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Abstra ct. Let (W; S) b e a crystallographic Co xeter group (this includes all �nite and

a�ne W eyl groups), and J � S . Let W J
denote the set of minimal coset represen tativ es

mo dulo the parab olic subgroup WJ . F or w 2 W J
, let f w;J

i denote the n um b er of elemen ts

of length i b elo w w in Bruhat order on W J
(notation simpli�ed to f w

i in the case when

W J = W ). W e sho w that

0 � i < j � `(w) � i =) f w;J
i � f w;J

j :

F urthermore, the case of equalities f w
i = f w

` ( w ) � i for i = 1 ; : : : ; k is c haracterized in terms of

v anishing of co e�cien ts in the Kazhdan-Lusztig p olynomial Pe;w (q) .

It is also sho wn that if W is �nite then the n um b er sequence f w
0 ; f w

1 ; : : : ; f w
` ( w ) cannot

gro w to o rapidly . F urther, in the �nite case, for an y giv en k � 1 and an y w 2 W of

su�cien tly great length (with resp ect to k ):

f w
` ( w ) � k � f w

` ( w ) � k +1 � � � � � f w
` ( w ) :

The pro ofs rely mostly on prop erties of the cohomology of Kac-Mo o dy Sc h ub ert v arieties,

suc h as the follo wing result: if X w is a Sc h ub ert v ariet y of dimension d = `(w) , and � =
c1(L ) 2 H 2(X w ) is the restriction to X w of the Chern class of an ample line bundle, then

(� k )� : H d� k (X w ) �! H d+ k (X w )

is injectiv e for all k � 0.

1 In tro duction

Let (W; S) b e a Co xeter system with S �nite. Fix a subset J � S and let W J
denote the set of

minimal coset represen tativ es mo dulo the parab olic subgroup WJ = hJ i . F or w 2 W J
, let

f w;J
i := card f u 2 W J j u � w and `(u) = ig:

In w ords, f w;J
i is the n um b er of length i elemen ts in the Bruhat in terv al [e; w]J = [ e; w] \ W J

.

F or terminology and basic facts concerning Co xeter groups, W eyl groups, and Bruhat order, w e

refer to [BB05 , Hu90 ].

F or a certain class of Co xeter groups w e can apply geometric metho ds to study the n um b ers

f w;J
i . The groups to whic h our metho ds are applicable are those for whic h the order of a pro duct

of t w o generators is 2, 3, 4, 6, or 1 ; these are usually called the crystal lo gr aphic Co xeter groups.

They are precisely the groups that app ear as W eyl groups of Kac-Mo o dy algebras (cf. [Kac83 ,

Prop. 3.13]). The main purp ose of this pap er is to pro v e the follo wing relations and some of their

rami�cations.

Theorem A Let (W; S) b e a crystallographic Co xeter group, J � S and w 2 W J
. W e ha v e

that

0 � i < j � `(w) � i =) f w;J
i � f w;J

j :

This theorem follo ws immediately from a certain cohomological injectivit y condition. Similar

injectivit y prop erties ha v e recen tly app eared in other con texts (cf. [HS02 , Thm. 7.4] and [Sw06 ,

Sect. 3]). F or the de�nition of Sc h ub ert v ariet y see the b eginning of Section 4.
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Theorem B Let X w b e a Sc h ub ert v ariet y of dimension d = `(w) of a Kac-Mo o dy group and

let � := c1(L ) b e the Chern class of an ample line bundle on X w . Then the map

(� k )� : H d� k (X w ) ! H d+ k (X w )

is injectiv e for all k � 0.

Com bining the cohomological argumen ts used for pro ving Theorem A with a linear-algebraic

argumen t of Stanley [St80 ] w e can sharp en Theorem A to a com binatorial statemen t giving

structural reasons for these inequalities.

Theorem C Let (W; S) b e a crystallographic Co xeter group, J � S . Fix w 2 W J
and i suc h

that 0 � i < ` (w)=2. Then, in [e; w]J there exists f w;J
i pairwise disjoin t c hains ui < u i +1 < � � � <

u` (w ) � i suc h that `(uj ) = j .

The inequalities of Theorem A are equiv alen t to the com bination of the follo wing t w o sets of

inequalities:

f w;J
i � f w;J

` (w ) � i ; for all i < ` (w)=2; (1)

and

f w;J
0 � f w;J

1 � � � � � f w;J
d` (w )=2e: (2)

F or the rest of this section w e treat only the J = ; case. Then W J = W , so for simplicit y w e drop

� J � from the notation. In this case the relations (1) had b een conjectured indep enden tly b y Car-

rell [Ca95 ] and b y the presen t authors. They sharp en the inequalities

P
i � k f w

i �
P

i � k f w
` (w ) � i ,

for all 0 � k < ` (w)=2, due to Brion [Br00 , Cor. 2].

