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Deligne’s conjecture on 1-motives

By L. Barbieri-Viale, A. Rosenschon, and M. Saito

Abstract

We reformulate a conjecture of Deligne on 1-motives by using the integral
weight filtration of Gillet and Soulé on cohomology, and prove it. This implies
the original conjecture up to isogeny. If the degree of cohomology is at most
two, we can prove the conjecture for the Hodge realization without isogeny,
and even for 1-motives with torsion.

Let X be a complex algebraic variety. We denote by Hj
(1)(X,Z) the max-

imal mixed Hodge structure of type {(0, 0), (0, 1), (1, 0), (1, 1)} contained in
Hj(X,Z). Let Hj

(1)(X,Z)fr be the quotient of Hj
(1)(X,Z) by the torsion sub-

group. P. Deligne ([10, 10.4.1]) conjectured that the 1-motive corresponding
to Hj

(1)(X,Z)fr admits a purely algebraic description, that is, there should ex-
ist a 1-motive Mj(X)fr which is defined without using the associated analytic
space, and whose image rH(Mj(X)fr) under the Hodge realization functor rH
(see loc. cit. and (1.5) below) is canonically isomorphic to Hj

(1)(X,Z)fr(1) (and
similarly for the l-adic and de Rham realizations).

This conjecture has been proved for curves [10], for the second cohomology
of projective surfaces [9], and for the first cohomology of any varieties [2] (see
also [25]). In general, a careful analysis of the weight spectral sequence in
Hodge theory leads us to a candidate for Mj(X)fr up to isogeny (see also [26]).
However, since the torsion part cannot be handled by Hodge theory, it is a
rather difficult problem to solve the conjecture without isogeny.

In this paper, we introduce the notion of an effective 1-motive which ad-
mits torsion. By modifying morphisms, we can get an abelian category of
1-motives which admit torsion, and prove that this is equivalent to the category
of graded-polarizable mixed Z-Hodge structures of the above type. However,
our construction gives in general nonreduced effective 1-motives, that is, the
discrete part has torsion and its image in the semiabelian variety is nontrivial.
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Let Y be a closed subvariety of X. Using an appropriate ‘resolution’, we
can define a canonical integral weight filtration W on the relative cohomology
Hj(X, Y ;Z). This is due to Gillet and Soulé ([14, 3.1.2]) if X is proper. See also
(2.3) below. Let Hj

(1)(X, Y ;Z) be the maximal mixed Hodge structure of the
considered type contained in Hj(X, Y ;Z). It has the induced weight filtration
W , and so do its torsion part Hj

(1)(X, Y ;Z)tor and its free part Hj
(1)(X, Y ;Z)fr.

Using the same resolution as above, we construct the desired effective 1-motive
Mj(X, Y ). In general, only its free part Mj(X, Y )fr is independent of the choice
of the resolution. By a similar idea, we can construct the derived relative
Picard groups together with an exact sequence similar to Bloch’s localization
sequence for higher Chow groups [7]; see (2.6). Our first main result shows
a close relation between the nonreduced structure of our 1-motive and the
integral weight filtration:

0.1. Theorem. There exists a canonical isomorphism of mixed Hodge
structures

φfr : rH(Mj(X, Y ))fr(−1) → W2H
j
(1)(X, Y ;Z)fr,

such that the semiabelian part and the torus part of Mj(X, Y ) correspond re-
spectively to W1H

j
(1)(X, Y ;Z)fr and W0H

j
(1)(X, Y ;Z)fr. A quotient of its dis-

crete part by some torsion subgroup is isomorphic to GrW
2 Hj

(1)(X, Y ;Z). Fur-
thermore, similar assertions hold for the l-adic and de Rham realizations.

This implies Deligne’s conjecture for the relative cohomology up to isogeny.
As a corollary, the conjecture without isogeny is reduced to:

Hj
(1)(X, Y ;Z)fr = W2H

j
(1)(X, Y ;Z)fr.

This is satisfied if the GrW
q Hj(X, Y ;Z) are torsion-free for q > 2. The problem

here is that we cannot rule out the possibility of the contribution of the torsion
part of GrW

q Hj(X, Y ;Z) to Hj
(1)(X, Y ;Z)fr. By construction, Mj(X, Y ) does

not have information on W1H
j
(1)(X, Y ;Z)tor, and the morphism φfr in (0.1) is

actually induced by a morphism of mixed Hodge structures

φ : rH(Mj(X, Y ))(−1) → W2H
j
(1)(X, Y ;Z)/W1H

j
(1)(X, Y ;Z)tor.

0.2. Theorem. The composition of φ and the natural inclusion

rH(Mj(X, Y ))(−1) → Hj
(1)(X, Y ;Z)/W1H

j
(1)(X, Y ;Z)tor

is an isomorphism if j ≤ 2 or if j = 3, X is proper, and has a resolution of
singularities whose third cohomology with integral coefficients is torsion-free,
and whose second cohomology is of type (1, 1).
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The proof of these theorems makes use of a cofiltration on a complex
of varieties, which approximates the weight filtration, and simplifies many
arguments. The key point in the proof is the comparison of the extension
classes associated with a 1-motive and a mixed Hodge structure, as indicated
in Carlson’s paper [9]. This is also the point which is not very clear in [26].
We solve this problem by using the theory of mixed Hodge complexes due
to Deligne [10] and Beilinson [4]. For the comparison of algebraic structures
on the Picard group, we use the theory of admissible normal functions [29].
This also shows the representability of the Picard type functor. However, for
an algebraic construction of the semiabelian part of the 1-motive Mj(X, Y ),
we have to verify the representability in a purely algebraic way [2] (see also
[26]). The proof of (0.2) uses the weight spectral sequence [10] with integral
coefficients, which is associated to the above resolution; see (4.4). It is then
easy to show

0.3. Proposition. Deligne’s conjecture without isogeny is true if Ep,j−p
∞

is torsion-free for p ≤ j − 3. The morphism φ is injective if Ep,j−1−p
2 = 0 for

p ≤ j − 4 and Ej−3,2
1 is of type (1, 1).

The paper is organized as follows. In Section 1 we review the theory
of 1-motives with torsion. In Section 2, the existence of a canonical integral
filtration is deduced from [17] by using a complex of varieties. (See also [14].)
In Section 3, we construct the desired 1-motive by using a cofiltration on a
complex of varieties, and show the compatibility for the l-adic and de Rham
realizations. After reviewing mixed Hodge theory in Section 4, we prove the
main theorems in Section 5.

Acknowledgements. The first and second authors would like to thank the
European community Training and Mobility of Researchers Network titled
Algebraic K -Theory, Linear Algebraic Groups and Related Structures for
financial support.

Notation. In this paper, a variety means a separated reduced scheme of
finite type over a field.

1. 1-Motives

We explain the theory of 1-motives with torsion by modifying slightly [10].
This would be known to some specialists.

1.1. Let k be a field of characteristic zero, and k an algebraic closure of k.
(The argument in the positive characteristic case is more complicated due to
the nonreduced part of finite commutative group schemes; see [22].)
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An effective 1-motive M = [Γ
f→ G] over k consists of a locally finite

commutative group scheme Γ/k and a semiabelian variety G/k together with
a morphism of k-group schemes f : Γ → G such that Γ(k) is a finitely generated
abelian group. Note that Γ is identified with Γ(k) endowed with Galois action
because k is a perfect field. Sometimes an effective 1-motive is simply called
a 1-motive, since the category of 1-motives will be defined by modifying only
morphisms. A locally finite commutative group scheme Γ/k and a semiabelian
variety G/k are identified with 1-motives [Γ → 0] and [0 → G] respectively.

An effective morphism of 1-motives

u = (ulf, usa) : M = [Γ
f→ G] → M ′ = [Γ′ f ′

→ G′]

consists of morphisms of k-group schemes ulf : Γ → Γ′ and usa : G → G′

forming a commutative diagram (together with f, f ′). We will denote by

Homeff(M, M ′)

the abelian group of effective morphisms of 1-motives.
An effective morphism u = (ulf, usa) is called strict, if the kernel of usa is

connected. We say that u is a quasi-isomorphism if usa is an isogeny and if we
have a commutative diagram with exact rows

(1.1.1)

0 −−→ E −−→ Γ −−→ Γ′ −−→ 0∥∥∥ � �
0 −−→ E −−→ G −−→ G′ −−→ 0

(i.e. if the right half of the diagram is cartesian).
We define morphisms of 1-motives by inverting quasi-isomorphisms from

the right; i.e. a morphism is represented by u◦v−1 with v a quasi-isomorphism.
More precisely, we define

(1.1.2) Hom(M, M ′) = lim−→Homeff(M̃, M ′),

where the inductive limit is taken over isogenies G̃ → G, and M̃ = [Γ̃ → G̃]
with Γ̃ = Γ×G G̃. (This is similar to the localization of a triangulated category
in [33].) Here we may restrict to isogenies n : G → G for positive integers n,
because they form a cofinal index subset. Note that the transition morphisms
of the inductive system are injective by the surjectivity of isogenies together
with the property of fiber product. By (1.2) below, 1-motives form a category
which will be denoted by M1(k).

Let Γtor denote the torsion part of Γ, and put Mtor = Γtor∩Ker f . This is
identified with [Mtor → 0], and is called the torsion part of M . We say that M

is reduced if f(Γtor) = 0, torsion-free if Mtor = 0, free if Γtor = 0, and torsion
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if Γ is torsion and G = 0 (i.e. if M = Mtor). Note that M is free if and only if
it is reduced and torsion-free. We say that M has split torsion, if Mtor ⊂ Γtor

is a direct factor of Γtor.
We define Mfr = [Γ/Γtor → G/f(Γtor)]. This is free, and is called the free

part of M . If M is torsion-free, Mfr is naturally quasi-isomorphic to M . This
implies that [Γ/Mtor → G] is quasi-isomorphic to Mfr in general, and (1.3)
gives a short exact sequence

0 → Mtor → M → Mfr → 0.

Remark. If M is free, M is a 1-motive in the sense of Deligne [10]. We
can show

(1.1.3) Homeff(M, M ′) = Hom(M, M ′)

for M, M ′ ∈ M1(k) such that M ′ is free. This is verified by applying (1.1.1)
to the isogenies G̃ → G in (1.1.2). In particular, the category of Deligne 1-
motives, denoted by M1(k)fr, is a full subcategory of M1(k). The functoriality
of M �→ Mfr implies

(1.1.4) Hom(Mfr, M
′) = Hom(M, M ′)

for M ∈ M1(k), M ′ ∈ M1(k)fr. In other words, the functor M �→ Mfr is left
adjoint of the natural functor M1(k)fr → M1(k).

1.2. Lemma. For any effective morphism u : M̃ → M ′ and any quasi -
isomorphism M̃ ′ → M ′, there exists a quasi -isomorphism M̂ → M̃ together
with a morphism v : M̂ → M̃ ′ forming a commutative diagram. Furthermore,
v is uniquely determined by the other morphisms and the commutativity. In
particular, we have a well -defined composition of morphisms of 1-motives (as
in [33])

(1.2.1) Hom(M, M ′) × Hom(M ′, M ′′) → Hom(M, M ′′).

Proof. For the existence of M̂ , it is sufficient to consider the semiabelian
part Ĝ by the property of fiber product. Then it is clear, because the isogeny
n : G′ → G′ factors through G̃′ → G′ for some positive integer n, and it is
enough to take n : G̃ → G̃. We have the uniqueness of v for Ĝ since there is
no nontrivial morphism of Ĝ to the kernel of the isogeny G̃′ → G̃ which is a
torsion group. The assertion for Γ̂ follows from the property of fiber product.
Then the first two assertions imply (1.2.1) using the injectivity of the transition
morphisms.
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1.3. Proposition. Let u : M → M ′ be an effective morphism of
1-motives. Then there exists a quasi -isomorphism M̃ ′ → M ′ such that u is
lifted to a strict morphism u′ : M → M̃ ′ (i.e. Ker u′

sa is connected). In partic-
ular, M1(k) is an abelian category.

Proof. It is enough to show the following assertion for the semiabelian
variety part: There exists an isogeny G̃′ → G′ with a morphism u′

sa : G → G̃′

lifting usa such that Keru′
sa is connected. (Indeed, the first assertion implies the

existence of kernel and cokernel, and their independence of the representative
of a morphism is easy.)

