to the fibre in
Ag_regﬁn(M) of a given point £ in TG_.reg(F), and we write 6 — k(d) for the
canonical bijection from F () onto (7). Our immediate concern will be the

case that ¢ lies in the subset TG_regy(F ) of V-admissible elements in TG_reg(F’ ).
The fibre F(£) will then be contained in Aé—reg,ell,V(M ). We are going to isolate

the contribution to (7.9) of those elements ¢ in F(f).
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The sum over § in (7.9) can be restricted to a finite set that depends only
on the support of f. (See for example [A2, §3].) Having once chosen a bound
for the support of f , which we take to be an admissible subset of Gy, we can
shrink any of the functions f, without enlarging this finite set or affecting the
admissibility of f. We note that by [A10, Lemma 3.1], the summand in (7.9)
depends only on the W(M )-orbit of §, relative to the free action of the Weyl
group W (M) of (G, Ay)on AG-reg el v (M). We can therefore regard (7.9) as a
sum over a finite set of W (M )-orbits in AGoreg,ell,V (M). Let i be a fixed point
in TG_regy(F ). If v belongs to V, we shall write {{ for the stable conjugacy
class of ¢ in G,. Having fixed ¢, we consider the distribution

fv - ff,M@U) = Z AM(éva;Yv)fv,M(;Yv)’ fv € H(Gv)a

Yo €l'(My)

on G, associated to an arbitrary element § in Aé_reg’eny(M ). The support

of this distribution equals 9 if wd lies in F (i) for some w € W (M), and is
otherwise disjoint from . Now suppose that v equals one of our two places
u1 and ug in U. In this case, we assume that the function fv is supported on
a small neighbourhood of i¢. If § indexes a nonzero summand in (7.9), one of
the terms

must be nonzero, from which it follows that the W (M )-orbit of § meets F(£).
The identity (7.9) therefore reduces to

(7.10) oo Y elfnd) i) =0,

SeF (i) veEVan (G,T)
We have replaced the set Vg, (G, M) in (7.9) by the subset

Vﬁn(G’T) = {v € Van : dim(a?”) = dim(a?)}

of places at which T, is Mv—elliptic, since the induction hypothesis (1.2) and
the appropriate descent formula imply that e(f,,d,) vanishes if v lies in the
complement of this subset.

We have imposed strict support constraints on the functions fv, when v
equals u1 or us. However, we are still free to specify the values taken by the
functions

Yo — .va(;Yv)a v E {ulaUZ}v

on the M,-conjugacy classes in the M,-stable conjugacy class tM. To see how
to do this in a way that exploits the conditions of Lemma 7.2, we recall an
elementary property of the local transfer factors. If 4, and 40 are M,,-conjugacy
classes in iM, and ¢ belongs to F(£), we have

Ay (B A) = (I0v(30, ), e YAy (80,49),
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where f, is the image of the element £ = k() in K(T,), and inv(5,4,) is the
element in the set
E(Ty) = K(T,)*

that measures the difference between 40 and 4,. Therefore

2 3060) = B A (3 (v G 30)s ) ) ).

We recall that

E(T) = tm(H(Fy, Tep) — H'(E,,T2)),

where T}, here stands for the preimage of T in the simply connected cover of
Mger. Since v is p-adic, E(Tv) equals the set D(TU) [L4, p. 702] that, together
with the base point 40, parametrizes the M,-conjugacy classes in tM. We note
that it is immaterial whether the groups &(7T},) and K(T}) are defined relative
to M, or G. To put it another way, the set of M,-conjugacy classes {%,} in
tM is bijective with the set of G,-conjugacy classes in . Tt follows that the
linear forms

Yo — fo (), fo € H(GL),

form a basis of the space of invariant distributions on G, that are supported
on 5. We are assuming that v equals u; or ug. Therefore K(T) is isomorphic
to K(T}), and § — &, is a bijection from F(£) onto K(T}). Since K(T}) is dual
to £(T5,), we conclude that the linear forms

5—>ff,M(5”)’ 567(“7 fUEH(Gv)v
are also a basis of the space of invariant distributions on G, that are supported
on iC
Let & be a fixed element in F(f), and set 0 = &,,. Suppose that the
original function f = f,, in H(G) is such that

fir(o) =0.
For each u in {u1, us}, we fix f, so that

e 1, itd=g,
f“vM(éu) N { 0, otherwise,

for any 6 € F(i). This is possible by the discussion above. If v lies in the com-
plement of {ug, u1,us} in V, we take f, to be a function such that ffM(O"v) =1.

The functions fu1 and fuz are assumed to satisfy the earlier conditions, and

f =TI fv is required to be admissible. If G is quasisplit, we can also assume
veV
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that fg) = f¢ =0, if K(6) = 1, and that f fG =0, if k(6) # 1. This is
possible because for any v € U, the linear forms

fu — F£ 5 (60). §e F(i), m(d) £ 1,

on H™(G,) are linearly independent. The function f is then unstable. In
all cases, f has the appropriate constraints, and therefore satisfies (7.10). The
complement in V of any v of course contains one of the places u; or us. It
follows that the terms in (7.10) with § # & all vanish. If § = &, the terms with
v # ug also vanish, while the term with v = ug equals a nonzero multiple of
e(f,o). The identity (7.10) therefore implies that £(f, o) = 0.

We have reached the conclusion that e(f,o) vanishes for any function
f € H(G) such that f{;(c) = 0, and such that f = 0, in case G is quasisplit
and /@(d) = 1. This relation apphes to the point o = &y, for any ¢ in the
fibre F(£), any element i in Tg-reg,v (F), and any V that is large relative to
the support of f. The set V at this point actually plays no role. For if £ is any
element in T reg(F ), we can always choose the finite set V' such that ¢ lies in
T G_regy(F ). The relation therefore holds, with the conditions on f, for any &
in F (). Reformulated in terms of the next lemma, it will be the main step in
our proof of Local Theorem 1.

LEMMA 7.3. (i) There is a smooth function €(0) on the set Ag’?regﬁn(M)
defined in Section 6 such that

(T.11)  e(f,0) = =(9) 31 (9), f EH(G), 6 € AG oy en(M).
(ii) If G is quasisplit and 6 lies in AG-regen(M), the distribution
6 — &(f,9), feH(G),
is stable.

Proof. Since the original elliptic torus T' C M was arbitrary, it would be
enough to treat points § in F(t), for elements t € Tzreg(F'). Let s be a fixed
element in /C(7T"). For any given ¢, we then take ¢ to be the point in F(¢) with
k(d) = k.