The case of equalit y in some of the relations (1) is in teresting. Fix w 2 W , and let m :=
b(`(w) � 1)=2c. Let

Pe;w (q) = 1 + � 0 + � 1q + � � � + � m qm

b e the Kazhdan-Lusztig p olynomial of the in terv al [e; w]. It is kno wn [Ku02 , Thm. 12.2.9] that

all Kazhdan-Lusztig p olynomials ha v e non-negativ e co e�cien ts if W is crystallographic, and that

� 0 = 0 .

Theorem D Supp ose that (W; S) is crystallographic. Let w 2 W and 0 � k � m . Then the

follo wing conditions are equiv alen t:

(a) f w
i = f w

` (w ) � i , for i = 0 ; : : : ; k ,

(b) � i = 0 , for i = 0 ; : : : ; k .

F urthermore, if k < m then (a) and (b) imply

(c) � k+1 = f w
` (w ) � k � 1 � f w

k+1 .

In the case k = m the equiv alence of (a) and (b) sp ecializes to a criterion for rational

smo othness of the Sc h ub ert v ariet y X w due to Carrell and P eterson [Ca94 ].

The next result sho ws, among other things, that for �nite groups the increasing sequence (2)

cannot gro w to o fast. The condition of b eing an M -sequence is recalled in Section 6.

Theorem E Let (W; S) b e a �nite W eyl group and w 2 W . Then the v ectors (f w
0 ; f w

1 ; : : : ; f w
` (w ) )

and (f w
0 ; f w

1 � f w
0 ; f w

2 � f w
1 ; : : : ; f w

b` (w )=2c � f w
b` (w )=2c� 1) are M -sequences.

The increasing inequalities (2) ha v e decreasing coun terparts at the upp er end of the Bruhat

in terv al, but the information w e are able to giv e ab out this is m uc h w eak er.

Theorem F F or all k � 1 there exists a n um b er Nk , suc h that for ev ery �nite Co xeter group

(W; S) and ev ery w 2 W suc h that `(w) � Nk w e ha v e that

f w
` (w ) � k � f w

` (w ) � k+1 � � � � � f w
` (w ) :
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The pap er is organized as follo ws. Sections 2 and 3 con tain preliminary material on the

algebraic geometry underlying the pro ofs of Theorems A, B and D in Section 4. The pro ofs of

Theorems C, E and F can b e found in Sections 5, 6 and 7, resp ectiv ely . Section 8 expands on

some algebraic geometry needed for the pro ofs.

A c kno wledgmen t: W e are grateful to E. Nev o and B. Shapiro for help with Section 6, and

to an anon ymous referee for sev eral helpful remarks.

2 The pure cohomology

Let F b e an endomorphism of a graded Q ` -v ector space V whic h is �nite dimensional in eac h

degree. It will b e said to b e of weight � w (resp. of pur e weight w ), with resp ect to a p ositiv e

in teger q, if the eigen v alues of F on V i
are algebraic n um b ers all of whose conjugates ha v e the

same absolute v alue qj= 2
for some j � w + i (resp. j = w + i ). A theorem of Deligne pro vides a

large n um b er of suc h v ector spaces in the follo wing w a y .

Consider a prop er v ariet y X 0 o v er a �nite �eld Fq and étale cohomology H � (X; Q ` ) , consid-

ered as a graded v ector space. (W e shall follo w the usual con v en tion of using 0 as a subscript to

denote ob jects o v er a �nite �eld and drop the subscript when w e extend scalars to an algebraic

closure of that �eld). The F rob enius map on X 0 induces an endomorphism F of H � (X; Q ` )
and Deligne's theorem [BBD82 , 5.1.14] sa ys that the action of F on H � (X; Q ` ) is of w eigh t

� 0. W e shall only b e in terested in the pur e p art , H �
p (X; Q ` ) , of H � (X; Q ` ) , whic h b y de�nition

is obtained from H � (X; Q ` ) b y factoring out b y the F -generalised eigenspaces of w eigh t < 0.

Our �rst result will iden tify H �
p (X; Q ` ) with the image of H � (X; Q ` ) in the (middle p erv ersit y)

interse ction c ohomolo gy I H � (X; Q ` ) of X .

W e start b y recalling the construction of [GM83, Ÿ5.1] (whic h as the authors note w orks also

in an étale con text) of a map of shea v es Q `;X ! j !� Q `;U , where j : U ! X is the inclusion of

its non-singular lo cus of the algebraic v ariet y X (w e shall when confusion needs to b e a v oided

use Q `;Z for the constan t sheaf Q ` on the sc heme Z ). This map induces a map from ordinary

cohomology to in tersection cohomology . (W e use the degree con v en tions of [BBD82 ] whic h means

that w e ha v e a map Q `;X ! j !� Q `;U rather than Q `;X [n] ! j !� Q `;U as in [GM83 ].)