For the proof of the assertion, we may assume that Kerusa is torsion,
dividing G by the identity component of Kerusa. Let n be a positive integer
annihilating E := Kerusa (i.e. E ⊂ nG). We have a commutative diagram

(1.3.1)

E
n−−→ E� �

nG
ι−−→ G

n−−→ G� �usa

�usa

nG′ ι′−−→ G′ n−−→ G′.

Let G̃′ be the quotient of G′ by usaι(nG), and let q : G′ → G̃′ denote the
projection. Since usaι(nG) ⊂ ι′(nG′), there is a canonical morphism q′ :
G̃′ → G′ such that q′q = n : G′ → G′. Then the usa in the right column
of the diagram is lifted to a morphism u′

sa : G → G̃′ (whose composition with
q′ coincides with usa), because G is identified with the quotient of G by nG.
Furthermore, Imu′

sa is identified with the quotient of G by nG + E, and the
last term coincides with nG by the assumption on n. Thus u′

sa is injective, and
the assertion follows.

Remark. An isogeny of semiabelian varieties G′ → G with kernel E cor-
responds to an injective morphism of 1-motives

[0 → G′] → [E → G′] = [0 → G].

1.4. Lemma. Assume k is algebraically closed. Then, for a 1-motive M ,

there exists a quasi -isomorphism M ′ → M such that M ′ = [Γ′ f ′
→ G′] has split

torsion.

Proof. Let n be a positive integer such that E := Γtor∩Ker f is annihilated
by n. Then G′ is given by G with isogeny G′ → G defined by the multiplication



DELIGNE’S CONJECTURE ON 1-MOTIVES 599

by n. Let Γ′ = Γ ×G G′. We have a diagram of the nine lemma

(1.4.1)

nG −−−−−−−− nG� �
E −−→ Γ′

tor −−→ f ′(Γ′
tor)∥∥∥ � �

E −−→ Γtor −−→ f(Γtor).

The l-primary torsion subgroup of G is identified with the quotient of VlG :=
TlG ⊗Zl

Ql by M := TlG. Let M ′ be the Zl-submodule of VlG such that
M ′ ⊃ M and M ′/M is isomorphic to the l-primary part of f(Γtor). Then
there exists a basis {ei}1≤i≤r of M ′ together with integers ci (1 ≤ i ≤ r) such
that {lciei}1≤i≤r is a basis of M . So the assertion is reduced to the following,
because the assumption on the second exact sequence

0 → nG → f ′(Γ′
tor) → f(Γtor) → 0

is verified by the above argument.

Sublemma. Let 0 → Ai → Bi → C → 0 be short exact sequences of finite
abelian groups for i = 1, 2. Put B = B1 ×C B2. Assume that the second exact
sequence (i.e., for i = 2) is the direct sum of

0 → Z/nZ→ Z/nbjZ→ Z/bjZ→ 0,

such that A1 is annihilated by n. Then the projection B → B2 splits.

Proof. We see that B corresponds to (e1, e2) ∈ Ext1(C, A1 × A2), where
the ei ∈ Ext1(C, Ai) are defined by the exact sequences. Then it is enough to
construct a morphism u : A2 → A1 such that e1 is the composition of e2 and
u, because this implies an automorphism of A1 × A2 over A2 which is defined
by (a1, a2) �→ (a1 − u(a2), a2) so that (e1, e2) corresponds to (0, e2). (Indeed,
it induces an automorphism of B over B2 so that e1 becomes 0.) But the
existence of such u is clear by hypothesis. This completes the proof of (1.4).

The following is a generalization of Deligne’s construction ([10, 10.1.3]).

1.5. Proposition. If k = C, we have an equivalence of categories

(1.5.1) rH : M1(C) ∼→ MHS1,

where MHS1 is the category of mixed Z-Hodge structures H of type

{(0, 0), (0,−1), (−1, 0), (−1,−1)}

such that GrW
−1HQ is polarizable.
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Proof. The argument is essentially the same as in [10]. For a 1-motive

M = [Γ
f→ G], let Lie G → G be the exponential map, and Γ1 be its kernel.

Then we have a commutative diagram with exact rows

(1.5.2)

0 −−→ Γ1 −−→ HZ −−→ Γ −−→ 0∥∥∥ � �
0 −−→ Γ1 −−→ Lie G −−→ G −−→ 0

which defines HZ, and F 0HC is given by the kernel of the projection

HC := HZ ⊗Z C→ Lie G.

We get W−1HQ from Γ1, and W−2HQ from the corresponding exact sequence
for the torus part of G. (See also Remark below.)

We can verify that HZ and F 0 are independent of the representative of M

(i.e. a quasi-isomorphism induces isomorphisms of HZ and F 0). Indeed, for an
isogeny M ′ → M , we have a commutative diagram with exact rows

(1.5.3)

0 −−→ Γ′
1 −−→ Lie G′ −−→ G′ −−→ 0� ∥∥∥ �

0 −−→ Γ1 −−→ Lie G −−→ G −−→ 0

and the assertion follows by taking the base change by Γ → G. So we get the
canonical functor (1.5.1). We show that this is fully faithful and essentially
surjective. (To construct a quasi-inverse, we have to choose a splitting of the
torsion part of HZ for any H ∈ MHS1.)

For the proof of the essential surjectivity, we may assume that H is either
torsion-free or torsion. Note that we may assume the same for 1-motives by
(1.4). But for these H we have a canonical quasi-inverse as in [10]. Indeed, if
H is torsion-free, we lift the weight filtration W to HZ so that the GrW

k HZ are
torsion-free. Then we put

Γ = GrW
0 HZ, G = J(W−1H) (= Ext1MHS(Z, W−1H)),

(see [8]), and f : Γ → G is given by the boundary map

HomMHS(Z,GrW
0 H) → Ext1MHS(Z, W−1H)

associated with 0 → W−1H → H → GrW
0 H → 0. It is easy to see that this is

a quasi-inverse. The quasi-inverse for a torsion H is the obvious one.
As a corollary, we have the full faithfulness of rH for free 1-motives using

(1.1.3). So it remains to show that (1.5.1) induces

(1.5.4) Hom(M, M ′) = Hom(rH(M), rH(M ′))

when M = [Γ → G] is free and M ′ is torsion. Put H = rH(M). We will
identify both M ′ and rH(M ′) with a finite abelian group Γ′.
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Let W−1M = [0 → G],GrW
0 M = [Γ → 0]. Then we have a short exact

sequence

0 → Hom(GrW
0 M, M ′) → Hom(M, M ′) → Hom(W−1M, M ′) → 0,

because Ext1(GrW
0 M, M ′) = Ext1(Γ,Γ′) = 0. Since we have the corresponding

exact sequence for mixed Hodge structures and the assertion for GrW
0 M is

clear, we may assume M = W−1M , i.e., Γ = 0.
Let T (G) denote the Tate module of G. This is identified with the com-

pletion of HZ using (1.5.3). Then

Hom(M, M ′) = Hom(T (G),Γ′) = Hom(HZ,Γ′),

and the assertion follows.

Remark. Let T be the torus part of G. Then we get in (1.5.2) the integral
weight filtration W on H := rH(M) by

(1.5.5) W−1HZ = Γ1, W−2HZ = Γ1 ∩ Lie T.

2. Geometric resolution

Using the notion of a complex of varieties together with some arguments
from [17] (see also [14], [16]), we show the existence of a canonical integral
weight filtration on cohomology.

2.1. Let Vk denote the additive category of k-varieties, where a morphism
X ′ → X ′′ is a (formal) finite Z-linear combination

∑
i[fi] with fi a morphism

of connected component of X ′ to X ′′. It is identified with a cycle on X ′×k X ′′

by taking the graph. (This is similar to a construction in [14].) We say that a
morphism

∑
i ni[fi] is proper, if each fi is. The category of k-varieties in the

usual sense is naturally viewed as a subcategory of the above category. For a
k-variety X, we have similarly the additive category VX consisting of proper
k-varieties over X, where the morphisms are assumed to be defined over X in
the above definition.

Since these are additive categories, we can define the categories of com-
plexes Ck, CX , and also the categories Kk,KX where morphisms are considered
up to homotopy as in [33]. We will denote an object of CX ,KX (or Ck,Kk)
by (X•, d), where d : Xj → Xj−1 is the differential, and will be often omitted
to simplify the notation. The structure morphism is denoted by π : X• → X.
(This lower index of X• is due to the fact that we consider only contravariant
functors from this category.) For i ∈ Z, we define the shift of complex by
(X•[i])p = Xp+i. We say that Y• is a closed subcomplex of X• if the Yi are
closed subvarieties of Xi, and are stable by the morphisms appearing in the
differential of X•.
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We will denote by Cb
X the full subcategory of CX consisting of bounded

complexes, and by Cb
Xnsqp the full subcategory of Cb

X consisting of complexes
of smooth quasi-projective varieties. (Here nsqp stands for nonsingular and
quasiprojective.) Let D be a closed subvariety of X. We denote by Cb

X〈D〉nsqp

the full subcategory of Cb
Xnsqp consisting of X• such that Dj := π−1(D) ∩

Xj is locally either a connected component or a divisor with simple normal
crossings for any j. Here simple means that the irreducible components of
Dj are smooth. For an integer j, let Cb,≥j

X denote the full subcategory of Cb
X

consisting of complexes X• such that Xi = ∅ for i < j, and similarly for Cb,≥j
Xnsqp ,

Cb,≥j
X〈D〉nsqp . Replacing C with K, we define similarly Kb

Xnsqp , Kb
X〈D〉nsqp , etc.

We say that X• ∈ Kb
X is strongly acyclic if there exist X ′

• ∈ Kb
X isomorphic

to X• in Kb
X and a finite filtration G on X ′

• such that the restriction of G to
each component X ′

j is given by direct factors, and for each integer i there exists
a birational proper morphism of k-varieties g : Y ′ → Y together with a closed
subvariety Z of Y satisfying the following condition: Letting Z ′ = (Y ′×Y Z)red,
the morphism g : Y ′ \ Z ′ → Y \ Z is an isomorphism and the graded piece
GrG

i X ′
• is isomorphic in Kb

X to the single complex associated to

(2.1.1)

Z ′ −−→ Y ′� �
Z −−→ Y

up to a shift of complex. Clearly, this condition is stable by mapping cone.
We say that a morphism X ′

• → X• in Cb
X or Kb

X is a strong quasi-isomorphism
if its mapping cone is strongly acyclic in Kb

X . This condition is stable by com-
positions, using the octahedral axiom of the triangulated category. Similarly,
if vu and u or v are strongly acyclic, then so is the remaining. (It is not clear
whether the strongly acyclic complexes form a thick subcategory in the sense
of Verdier.)

We say that a proper morphism of k-varieties X ′ → X has the lifting
property if it induces a surjective morphism

X ′(K) → X(K)

for any field K (see [14]), or equivalently, if any irreducible subvariety of X

can be lifted birationally to X ′. We say that a morphism u : X ′ → X in Vk

has the lifting property, if for any connected component Xi of X, there exists
a connected component X ′

i′ of X ′ such that the restriction of u to X ′
i′ is given

by a proper morphism
fi : X ′

i′ → Xi

with coefficient ±1 and fi has the lifting property. We say that a morphism
u : X ′ → X in Vk is of birational type if for any irreducible component Xi
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of X, there exists uniquely a connected component X ′
i′ of X ′ such that the

restriction of u to X ′
i′ is defined by a birational proper morphism

fi : X ′
i′ → Xi

with coefficient ±1, and this gives a bijection between the irreducible compo-
nents of X ′ and X.

For X• ∈ Cb
X , we say that a morphism u : X ′

• → X• of Cb
X is a quasi-

projective resolution over X〈D〉, if X ′
• ∈ Cb

X〈D〉nsqp and u is a strong quasi-
isomorphism in Kb

X . We say that u is a quasi-projective resolution of degree
≥ j over X〈D〉, if furthermore X ′

•, X• ∈ Cb,≥j
X and u : X ′

j → Xj is of birational
type. We denote by Kb

X〈D〉nsqp(X•) the category of quasi-projective resolutions
u : X ′

• → X• over X〈D〉 (which are morphisms in Cb
X). A morphism of u to

v is a morphism w of the source of u to that of v in Kb
X such that u = vw in

Kb
X . If X• ∈ Cb,≥j

X , we define similarly Kb,≥j
X〈D〉nsqp(X•) by assuming further the

condition on degree ≥ j.
For X• ∈ Cb,≥j

X and a closed subcomplex Y•, we say that

u : (X ′
•, Y

′
• ) → (X•, Y•)

is a smooth quasi-projective modification of degree ≥ j, if X ′
• ∈ Cb,≥j

X〈D〉nsqp ,
Y ′

• = (X ′
• ×Y• X•)red, u : X ′

• → X• is a proper morphism inducing an isomor-

phism X ′
• \ Y ′

• → X• \ Y•, and u : X ′
j → Xj is of birational type.