Suppose that ¢ lies in AG_ (M). We first consider the special case

reg,ell
that t = t,,, for a rational element ¢ € TG-reg(F ) Then § equals SUO, for the
element § € F(f) such that H(5)UO equals k. The conditions on ¢ rule out the
case that G is quasisplit and x(8) = 1. The relation e(f, dy,) = 0 is then valid
for any function f € H(G) with f§;(d,,) = 0. This relation in turn implies
that there is a complex number &(d,,) such that

(fv 5110) = 8(5U0)f]§4(6uo)
for any f € H(G) at all. Now the functions e(f,d) and fM( ) vary smoothly
with . Moreover, T'(F) is dense in T'(F) = T'(F,,), since EF, is a field for some
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v # ug [KR, Lemma 1(b)]. It follows that

e(f,8) = (0 f31(5)

in general, for a function £(J) that varies smoothly with ¢. This gives the
assertion (i).

For the assertion (ii), we assume that G is quasisplit and k = 1. The
element 0 then lies in Ag_regell(M). Let f € H(G) be a function with f¢=o.
If t is of the form #,,, & is of the form &,,, for the element 6 € F(i) with

x(6) = 1. In this case, we have established that (f,8) = 0. Since T'(F) is
dense in T'(F), the equation €(f,0) = 0 then holds in general. The assertion
(ii) follows. a

We have established the local 1dent1ty (7.11) for G by representing G as
a completion Gu0 of the global group G. A similar identity can be established
for the other completions

G»U, UEVﬁn(G,M),

of G, by embedding any G, in its own (possibly different) global group. We
obtain

5(]&’075’[}) = E(év)fiM(5U)7 fU € H(G®)7 5’U € Aé—oreg eH(M )
for a smooth function £(4,) on Aé’—oreg,ell(Mv)'

COROLLARY 7.4. Suppose that G is not quasisplit. Suppose also that t
belongs to Tg-reg(F), and that § is an element in F(£). Then

(7.12) > e(by) = 0.

uelU

Proof. If u belongs to U, G, is not quasisplit. In this case, by lies in
A‘éoreg o1 (M) by definition, and the function £(6,,) is defined. If v is a valuation

outside of U, G, is quasisplit. In this case

E(fvaév) =&y fv’ ZA 7"Yv ( 'Yvafv) - (’Yv,fv)) =0,

again by definition. The identity (7.10) becomes
> (X ew0) s -
GeF() SueU

This formula holds for any large finite set V' O U, and any admissible function



A STABLE TRACE FORMULA III 853

f in H(Gv). We can clearly choose f so that

e |1, ife=4,
fM(J)_{o, if & # 4,

for any & € F(f). The formula (7.12) follows. O

We are now in a position to prove part (a) of Local Theorem 1. This
corresponds to the case that G is not quasisplit. The assertion is that if
belongs to I'Goreg el (M), the distribution

I@(Vaf)ilM(f}/vf)v fEH(G)’

vanishes. Recall that

£ = Y AN ) = a0 )

'YEFG-reg,ell(M)

for any pair (M’,¢") that represents a point § in Aé-reg,ell(M ). The last formula
can be inverted by the adjoint relations [A7, Lemma 2.2] for transfer factors.
It is therefore enough to prove that for any such J, the distribution

EM(f75/):E(f76)v fEH(G),

vanishes.

Since G is not quasisplit, we will be able to apply the last corollary. Sup-
pose that k belongs to (7). Then s equals k,,, for a unique element &
in K(T). For each u € U, we choose a point f, in Tg-req(Fy), and we let
. be the element in F(f,) such that x(f,) equals f,. The group T(F) is
dense in T'(Fy7). This follows from [KR, Lemma 1(b)], and the condition (v) of
Lemma 7.2 that E, is a field for some v ¢ U. We can therefore approximate the
points {#,} simultaneously by an element  in T-yeg, e (£ 7), and the points {d,}
simultaneously by the element be F(t (t) such that n(é) equals 4. We now apply
Corollary 7.4 to 4. Since the functions £(4,) are smooth, the identity (7.12) of
Corollary 7.4 extends to the general family of points {4, }. The points were of
course chosen independently of each other, so that (7.12) implies that each of
the functions

e(fu) = £(u), ueUl,

is constant. Furthermore, from [A10, Lemma 3.1] and the existence of the
isomorphisms (7.4), we see that for any u € U, £(k,,) equals (k). The formula

(7.12) then yields
e(k) = |U|_1 Z e(ky) = 0.
uelU
We conclude that

e(0) =¢e(k) =0, t € Tgreg (F),
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for the element § = &,, in F(t) with x(§) = x. But the objects t, s, and T
were completely arbitrary. It follows that

£(f,8) = £(8)f11(6) = 0, f € H(G),
for any element § in the set Ag_()regell(M ) = A‘é_reg’ell(M ). This completes the

proof of part (a) of Local Theorem 1.

It remains to establish part (b) of Local Theorem 1. We are now in the
case that GG is quasisplit. There are actually two assertions. One is that if ¢
belongs to Agereg el (M), the distribution

f— S5, ), fe (@),

is stable. This has already been proved. Since

S50, f) =M (f.6) =e(f.9),

the assertion is just part (ii) of Lemma 7.3. The other assertion is that if ¢
belongs to the complement A‘é’_oreg (M) of Agregen(M), and is represented
by a pair (M’,d’), the distribution

S (M8, f) =M (f.6') = e(f.9), f € H(G),

vanishes. This is more difficult. It requires a property of weak approximation
on T, whose proof we postpone until the next section. In the remaining part
of this section, we shall formulate an analogue of Corollary 7.4, which will be
used in conjunction with Lemma 6.5 to establish the approximation property.

Suppose that V is a finite set of valuations of F' that contains U, and
outside of which G, T and F are unramified. We assume also that V contains
the finite set Viya(G) of Assumption 5.2(1) of [I], outside of which the gener-
alized fundamental lemma is assumed to hold. Given V', we write S (E, V) for
the set of valuations v ¢ V that split completely in E, and W(E7 V) for the

complement of S(E, V) in the set of all valuations of F.

COROLLARY 7.5. Suppose that G is quasisplit. Suppose also that t is a
point in TG_reg(F) such that t, is bounded for every v in the complement of V
in W(E,V), and that 6 is an element in F(t) with (5) # 1. Then e(8,) is
defined for any v in Van(G,T), and

(7.13) > e(dy) =0.

UEVﬁn(G,T)

Proof. If v belongs to Vﬁn(G', T), the map

G1) G
R T | B
CITU ClT

is an isomorphism. It follows easily that the canonical map

K(T) = mo(TF/2(C)) — K(T,) = mo(T7/2(O)).
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which we are denoting by £ — £y, is 1nJect1ve Set & = n(é). Then &, # 1.
Since f, = k(d,), the point 4, lies in AG_ (M,), and the function £(3,) is
defined.