Note no w that, b y de�nition, if X 0 is an algebraic v ariet y o v er a �nite �eld Fq , a mixed

complex E0 on X 0 (cf. [De80 , 1.1.2]) is of w eigh t � w precisely when the graded v ector space

H � (Es) is of w eigh t � w (with resp ect to q) for ev ery geometric p oin t s of X 0 with image a closed

p oin t of X 0 whose residue �eld has cardinalit y q.

Theorem 2.1 Let X 0 b e a prop er v ariet y o v er a �nite �eld. Then the k ernel of the map from

ordinary cohomology to in tersection cohomology H � (X; Q ` ) ! I H � (X; Q ` ) consists exactly of

the part of H � (X; Q ` ) of w eigh t < 0. In particular, H �
p (X; Q ` ) is the image of H � (X; Q ` ) in

I H � (X; Q ` ) .

Pr oof : Let j : U0 ! X 0 b e the inclusion of the smo oth lo cus. W e �t the map Q `;X 0 ! j !� Q `;U 0

in to a distinguished triangle

! F ! Q `;X 0 ! j !� Q `;X 0 !

and w e start b y sho wing that F is of w eigh t < 0. W e kno w, [BBD82 , Cor 5.4.3], that j !� Q ` is

pure of w eigh t 0. Let no w s b e a geometric p oin t of X 0 with image a closed p oin t (whose residue

�eld then is �nite). W e ha v e an exact sequence

H i � 1(( j !� Q `;U 0 )s) ! H i (F s) ! H i ((Q `;X 0 )s) ! H i (( j !� Q `;U 0 )s)

and as H i � 1(( j !� Q `;U 0 )s) is of w eigh t � i � 1 it is enough to sho w that H i ((Q `;X 0 )s) !
H i (( j !� Q `;U 0 )s) is injectiv e, whic h is a non-trivial condition only for i = 0 . In that case it

is indeed injectiv e as the comp osite Q `;X 0 ! j !� Q `;U 0 ! Rj � Q `;U 0 induces an isomorphism on
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H 0(� ) . By Deligne's theorem [BBD82 , 5.1.14] w e get that H � (X; F ) is of w eigh t < 0, and as

the sequence

H � (X; F ) ! H � (X; Q ` ) ! H � (X; j !� Q ` )

is exact, w e see that the k ernel of H � (X; Q ` ) ! H � (X; j !� Q ` ) is of w eigh t < 0.

On the other hand, again b y Deligne's theorem and dualit y , H � (X; j !� Q ` ) is pure of w eigh t

0, and hence ev erything in H � (X; Q ` ) of w eigh t < 0 lies in the k ernel.

Remark : i) Ov er the complex n um b ers this result is pro v ed in [W e04 ] (using instead Deligne's

Ho dge-theoretically de�ned w eigh t �ltration). F or the applications of this pap er that result could

also b e used. In an y case, the �ltration b y w eigh ts of ` -adic cohomology is de�ned for a v ariet y

o v er an y �eld, comm utes appropriately under sp ecialization of the base �eld, and coincides with

Deligne's Ho dge-theoretic w eigh t �ltration o v er the complex n um b ers. Th us our results are

compatible with those of [W e04 ].

ii) Nothing c hanges in the argumen t if one replaces U0 b y a smaller op en dense subset and

Q ` b y j � E, where E is a lo cal system of pure w eigh t 0.

It seems reasonable to in tro duce the pur e Betti numb ers , bp
i := dim Q ` H i

p(X; Q ` ) , and w e

shall indeed do so. Our next result is a w eak ening of some w ell-kno wn n umeric consequences

for the Betti n um b ers of a smo oth and prop er v ariet y that arise as a consequence of the hard

Lefsc hetz theorem. The stated restriction to v arieties de�ned o v er �nite �elds is easily disp ensed

with, but w e k eep it to a v oid to o man y details.

Theorem 2.2 Let X 0 b e a pro jectiv e v ariet y o v er a �nite �eld, of pure dimension n . W e ha v e

that bp
i � bp

i +2 j for all 0 � j � n � i . In particular, for i � n w e ha v e that bp
n � i � bp

n + i .

Pr oof : It follo ws from Theorem 2.1 that the map H � (X; Q ` ) ! I H � (X; Q ` ) has H �
p (X; Q ` )

as its image. As it is induced b y a map of Q ` -complexes of shea v es, this map is an H � (X; Q ` ) -

mo dule map. In particular, for 0 � j � n � i it comm utes with m ultiplication b y c1(L ) j
(the

�rst Chern class of an ample line bundle), giving a comm utativ e diagram

H i
p(X; Q ` ) ����! I H i (X; Q ` )

?
?
y \ c1 (L ) j

?
?
y \ c1 (L ) j

H i +2 j
p (X; Q ` ) ����! I H i +2 j (X; Q ` ):

By what w e ha v e pro v en the horizon tal maps are injectiv e, and the righ t v ertical map is an

injection b y the hard Lefsc hetz theorem (cf. [BBD82 , Thm 5.4.10], note that there they ha v e

made a shift b y n of the cohomology shea v es, hence the di�erence in indexing). This implies

that the left v ertical map is injectiv e, giving

bp
i = dim Q ` H i

p(X; Q ` ) � dimQ ` H i +2 j
p (X; Q ` ) = bp

i +2 j :

Using these theorems for motiv ation and consistency w e de�ne, for an y prop er v ariet y X
o v er an algebraically closed �eld, the pure cohomology H �

p (X; Q ` ) as the image of H � (X; Q ` )
in I H � (X; Q ` ) , and similarly for rational co e�cien ts when the base �eld is the �eld of complex

n um b ers.