Remarks. (i) A birational proper morphism f : X ′ → X has the lifting
property. Indeed, according to Hironaka [18], there exists a variety X ′′ together
with morphisms g : X ′′ → X and h : X ′′ → X ′, such that fh = g and
g is obtained by iterating blowing-ups with smooth centers. (Here we may
assume that the centers are smooth using Hironaka’s theory of resolution of
singularities.) This implies that a proper morphism has the lifting property if
the generic points of the irreducible components can be lifted.

(ii) For X• ∈ Cb,≥j
X and a closed subcomplex Y• such that dimY• < dimX•,

there exists a smooth quasi-projective modification (X ′
•, Y

′
• ) → (X•, Y•) of de-

gree ≥ j by replacing Y• with a larger subcomplex of the same dimension if
necessary. This follows from [17, I, 2.6], except the birationality of X ′

j → Xj ,
because there are connected components of X ′

• which are not birational to ir-
reducible components of X•. Indeed, if we denote by Zi,a the images of the
irreducible components of Xk (k ≤ i) by morphisms to Xi which are obtained
by composing morphisms appearing in the differential of X•, then the con-
nected components of X ′

i are ‘sufficiently blown-up’ resolutions of singularities
of Zi,a, and are defined by increasing induction on i, lifting the differential of X•

(see loc. cit). However, if Zj,a is a proper closed subvariety of some irreducible
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component Xj,b of Xj , we may replace the resolution of Zj,a by its lifting to the
resolution of Xj,b using the lifting property, because the differential Xj → Xj−1

is zero.
2.2. Proposition. For any X• ∈ Cb,≥j

X , there exists a quasi-projective
resolution X ′

• → X• of degree ≥ j over X〈D〉, and the category Kb,≥j
X〈D〉nsqp(X•)

is weakly directed in the following sense: For any ui ∈ Kb,≥j
X〈D〉nsqp(X•)

(i = 1, 2), there exists u3 ∈ Kb,≥j
X〈D〉nsqp(X•) together with morphisms u3 → ui in

Kb,≥j
X〈D〉nsqp(X•).

Proof. We first show that Kb,≥j
X〈D〉nsqp(X•) is nonempty by induction on

n := dimX•. There exists a smooth quasi-projective modification

(X ′
•, Y

′
• ) → (X•, Y•)

of degree ≥ j as in the above Remark (ii). Then we have a strong quasi-
isomorphism

C(Y ′
• → X ′

• ⊕ Y•) → X•

where the direct sum means the disjoint union. So it is enough to show by
induction that X̃• := C(Y ′

• → Y•) has a strong quasi-isomorphism

(2.2.1) Z̃• → X̃•

in Cb
X such that Z̃• ∈ Cb,≥j

X〈D〉nsqp and for any irreducible component Z̃j,i of Z̃j

the restriction of the differential to some irreducible component Z̃j+1,i of Z̃j+1

is given by an isomorphism onto Z̃j,i with coefficient ±1, under the inductive
hypothesis:

(2.2.2) X̃j+1 → X̃j has the lifting property.

Indeed, admitting this, Z̃• is then isomorphic to the mapping cone of

Z̃ ′
• → ⊕iC(±id : Z̃j,i → Z̃j,i)[−j]

with Z̃ ′
• ∈ Cb,≥j

X〈D〉nsqp , and the mapping cone of ±id is isomorphic to zero in Kb
X .

To show (2.2.1), we repeat the above argument with X• replaced by X̃•,
and get a smooth quasi-projective modification (X̃ ′

•, Ỹ
′
• ) → (X̃•, Ỹ•). By the

lifting property (2.2.2), we may assume that for any irreducible component
X̃j,i of X̃j , the corresponding irreducible component X̃ ′

j,i of X̃ ′
j has a mor-

phism fi to X̃j+1 such that the composition of fi and d : X̃j+1 → X̃j is the
canonical morphism X̃ ′

j,i → X̃j,i up to a sign. If dim X̃ ′
j,i = dim X̃•, then fi

induces a birational morphism to Im fi and we may assume that there exists an
irreducible component X̃ ′

j+1,i such that the restriction of d to X̃ ′
j+1,i is given

by the isomorphism X̃ ′
j+1,i → X̃ ′

j,i by replacing X̃ ′
• if necessary, because the
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differential d of X̃ ′
• is defined by lifting d of X̃• (see loc. cit). Then we can

modify the morphism X̃ ′
j+1 → X̃j+1 by using fi for dim X̃j,i < dim X̃•, and

replace X̃ ′
j with the union of the maximal dimensional components. So we

may assume that X̃ ′
j is equidimensional, because the modified X̃ ′

• → X̃• still
induces an isomorphism over the complement of Ỹ• by replacing Ỹ• if necessary.
Here we may assume also that Ỹj+1 → Ỹj has the lifting property by taking
Ỹ• appropriately (due to (2.2.2) and the above Remark (i)). Then, considering
the mapping cone of Ỹ ′

• → Ỹ•, the first assertion follows by induction.
The proof of the second assertion is similar. Consider the shifted mapping

cone (i.e. the first term has degree zero):

(2.2.3) X ′
• = [X1,• ⊕ X2,• → X•],

where the morphism is given by u1 − u2. Then X ′
• → Xa,• is a strong quasi-

isomorphism. Note that the composition of the canonical morphism X ′
• → Xa,•

and ua is independent of a up to homotopy.
By definition, for any irreducible component X ′

j−1,i = Xj,i of X ′
j−1 = Xj ,

there exist two connected components Zi, Z
′
i of X ′

j such that the restrictions of
d to Zi, Z

′
i are given by proper morphisms Zi → X ′

j−1,i, Z
′
i → X ′

j−1,i which have
the lifting property (with coefficient ±1). Then by the same argument as above,
we have a smooth quasi-projective modification u′ : (X ′′

• , Y ′′
• ) → (X ′

•, Y
′
• ) of

degree ≥ j − 1. Here we may assume that the connected component X ′′
j−1,i

of X ′′
j−1 which is birational to X ′

j−1,i has morphisms to Zi, Z
′
i factorizing the

morphisms to X ′
j−1,i, and X ′′

j has two connected components such that the
restriction of d to each of these components is given by an isomorphism onto
X ′′

j−1,i (with coefficients ±1). We may also assume that Y ′
j → Y ′

j−1 has the
lifting property as before.

Then, applying the same argument to C(Y ′′
• → Y ′

• ), and using induction
on dimension, we get a strong quasi-isomorphism

X̃• → X ′
•

such that X̃• ∈ Cb,≥j−1
X〈D〉nsqp , and for any irreducible component X̃j−1,i of X̃j−1,

X̃j has two connected components such that the restrictions of d (resp. of the
morphism to X ′

j) to these components are given by isomorphisms onto X̃j−1,i

(resp. by birational proper morphisms to Zi, Z ′
i) with coefficients ±1. Thus

X̃• is isomorphic to the mapping cone of

(2.2.4) X̃ ′
• → ⊕iC(±id : X̃j−1,i → X̃j−1,i)[−j + 1]

where X̃ ′
• ∈ Cb,≥j−1

X〈D〉nsqp . So the second assertion follows.
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Remark. It is not clear if for any ui ∈ Kb,≥j
X〈D〉nsqp(X•) (i = 1, 2) and

va : u2 → u1, there exists u3 ∈ Kb,≥j
X〈D〉nsqp(X•) together with w : u3 → u2

such that v1w = v2w. This condition is necessary to define an inductive limit
over the category Kb,≥j

X〈D〉nsqp(X•). If we drop the condition on the degree ≥ j,

it can be proved for Kb
X〈D〉nsqp(X•) by using the mapping cone (2.2.3). In-

deed, let Ki,• be the source of ui for i = 1, 2, and K3,• the mapping cone of
(v1 − v2, 0) : C(K2,• → 0) → C(K1,• → K•)[−2], choosing a homotopy
h such that dh + hd = u1v1 − u1v2. Then w : K3,• → K2,• is given by
the projection, and v1w − v2w : K3,• → K1,• factors through a morphism
(v1 − v2, 0) : K3,• → C(K1,• → K•)[−1], which is homotopic to zero.

2.3. Corollary. For a complex algebraic variety X and a closed subva-
riety Y , there is a canonical integral weight filtration W on the relative coho-
mology Hj(X, Y ;Z). Furthermore, it is defined by a quasi -projective resolution
X• → C(Y → X) of degree ≥ 0 over X〈D〉, where X is a compactification of
X, Y is the closure of Y in X, and D = X \ X.

Remarks. (i) The first assertion is due to Gillet and Soulé ([14, 3.1.2]) in
the case X is proper (replacing X• with a simplicial resolution). It is expected
that their integral weight filtration coincides with ours.

(ii) If X is proper, we have

(2.3.1) Wi−1H
i(X, Y ;Z) = Ker(H i(X, Y ;Z) → H i(X ′,Z))

for any resolution of singularities X ′ → X (see also loc. cit.). Note that
π∗ : H i(X ′,Z) → H i(X ′′,Z) is injective for any birational proper morphism of
smooth varieties π : X ′′ → X ′.

Proof of (2.3). The canonical mixed Hodge structure on the relative co-
homology can also be defined by using any quasi-projective resolution X• →
C(Y → X) as in [10]. This gives an integral weight filtration together with an
integral weight spectral sequence

(2.3.2) Ep,q
1 = ⊕k≥0H

q−2k(D̃k
p+k,Z)(−k) ⇒ Hp+q(X•,Z) = Hp+q(X, Y ;Z),

where D̃k
j the disjoint union of the intersections of k irreducible components

of Dj , and the cohomology is defined by taking the canonical flasque resolution
of Godement in the analytic or Zariski topology. By (2.2) we get a set of
integral weight filtrations on Hj(X, Y ;Z) which is directed with respect to
the natural ordering by the inclusion relation. Then this is stationary by the
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noetherian property. (It is constant if X is proper; see (2.5) below.) By the
proof of (2.2) the limit is independent of the choice of the compactification X.
So the assertion follows.

2.4. Definition. For a complex of k-varieties X• (see (2.1)), we define

(2.4.1) Pic(X•) = H1(X•,O∗
X•) (see [2]).

The right-hand side is defined by taking the canonical flasque resolution of
Godement which is compatible with the pull-back by the differential of X•. For
a k-variety X and closed subvariety Y , we define the derived relative Picard
groups by

(2.4.2) Pic(X, Y ; i) = lim−→Pic(X•[i]),

where the inductive limit is taken over X• ∈ Kb
Xnsqp(C(Y → X)). If Y is empty,

Pic(X, Y ; i) will be denoted by Pic(X, i), and i will be omitted if i = 0.

Remark. We can define similarly the derived relative Chow cohomology
group by

(2.4.3) CHp(X, Y ; i) = lim−→Hp+i(X•,Kp),

where Kp is the Zariski sheafification of Quillen’s higher K-group. (In the case
X is smooth proper and Y is empty, this is related to Bloch’s higher Chow
group for i = 0,−1.)

The following is a variant of a result of Gillet and Soulé [14, 3.1], and gives
a positive answer to the question in [2, 4.4.4].

2.5. Proposition. Assume X, Y proper. Then a strong quasi -isomor-
phism u : X ′′

• → X ′
• in Cb

Xnsqp induces (filtered) isomorphisms

u∗ : Pic(X ′
•[i]) → Pic(X ′′

• [i]), u∗ : (H i(X ′
•,Z), W ) → (H i(X ′′

• ,Z), W ),

where we assume k = C for the second morphism. In particular, the inductive
system in (2.4.2) is a constant system in this case.