The required identity (7.13) would follow directly from (7.10), were it not
for the fact that V' has been chosen here independently of 5. Given &, we choose
a finite set VT of valuations containing V', such that § is VT-admissible. We
can then apply (7.10) to V. Isolating the element € F(£) by an admissible
function f € H(Gy+), as in the proof of Corollary 7.4, we see that

Z e(d,) = 0.

eVt (GT)

reg,ell

To establish (7.13), it would be enough to show that £(d,) = 0 for every v in
the complement of V in Vi (G, T).

We first observe that Vi (G, T) is contained in W(E,V). Indeed, if v
belongs to the complement S(E,V) of W(E,V), T, is a split torus over Fj.
The group

K(T) = mo(T/2(G)) = m(T/2(G))

is then trivial, and £, = 1. In particular, v cannot lie in Vﬁn(G T).

Suppose that v lies in the complement of V' in Vﬁn(G T) Then v belongs
to the complement of V' in W(E V) and so the element ¢, in T, is bounded.
This implies that by is bounded, as is the element 5{) attached to any pair
(M 1 ) that represents 5. Let f, be the characteristic function of a hyperspe-
cial maximal compact subgroup of G,. We shall apply the identity

E(fvagv) = 5(5v)ff,M(5v)

According to Assumption 5.2(1) of [I], the standard fundamental lemma is
valid for GG,. It asserts that the factor

FE (80 = £ (5)

on the right-hand side of the identity equals KM’ (4"), where h, is the char-
acteristic function of a hyperspecial maximal compact subgroup of M{) As a
bounded, G-regular stable conjugacy class in M{,, 5; intersects the support of
h!. Tt follows that the stable orbital integral 22’ (9’) is nonzero. The factor
fg (0,) is therefore nonzero. The generalized fundamental lemma is valid for

(GU, M,), again by Assumption 5.2(1) of [I]. It can be applied to the term
E(f’lh(;’u) _5 (fU7 ) - (M1/;761/)7fv)

on the left-hand side of the identity. The generalized fundamental lemma was
actually formulated [I, Conjecture 5.1] in terms of the weighted orbital integrals
Jy (5 fv). However, one sees easily from the unramified local analogue of [A9,
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Th. 5] (which is actually a consequence of this theorem) that it is equivalent
to the special case of Local Theorem 1(b) in which G is unramified, and f
is a unit in the Hecke algebra In other words, the generalized fundamental
lemma implies that S$; (M, 4, f,) vanishes. The factor &(f,,d,) is therefore

equal to zero. Putting the two pieces of information together, we conclude that
£(dy) = 0, as required. This completes the proof of the corollary. O

8. Weak approximation

In this section, we shall finish the proof of Local Theorem 1. We fix local
data F', G, M, T and v as at the beginning of the last section. We can then
make use of the Galois extension £ D F and global datum (F, E,G, M, T, w)
provided by Lemma 7.2. We also fix the place ug € U as before, and use the
isomorphism ¢y, in (7.4) to identify (F, E,G, M, T,v) with the completion of
(F,E,G,M,T,v) at ug.

We assume that G is quasisplit over the local field F. The group G is then
quasisplit over the global field F. We can also assume that the inner twists
1 and ¢ are each equal to 1. To complete the proof of Local Theorem 1, we
have to show that if § belongs to Ag—oreg,ell(M ), and is represented by a pair
(M';¢"), the linear form

Sir(M', 8, f) = €M (£.8) = e(£. ), f € H(G),
vanishes. This is equivalent to showing that the function
£,0
6(5)’ o€ AG reg, oll(M)

of Lemma 7.3 vanishes. We shall establish the result as a general property of
any family of such functions that satisfy the global identity (7.13) of Corol-
lary 7.5, and the local identity (6.14) of Lemma 6.5.

Suppose that V is a finite set of valuations of F' that contains U. As usual,
we assume that G, T' and E are unramified outside of V. We also assume that

(8.1) T(A) = T(F)T(Fv)RY,

where

V=TI &

vgV

is the ma;cimal compact subgroup of T' (AV). As at the end of Section‘7, we
write S(E, V) for the set of valuations v ¢ V' that split completely in F, and
W(E,V) for the complement of S(E, V) in the set of all valuations.

LEMMA 8.1.  Suppose that for each v € V, e,(t,) is a smooth function on
TG-reg(Fy) that depends only on the isomorphism class of (Fy, Ey, Gy, My, Ty).



A STABLE TRACE FORMULA III 857

Assume that

(8.2) > ey(ty) =0,

veV

for any element t € TG—reg(F) such that for each w in the complement of V
in W(E,V), the point t,, is bounded. Assume also that the function e = ey,
satisfies the formula

(83) e(t) +e(t™!) =0, t € Tg-reg(F).
Then e vanishes identically on Tg-reg(F).

Proof. Before we can exploit the identities (8.2) and (8.3), we have first
to make some simple remarks relating to Langlands duality for tori. This
discussion will be quite general. It apphes to the case that T is any torus
over F', E is any finite Galois extension of F' that splits 7', and V is any finite
set of valuations of F' that satisfies (8.1), and outside of which E is unramified.

Suppose that W is any set of valuations of F that contains V. Then

- T &
veW -V

is a maximal compact subgroup of
T(Aly) = {tv €T(A): t,=1foranyv € VU CW}.

We shall write T3 v,w for the closure in
Tv =[] T =[] T(F)
veV veV

of the subgroup
(8.4) Ty AT RYT(AW).

For example, we could take W to be the set of all valuations of F. In this case,
the group (8.4) is already closed. It is equal to the discrete subgroup

FV = Tv N T(F)RV
of Tyy. We can of course also take W to be the set W (F, V), in which case we

shall write

TV

Observe that under the stated conditions of the lemma, the 1dent1ty (8.2) is

valid for any strongly G-regular element iy = [] ¢, in T . This is because
veV V.E

for any w # V, an element ¢,, € T}, is bounded if and only if it lies in R,,.