3 The n um b er of cells

W e de�ne a str ati�c ation of a prop er v ariet y X as a (necessarily �nite) collection f V� g� 2 I of

sub v arieties of X , called str ata , suc h that X is the disjoin t union of them and the closure of eac h

stratum is a union of strata. W e get a partial order on the index set I of the strata b y sa ying

that � � � when V� � V� . It then follo ws that if J � I is downwar ds close d (i.e., if � � � and
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� 2 J then � 2 J ) then X J := [ � 2 J V� is a closed subset, as it is the union of the closed subsets

V� = [ � � � V� for all � 2 J .

An algebr aic c el l de c omp osition of X is a strati�cation for whic h eac h stratum (whic h in this

case will also b e called a c el l ) is isomorphic to the n -dimensional a�ne space A n
for some n .

Theorem 3.1 Let X b e a prop er v ariet y o v er an algebraically closed �eld, ha ving an algebraic

cell decomp osition with f i cells of dimension i . Then:

i) H 2i +1 (X; Q ` ) = 0 for all in tegers i . In particular, b2i +1 = bp
2i +1 = 0 .

ii) H 2i (X; Q ` ) = H 2i
p (X; Q ` ) for all i , and this space has a basis in bijection with the set of

cells of dimension i . In particular, b2i = bp
2i = f i for all i .

iii) Assuming that X is pro jectiv e of pure dimension n w e ha v e that f i � f j for all i � j � n� i .

Pr oof : P arts i) and ii) are of course w ell-kno wn but w e giv e a sk etc h for the con v enience of

the reader. In an y case, b y standard sp ecialization argumen ts w e ma y assume that X is de�ned

o v er the algebraic closure of a �nite �eld Fq , and after p ossibly extending the �nite �eld w e

ma y assume that X as w ell as the strata are de�ned o v er Fq . P art i) and ii) are no w pro v ed b y

induction o v er the n um b er of cells using the long exact sequence of cohomology , for U � X op en

with complemen t F ,

� � � ! H i
c(U;Q ` ) ! H i (X; Q ` ) ! H i (F; Q ` ) ! : : : ;

where the cohomology with compact supp ort, H �
c , is as de�ned in [SGA4:3 , Exp. XVI I, Déf

5.1.9]. This is then com bined with the fact that H i
c(A n ) = 0 for i 6= 2 n and H 2n

c (A n ) = Q `

is pure of w eigh t 2n . As X , U , and F are de�ned o v er Fq the F rob enius map acts on all the

v ector spaces in v olv ed compatibly with all the maps. (Note that this long exact sequence is for

cohomology with compact supp orts, but as X and F are compact, cohomology with compact

supp orts is equal to ordinary cohomology .)

P art iii) no w follo ws from Theorem 2.2.

4 Pro ofs of Theorems A, B and D

As w as men tioned in the in tro duction, the crystallographic groups are precisely the ones that

app ear as W eyl groups of Kac-Mo o dy algebras. W e are no w going to apply the results of previous

sections to suc h W eyl groups. General references for bac kground to this material are the b o oks

b y Kac [Kac83 ] and Kumar [Ku02 ], for the algebraic-geometric asp ects see [Ku02 ] and [Sl86 ].

W e start b y recalling some prop erties of the Sc h ub ert v arieties for a Kac-Mo o dy algebra

(group). (It seems that no attempt has b een made to extend the construction of Kac-Mo o dy

groups to p ositiv e c haracteristic, à la Chev alley , so w e restrict ourselv es to c haracteristic zero

from no w on.) Let (W; S) b e the W eyl group of the Kac-Mo o dy algebra (whic h is a Co xeter

group on the generating set S ), pic k J � S and let WJ b e the subgroup of W generated b y the

elemen ts of J . As is w ell-kno wn, there is a unique elemen t w of minimal length in an y WJ -coset

w . The set of suc h elemen ts will b e denoted W J
.

F or eac h w 2 W J
there exists (cf. [Ku02 , Ch. 7], [Sl86, Ÿ2.2]) a complex pro jectiv e v ariet y

X w , whic h w e shall call the Schub ert variety of w , con taining lo cally closed sub v arieties X u for

all u 2 [e; w]J whose closures are disjoin t unions

X u =
]

z� u

X z ;

where z is assumed to b e in W J
. The partial order � is the Bruhat order, and X u is a sub v ariet y

of X w isomorphic to A ` (u)
[Sl86 , Thm. 2.4].