Proof. It is sufficient to show that Pic(X•[i]) = 0 and the E1-complex
ZE

•,q
1 of the integral weight spectral sequence is acyclic, if X• is strongly acyclic

and the Xj are smooth. (Note that the E1-complex for W is compatible with
the mapping cone.) Considering the E1-complex of the spectral sequence

(2.5.1) P Ep,q
1 = Hq(Xp,O∗

Xp
) ⇒ Hp+q(X•,O∗

X•),

it is enough to show the acyclicity of the complexes P E
•,q
1 and ZE

•,q
1 (where

P E
•,q
1 = 0 for q > 1; see (2.5.3) below).
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By Gillet and Soulé ([14, 1.2]) this is further reduced to the acyclicity
of the Gersten complex of X• × V for any smooth proper variety V because
it implies that the image of the complex X• in the category of complexes
of varieties whose differentials and morphisms are given by correspondences is
homotopic to zero. Since the functor associating the Gersten complex preserves
homotopy, it is sufficient to show that the Gersten complex of

Z ′ → Z ⊕ Y ′ → Y

is acyclic in the notation of (2.1.1) (replacing it by the product with V ). Con-
sider the subcomplex of the Gersten complex given by the points of Z ′, Z,
Y ′, Y contained in Z ′, Z, Z ′, Z respectively. It is clearly acyclic, and so is
its quotient complex. This shows the desired assertion. (A similar argument
works also for (2.4.3).)

Remark. Let X be a smooth irreducible k-variety, and k(X) the function
field of X. For closed subvariety D, let k(X)∗X and ZD denote the constant
sheaf in the Zariski topology on X and D with stalk k(X)∗ and Z respectively.
Then we have a flasque resolution

(2.5.2) 0 → O∗
X → k(X)∗X

div→ ⊕DZD → 0,

where the direct sum is taken over irreducible divisors D on X. In particular,
we get

H i(X,O∗
X) = 0 for i > 1,(2.5.3)

Rij∗O∗
X = 0 for i > 0,(2.5.4)

for an open immersion j : U → X.

2.6. Proposition. There is a canonical long exact sequence

(2.6.1) → Pic(X, Y ; i) → Pic(X, i) → Pic(Y, i) → Pic(X, Y ; i + 1) → .

Remark. This is an analogue of the localization sequence for higher Chow
groups [7].

Proof of (2.6). The long exact sequence is induced by the distinguished
triangle

→ Y
i→ X → C(Y → X) →

in Kb
X , because for any quasi-projective resolutions u : X• → X and

v : Y• → Y , there exists quasi-isomorphisms u′ : X ′
• → X• and v′ : Y ′

• → Y•

together with i′ : Y ′
• → X ′

• such that u◦u′◦i′ = i◦v◦v′ in Kb
X by using the

mapping cone (2.2.3).
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2.7. Remark. Assume k = C and X is proper. Let H i+2
D (X, Y ;Z(1))

denote the relative Deligne cohomology. See [3] and also (5.2) below. Then we
can show

(2.7.1) Pic(X, Y ; i) = H i+2
D (X, Y ;Z(1)) for i ≤ 0.

This is analogous to the canonical isomorphisms for

CH1(X, i) = HAH
2n−2+i(X,Z(n − 1))

which holds for i > 0 and any variety X of dimension n [31].
Assume X is proper and normal. Let H1

XZ(1) be the Zariski sheaf asso-
ciated with the presheaf U �→ H1(U,Z(1)). By the Leray spectral sequence we
get a natural injective morphism H1

Zar(X,H1
XZ(1)) → H2(X,Z(1)). See [1],

[6]. Define a subgroup H2
D(X,Z(1))alg of the Deligne cohomology H2

D(X,Z(1))
(see (4.2) below) by the cartesian diagram

(2.7.2)

H2
D(X,Z(1))alg −−→ F 1 ∩ H1

Zar(X,H1
XZ(1))� �

H2
D(X,Z(1)) −−→ F 1 ∩ H2(X,Z(1)).

Let X• → X be a quasi-projective resolution. Then

(2.7.3) H2
D(X,Z(1))alg = Im(Pic(X) → Pic(X•) = H2

D(X,Z(1))).

Indeed, if we put NS(X•) := Im(Pic(X•) → H2(X,Z(1))), and similarly for
NS(X), this follows from a result of Biswas and Srinivas [6]:

(2.7.4) NS(X) = F 1 ∩ H1
Zar(X,H1

XZ(1)),

by using

(2.7.5) Coker(Pic(X) → Pic(X•)) = NS(X•)/NS(X).

The last isomorphism follows from the morphism of long exact sequences

H1(X,Z(1)) −−→ H1(X,OX) −−→ Pic(X) −−→ H2(X,Z(1))∥∥∥ �(∗)
� ∥∥∥

H1(X•,Z(1)) −−→ H1(X•,OX•) −−→ Pic(X•) −−→ H2(X•,Z(1))

because (∗) is surjective by Hodge theory [10] (considering the canonical mor-
phisms of H1(X,C) to the source and the target of (∗)).
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3. Construction

We construct 1-motives associated with a complex of varieties, and show
the compatibility for the l-adic and de Rham realizations. We assume k is an
algebraically closed field of characteristic zero.

3.1. With the notation of (2.1), let X• ∈ Ck be a complex of smooth
k-varieties (see (2.1)), and X• a smooth compactification of X• such that
Dp := Xp \ Xp is a divisor with simple normal crossings. We assume X• is
bounded below. The reader can also assume that (X•, D•) is the mapping
cone (Y •, D′

•) → (X•, D•) of simplicial resolutions of f : (Y , D′) → (X, D)
(see [10]), where X, Y are proper k-varieties with closed subvarieties D, D′

such that D′ = f−1(D).
Let j : X• → X• denote the inclusion. Put

K = Γ(X•, C•(j∗O∗
X•)),

where C• is the canonical flasque resolution of Godement in the Zariski
topology.

We define a cofiltration
oW ′pX•

to be the quotient complexes of X• consisting of Xi for i ≥ p (and empty
otherwise). This is similar to the filtration “bête” σ in [10]. It induces a
decreasing filtration W ′ on K such that

W ′iK = Γ(oW ′iX•, C•(j∗O∗
X•))).

We define a cofiltration oW ′′jX• for j = −1, 0, 1 by
oW ′′−1X• = X•, oW ′′0X• = X•, oW ′′1X• = ∅.

Since this depends on the compactification X•, it is also denoted by
oW ′′jX•〈D•〉

so that
oW ′′−1X•〈D•〉 = X•〈D•〉, oW ′′0X•〈D•〉 = X•, oW ′′1X•〈D•〉 = ∅.

This corresponds to a decreasing filtration W ′′ on K such that

W ′′−1K = K, W ′′0K = Γ(X•, C•(O∗
X•

)), W ′′1K = 0.

Then Gr−1
W ′′K is quasi-isomorphic to Γ(D̃•,Z), and Γ(D̃p,Z) � Z⊕rp , where D̃•

is the normalization of D•, and rp is the number of irreducible components of
Dp. (Indeed, a constant sheaf on an irreducible variety is flasque in the Zariski
topology.)
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Let W be the convolution of W ′ and W ′′ (i.e., W r =
∑

i+j=r W ′i ∩ W ′′j)
so that

Grr
WK = ⊕i+j=rGri

W ′Grj
W ′′K,

(see [5, 3.1.2]). This corresponds to the cofiltration oW r such that
oW rX• (or oW rX•〈D•〉)

consists of Xi (or X•〈D•〉) for i > r, and Xr for i = r. Then we have a natural
quasi-isomorphism

(3.1.1) Γ(Xr, C•(O∗
Xr

))[−r] ⊕ Γ(D̃r+1,Z)[−r − 1] → Grr
WK.

Hence HjGrr
WK vanishes unless j = r or r + 1, and

(3.1.2) HrGrr
WK = Γ(Xr,O∗

Xr
), Hr+1Grr

WK = Pic(Xr) ⊕ Γ(D̃r+1,Z),

where Pic(Xr) = H1(Xr,O∗
Xr

) is the Picard group of Xr.

Let K′ = Gr0W ′′K (= Γ(X•, C•(O∗
X•

))) with the induced filtration W . Then
we have the spectral sequence

(3.1.3) Ep,q
1 =

{
Hq(Xp,O∗

Xp
) for p ≥ r

0 for p < r
⇒ Hp+q(W rK′),

which degenerates at E3. We define

P≥r(X•〈D•〉) := Hr+1(W rK) = Pic(oW rX•[r]),

Pr(X•〈D•〉) := Hr+1(Grr
WK) = Pic(Xr) ⊕ Γ(D̃r+1,Z),

P≥r(X•) := Hr+1(W rK′) = Pic(oW rX•[r]),

Pr(X•) := Hr+1(Grr
WK′) = Pic(Xr).

Then we have an exact sequence

0 → P≥r(X•) → P≥r(X•〈D•〉) → Γ(D̃r+1,Z).

By (3.2) below, P≥r(X•) has a structure of algebraic group P≥r(X•)
(locally of finite type) such that the identity component is a semiabelian
variety. (This is well-known for Pr(X•).) Let P≥r(X•)0 denote the identity
component of P≥r(X•). This is identified with P≥r(X•〈D•〉)0 by the above
exact sequence (and similarly for Pr(X

0
•), Pr(X•〈D•〉)0).

By the boundary map ∂ of the long exact sequence associated with

→ W r−1K → W r−2K → Grr−2
W K →

we get a commutative diagram
(3.1.4)

Pr−2(X•)0 −−→ Pr−2(X•〈D•〉) −−→ Pr−2(X•〈D•〉)/Pr−2(X•)0�∂

�∂

�∂

P≥r−1(X•)0 −−→ P≥r−1(X•〈D•〉) −−→ P≥r−1(X•〈D•〉)/P≥r−1(X•)0.
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Let Γ′
r(X•〈D•〉) be the kernel of the right vertical morphism of (3.1.4). Put

NS(X•〈D•〉)j := Pj(X•〈D•〉)/Pj(X•)0 = NS(Xj) ⊕ Γ(D̃j+1,Z),

where

NS(Xj) := Pic(Xj)/Pic(Xj)0 = HomMHS(Z, H2(Xj ,Z)(1)).

Then (NS(X•〈D•〉)•, d∗) is the single complex associated with a double complex
such that one of the differentials is the Gysin morphism

Γ(D̃j+1,Z) → NS(Xj+1).

Since d2 = 0, d∗ induces a morphism

(3.1.5) d∗ : NS(X•〈D•〉)r−3 → Γ′
r(X•〈D•〉).

We define

Γr(X•〈D•〉) = Coker(d∗ : NS(X•〈D•〉)r−3 → Γ′
r(X•〈D•〉)),

Gr(X•〈D•〉) = Coker(∂ : Pr−2(X•)0 → P≥r−1(X•)0),

where Γr(X•〈D•〉),Γ′
r(X•〈D•〉) are identified with locally finite commutative

group schemes. Then (3.1.4) induces morphisms

Γ′
r(X•〈D•〉) → Gr(X•〈D•〉), Γr(X•〈D•〉) → Gr(X•〈D•〉),

which define respectively

M ′
r(X•〈D•〉), Mr(X•〈D•〉).

(This construction is equivalent to the one in [26].)

Remark. By (3.1.3), P≥r(X•) is identified with the group of isomorphism
classes of (L, γ) where L is a line bundle on Xr and

γ : OXr+1

∼→ d∗L

is a trivialization such that

d∗γ : d∗OXr+1
(= OXr+2

) ∼→ (d2)∗L = OXr+2

is the identity morphism. (Note that d∗L is defined by using tensor of line
bundles.) See also [2], [26].

For the construction of the group scheme P≥r(X•), we need Grothen-
dieck’s theory of representable group functors (see [15], [23]) as follows:

3.2. Theorem. There exists a k-group scheme locally of finite type
P≥r(X•) such that the group of its k-valued points is isomorphic to P≥r(X•).
Moreover, P≥r(X•) has the following universal property : For any k-variety S
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and any (L, γ) ∈ P≥r(X•×kS) as above, the set-theoretic map S(k) → P≥r(X•)
obtained by restricting (L, γ) to the fiber at s ∈ S(k) comes from a morphism
of k-schemes S → P≥r(X•).

Proof. Essentially the same as in [2]. (This also follows from [24], see
Remark after (3.3).)