TVW(E vy
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The global Weil group W, acts on the dual torus T = T. We shall consider
subgroups of the continuous cohomology group H 1(I/VF, f) If W is any set of
valuations of F', we write H YWy, T')w for the kernel of the map

H' (W, T) — @ H' (W, T).
vgW
The quotient
HY W, YW = HY(W;,, T)/H (W, T)w
then maps injectively into the direct sum over v € W of the groups H'! (WFU , f)
If W is the empty set, for example, Hl(WF, f)W is the group Hl(Wp, f)lt of
locally trivial classes in H 1(WF,f). According to the Langlands correspon-
dence for tori [L1], the associated quotient H'(Wj, T is dual to T'(A)/T(F).
Let us write H‘l/(, -) for the subgroup of classes in a given cohomology group
that are unramified at each place outside of V. Then H‘I/(WF, f)lt is dual to
the group
TAYTEVRY = Ty /Ty nTEVRY =Ty /Ty

More generally, suppose that W is any set of valuations that contains V. We
claim that the closed subgroup

HY (Wi, Dy = HY (W, Thw /HY (W, T
of H,(Wp, T)' is the annihilator of the closed subgroup Tyw /Ty of Ty /Ty.
Indeed, the elements in H‘l/—(WF,T )1‘}[, correspond to continuous characters
on T(A)/T(F) that are trivial on R},T(A"), from which it follows that
H‘l/(WF, T)Y, annihilates Ty /T'y. Conversely, since the embedding
T — T(A)/T(F)
is dual to the restriction

HY Wy, T — HY (W, T),

any element in H{ (W, T)* that annihilates 7 vw /Ty belongs to
HY (W, f)%/tv The claim follows. We conclude that the group HY (W, f)%/tv
is dual to the quotient Ty /Tyw. If W =V, the assertion is a special case of
[KR, Lemma 1(a)]. We shall be concerned with the case that W equals the set
W(E,V).

The action of W, on T factors through the quotient

Gal(E/F) = Wy 1o/ Wi = Wi /W
The inflation map embeds the relative cohomology group

HYE/F,T) = H'(Gal(B/F), T)
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into HY(Wp, T). We claim that H'(E/F,T) equals the subgroup
HY Wy, T = Hl(WF,f)W(EV)

of HY(W, T). To see this, we first note that H'(E/E, T) is the kernel of the
map

(8.5) H' (W, T) — H' (W, T) = H' (W5, T),
and that H*(Wp, f)E is the kernel of the map

(8.6) H'(WpT) — @ HYE,D).
weS(E,V)

Let S~(E,V) be the set of valuations of E that divide those valuations of F
that lie in S(E, V). The composition of (8.5) with the map

H' Wy 5T) — @ H'(Ey,T)
w~eS~(E,V)

is then equal to the composition of (8.6) with the map

b H'(F.T)— B HY(E~TD.
weS(E,V) w~ES~(E,V)

The last two maps are both injective. This is obvious in the case of the second
map. For the first map, it is a consequence of the analogue of the Tchebotarev
density theorem for the idele class group Cp, = W, /5 [Se, Th. 2, p. I-23], and

the fact that S~(E,V) is a set of valuations of E of positive density whose
associated Frobenius elements map surjectively onto any finite quotient of Cf,.
We have shown that the two groups H*(E/F,T) and Hl(WF,f)E represent
the kernel of the same map. They are therefore equal, as claimed. In particular,
the elements in H* (W, T) j; are unramified outside of V', since the same is true
of the elements in H'(E/F, f) We apply what we have just observed to the
quotient of each group by the subgroup of locally trivial classes. We conclude
that HY(E/F,T)" equals the group
Hy (W, T) = H&(WF,T)IJV(EV).

It then follows from the remarks of the previous paragraph that H* (E / F, f)lt
can be identified with the group of characters of Ty /fv that are trivial on
the closed subgroup 7; VE /T'v. In other words, H'(E/F, T ) is in duality with
Ty/ Ty -

At this point, we return to conditions of the lemma. In particular, we
assume that 7' satisfies the conditions of the earlier Lemma 7.2. Following
Section 7, we identify the global Galois group Gal(E / F ) with the local Galois
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group Gal(E/F) = Gal( uO/FuO) at the fixed place ug € U. Since E,, is
field, the group H(E/F,T)y is trivial. Therefore
HY(E/F,T)=HYE/F,T) = H'(E/F,T)".
For any place v € V, we set
T, 5= 1o Ty = T(E) N Ty g

According to the local Langlands correspondence for tori, the group H' (WFv , f)
is dual to T},. Since H'(E/F,T) represents the annihilator of TVE/FV in the
group of characters on Ty / Iy, Tv j; is just the subgroup of T, annihilated by
the image of the composition
HY(E/F,T) — H"(E,/F,,T) — H' (W, T).

Consider the case that v belongs to the subset U of V. The restriction
map of HY(E/F,T) to H'(E,/F,,T) is then an isomorphism, which iden-
tifies H'(E/F,T) with the character group of Tu/TuE But HY(E/F,T) has
also been identified with the character group of Ty /Ty, ;. It follows that the
canonical injection

(8.7) Tu/T, 5 — Tv/Ty 5

is actually an isomorphism.
We are now ready to apply the 1dent1ty (8.2). Suppose that v belongs
to V, and that ¢, is an element in TG reg( »). We can then find a G-regular

element #y in 7, VI whose image in T, equals f,. To see this, we have only to
choose a place u € U distinct from v, and then use the bijectivity of the map
(8.7). Suppose that a is a point in T, ;, such that the product 3, = at, is also

strongly G-regular. The element $ = aiy obviously remains in TV ;> and has

the same component as £y, at each place w in V — {v}. Applying the extension
of the identity (8.2) to elements in T}, ;, we see that

ey(8y) — ep(ty) = Z ew(Sw) — Z ew(tw) = 0.
weV weV

The function e, is therefore invariant under translation by TU - In other

words, it extends to a function on T}, /T v/ T, ‘
The last step will be to apply the 1dent1ty (8. 3) Suppose that z is the
trivial coset T(F)p, = T, wo.p M T(F)/T(F) = Tw/T, o, Then (8.3) yields

e(@) = 1 (e(2) + e(z)) = 3 (e(x) +e(z™)) = 0.
To deal with the other cosets, we choose two places u; and ug in U that are
distinct from ug. Then there are isomorphisms

(F7E7G7M7T)—>(FuiaEu¢7G'ui7MuiaTui)7 1=1,2,
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of local data. By assumption,
e(x) = ey, (Zu, ), xeT(F)/T(F)g,
where x — 1, denotes the isomorphism
T(F)/T(F)z; — Tu/T,, 4 i=1,2.

Suppose that = and y are points in T( )/T(F)g. For each v in the complement
of {ug,u1,us} in V, choose a point #, in T v.15» and set

75\/ — : yug Ht’vv v ¢ {UO)U].)UQ}'

Letting the valuations v in (8.7) run over the set {ug,u1,us}, we see that fy
belongs to T}, ;. Set

g0 =Y eu(ty), v & {uo, ur, uz}t.