Remark : The v ariet y X w dep ends, at least a priori, on the c hoice of a dominan t w eigh t. Ho w-

ev er, w e are just going to use its existence and not an y uniqueness. (It is in an y case true that
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an y t w o c hoices giv e v arieties that are related b y algebraic maps whic h are homeomorphisms

[Sl86 ], and hence ha v e the same cohomology .)

Going further, the Kac-Mo o dy group has a Borel subgroup B whic h acts on eac h X w suc h

that the X u , u � w , are the orbits. Note that B is not an algebraic group but only a group

sc heme (i.e., not of �nite t yp e). Ho w ev er, the action on an y X w factors through a quotien t whic h

is an algebraic group, and w e shall therefore allo w ourselv es to act as if B itself w as an algebraic

group. Using this action w e get the next result.

Lemma 4.1 The restriction of a B -complex (see the App endix for de�nition) of X w to some

X u , for u � w , is constan t.

Pr oof : Recall (cf. [Sl86 , 1.8]) that there is a sub v ariet y Uu of B and a p oin t x on X u suc h

that the map g 7! gx giv es an isomorphism Uu ! X u . No w, if C is the B -complex, then b y

assumption w e ha v e an isomorphism b et w een p�
2C and m� C on B � X w . T aking the restriction of

this isomorphism to Uu � f xg w e obtain an isomorphism b et w een C and the constan t extension

of Cx to X u .

Remark : By Prop osition 8.3 this result can b e applied to the in tersection complex. In the setup

of [BM01 ], rather than assuming a B -action, an equisingularit y condition along X u is assumed

(whic h should follo w from the fact that X u is a B -orbit). This implies that the restriction to

X u is lo cally constan t and then the fact that X u is isomorphic to an a�ne space and hence

con tractible implies that lo cally constan t complexes are constan t.

Using the Kac-Mo o dy Sc h ub ert v arieties w e can no w undertak e the pro ofs of the main results.

Pr oof of Theorems A and B : Theorem B follo ws immediately from Theorem 2.2 and

Theorem A from Theorem 3.1, b oth applied to X w .

Remark : In connection with the inequalities of Theorem A it migh t b e tempting to sp eculate

that the f -v ectors (f w;J
0 ; f w;J

1 ; : : : ; f w;J
` (w ) ) are unimo dal , meaning that they increase up to some

maxim um and then decrease. Ho w ev er, as p oin ted out b y Carrell [Ca95 ], this is false. See Stan ton

[Sta90 ] for non-unimo dal examples in groups of t yp e An mo dulo maximal parab olic subgroups.

F or the pro of of Theorem D w e need to extend the monotonicit y theorem of Braden and

MacPherson (see [BM01 , Cor. 3.7]) to the case of a general Kac-Mo o dy Sc h ub ert v ariet y .

Theorem 4.2 Let x � y � z in a crystallographic Co xeter group. Then P i
x;z � P i

y;z , where

P i
� ;z denotes the co e�cien ts of qi

of the resp ectiv e Kazhdan-Lusztig p olynomials.

Remark : It is no doubt true that the Whitney strati�cation condition, whic h is one of the

standing h yp otheses of [BM01 ], is indeed ful�lled also in this case. But rather than trying to

v erify that, w e note that the fact that the Sc h ub ert cells are the orbits of a group action can b e

used more directly to pro v e the necessary conditions. As the pro ofs of [BM01 ] are also sometimes

somewhat sk etc h y w e ha v e therefore c hosen to go through the needed steps rather than lea ving

to the reader the task of c hec king that the pro ofs of Braden and MacPherson go through. A t

the same time this allo ws us to giv e the results in our con text of ` -adic cohomology rather than

in the de Rham-cohomology con text of [BM01 ]. W e ha v e deferred to Section 8 the part of the

argumen t that do es not directly p ertain to Kac-Mo o dy Sc h ub ert v arieties. W e will here tak e

that material for gran ted.

Pr oof : Here, as in the more familiar case of �nite and a�ne W eyl groups, these Kazhdan-

Lusztig co e�cien ts can b e in terpreted as the dimension of the �bre of the cohomology of the

in tersection complex for X z at a p oin t of X x . Hence the monotonicit y theorem 4.2 follo ws from

our analogue of [BM01 , Thm. 3.6], whic h w e no w ha v e the appropriate to ols for pro ving. W e

state it as a separate prop osition.
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Prop osition 4.3 F or x � y � z 2 W J
w e ha v e a surjectiv e map of Q ` -v ector spaces

IH � (X z )x ! IH � (X z )y , where the IH � (X z ) are the cohomology shea v es of the in tersection

complex of X z and (� )t denotes a �bre at an y p oin t of X t .