Remark. We can easily construct a k-scheme locally of finite type S and
(L, γ) ∈ P≥r(X• ×k S) such that the associated map f : S(k) → P≥r(X•)
is surjective by using the theory of Hilbert scheme. Then P≥r(X•) has at
most unique structure of k-algebraic group such that f is algebraic. But it
is nontrivial that this really gives an algebraic structure on P≥r(X•), because
it is even unclear if the inverse image of a closed point is a closed variety for
example. The independence of the choice of (L, γ) and S is also nontrivial. So
we have to use Grothendieck’s general theory using sheafification in the fppf
(faithfully flat and of finite presentation) topology.

If k = C, we can prove (3.2) (for smooth varieties S) by using Hodge
theory. See (5.3). In fact, this implies an isomorphism between the semiabelian
parts of 1-motives (see also Remark after (5.3)). But this proof of (3.2) is not
algebraic, and cannot be used to prove Deligne’s conjecture.

3.3. Lemma. The identity component P≥r(X•)0 is a semiabelian variety.

Proof. With the notation of (3.1), let

Tr(X•) = Hr(Γ(X•,O∗
X•

)), P r(X•) = Ker(d∗ : Pic(Xr) → Pic(Xr+1)).

Then (3.1.3) induces an exact sequence

(3.3.1) 0 → Tr+1(X•) → P≥r(X•) → P r(X•) → Tr+2(X•) → .

Let Tr(X•)0, P r(X•)0 denote the identity components of Tr(X•), P r(X•).
Then (3.3.1) induces a short exact sequence

(3.3.2) 0 → Tr+1(X•)′ → P≥r(X•)0 → P r(X•)0 → 0,

where Tr+1(X•)′ is a subgroup of Tr+1(X•) with finite index. This gives a
structure of semiabelian variety

(3.3.3) 0 → Tr+1(X•)0 → P≥r(X•)0 → P r(X•)′ → 0,

with an isogeny of abelian varieties

(3.3.4) 0 → Tr+1(X•)′/Tr+1(X•)0 → P r(X•)′ → P r(X•)0 → 0.

Remark. The representability of the Picard functor follows also from [24,
Prop. 17.4], using (3.3.3). See also [26].
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3.4. Theorem. With the notation of (3.1), let W2H
r
(1)(X, Y ;Zl) be the

Zl-submodule of W2H
r
ét(X, Y ;Zl) whose image in Gr2W Hr

ét(X, Y ;Zl) is gener-

ated by the image of Γ′
r(X•〈D•〉) under the cycle map. Then there is a canonical

isomorphism
rl(Mr(X, Y ))fr(−1) = W2H

r
(1)(X, Y ;Zl)fr

compatible with the weight filtration W .

Proof. Note first that W is defined by using a resolution X• in (2.3), and
X• := X• \ D• will be denoted sometimes by X•〈D•〉 as in (3.1). Let

Két = Γ(X•, C
•
ét(Gm)),

where C•
ét denotes the canonical flasque resolution of Godement in the étale

topology. Then Két has a filtration W in a generalized sense, which is induced
by the cofiltration oW in (3.1) so that

W jKét = Γ(Xj
• , C

•
ét(Gm)),

where Xj
• := oW jX•〈D•〉. We define

Két(r, n) = C(W r−1Két
n→ W r−2Két),

and similarly for K(r, n) in the Zariski topology.
By the Kummer sequence 0 → µn → Gm

n→ Gm → 0, we have

H i
ét(X

j
• , µn) = H i−1(C(W jKét

n→ W jKét)).

Note that the étale cohomology H i
ét(X

j
• , µn) has the weight filtration W , and

(3.4.1) Wq−2H
i
ét(X

j
• , µn) = Im(H i

ét(X
i−q
• , µn) → H i

ét(X
j
• , µn))

for q ≤ 2 and i − q ≥ j as in (4.4.2). Here the shift of W by 2 comes from the
Tate twist µn. We define

E′(r, n) = Im(Hr−1Két(r, n) → Hr
ét(X

r−2
• , µn)),

N(r, n) = Im(∂ : Hr−1Grr−2
W Két → Hr

ét(X
r−2
• /Xr−1

• , µn))

( = Coker(n : Hr−1Grr−2
W Két → Hr−1Grr−2

W Két)),

where Grr−2
W Két and Xr−2

• /Xr−1
• := Grr−2

oW X•〈D•〉 are defined by using the
mapping cones, and ∂ is induced by the boundary map of the Kummer se-
quence, and gives the cycle map. Note that

Hr−1Grr−2
W Két = Pic(Xr−2) ⊕ Γ(D̃r−1,Z),

Hr
ét(X

r−2
• /Xr−1

• , µn) = H2
ét(Xr−2, µn) ⊕ H0(D̃r−1,Z/n),

using Hilbert’s theorem 90 for the first and the local cohomology for the second.
Let

N ′(r, n) = N(r, n) ∩ ker(Hr
ét(X

r−2
• /Xr−1

• , µn) → Hr+1
ét (Xr−1

• , µn)).
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This coincides with the intersection of N(r, n) with the image of Hr
ét(X

r−2
• , µn)

using the long exact sequence. So we get a short exact sequence

(3.4.2) 0 → W−1H
r
ét(X

r−2
• , µn) → E′(r, n) → N ′(r, n) → 0

by considering the natural morphism between the distinguished triangles

→ C(n : W r−1Két) → Két(r, n) → Grr−2
W Két →∥∥∥ � �

→ C(n : W r−1Két) → C(n : W r−2Két) → C(n : Grr−2
W Két) → ,

where C(n : A) is the abbreviation of C(n : A → A) for an abelian group A.
Let E′(r, l∞) be the projective limit of E′(r, lm). By the Mittag-Leffler

condition, it is identified with a Zl-submodule of Hr
ét(X

r−2
• ,Zl) so that

W−1H
r
ét(X

r−2
• ,Zl) ⊂ E′(r, l∞) ⊂ Hr

ét(X
r−2
• ,Zl)

and E′(r, l∞)/W−1H
r
ét(X

r−2
• ,Zl) ⊂ Gr0W Hr

ét(X
r−2
• ,Zl) is generated by the im-

ages of Γ′
r(X•〈D•〉) under the cycle map. Let

E(r, l∞) = Im(E′(r, l∞) → Hr
ét(X

r−3
• ,Zl)).

Since the integral weight spectral sequence degenerates at E2 modulo torsion,
we get

(3.4.3) W2H
r
(1)(X, Y ;Zl)fr = E(r, l∞)fr.

We have to show that E(r, l∞)fr is naturally isomorphic to the l-adic
realization of Mr(X•〈D•〉)fr. Define a decreasing filtration G on

C(W r−2Két
n→ W r−2Két)

by

G0 = C(W r−2Két
n→ W r−2Két), G1 = Két(r, n),

G2 = C(0 → W r−1Két), G3 = 0.

Then Gr0G = Grr−2
W Két[1],Gr1G = W r−1Két[1]⊕Grr−2

W Két. So there is a canoni-
cal morphism in the derived category β : Grr−2

W Két → Két(r, n) whose mapping
cone is isomorphic to C(W r−2Két

n→ W r−2Két). By the associated long exact
sequence, we have

(3.4.4) E′(r, n) = Coker(β : Hr−1Grr
WKét → Hr−1Két(r, n)).

Here we can replace Két with K, because the right-hand side does not change
by doing it.

Using the induced filtration G on K(r, n), we have a long exact sequence

Hr−1(W r−1K) ⊕ Hr−2(Grr−2
W K) → Hr−1(W r−1K)

→ Hr−1K(r, n) → Hr(W r−1K) ⊕ Hr−1(Grr−2
W K) → Hr(W r−1K),
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where the first and the last morphisms are given by the sum of the multipli-
cation by n and the boundary morphism ∂. In particular, the cokernel of the
first morphism is a finite group, and is independent of n = lm for m sufficiently
large, because

Hr−1(W r−1K) = Ker(d∗ : Γ(Xr−1,O∗
Xr−1

) → Γ(Xr,O∗
Xr

)).

Consider the cohomology H(r, n) of

Hr−1(Grr−2
W K) → Hr(W r−1K) ⊕ Hr−1(Grr−2

W K) → Hr(W r−1K),

where the first morphism is the composition of β with the third morphism
of the above long exact sequence. Then, by the above argument, there is a
surjective canonical morphism

(3.4.5) E′(r, n) → H(r, n),

whose kernel is a finite group, and is independent of n = lm for m sufficiently
large. By definition, H(r, n) is isomorphic to H0 of

C(∂ : Hr−1(Grr−2
W K) → Hr(W r−1K)) ⊗ C(n : Z→ Z)[−1].

Since the Tate module of a finitely generated abelian group vanishes, we can
replace the mapping cone of ∂ : Hr−1(Grr−2

W K) → Hr(W r−1K) with that of

∂ : Ker(Hr−1(Grr−2
W K) → P≥r−1(X•)/P≥r−1(X•)0) → P≥r−1(X•)0

in the notation of (3.1). Furthermore, H0 of

C(∂ : Pr−2(X•)0 → ∂(Pr−2(X•)0)) ⊗ C(n : Z→ Z)[−1]

is a finite group, and is independent of n = lm for m sufficiently large.
On the other hand, the l-adic realization rl(M ′

r(X•〈D•〉)) is the projective
limit of H0 of

C(Γ′
r(X•〈D•〉) → Gr(X•〈D•〉)) ⊗ C(n : Z→ Z)[−1].

So we get a canonical surjective morphism

E′(r, l∞) → rl(M ′
r(X•〈D•〉))

whose kernel is a finite group. This is clearly compatible with the weight
filtration. Then the assertion follows by taking the image in Hr

ét(X•,Zl)fr, and
using the E2-degeneration of the weight spectral sequence modulo torsion.

3.5. Theorem. With the notation of (3.1), let Hr
DR,(1)(X, Y ) be the

k-submodule of W2H
r
DR(X, Y ) whose image in Gr2W Hr

DR(X, Y ) is generated

by the image of Γ′
r(X•〈D•〉) under the cycle map, where Hr

DR(X, Y ) is defined
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by using X•〈D•〉 in (2.3). Then there is a canonical isomorphism

rDR(Mr(X, Y ))(−1) = Hr
DR,(1)(X, Y ).

compatible with the Hodge filtration F and the weight filtration W .

Proof. By definition of de Rham realization [10], we have to construct first
the universal Ga-extension of Mr(X, Y ) = Mr(X•〈D•〉). Let K̃ be the shifted
mapping cone [K → K1] with

K = Γ(X•, C•(j∗O∗
X•)), K1 = Γ(X•, C•(Ω1

X•
(log D•))),

where K has degree zero, and the morphism is induced by g �→ g−1dg. Here C•

is the canonical flasque resolution of Godement in the Zariski topology. Then
K̃ has a filtration W in a generalized sense, which is induced by the cofiltration
oW on X•〈D•〉.

Let G be the convolution of W with the Hodge filtration F defined by
Gr0F = K and Gr1F = K1. Then GiK̃ = [W iK → W i−1K1] with

W iK = Γ(Xi
•, C•(ji

∗O∗
Xi•

)), W i−1K1 = Γ(Xi−1
• , C•(Ω1

X
i−1
•

(log Di−1
• ))),

where Xi
• = oW iX•〈D•〉, Di

• = X
i
• \Xi

•, and X
i
• is the closure of Xi

• in X• with
the inclusion ji : Xi

• → X
i
•. This is compatible with W on K in (3.1). Note

that Ω1

X
i
j

(log Di
j) = Ω1

Xj
(log Dj) for j > i, Ω1

Xj
for j = i, and 0 for j < i. Let

K′ = Γ(X•, C(OX•)), W iK′ = Γ(Xi
•, C•(O

X
i
•
)),

and define W, F, G similarly on K̃′ so that GiK̃′ = [W iK′ → W i−1K1], where
K1 and W i−1K1 are as above, and the morphism is induced by d.

Then we have an exact sequence

(3.5.1) 0 → Hr−1W r−2K1 → HrGr−1K̃ ∂→ HrW r−1K →,

and Im ∂ contains P≥r−1(X•)0 with the notation of (3.1). Indeed, this is re-
duced to the case k = C, and is verified by using the canonical morphism of
the corresponding exact sequence

0 → Hr−1W r−2K1 → HrGr−1K̃′ ∂→ HrW r−1K′ → 0

to the above sequence, because d : HjW iK′ → HjW i−1K1 vanishes by Hodge
theory and the torsion of Hr−1W r−1K comes from Hr−1Gr−1K̃.