It then follows from (8.3) and the extension of (8.2) to TVE that

e(zy) —e(x) —e(y) +eo = e(wy)+e(™) +e(y ) +eo
Z ep(ty) = 0.
veV

Taking x = y = 1, we deduce that g = 1. Therefore

e(zy) = e(z) +e(y),

for any points z and y in T(F)/T(F) . In other words, e is a homomorphism
from the finite group T'(F')/T(F');, to the additive group C. Any such homo-
morphism must be trivial. It follows that the original function e on Tg-reg(F)
vanishes identically. O

We can now complete the proof of Local Theorem 1. Let k be any element
in K(T) with x # 1, and let & be the element in K(T) such that & = fi,,. Then
k # 1. If v belongs to the subset Vﬁn(G,T) of V, the element £, € IC(TU) is
also distinct from 1, as we saw at the beginning of the proof of Corollary 7.5.
In this case we set

ev(t.v) = 5((‘5@)7 iv € TG—reg(Tv)7

where 4, is the element in F(i,) such that x(d,) = f,. If v lies in the comple-
ment of Vgn (G, T) in V, we simply set e, (£,) = 0. The relations (8.2) and (8.3)
then follow from Corollary 7.5 and Lemma 6.5, respectively. The last lemma
asserts that e(t) vanishes identically on TG reg(#). Therefore

&‘(5) =0, le TG—reg(F)a
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where § is the element in F(¢) with x(0) = k. But any element ¢ in Ag’_oreg’eu(M)
can be expressed in this form, for some choice of T', k and ¢. In other words,
£(0) vanishes identically on the set Aé—oreg,ell(M ). This is what we needed to
show in order to establish the remaining assertion of Local Theorem 1.

We have shown that the assertions of Local Theorem 1 all are valid for G
and M. This completes the part of the induction argument that depends on

the integer

Tder = dlm(AM M Gder)-

Letting rqer vary, we conclude that Local Theorem 1 holds for any Levi sub-
group M of G. The group G was fixed at the beginning of Section 7. The
choice was subject only to Assumption 5.2(2) of [I], and the condition that
dim(Gger) = dger- Therefore, as we noted in Section 1, all the local theorems
stated in [I, §6] hold for any G with dim(Gger) = dger, S0 long as the relevant
half of Assumption 5.2 of [I] is valid. Of course, this last assertion depends on
the global induction assumption (1.4). To complete the induction argument,
we must establish the global theorems for K-groups G with dim(Gger) = dyer-
We shall do so in Section 9.

The arguments that have lead to a proof of Local Theorem 1 generalize
the techniques of Chapter 2 of [AC]. In particular, the discussion in Sections 7
and 8 here is loosely modeled on [AC, §2.17]. The analogue in [AC] of Local
Theorem 1 is Theorem A(i), stated in [AC, §2.5]. There is actually a minor
gap at the end of the proof of this result. The misstatement occurs near the
top of p. 196 of [AC], with the sentence “But as long as k is large enough ...”.
For one cannot generally approximate elements in a local group by rational
elements that are integral almost everywhere. The gap could be filled almost
immediately with the local trace formula (and its Galois-twisted analogue) for
GL(n). We shall resolve the problem instead by more elementary means. We
shall establish a second lemma on weak approximation that is in fact simpler
than the last one.

We may as well apply the “dot” notation above to the setting of [AC,
§2.17]. Then E/F is a cyclic extension of number fields. There are actually
two cases to consider. If E = F', G is an inner form of the general linear group
GL(n). If E # F, the problem falls into the general framework of twisted
endoscopy. In this case, G is a component in a nonconnected reductive group
Gt over F with G0 = Resy (GL(n)) In either case, M is a proper “Levi
subset” of G. Suppose that V D Vram(G) is a finite set of valuations outside
of which G and E are unramified. The problem is to show that the smooth
function

e(v) = ey (), Ay € MGereg Vs
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in [AC, (2.17.6)] vanishes. The formula (8.2) has an analogue here. It is the
partial vanishing property

(88) e(;}/V) =0,

which applies to any 4 € Mg_reg(F ) such that 4, is bounded for every w in the
complement of V' in the set W(E, V') defined as above. This property follows
from [AC, (2.17.4), and Lemmas 2.4.2 and 2.4.3], as on p. 194-195 of [AC].

LEMMA 8.2.  Suppose that e(§v) is any smooth function on MG—regV
that vanishes under the conditions of (8.8). Then e(dy) vanishes for any vy

m MG’—reg,V .

Proof. Suppose E = F. Then W(E, V') equals V, by definition. Since I'j,

acts trivially on Z(M), M(F) is dense in My [KR, Lemma 1(b)]. The lemma
then follows in this case from (8.8).

We can therefore assume that E # F. If W is any set of valuations of F,
let W~ denote the set of valuations of F that divide valuations in . We also
write G~ for the general linear group of rank n over E, and M~ for the Levi
subgroup of G~ corresponding to M. There is then a bijection e from
M (F) onto M~(FE), and a compatible bijection 4y — 4y~ from MG reg, Vv ONtO

Coreg V" It would be enough to show that the smooth function
eN<ﬁ/v~) - e(")/v>, € MG -reg,V>
on Mé—reg,VN vanishes.

It follows from [KR, Lemma 1(b)] that M~(E) is dense in MVN. We may
therefore assume that jy~ is the image of an element in M > g(E), and in
particular that 4y~ lies in Tg—reg(EVN ), for a maximal torus T” in M~ over E.
Set

W~ =W~(E,V)=W(E,V~).

Following the notation of the proof of the last lemma, we write T v~ w~ for the
closure in Tjz. = T~(Ey~) of the set of points 4~ in 7~(E) that are bounded
at each valuation in the complement of V™~ in W~. If 4~ is of this form, and
is also G-regular, the preimage + of 4~ in M (F) satisfies (8.8). It follows that

e”(v~) =0,
for any G-regular point 4y~ in T‘7~’W~. It would therefore be enough to show
that T‘7N,WN equals T‘7N. Replacing V™~ by a finite set V|~ that contains V™,
if necessary, we can assume that 7 is unramified outside of V~. For if vy s
any point in T‘ZN that is bounded at each place in W~ N (V" — V™), and 4~ is
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a point in T~ (E) that is bounded at each place in W~ — V[, and approximates
4y ~, then 4~ is bounded at each place in the set

W~ =V~ = (W~ = V) u (W n(Vp = V7)),

and approximates the component yy~ of Jy~ in T‘7N.
We shall again use Langlands duality for tori. As in the proof of the last
lemma, the quotient Ty~ /Ty~ -~ is dual to the group

H\I/N (WEv TN)%VN = H\I/N (WE7 TN)WN/HI(WEv T)lt-

Recall that H~ (W, T™)w~ is the kernel of the map

H‘I/N(WEvTN) I @ Hl(EwN7TN)7
w~eS™
where Hi (WE,T”) denotes the subgroup of elements in H 1(VVE-,T ~) that
are unramified outside of V™, and

S~ =S~(E,V)=S(E,V~).