Pr oof : This is [BM01 , Thm. 3.6] in our con text. Its pro of, as w ell as pro ofs of the supp orting

Lemma 3.1, Lemma 3.3, Prop osition 3.4, and Theorem 3.5 of [BM01 ], can no w b e carried through:

� The analogue of [BM01 , Lemma 3.1] follo ws from [Sp84 , Prop. 1] and Prop osition 8.3.

� The analogues of Lemma 3.3, Prop osition 3.4, and Theorem 3.5 of [BM01 ] can b e pro v ed

with the same pro ofs, using [De80] instead of [Sa89 ] for the w eigh t results (note that

in sheaf theory the relativ e cohomology H � (X; U; F ) is de�ned as the cohomology with

supp ort H �
Y (X; F ) , where Y := X n U ).

� In the pro of of (the analogue of ) [BM01 , Thm. 3.6] w e use Lemma 4.1 to conclude that the

in tersection complex is constan t on eac h X t and hence the cohomology of it on X t is equal

to its �bre for an y p oin t on X t .

� T o get a con tracting action on X z with the same �xed p oin ts as for the torus T � B w e use

Corollary 8.2 applied to Z consisting of a single �xed p oin t (note that X z is irreducible).

T o v erify the needed conditions w e use that X z lies an ind-v ariet y whic h set-theoretically

is equal to G=PJ , where G is the Kac-Mo o dy group and PJ is the parab olic subgroup

corresp onding to J . The �xed p oin ts of T on G=PJ are the cosets wPJ , where w runs

o v er W J
(where W is iden ti�ed with the normaliser N of T in G divided b y T itself ).

What w e w an t to sho w is that the cone spanned b y the w eigh ts of the cotangen t space of

x = xPJ 2 X z do es not con tain a line. F or this it is enough to sho w the same thing for

the cotangen t space of x in G=PJ . By m ultiplying b y x � 1 2 N w e reduce to x = e and

b y (v ector space) dualit y to the case of the tangen t space of e 2 G=PJ . Ho w ev er, that

tangen t space is equal to g=pJ , where g is the corresp onding Kac-Mo o dy Lie algebra and

pJ the corresp onding parab olic subalgebra. That means that the w eigh ts form a subset

of the w eigh ts of g=b, where b is the Lie algebra of B . These w eigh ts are exactly the

negativ e ro ots of the ro ot system of the Lie algebra and they lie in the cone generated b y

the negativ es of the simple ro ots, a cone that indeed do es not con tain a line.

W e are no w ready to pro v e our fourth main theorem.

Pr oof of Theorem D : Assume condition (b), and let

Fw (q) =
` (w )X

i =0

ai qi :=
X

x � w

q` (x ) Px;w (q):

Theorem 4.2 implies that the qi
-co e�cien t of Px;w (q) is 0 for all i = 1 ; : : : ; k and all x � w .

Hence, since also degPx;w (q) � b (`(w) � `(x) � 1)=2c, w e get

a0 = 1 a` (w ) = 1
a1 = f w

1 a` (w ) � 1 = f w
` (w ) � 1

.

.

.

.

.

.

ak = f w
k a` (w ) � k = f w

` (w ) � k

ak+1 = f w
k+1 + � k+1 a` (w ) � k � 1 = f w

` (w ) � k � 1

Here the last ro w requires that k < m .

No w use that ai = a` (w ) � i for all i . This is v alid in all Co xeter groups b y [KL79 , Lemma

2.6 (v)] (in this case it is also implied b y P oincaré dualit y of middle in tersection cohomology of

X w ). F rom this w e conclude condition (a), as w ell as (c).
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Finally , assume that condition (b) fails, sa y d � k is minimal suc h that � d 6= 0 . Applying the

implication (b) ) (c) w e get that f w
` (w ) � d � f w

d = � d 6= 0 , so also condition (a) fails.

5 Pro of of Theorem C

W e pro ceed with the pro of of Theorem C. As men tioned in the in tro duction w e shall use an

argumen t of Stanley . When adapting it, it is b oth from a geometric and linear algebra p oin t of

view more natural to consider homology than cohomology (it will b e clear that formally this is

not required). Ev en though there is a sheaf theoretic de�nition, for our purp oses it is enough to

de�ne the homology H i (X; Q ` ) , for a pro jectiv e v ariet y X , as the dual v ector space to H i (X; Q ` ) .

Then the homology b ecomes a co v arian t instead of con tra v arian t functor. W e denote b y f � the

map induced b y a map f : X ! Y . F urthermore, if X is prop er and purely n -dimensional, then

there is the tr ac e map H 2n (X; Q ` ) ! Q ` whic h is surjectiv e and hence giv es an elemen t, the

fundamental class , [X ] 2 H2n (X ) . If X is a closed sub v ariet y of Y , then w e get an elemen t

[X ] := i � [X ], the class of X , where i : X ! Y is the inclusion. No w, if U � X is an op en

n -dimensional subset, then the comp osite H 2n
c (U) ! H 2n (X ) ! Q ` is surjectiv e and dep ends

only on U . When U = A n
, the map H �

c (A n ) ! Q ` is an isomorphism. Assuming no w that

X has a cell decomp osition, com bining this with Theorem 3.1 (or rather its pro of ) giv es that

H2i (X ) has the classes of the closures of the i -dimensional cells as basis.