Let (HrGr−1K̃)0 be the k-submodule of HrGr−1K̃ which contains
Hr−1W r−2K1, and whose image by ∂ is P≥r−1(X•)0. In the case k = C,
this is the image of HrGr−1K̃′. We can verify that (HrGr−1K̃)0 has natu-
rally a structure of a commutative k-group scheme. We consider the image of
(HrGr−1K̃)0 by the canonical morphism

HrGr−1K̃ → Hr−1Grr−2
W K1.
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This coincides with the image of Hr−1W r−2K1. Indeed, we can replace
HrGr−1K̃ with HrGr−1K̃′ by reducing to the case k = C.

Let (Hr−1Grr−2
W K1)alg be the k-submodule of

Hr−1Grr−2
W K1 = H1(Xr−2,Ω1

Xr−2
) ⊕ Γ(D̃r−1,OD̃r−1

)

generated by the divisor classes in H1(Xr−2,Ω1
Xr−2

) and by Γ(D̃r−1,OD̃r−1
).

Let (HrGr−1K̃)0alg be the largest k-submodule of (HrGr−1K̃)0 whose image in
Hr−1Grr−2

W K1 is contained in (Hr−1Grr−2
W K1)alg. We define similarly

(HrGr−1K̃′)alg ⊂ HrGr−1K̃′, (Hr−1W r−2K1)alg ⊂ Hr−1W r−2K1.

These have the induced filtrations F and W so that

Gr0F (HrGr−1K̃)0alg = P≥r−1(X•)0, Gr1F (HrGr−1K̃)0alg = (Hr−1W r−2K1)alg,

Gr0F (HrGr−1K̃′)alg = HrW r−1K′, Gr1F (HrGr−1K̃′)alg = (Hr−1W r−2K1)alg,

and W on these spaces is calculated by using the weight spectral sequence
which degenerates at E2, see (4.4.2).

Consider the morphism

Hr−1Grr−2
W K → HrGr−1K̃

induced by the distinguished triangle

→ Gr−1K̃ → [W r−2K → W r−2K1] → Grr−2
W K → .

Let (Hr−1Grr−2
W K)(0) be the kernel of the morphism to HrW r−1K/P≥r−1(X•)0.

Then the above morphism induces

(3.5.2) (Hr−1Grr−2
W K)(0) → (HrGr−1K̃)0alg.

We divide the source by Pic(Xr−2)0 and the target by its image. (Note

that the image of Pic(Xr−2)0 in (HrGr−1K̃)0alg is isomorphic to that in
Gr0F (HrGr−1K̃)0alg because there is no nontrivial morphism of an abelian
variety to an affine space.) Since the source is then Γ′

r(X•〈D•〉), we can divide
these further by the images of NS(X•〈D•〉)r−3 and (Hr−2Grr−3

W K1)alg in the
notation of (3.1). Let G̃r(X•〈D•〉) be the commutative k-group scheme whose
underlying group of k-valued points is the cokernel of the canonical morphism

Pic(Xr−2)0 ⊕ (Hr−2Grr−3
W K1)alg → (HrGr−1K̃)0alg,

which underlies naturally a morphism of groups schemes. Then we get

M̃r(X•〈D•〉) := [Γr(X•〈D•〉) → G̃r(X•〈D•〉)].
The Lie algebra Lie G̃r(X•〈D•〉) is isomorphic to

Coker(H1(Xr−2,OXr−2
) ⊕ (Hr−2Grr−3

W K1)alg → (HrGr−1K̃′)alg)
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by the standard argument using Spec k[ε] (cf. [21]). But this is isomorphic
to the image of (HrGr−1K̃′)alg in Hr

DR(X•)/F 2 by the E2-degeneration of the
weight spectral sequence together with the strictness of the Hodge filtration.
Since it is isomorphic to Hr

DR,(1)(X•), it is sufficient to show that M̃r(X•〈D•〉)
is the universal Ga-extension of Mr(X•〈D•〉). Then we may replace it with
Gri

W , and the assertion is reduced to the well-known fact about the universal
Ga-extension of the Picard variety (see Remark (i) below). This completes the
proof of (3.5).

Remarks. (i) Let M̃ = [Γ → G̃] be the universal Ga-extension of a
1-motive M = [Γ → G]. Then the de Rham realization rDR(M) is defined
to be Lie G̃. It is known that the universal extension is given by a commuta-
tive diagram with exact rows

Γ −−−−−−−− Γ� �
0 −−→ Ext1(M,Ga)∨ −−→ G̃ −−→ G −−→ 0

where Ext1(M,Ga) is a finite dimensional k-vector space, and its dual is
identified with a group scheme. (See [10], [21] and also [2].) Indeed, if
0 → V → M ′ → M → 0 is an extension by a k-vector space V which is
identified with a k-group scheme, it gives a morphism

V ∨ (= Hom(V,Ga)) → Ext1(M,Ga)

by composition, and its dual deduces the original extension from the universal
extension. In particular, the functor M → M̃ is exact. If M is a torus,
M̃ = M . If M = Pic(X)0 for a smooth proper variety, then Lie G̃ = H1

DR(X)
and Ext1(M,Ga)∨ = F 1H1

DR(X) = Γ(X, Ω1
X). If M = [Γ → 0], then M̃ =

[Γ → Γ ⊗Ga]. (See loc. cit.)

(ii) With the above notation, assume k = C. Then we have a commutative
diagram with exact rows

0 −−→ E −−→ E′ −−→ Γr(X•〈D•〉) −−→ 0∥∥∥ � �
0 −−→ E −−→ Lie Gr(X•〈D•〉)

exp
−−→ Gr(X•〈D•〉) −−→ 0

where exp is the exponential map. Note that the exponential map of a com-
mutative Lie group depends on the analytic structure of the group, and it
cannot be used for the proof of the coincidence of the natural analytic struc-
ture with the one coming from the algebraic structure of the Picard variety,
before we show that the generalized Abel-Jacobi map depends analytically on
the parameter. See also Remark after (5.3).
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We will later show that E′ is identified with Hr
(1)(X, Y ;Z) modulo torsion.

This is true if and only if we have the above commutative diagram with E′

replaced by Hr
(1)(X, Y ;Z) (modulo torsion). But it is easy to see that the

assertion is equivalent to the coincidence of the two extension classes associated
with the 1-motive Mr(X, Y ) and the mixed Hodge structure Hr

(1)(X, Y ;Z).
This will be proved in the proof of (5.4). This point is not clear in [26].

4. Mixed Hodge theory

We review the theory of mixed Hodge complexes ([10], [4]) and Deligne
cohomology ([3], [4]). See also [11], [12], [13], [19], etc. We assume k = C.

4.1. Mixed Hodge complexes. Let CH be the category of mixed Hodge
complexes in the sense of Beilinson [4, 3.2]. An object K ∈ CH consists of
(filtered or bifiltered) complexes KZ, K

′
Q, (KQ, W ), (K ′

C, W ), (KC;F, W ) over
Z,Q or C, together with (filtered) morphisms

α1 : KZ → K ′
Q, α2 : KQ → K ′

Q,

α3 : (KQ, W ) → (K ′
C, W ), α4 : (KC, W ) → (K ′

C, W ),

which induce quasi-isomorphisms after scalar extensions. These complexes are
bounded below, the HjKZ are finite Z-modules and vanish for j � 0, the
filtration F on GrW

i KC is strict, and HjGrW
i (KQ, (KC, F )) is a pure Hodge

structure of weight i, using the isomorphism HjGrW
i KQ ⊗Q C = HjGrW

i KC

given by α3 and α4. A morphism of CH is a family of morphisms of (filtered or
bifiltered) complexes compatible with the αi. A homotopy is defined similarly.
We get DH by inverting bifiltered quasi-isomorphisms. See loc. cit. for details.

Similarly, we have categories CHp ,DHp of mixed p-Hodge complexes. This
is defined by modifying the above definition as follows:

Firstly, the weight of HjGrW
i (KQ, (KC, F )) is i + j (as in [10]) instead

of i, and it is assumed to be polarizable. A homotopy h preserves the Hodge
filtration F . But it preserves the weight filtration W up to the shift −1, and
dh+hd preserves W . (This is necessary to show the acyclicity of the mapping
cone of the identity.) The derived category DHp is obtained by inverting quasi-
isomorphisms (preserving F, W ).

We have natural functors

(4.1.1) Dec : CHp → CH, Dec : DHp → DH,

by replacing the weight filtration W with Dec W (see [10]), which is defined by

(Dec W )jK
i
Q = Ker(d : Wj−iK

i
Q → GrW

j−iK
i+1
Q ).
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Note that (4.1.1) is well-defined, because (F, Dec W ) is bistrict, and a quasi-
isomorphism (preserving F, W ) induces a bifiltered quasi-isomorphism for
(F, Dec W ). See [27, 1.3.8] or [30, A.2].

The Tate twist K(m) of K ∈ DH (or DHp) for n ∈ Z is defined by twisting
the complexes over Z or Q and shifting the Hodge filtration F and the weight
filtration W as usual [10]; e.g. Wj(K(m)Q) = Wj+2mKQ(m), F p(K(m)C) =
F p+mKC.

For K ∈ DH we define ΓDK and ΓHK using the shifted mapping cones
(i.e. the first terms have degree zero):

ΓDK = [KZ ⊕ KQ ⊕ F 0KC → K ′
Q ⊕ K ′

C],

ΓHK = [KZ ⊕ W0KQ ⊕ F 0W0KC → K ′
Q ⊕ W0K

′
C],

where the morphisms of complexes are given by (a, b, c) �→ (α1(a) − α1(b),
α1(b) − α1(c)). Note that we have a quasi-isomorphism

(4.1.2) ΓDK → [KZ ⊕ F 0KC → K ′
C],

where the morphism of complexes is given by α′◦α1−α4, if there is a morphism

α′ : K ′
Q → K ′

C

such that α′◦α2 = α3. (Indeed, the quasi-isomorphism is given by (a, b, c; b′, c′)
�→ (a, c; b′ + c′).) We can also define a similar complex for polarizable mixed
Hodge complexes. But it is not used in this paper. For K ∈ DHp , we define

ΓDK = ΓD(Dec K), ΓHK = ΓH(Dec K),

using Dec in (4.1.1).
By Beilinson [4, 3.6], we have a canonical isomorphism

(4.1.3) HomH(Z, K) = H0(ΓHK),

where HomH means the group of morphisms in DH. He also shows (loc. cit.,
3.4) that the canonical functor induces an equivalence of categories

(4.1.4) DbMHS ∼→ DH,

where the source is the bounded derived category of mixed Z-Hodge structures.

4.2. Deligne cohomology. For a smooth complex algebraic variety X,
let X be a smooth compactification such that D := X \ X is a divisor with
simple normal crossings. Let j : X → X denote the inclusion, and Ω•

X
an〈D〉 the

complex of holomorphic logarithmic forms with the Hodge filtration F (defined
by σ) and the weight filtration W . See [10]. Let C• denote the canonical flasque
resolution of Godement. Then we define the mixed Hodge complex associated
with (X, D):

KHp(X〈D〉) ∈ CHp
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as follows (see [4], [10]): Let

KZ = Γ(Xan, C•(ZXan)), KQ = K ′
Q = Γ(Xan

, j∗C•(QXan)),

KC = Γ(Xan
,Ω•

X
an〈D〉),

where W on KQ and KC is induced by τ on j∗C•(QXan) and W on Ω•
X

an〈D〉
respectively, and the Hodge filtration F is induced by σ on Ω•

X
an〈D〉. We define

(K ′
C, W ) by taking the global section functor of the mapping cone of

(4.2.1) (C•(Ω•
X

an〈D〉), τ) → (j∗C•(Ω•
Xan), τ) ⊕ (C•(Ω•

X
an〈D〉), W ).

(The description in [30, 3.3] is not precise. We need a mapping cone as above.)
Note that KHp(X〈D〉) has the weight filtration W defined over Z.