We have only to show that any class in H ‘1/~ (W, T “w~ is locally trivial. Now
S~ represents a set of valuations on E of positive density. It follows from results
on equidistribution [Se, Th. 2, p. I-23] that any class in H‘l/N(WE,TN)Vw is
the inflation of a class in H'(E~/E,T~), for a Galois extension £~ O E that
splits 7, and is unramified outside of V~. But T is a maximal torus in
a general linear group. We can therefore assume by Shapiro’s lemma that

Gal(E~/E) acts trivially on the dual torus 7. Furthermore, any conjugacy
class in Gal(E~/FE) is the Frobenius class of some valuation in S~. It follows

that any element in H*(E~/E,T~) that is locally trivial at each place in S~

is in fact trivial. The group H‘l/N(WE,T)W~ is therefore actually zero. We
conclude that Ty~ w~ equals 177~ , as required. O

9. Global Theorems 1 and 2

We are now at the final stage of our induction argument. Our task is to
prove Global Theorems 1 and 2. This will take care of the part of the argument
that depends on the remaining integer dger-

We revert back to the setting of the first half of the paper, in which F'is a
global field. Then G is a global K-group over F' that satisfies Assumption 5.2
of [I], such that dim(Gger) = dger- As usual, (Z, () represents a pair of central
data for G. Let V be a finite set of valuations of F' that contains Viam(G, ().
The local results completed in Section 8 imply that Local Theorems 1’ and 2’
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of [I, §6] are valid for functions f in H(Gy,(y). The resulting simplification
of the formulas established in Section 2-5 will lead directly to a proof of the
global theorems.

Recall the linear forms Ip,.(f), Ilfar( f) and S[%r
According to Local Theorem 1'(a), we have

Igar(f) - Ipar(f)
= > Wt Y @M (I ) = T, ) =0,

MeL0 YET(M,V,C)

(f) introduced in Section 2.

for any f in H(Gy,(y). If G is quasisplit, the two assertions of Local Theorem
1’(b) imply that

SS(F) = > W wEt > (M, M)
MeLo M'e€En(M,V)

S oM(§)SG 0T, f)
§'eA(M' V)

= > wwgt oo wM(6)SE(M*, s, f) =0,
MeLo S*EA(M*,V,(*)

for any function f in H"™(Gy,(y). The left-hand sides of the expressions
(2.4) and (2.5) in Proposition 2.2 thus vanish. It remains only to consider the
corresponding right-hand sides.

We have already finished the part of the general induction argument that
applies to the integer rgqer. The assertions of Corollary 5.2 therefore hold for
any Levi subgroup M of G, and in particular, if M equals the minimal Levi
subgroup My. In other words, the identity

(9-1) If,disc(f) - IV,diSC(f) =0

of Proposition 4.2(a) is valid for any f in the space Hys, (Gv, (v) = H(Gv, (v).
Similarly, if G is quasisplit, the identity

(9.2) ST (f) =10

v,disc

of Proposition 4.2(b) is valid for any f in the space H}3*(Gv, (v) = H"™ (G, (v).
In particular, the terms

Ité:disc(f) - It7diSC(f) = Z (Izidisc(f) - IV,diSC(f))7 IS H(GV7 CV)7
{v: Im(v)||=t}

and

Sgdisc(f) = Z Ssdisc(f)v Ie HunS(GV7 gV)v

{v: [Tm =t}
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on the right-hand sides of (2.4) and (2.5) both vanish. Having already observed
that the left-hand sides of these formulas vanish, we conclude that the sum of
the remaining terms on each right-hand side vanishes. In other words,

93) 3 (Eunip(£.8) = Lanin(£.9)) =0, f € H(Gv,Cv),

and
(94) ZSZG(fa S) =0, fEHunS(GV7CV)7

in the case that G is quasisplit.

We have two theorems to establish. The geometric Global Theorem 1 ap-
plies to any finite set of valuations S DO Viam(G,(), and to elements
v € TE(G,8,¢) and ds € A4(G,S,¢) that are admissible in the sense of
[I, §1]. According to [II, Prop. 2.1] (and the trivial case of [II, Cor. 2.2]), the
global descent formulas of [II] reduce Global Theorem 1 to the case of unipotent
elements. We can therefore assume that 45 and dg belong to the respective
subsets Fﬁmp(G,S, ¢) and Aﬁmp(G, S,¢) of T4,(G, S,¢) and A§,(G, S,¢). To
deal with this case, we shall apply the formulas (9.3) and (9.4), with V' equal
to S, and f = fg an admissible function in H(Gs,(s).

The formulas (2.1) and (2.2) provide expansions for the summands on the
left-hand side of (9.3). We obtain

> > (agfg(dS) - agl(dS))fS,G(ZdS)

2€2(C)s,0 G5€T%,,,(G.5.0)

= Z Z ( unlp aS? - agnip(é%‘? S))fS,z,G(dS)

z as

Z( z,unip fS7 zump(fS, )) =0,

since the identities aeGH"S(ds) = afr’ligp(ds,S) and aG(dg) = afmp(

trivial consequences of the fact that V' = S. But the linear forms

fs — fsal(zas), 2 € Z(G)syp, ds € T45,(G, S,C),

on the subspace of admissible functions in H(Gg, (g) are linearly independent.
We conclude that

ags, S) are

G E .
ag® (¢s) — ady(cs) = 0,
for any element ¢g in Fump(G, S,¢). This completes the proof of part (a) of
Global Theorem 1 for 4g unipotent, and hence in general.

To deal with part (b) of Global Theorem 1, we take G to be quasisplit,
and set

AL (@, 8,¢) =

unip

unlp(G S, C) unip(G, S, C)
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The formula (2.3) provides an expansion for the summands on the left-hand
side of (9.4). Taking fs to be unstable, we obtain

> > bS1(Bs) f5.(285)

2€Z(G)s,0 Bsensl (G,5,0)

unip

= > > B9 fh.cBs)

? BseAf,;,(G.50)

unip

= ZSzG(f57S) =0,
z
since fg .. vanishes on Aypip(G, S, (). But the linear forms

fs — fEa(2Bs), 2 € Z(G)so, Bs € A5 (G, S,0),

on the subspace of admissible functions in H"(Gg, (g) are linearly indepen-
dent. We conclude that

bgl (/85) =0,

for any element (g in the complement Ai;ﬂp(G, S,¢) of Auip(G,S,(¢) in
Aﬁni.p(G, S,¢). This completes the proof of part (b) of Global Theorem 1
for g unipotent, and hence in general.

The spectral Global Theorem 2 concerns adelic elements 7 € Ht‘% dise (G, €)

and ¢ € @idiSC(G, ¢). We shall apply the formulas (9.1) and (9.2), which
pertain to functions f € H(Gy,({y). Recall that for any f in H(Gy,{y),
f = fu" is a function in the adelic Hecke algebra H(G,¢) = H(G(A),C).

Conversely, any f € H(G, () can be obtained in this way from a function
f € H(Gv,Cv), for some finite set V' O Viam (G, ().