Remark : This result ma y seem to con tradict Theorem 2.1 of [St80 ], as together they w ould imply

that if X is n -dimensional, then the n um b er of i -cells is equal to the n um b er of (n � i ) -cells, whic h

is not true in general (e.g., for a Sc h ub ert v ariet y this is true, b y the Carrell-P eterson criterion,

if and only if it is rationally smo oth). When X is smo oth the Theorem 2.1 is true ho w ev er, and

that is the only case considered in [St80].

No w, as H � (X ) is a Q ` -algebra, H � (X ) b ecomes a mo dule o v er H � (X ) . F urthermore, if

f : X ! Y is a map, then H � (X ) b ecomes a H � (Y ) -mo dule through y � x = f � y � x and then,

purely formally , w e ha v e the pr oje ction formula y�f � x = f � (f � y�x) for y 2 H � (Y ) and x 2 H � (X ) .

W e are no w ready to pro v e the analogue of [St80 , Lemma 2.2] (whic h as it stands is true only in

the smo oth case).

Lemma 5.1 Let X b e a v ariet y with an algebraic cell decomp osition and L a line bundle on

X . Then for an y cell C the expansion c1(L ) � [C] =
P

D dC;D [D ], where D runs o v er the cells of

X , has the prop ert y that dC;D = 0 unless D � C .

Pr oof : Let i : C ! X b e the inclusion and consider [C] 2 H � (C) . As C has a cell de-

comp osition, the cells of whic h are the D for whic h D � C , w e get that i � c1(L ) � [C] =P
D dC;D [D ] 2 H � (C) , where D runs o v er the cells of C . Applying i � to this form ula giv es

c1(L ) � [C] =
P

D � C dC;D i � [D ]. Ho w ev er, [D ] 2 H � (C) is equal to j � [D ], where j : D ! C is the

inclusion. Hence i � [D ] = i � j � [D ] = ( ij ) � [D ], but the righ t hand side is b y de�nition the class of

D in X .

W e are no w almost ready to adapt the pro of of Stanley . Ho w ev er, in [St80] the hard Lefsc hetz

theorem is com bined with Lemma 1.1 for the desired conclusion and in our situation the hard

Lefsc hetz theorem do es not quite giv e a bijectiv e map. Luc kily the pro of of [St80 , Lemma 1.1]

needs only a sligh t mo di�cation to b e applicable to our situation (where w e also, con trary to

[St80 ], do not turn the geometric p oset �upside do wn�).

Lemma 5.2 Let P b e a �nite graded p oset of rank n . Let Pj denote the set of its elemen ts of

rank j and let Vj b e the v ector space with basis Pj o v er some giv en �eld. F or eac h i � j < n � i
assume there exists a linear transformation ' j : Vj +1 ! Vj suc h that the follo wing t w o conditions

are satis�ed:

(a) The comp osite transformation ' i � ' i +1 � � � � � ' n � i � 2 � ' n � i � 1 is surjectiv e.

(b) If x 2 Pj +1 and ' j (x) =
P

y2 P j
cj

x;y y , then cj
x;y = 0 unless y < x .
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Then, in P there exist card(Pi ) pairwise disjoin t c hains x i < x i +1 < � � � < x n � i suc h that

rank (x j ) = j for all j .

Pr oof : The pro of of [St80 , Lemma 1.1] go es through in this situation with only sligh t mo di�-

cation. F or the reader's con v enience w e rep eat the argumen t.

Let m := card( Pi ) and put ' := ' i � � � � � ' n � i � 1 . As ' is surjectiv e so is � m ' : � m Vn � i !
� m Vi . By the de�nition of ' w e get that � m ' = � m (' i ) � � � � � � m (' n � i � 1) . Using the bases Pj

w e get bases for � m Vj and hence a matrix for eac h � m (' j ) . An en try of the pro duct matrix of

the comp osite � m (' i ) � � � � � � m (' n � i � 1) has the form

X
det ' i [Qi +1 ; Qi ] det ' i +1 [Qi +2 ; Qi +1 ] � � � det ' n � i � 1[Qn � i ; Qn � i � 1];

where Qj � Pj with card(Qj ) = m = card( Pi ) , Qn � i sp eci�es the en try of the matrix of the

comp osite, ' j [Qj +1 ; Qj ] is the submatrix of ' j corresp onding to the sets of basis elemen ts Qj

and Qj +1 , and the sum runs o v er all the c hoices of Qj , i � j < n � i . By assumption there is a

Qn � i suc h that this sum is non-zero, and hence there is a summand that is non-zero. This giv es

us a set of Qj suc h that all the det ' j [Qj +1 ; Qj ] are non-zero. In particular, one term of the

expansion of this matrix m ust b e non-zero, whic h giv es us a bijection � j : Qj +1 ! Qj suc h that

cj
x;� j (x ) 6= 0 for all x 2 Qj +1 . By assumption (b) this implies that � j (x) < x for all x 2 Qj +1 .