We will denote the image of KHp(X〈D〉) in DHp by

KHp(X) ∈ DHp ,

because it is independent of the choice of the compactification X by definition
of DHp . We define

KH(X) ∈ DH

to be the image of KHp(X) by (4.1.1).
Let X•, X• be as in (3.1). Applying the above construction to each Xj , Dj ,

we get
KHp(X•〈D•〉) ∈ CHp and KHp(X•) ∈ DHp ,

Here the filtration W for KHp(Xj〈Dj〉) is shifted by −j when the complex is
shifted. We define

KH(X•) ∈ DH

to be the image of KHp(X•) by (4.1.1). Here W is not shifted depending on j,
because we take Dec. Then we have a canonical isomorphism of mixed Hodge
structures

(4.2.2) H i(X•) = H iKH(X•).

We define
H i

D(X•,Z(j)) = H iΓD(KH(X•)(j)),

H i
AH(X•,Z(j)) = H iΓH(KH(X•)(j)).

For a closed subvariety Y of X, we apply the above construction to a
resolution of [Y → X] as in the proof of (2.3), and get

KHp(X, Y ) ∈ DHp , KH(X, Y ) ∈ DH.

These are independent of the choice of the resolution by definition of DHp ,DH.
They will be denoted by KHp(X), KH(X) if Y is empty.
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We define Deligne cohomology and absolute Hodge cohomology in the
sense of Beilinson ([3], [4]) by

H i
D(X, Y ;Z(j)) = H iΓD(KH(X, Y )(j)),

H i
AH(X, Y ;Z(j)) = H iΓH(KH(X, Y )(j)),

See also [11], [12], [13], [19], etc. We will omit Y if it is empty.
By definition we have a natural morphism

(4.2.3) H i
AH(X, Y ;Z(j)) → H i

D(X, Y ;Z(j)).

4.3. Short exact sequences. Since higher extensions vanish in MHS, every
complex is represented by a complex with zero differential in DbMHS. We see
that K ∈ DH corresponds by (4.1.4) (noncanonically) to

(4.3.1) ⊕i(H iK)[−i] ∈ DbMHS.

Then, using the t-structure on DH, we have a canonical exact sequence
(4.3.2)

0 → Ext1MHS(Z, H i−1K(j)) → H iΓH(K(j)) → HomMHS(Z, H iK(j)) → 0.

Similarly, we have

(4.3.3) 0 → J(H i−1K(j)) → H iΓD(K(j)) → H iKZ(j) ∩ F jH iKC → 0,

where we put

J(H(j)) = HC/(HZ(j) + F jHC),

HZ(j) ∩ F jHC = Ker(HZ(j) → HC/F jHC),

for a mixed Hodge structure H = (HZ, (HQ, W ), (HC;F, W )).
Comparing (4.3.2–3), we see that

(4.3.4) H i
D(X•,Z(j)) = H i

AH(X•,Z(j))

if H i−1(X•,Z) and H i(X•,Z) have weights ≤ 2j (using [8]).

4.4. Weight spectral sequence. Let W be the weight filtration of
KHp(X•〈D•〉) in CHp , and D̃k

j the disjoint union of the intersections of k irre-
ducible components of Dj . See [10]. By definition we have

(4.4.1) GrW
−pKHp(X•〈D•〉) = ⊕k≥0KHp(D̃k

p+k)(−k)[−p − 2k],

and this gives the integral weight spectral sequence (2.3.2). It depends on the
choice of the compactification X• of X•. By loc. cit. this spectral sequence
degenerates at E2 modulo torsion.

Let oWjX• be the cofiltration in (3.1). Then

GrW
−pKHp(oW jX•〈D•〉) = ⊕k≥0KHp(oW jD̃k

p+k)(−k)[−p − 2k],
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where oWjD̃
k
p+k = D̃k

p+k if p + k > j or p − j = k = 0, and oWjD̃
k
p+k = ∅

otherwise. This implies

(4.4.2) Hr(W jKHp(X•〈D•〉)) = Hr(Xj
• )) for r ≤ j + 2.

Indeed, we have W jKHp(oW jX•〈D•〉) = W jKHp(X•〈D•〉) and

Hr(KHp(oW jX•〈D•〉)/W jKHp(oW jX•〈D•〉)) = 0 for r ≤ j + 2,

where W j = W−j . Note that the weight filtration on Hr(X•,Z) is shifted by
r as in [10] (i.e., it is induced by DecW ).

4.5. Remark. Assume X is smooth proper. Then H i
D(X,Z(j)) is the

hypercohomology of the complex

ZXan(j) → OXan → Ω1
Xan → · · · → Ωj−1

Xan ,

where the degree of ZXan(j) is zero. In particular, using the exponential se-
quence, we have for j = 1

(4.5.1) H i
D(X,Z(1)) = H i−1(Xan,O∗

Xan).

By (4.1.3) and (4.3.2), we get in the smooth case

(4.5.2)
H i

D(X,Z(1)) = H i
AH(X,Z(1)) for i ≤ 2,

H i
AH(X,Z(1)) is torsion for i > 3.

Note that the algebraic cohomology H i−1(X,O∗
X) coincides with

H i−1(Xan,O∗
Xan) for i ≤ 2 by GAGA, and vanishes otherwise by (2.5.3).

In particular, H i
AH(X,Z(1)) coincides with the algebraic cohomology

H i−1(X,O∗
X) up to torsion for i �= 2 in the smooth case. (If we consider a

polarizable version, we get isomorphisms up to torsion for every i.)

5. Comparison

In this section we prove Theorems (0.1–2).

5.1. Theorem. Let X• and X• be as in (3.1) with k = C. Then there
exist a decreasing filtration W ′′ in a generalized sense on ΓD(KH(X•)(1)) and
a canonical morphism

(5.1.1) Γ(Xan
• , C•(jm

∗ O∗
Xan [−1])) → ΓD(KH(X•)(1)),

preserving the filtrations W ′ and W ′′, where C• denotes the canonical flasque
resolution, jm

∗ O∗
Xan is the meromorphic extension, and W ′ on the target is

induced by the degree of X• as in (3.1). Furthermore (5.1.1) becomes a bifiltered
quasi -isomorphism by replacing the target with W ′′−1, and the mapping cone
of Grp

W ′ of (5.1.1) is quasi -isomorphic to (τ>1j∗C•(ZXan
p

(1)))[−p].
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Remark. The filtration W ′′ is not given by subcomplexes, but by mor-
phisms of complexes 0 = W ′′1 → W ′′0 → W ′′−1 → W ′′−2 = ΓD(KH(X•)(1))
compatible with W ′. See [5] and [27, 1.3]. For this we can define naturally the
notion of bifiltered quasi-isomorphism.

Proof of (5.1). Let X be a smooth complex algebraic variety, and X a
smooth compactification such that D := X \X is a divisor with simple normal
crossings. Then we have a short exact sequence

(5.1.2) 0 → O∗
X

an → jm
∗ O∗

Xan → ⊕iZDan
i

→ 0,

where the Di are irreducible components of D. This implies a canonical iso-
morphism in the derived category

(5.1.3) [OX
an

exp→ jm
∗ O∗

Xan ] = τ≤1j∗C•(ZXan(1)).

We can verify that ΓD(KH(X)(1)) is naturally quasi-isomorphic to the
complex of global sections of the shifted mapping cone

[j∗C•(ZXan(1)) ⊕ C•(σ≥1Ω
•
X

an(log D)) → j∗C•(Ω•
Xan)],

where C• denotes the canonical flasque resolution of Godement. Since we have
a natural morphism

[OXan
exp→ O∗

Xan ] → Ω•
Xan

using d log (see [10]), the above shifted mapping cone is quasi-isomorphic to

Z(1)D,X〈D〉 := [j∗C•([OXan
exp→ O∗

Xan ]) ⊕ C•(σ≥1Ω
•
X

an(log D)) → j∗C•(Ω•
Xan)].

Consider then the shifted mapping cone

Z(1)′D,X〈D〉 := [C•([OX
an

exp→ jm
∗ O∗

Xan ]) ⊕ C•(σ≥1Ω
•
X

an(log D)) → j∗C•(Ω•
Xan)].

It has a natural morphism to Z(1)D,X〈D〉, and defines W ′′−1. Here we can
replace j∗C•(Ω•

Xan) with C•(Ω•
X

an(log D)) because the image of d log is a log-
arithmic form. So we see that Z(1)′D,X〈D〉 is naturally quasi-isomorphic to
C•(jm

∗ O∗
Xan)[−1]. Furthermore, Z(1)′D,X〈D〉 has a subcomplex

Z(1)D,X := [C•([OX
an

exp→ O∗
X

an ]) ⊕ C•(σ≥1Ω
•
X

an) → C•(Ω•
X

an)]

which is naturally quasi-isomorphic to ΓD(KH(X)(1)) and C•(O∗
X

an)[−1]. This
defines W ′′0.

Thus we get a canonical filtered morphism

(5.1.4) Γ(Xan
, C•(j∗O∗

Xan [−1])) → ΓD(KH(X)(1))

whose mapping cone is isomorphic to τ>1j∗C•(ZXan(1)).
We apply this constriction to each component Xp of X•. Then we get the

morphism (5.1.1) preserving the filtrations W ′ and W ′′.



626 L. BARBIERI-VIALE, A. ROSENSCHON, AND M. SAITO

5.2. Corollary. For X• as in (5.1), we have a canonical morphism

(5.2.1) Pic(X•) → H2
D(X•,Z(1)),

induced by (5.1.1). (See (2.4) for Pic(X•).) This is injective if Xj is empty for
j < 0, and is bijective if furthermore X0 is proper. In particular, we have in
the notation of (3.1) and (4.1)

(5.2.2) P≥r(X•〈D•〉) = Hr+2
D (oW rX•,Z(1)).

Proof. This follows from (5.1) together with (2.5.3).

Remark. By (4.3.2) and (4.3.4) we get

(5.2.3) Hr+i
AH (oW rX•,Z(1)) = Hr+i

D (oW rX•,Z(1)) for i ≤ 2,

and a short exact sequence

(5.2.4)
0 → Ext1MHS(Z, Hr+1(oW rX•,Z)(1)) → Hr+2

D (oW rX•,Z(1))

→ HomMHS(Z, Hr+2(oW rX•,Z)(1)) → 0,

because Hr+i(oW rX•,Z) has weights ≤ i for i ≤ 2 by (4.4.2). Furthermore,
using the spectral sequence (2.3.2), we see

(5.2.5) Ext1MHS(Z, Hr+1(oW rX•,Z)(1)) = Ext1MHS(Z, Hr+1(oW rX•,Z)(1)),

and they have naturally a structure of semiabelian variety as is well-known. See
[8], [10]. This coincides with the structure of semiabelian variety on P≥r(X•)0

by the following:

5.3. Theorem. Let S be a smooth complex algebraic variety, and (L, γ) ∈
P≥r(X• × S) as in Remark after (3.1), where D• is empty. Then the set-
theoretic map

S(C) → Hr+2
D (oW rX•,Z(1))

defined by restricting (L, γ) to the fiber at s ∈ S(C) comes from a morphism
of varieties.

Proof. Let ξ ∈ Hr+2
D (oW rX• × S,Z(1)) corresponding to (L, γ) by the

injective morphism

(5.3.1) P≥r(X• × S) → Hr+2
D (oW rX• × S,Z(1))

given by (5.2.1) for X• × S. Since this morphism is compatible with the
restriction to X• × {s}, it is enough to show that the map

s �→ ξs ∈ Hr+2
D (oW rX•,Z(1)) = Hr+2

AH (oW rX•,Z(1))

is algebraic, where the last isomorphism follows from (5.2.3).
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We first replace the Deligne cohomology of oW rX• × S with the absolute
Hodge cohomology. Since the restriction to the fiber is defined at the level of
mixed Hodge complexes, it is compatible with the canonical morphism induced
by ΓH → ΓD. So it is enough to show that ξ belongs to the image of the
absolute Hodge cohomology. But this is verified by using oW r(X• × S) which
is defined by replacing the r-th component of oW rX• × S with oW r(Xr × S),
where S is a smooth compactification of S. Indeed, the Deligne cohomology
and the absolute Hodge cohomology coincide for this by (4.3.4), and the line
bundle L can be extended to Xr × S.

Now we reduce the assertion to the case

ξs ∈ Ext1MHS(Z, Hr+1(oW rX•,Z)(1)).