We combine (9.1) with the expansions in [I, (3.6)] and the first part of
[I, Lemma 7.3(a)]. We obtain

S (a§EG) - aSe(®) fol#)
wellf i (G.0)

= Igdisc(f) - It,disc(f)

= Lfdisc(f) — I gisc(f)

- Z (Iug,disc(f) - Il/,disc(f)) = 0,
{v: [|Im(v)||=t}

for f and f related as above. But the linear forms

f - fG(ﬂ—)v T e Htg,disc(G7 C)a
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on H(G, () are linearly independent. We conclude that
G,E .
adlsc(ﬂ-) - acclTVisc(ﬁ) =0,
for any element 7 in II; gisc(G, (). This is the required assertion of part (a) of
Global Theorem 2.

To deal with part (b) of Global Theorem 2, we take G to be quasisplit,
and we set

B (G, C) = B 4iae(G, €) — @ aisc(G, ).

We combine (9.2) with the first expansion in [I, Lemma 7.3(b)]. Assume that f
belongs to H"™(G, ¢). Then f = fu"’, for some V and some f € H"™(Gy, (y).
We obtain

Z dlSC(¢)fG(¢) = Z bgsc(d))fg((b) = Sgdisc(f)
(btg(?lsc(G C) ¢6<I>t dlsc(G’C)
= St dlSC(f) - Z Stc,:disc(f) = O?
{v: [Im(v)[|=t}

since fé vanishes on ®; gisc (G, ¢). But the linear forms

f - fé(¢)> Qb € ‘bf(?lsc(Gv C)a
on H"™(G, () are linearly independent. We conclude that

bgsc(QS) =0,

for any ¢ in the complement <I>t dlSC(G’ () of @4 qisc(G, () in @deSC(G, ¢). This
is the required assertion of part (b) of Global Theorem 2.

We have shown that the assertions of Global Theorems 1 and 2 are all valid
for G. As we recalled in Section 1, this implies that all the global theorems
in [I, §7] hold for G. With the proof of Global Theorems 1 and 2, we have
completed the part of the induction argument that depends on the remaining
integer dgqe;. We have thus finished the last step of an inductive proof that
began formally in Section 1, but which has really been implicit in definitions
and results from [I] and [II], and related papers.

10. Concluding remarks

We have solved the problems posed in Section 1. That is, we have proved
Local Theorem 1 and Global Theorems 1 and 2. This completes the proof of
the local theorems stated in [I, §6] and the global theorems stated in [I, §7].

The results are valid for any K-group that satisfies Assumption 5.2 of [I].
We recall once again that any connected reductive group G; is a component
of an essentially unique K-group G. The theorems for G, taken as a whole,
represent a slight generalization of the corresponding set of theorems for Gj.
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Recall that Assumption 5.2 of [I] is the assertion that various forms of
the fundamental lemma are valid. It has been established in a limited number
of cases [I, §5]. For example, it holds if G equals SL(p), for p prime. The
assumption includes the standard form of the fundamental lemma, for both the
group and its Lie algebra. I expect that the equivalence of the two must be
known, for almost all places v, but I have not checked it myself. Granting this,
Assumption 5.2 of [I] also holds if G is an inner K-form of GSp(4) or SO(5).

The theorems yield a stabilization of the trace formula. This amounts to
the construction of a stable trace formula, and a decomposition of the ordi-
nary trace formula into stable trace formulas for endoscopic groups. We shall
conclude the paper with a brief recapitulation of the process.

Suppose that F'is global, and that G is a K-group over F' with central data
(Z,¢). Let f be a function in H(G,V, (), where V is a finite set of valuations
of F' that contains Viam (G, ¢). The ordinary trace formula is the identity given
by two different expansions:

(10.1) I(f) = WSt Y dM ) Iu(y. f)
MeLl ~yel'(M,V,()
and

(10.2) I(f) = Y.L
= X X W [ @M@ fde

of a linear form I(f) on H(G,V,(). The stable trace formula applies to the
case that G is quasisplit. It is the identity given by two different expansions:

(10.3)  S(f) = Do wtwgTt > vM(8)Swm(s, f)
MeL SEA(M, VL)
and

(104)  S(H) = Y. S/
= > e [ bV (6)Su1 (6, /)

T~ ce 2(MVQ)
of a stable linear form S(f) = SY(f) on H(G,V,¢). The theorems assert
that the terms in these two expansions are in fact stable, and that the more
complicated expansions in [I] reduce to the ones above. (See [I, Lemma 7.2(b),
Lemma 7.3(b), (10.5) and (10.18)].) The actual stabilization can be described
in terms of the endoscopic trace formula, a priori a third trace formula. It is
the identity given by two different expansions

(10.5) 15(f) = Y WtIwg Tt > aMEWIS(n f)
MeL ~€ETE (M, V()
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and

(10.6) I°(f) = Y_IF(f)
= XX wWE [ M) (. fdr

t MecLl I (M, V)

of a third linear form I¢(f) on H(G,V,¢). The theorems assert that there is
a term by term identification of these two expansions with the original ones.

The linear form I(f) is defined explicitly by either of the two expansions
(10.1) and (10.2). The other two linear forms are defined inductively in terms
of I(f) by setting

(10.7) Ef)= > UGG)S(f)+e@G)S(f),

G'e€l(G,V)

and also I¢(f) = I(f) in case G is quasisplit. Since the terms in (10.3) and
(10.4) are stable, the linear form S(f) is indeed stable. Since the terms in
(10.5) and (10.6) are equal to the corresponding terms in (10.1) and (10.2), re-
spectively, I€ (f) equals I(f) in general. The definition (10.7) therefore reduces
to the identity

(10.8) IH= > uGG&)S(f).

G'EE(GLV)

In particular, it represents a decomposition of the ordinary trace formula into
stable trace formulas for endoscopic groups.

The reason for stabilizing the trace formula is to establish relationships
among the spectral coefficients a® (), b%(¢) and a®€ (). These are of course
the terms that concern automorphic representations. The relationships among
them are given by Global Theorem 2. The proof of this theorem is indirect,
being a consequence of the relationships established among the complementary
terms, and of the trace formulas themselves. Having completed the process,
one might be inclined to ignore the stable trace formula, and the relationships
among the complementary terms. However, the general stable trace formula is
likely to have other applications. For example, its analogue for function fields
will surely be needed to extend the results of Lafforgue for GL(n).

The theorems also yield a stabilization of the local trace formula. Suppose
that F' is local, and that G is a local K-group over F' with central data (Z, ().
Let f = f1 x fy be a function in H(G,V,(), where V = {v1,v2} as in Sec-
tion 6. The ordinary local trace formula is the identity given by two different
expansions

(10.9)  1(5) = 3 WIWE| T (pydmt/e) [ Dy, f)dy
MeL FG—reg,ell(Mvvv’g)
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and

(10.10) Taiee(f) = / i (1) fo(r)dr

Tdisc (G,VaC)

of a linear form I(f) = Igisc(f) on H(G,V,(). The stable local trace formula
applies to the case that G is quasisplit. It is the identity given by two different
expansions

(10.11)
S(f) = (W W§ |t (—1)dm(An/Ae) n(8) " S (8, £)do
MecL AGreg,en (M, V()
and
(10.12) SanelH) = [ $9(0) 7% (0)do
Daisc (G, V()

of a stable linear form

S(f) = SG(f) = Sgsc(f) = Sdisc(f)

on H(G,V,(). The theorems assert that the terms in these two expansions
are in fact stable, and that the more complicated expressions (6.6) and (6.12)
reduce to the ones above. (See [A10, (9.8)].) The actual stabilization can again
be described in terms of what is a priori a third trace formula. The endoscopic
local trace formula is the identity given by two different expansions

(10.13)

IE(F) = 2 (W WE | (e [ 517, £)dn
MeL FG-reg,ell(M’V’C)
and
(10.14) Fulf) = [ () for)dr
T (GV:0)

of a third linear form I¢(f) = I§_.(f) on H(G, V,¢). The theorems assert that
there is a term by term identification of these two expansions with the original
ones.

The linear form I(f) = Igis.(f) is defined by the right-hand side of (10.9)
or (10.10). The other two linear forms are defined inductively in terms of I(f)

by setting
(10.15) ()= 3 uGa)S(f)+e@)S(f),

G'eEY (@)

and also I¢(f) = I(f) in case G is quasisplit. Since the terms in (10.11) and
(10.12) are stable, the linear form S(f) is indeed stable. Since the terms in
(10.13) and (10.14) are equal to the corresponding terms in (10.9) and (10.10),
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respectively, I¢(f) equals I(f) in general. The definition (10.15) therefore
reduces to the identity

(10.16) Ify= > uG.GHS(f).

G'eE(G)
In particular, it represents a decomposition of the ordinary local trace formula
into stable local trace formulas for endoscopic groups.

It is interesting to note that the stabilization of the local trace formula
is almost completely parallel to that of the global trace formula. This seems
remarkable, especially since the terms in the various local expansions stand for
completely separate objects. The stable local trace formula is not so deep as its
global counterpart. It has no direct bearing on automorphic representations,
even though it was required at one point for the global stabilization. How-
ever, one could imagine direct applications of the stable local trace formula to
questions in p-adic algebraic geometry.

THE UNIVERSITY OF TORONTO, TORONTO, ONTARIO, CANADA
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REFERENCES

[ J. ARTHUR, A stable trace formula I. General expansions, J. Inst. of Math. Jussieu
1(2) (2002), 175-277.

[11] , A stable trace formula II. Global descent, Invent. Math. 143 (2001), 157—
220.

[A1] The invariant trace formula I. Local theory, J. Amer. Math. Soc. 1 (1988),
323-383.

[A2] , The invariant trace formula II. Global theory, J. Amer. Math. Soc. 1 (1988),
501-554.

[A3] , Unipotent automorphic representations: global motivation, in Automorphic
Forms, Shimura Varieties and L-functions Vol. I (Ann Arbor, 1988), 1-75, Academic
Press, Boston, MA, 1990.

[A4] , A local trace formula, Publ. Math. . H.E.S. 73 (1991), 5-96.

[A5] , On elliptic tempered characters, Acta Math. 171 (1993), 73-138.

[A6] , On the Fourier transforms of weighted orbital integrals, J. Reine Angew.
Math. 452 (1994), 163-217.

[AT] , On local character relations, Selecta Math. 2 (1996), 501-579.

[Ag] , Canonical normalization of weighted characters and a transfer conjecture,
C. R. Math. Acad. Sci. Soc. R. Can. 20 (1998), 33-52.

[A9] , Endoscopic L-functions and a combinatorial identity, Canad. J. Math. 51
(1999), 1135-1148.

[A10] , On the transfer of distributions: weighted orbital integrals, Duke Math. J.
99 (1999), 209-283.

[A11] , On the transfer of distributions: singular orbital integrals, in preparation.

[A12] , On the transfer of distributions: weighted characters, in preparation.

[A13] , Parabolic transfer for real groups, in preparation.

[

AC] J. ArtHUR and L. CrozeL, Simple Algebras, Base Change, and the Advanced Theory
of the Trace Formula, Ann. of Math. Studies. 120, Princeton Univ. Press, Princeton,
NJ, 1989.



[BDK]
[K1]
(K2
[K3]
[KR]
[KS]
[L1]

[L2]

[L3]

[L4]

A STABLE TRACE FORMULA III 873

J. BERNSTEIN, P. DELIGNE, and D. Kazupan, Trace Paley-Wiener theorem for reductive
p-adic groups, J. Analyse Math. 47 (1986), 180-192.

R. KortwiTz, Rational conjugacy classes in reductive groups, Duke Math. J. 49
(1982), 785-806.

, Stable trace formula: cuspidal tempered terms, Duke Math. J. 51 (1984),
611-650.

, Stable trace formula: elliptic singular terms, Math. Ann. 275 (1986), 365—

399.

R. Kortwitz and J. Rocawski, The distributions in the invariant trace formula are
supported on characters, Canad. J. Math. 52 (2000), 804-814.

R. KortwiTz and D. SHELSTAD, Foundations of Twisted Endoscopy, Astérisque 255,
Soc. Math. France, Paris, 1999.

R. LancLANDs, Representations of abelian algebraic groups, preprint, Yale Univ.,
1968.

, On the classification of irreducible representations of real algebraic groups,
in Representation Theory and Harmonic Analysis on Semisimple Lie Groups, AMS
Surveys Monogr. 31 (1989), 101-170.

, Base Change for GL(2), Ann. of Math. Studies 96, Princeton Univ. Press,
Princeton, NJ, 1980.

, Stable conjugacy: definitions and lemmas, Canad. J. Math. 31 (1979), 700—

725.

, Les Débuts d’une Formule des Traces Stables, Publ. Math. Univ. Paris VII
13, 1983.

R. Lancranps and D. SHeELsTAD, On the definition of transfer factors, Math. Ann.
278 (1987), 219-271.

J-P. SERRE, Abelian (-adic Representations and FElliptic Curves, W. A. Benjamin,
Inc., New York, 1968.

D. SHELSTAD, L-indistinguishability for real groups, Math. Ann. 259 (1982), 385-430.
T. SPRINGER, Linear Algebraic Groups, Progress in Math. 9, Birkhauser, Boston, MA,
1981.

J.-L. WALDSPURGER, Le lemme fondamental implique le transfert, Compositio Math.
105 (1997), 153-236.

(Received September 6, 2000)