Indeed, the image of ξs in HomMHS(Z, Hr+2(oW rX•,Z)(1)) by (5.2.4) is con-
stant, and we may assume it is zero by adding the pull-back of an element of
Hr+2

D (oW rX•,Z(1)) by the projection X• × S → X•.
We then claim that {ξs}s∈S(C) is an admissible normal function in the

sense of [29], i.e., it defines an extension between constant variations of mixed
Hodge structures on S and the obtained extension is an admissible variation of
mixed Hodge structure in the sense of Steenbrink-Zucker [32] and Kashiwara
[20]. (Actually it is enough to show that {ξs} is an analytic section for the proof
of (5.4), because an analytic structure of a semiabelian variety is equivalent to
an algebraic structure [10].)

Choosing a splitting of the exact sequence (4.3.2) for KH(oW rX• × S),
we get a decomposition of ξ:

ξ′ ∈ Ext1MHS(Z, Hr+1(oW rX• × S,Z)(1)),

ξ′′ ∈ HomMHS(Z, Hr+2(oW rX• × S,Z)(1)).

Then only the following Künneth components contribute to the restriction to
the fiber at s:

ξ′0 ∈ Ext1MHS(Z, Hr+1(oW rX•,Z)(1) ⊗ H0(S,Z)),

ξ′′1 ∈ HomMHS(Z, Hr+1(oW rX•,Z)(1) ⊗ H1(S,Z)).

Clearly, ξ′0 gives a constant section (where we may assume S connected), and
the restriction of ξ′′1 is well-defined modulo constant section. We will show that
the restrictions of ξ′′1 to the points of S form an admissible normal function.

The restriction is also defined by applying the functor ΓH to the restriction
morphism of mixed Hodge complexes

(5.3.2) KH(oW rX• × S)(1) → KH(oW rX•)(1).

By (4.1.4) this corresponds to the tensor of ⊕iH
i(oW rX•,Z)[−i] with the

restriction morphism under the inclusion {s} → S:

(5.3.3) RΓ(S,Z) (� ⊕iH
i(S,Z)[−i]) → Z in DbMHS.
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Note that the restriction of the morphism to H i(S,Z)[−i] vanishes for i > 1,
and choosing s0 ∈ S, the restriction to H1(S,Z)[−1] for s �= s0 is expressed by
the short exact sequence

0 → Z→ H1(S, {s0, s};Z) → H1(S, {s0};Z) (= H1(S,Z)) → 0,

using the corresponding distinguished triangle. Here H1(S,Z)[−1] → Z is zero
for s = s0.

The restriction of ξ′0 and ξ′′1 is then obtained by tensoring (5.3.3) with
H := Hr+1(oW rX•,Z)(1), and applying the functor

RHomDbMHS(Z[−1], ∗).

For ξ′′1, it is given by taking the pull-back of the above short exact sequence
tensored with H by ξ′′1. Then we can construct the extended variation of mixed
Hodge structure by using the diagonal of S×S as in [28, 3.8]. This shows that
{ξs} determines an admissible normal function which will be denoted by ρ.

Let G be the semiabelian variety defined by

Ext1MHS(Z, Hr+1(oW rX•,Z)(1))

(see [8], [10]). Then ρ is a holomorphic section of Gan×San → San. We have to
show that this is algebraic using the property of admissible normal functions.
Since G is semiabelian, there exist a torus T and an abelian variety A together
with a short exact sequence

0 → T → G → A → 0.

As a variety, G may be viewed as a principal T -bundle. We choose an isomor-
phism

T = (Gm)n.

This gives compactifications T = (P1)n of T , and also G of G.
Then, by GAGA, it is enough to show that the admissible normal function

ρ is extended to a holomorphic section of G
an × S

an → S
an, where S is an

appropriate smooth compactification of S such that S \ S is a divisor with
normal crossings. Here we may assume n = 1 using the projections T → P1,
because G is the fiber product of the P1-bundles over A.

So the assertion follows from the same argument as in [29, 4.4]. Indeed,
the group of connected components of the fiber of the Néron model of G × S

at a generic point of S \S is isomorphic to Z by an argument similar to (2.5.5)
in loc. cit., and this corresponds to the order of zero or pole in an appropriate
sense of a local section. By blowing up further, we may assume that these
orders along any intersecting two of the irreducible components of the divisor
have the same sign (including the case where one of them is zero). Then it can
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be extended to a section of G
an × S

an → S
an as in the case of meromorphic

functions (which corresponds to the case A = 0). This finishes the proof of
(5.3).

Remark. It is easy to show that the map S(C) → Hr+2
D (oW rX•,Z(1)) is

analytic using the long exact sequence associated with the direct image of the
distinguished triangle → Z(1) → O → O∗ → under the projection X

an
• ×San →

San. This implies that the natural algebraic structure on Hr+2
D (oW rX•,Z(1))

is compatible with the one obtained by (3.2) and (5.2.2).

5.4. Theorem. With the notation of (4.2), let W denote the decreasing
weight filtration on the mixed Hodge complex K := KHp(X•〈D•〉) (i.e. W j =
W−j). For a mixed Hodge structure H, let H(1) denote the maximal mixed
Hodge structure contained in H and such that Grp

F = 0 for p /∈ {0, 1}. Then
we have natural isomorphisms of mixed Hodge structures

(5.4.1) rH(Gr(X•〈D•〉))(−1) = W1H
r(W r−2K)fr,

(5.4.2) rH(Γ′
r(X•〈D•〉))(−1) = Hr(W r−2K)(1)/W1H

r(W r−2K),

(5.4.3) rH(M ′
r(X•〈D•〉))(−1) = Hr(W r−2K)(1)/W1H

r(W r−2K)tor,

and surjective morphisms of mixed Hodge structures

rH(Γr(X•〈D•〉))(−1) → W2H
r(W r−3K)(1)/W1H

r(W r−2K),(5.4.4)

rH(Mr(X•〈D•〉))(−1) → W2H
r(W r−3K)(1)/W1H

r(W r−3K)tor,(5.4.5)

whose kernels are torsion, and vanish if H2(Xr−3,Z) is of type (1, 1).

Proof. By (4.4.2) and (5.3) we have

rH(P≥r−1(X•)0)(−1) = Hr(W r−1K)fr.

Since rH(Pr−2(X•)0)(−1) = H1(Xr−2,Z)fr = Hr−1(Grr−2
W K)fr, we get

rH(Gr(X•〈D•〉))(−1) = Coker(∂ : H1(Xr−2,Z) → Hr(W r−1K))fr,

using the right exactness of Ext1(Z, ∗). So (5.4.1) follows from the long exact
sequence of mixed Hodge structures

(5.4.6)
H1(Xr−2,Z) → Hr(W r−1K) → Hr(W r−2K)

→ H2(Xr−2,Z) ⊕ Γ(D̃r−1,Z)(−1) ∂→ Hr+1(W r−1K).

Here H i+rGrr−2
W K = H i+2(Xr−2,Z) ⊕ H i(D̃r−1,Z)(−1) for i ≤ 1 by (4.4).

Note that WiH
r(W jK) = Im(Hr(W r−iK) → Hr(W jK) for r − i ≥ j.

Similarly, we have by (5.2.2)

P≥r−1(X•〈D•〉)/P≥r−1(X•)0 = HomMHS(Z, Hr+1(W r−1K)(1)).
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Furthermore, the right vertical morphism of (3.1.4) is identified with the image
by the functor HomMHS(Z(−1), ∗) of the last morphism ∂ in (5.4.6). This is
verified by using a canonical morphism of triangles in DH

−−→ W r−1K −−→ W r−2K −−→ Grr−2
W K −−→� � �

−−→ KH(oW r−1X•) −−→ KH(oW r−2X•) −−→ KH(Grr−2
oW X•) −−→

where Grr−2
oW X• is defined by the shifted mapping cone. Note that the left

part of the diagram commutes without homotopy so that the morphism of the
mapping cones is canonically defined, and the filtration DecW on W iK/W jK

coincides with the filtration induced by DecW on K.
So (5.4.2) follows from (5.4.6), because the functor HomMHS(Z(−1), ∗) is

left exact, and its restriction to pure Hodge structures of weight 2 is identified
with the functor H → H(1). Note that a pure Hodge structure of type (1, 1) is
identified with a Z-module.

For (5.4.3), we consider the extension class in

Ext1MHS(Γ
′
r(X•〈D•〉), W1H

r(W r−2K)fr(1)),

which is induced by (5.4.2) together with the natural exact sequence. Here
Γ′

r(X•〈D•〉) is identified with a mixed Hodge structure of type (0,0). In par-
ticular, the extension class is equivalent to the induced morphism

(5.4.7) HomMHS(Z,Γ′
r(X•〈D•〉)) → Ext1MHS(Z, W1H

r(W r−2K)fr(1)).

So we have to show for the proof of (5.4.3) that this morphism is identified by
(5.4.1) with

Γ′
r(X•〈D•〉) → Gr(X•〈D•〉).

By (5.2) and (4.4.2), the commutative diagram (3.1.4) is identified with
a morphism of the short exact sequences (4.3.2) induced by the morphism of
absolute Hodge cohomologies

∂ : HrΓH(Grr−2
W K(1)) → Hr+1ΓH(W r−1K(1)).

The last morphism ∂ is induced by the “boundary map” of the first distin-
guished triangle of the above diagram (which is defined by using the mapping
cone). Then (5.4.3) follows from (4.1.3–4) by using (5.5) below, because H iΓH
is identified with Exti

MHS(Z, ∗) by the equivalence of categories (4.1.4) due to
(4.1.3).

Finally, the surjectivity of (5.4.4) and (5.4.5) follows from the exact se-
quence

(5.4.8) H2(Xr−3,Z) ⊕ H0(D̃r−2,Z)(−1) → Hr(W r−2K) ∂→ Hr(W r−3K),
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by comparing the (1,1) part of Coker GrW
2 ∂ with the cokernel of the (1,1)

part of GrW
2 ∂ (where GrW

2 Coker ∂ = Coker GrW
2 ∂ because Hr(W r−2K) =

W2H
r(W r−2K)). The kernels of (5.4.4) and (5.4.5) come from the difference

between these, and vanish if H2(Xr−3,Z) is of type (1,1). Note that the
intersection of W1H

r(W r−2K) with

Im(H2(Xr−3,Z) ⊕ H0(D̃r−2,Z)(−1) → Hr(W r−2K))

is torsion by the strict compatibility of the weight filtration. This completes
the proof of (5.4).

5.5. Remark. Let A be an abelian category such that Exti(A, B) = 0
for any objects A, B and i > 1. Let A0 ∈ A, and F (K) = RHom(A0, K) for
K ∈ DbA so that we have a canonical short exact sequence

0 → Ext1(A0, H
−1K) → F (K) → Hom(A0, H

0K) → 0.

Let → K ′ → K → K ′′ → be a distinguished triangle in DbA with ∂ : K ′′ →
K ′[1] the boundary map. Consider the morphism

(5.5.1) Hom(A0,Ker H0∂) → Ext1(A0,Coker H−1∂),

obtained by the snake lemma together with the right exactness of Ext1(A0, ∗).
(Here H i∂ is the abbreviation of H i∂ : H iK ′′ → H i+1K ′.) Then (5.5.1)
coincides with the morphism induced by the short exact sequence

(5.5.2) 0 → Coker H−1∂ → H0K → Ker H0∂ → 0.

Indeed, K ′, K ′′ are represented by complexes with zero differential, and
the assertion is reduced to the case where K ′′ = A, K ′ = B with A, B ∈ A
(considering certain subquotients of K ′, K ′′). Then it follows from the well-
known bijection between the extension group in the derived category and the
set of extension classes in the usual sense.

5.6. Proof of (0.1–3). We take a resolution of [Y → X] so that the
associated integral weight filtration is defined independently of the choice of
the resolution as in the proof of (2.3) (e.g. we can take the simplicial resolution
of Gillet and Soulé [14, 3.1.2] if X is proper). Then by (5.4), it is enough to
show that the kernel of the canonical morphism

W2H
r(W r−3K) → Hr(K)

is torsion, and it is contained in W1H
r(W r−3K)tor if Ep,r−1−p

2 = 0 for p ≤ r−4.
But these can be verified by using a natural morphism between the weight
spectral sequences (2.3.2) converging to H•(W r−3K) and H•(K), because the
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spectral sequences degenerate at E2 modulo torsion. Note that the weight
filtration on the cohomology is shifted by the degree, and W2 is induced by
W r−2. This completes the proof of (0.1–3).
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