W e can no w pro v e Theorem C.

Pr oof of Theorem C : W e apply Lemma 5.2 to the in terv al [e; w]J , a graded p oset of rank

`(w) . W e iden tify the v ector space Vj with H2j (X ) , where X is the Sc h ub ert v ariet y of w and let

' j : H2j +2 (X ) ! H2j (X ) b e m ultiplication b y c1(L ) . Condition (a) of the lemma follo ws from

the pro of of Prop osition 2.2, whic h sho ws that m ultiplication b y c1(L )n � 2i
giv es an injectiv e map

from H 2i (X ) to H 2n � 2i (X ) and hence b y dualit y it giv es a surjectiv e map from H2n � 2i (X ) to

H2i (X ) . Condition (b) follo ws from Lemma 5.1.

6 Pro of of Theorem E

W e b egin b y recalling the de�nition of an M -sequence. F or n; k � 1 there is a unique expansion

n =
�

ak

k

�
+

�
ak � 1

k � 1

�
+ � � � +

�
ai

i

�
;

with ak > a k � 1 > � � � > a i � i � 1. This giv en, let

@k (n) :=
�

ak � 1
k � 1

�
+

�
ak � 1 � 1

k � 2

�
+ � � � +

�
ai � 1
i � 1

�
;

@k (0) := 0 :

Theorem (Macaula y-Stanley [St78 , Thm. 2.2])

F or an in teger sequence (1; m1; m2; : : :) the follo wing conditions are equiv alen t (and this

de�nes an M -sequence):

(1) @k (mk ) � mk � 1 , for all k � 1,

(2) dim(Ak ) = mk for some graded comm utativ e algebra A = � k � 0Ak (o v er some �eld), suc h

that A is generated b y A1 .

Prop osition 6.1 Let H � (X w ) b e the cohomology algebra of a Sc h ub ert v ariet y X w .

(a) If W is �nite then H � (X w ) is generated in degree one for all w 2 W .



10 ANDERS BJÖRNER AND TORSTEN EKED AHL

(b) There exist elemen ts u in the a�ne W eyl group

eC2 for whic h H � (X u ) is not generated in

degree one.

Pr oof : Supp ose that W is �nite. W e are to sho w that H � (X w ) is generated in degree one (or,

equiv alen tly , in dim = 2 ). F or w = w0 this is classical � it can b e seen either from the description

of H � (X w0 ) in terms of sp ecial Sc h ub ert classes, or from the isomorphism of H � (X w0 ) with the

coin v arian t algebra of W .

F or w 6= w0 w e use that the inclusion X w ,! X w0 induces an injectiv e map on homology

H � (X w ) ! H � (X w0 ) , as is apparen t from the cell decomp osition. Hence, dually there is an alge-

bra surjection H � (X w0 ) ! H � (X w ) . Since H � (X w0 ) is generated in degree one, so is H � (X w ) .

This pro v es part (a).

F or part (b) w e observ e that the P oincaré series of

eC2 b egins

X
q` (w ) = 1 + 3 q + 5 q2 + 8 q3 + � � �

Let u 2 eC2 b e an upp er b ound (in Bruhat order) to all eigh t elemen ts of length 3. That suc h

elemen ts exist follo ws from [BB05 , Prop. 2.2.9]. Then f u = (1 ; 3; 5; 8; : : :) , whic h is not an M -

sequence since @3(8) = 6 6� 5. So, b y the Macaula y-Stanley theorem, H � (X u ) is not generated

in degree one.

Pr oof of Theorem E : The v ector f w = f f 0; f 1; : : : ; f ` (w )g satis�es f k = dim H 2k (X w ) .

Hence, to pro v e that f w
is an M -sequence it su�ces to sho w that H � (X w ) is generated in degree

one. This w as done in Prop osition 6.1.

T o pro v e that (f w
0 ; f w

1 � f w
0 ; f w

2 � f w
1 ; : : : ; f w

b` (w )=2c � f w
b` (w )=2c� 1) is an M -sequence w e apply the

Macaula y-Stanley theorem to the algebra H � (X; Q ` )=c1(L )H � (X; Q ` ) + H >` (w ) (X; Q ` ) , whic h

b y Theorem 2.2 corresp onds to the desired v ector.

Remark : The M -sequence prop ert y fails for general in terv als [x; w] in �nite groups. F or instance,

for a particular x 2 C4 : X

x � y � w0

q` (y ) � ` (x ) = 1 + 4 q + 11q2 + � � �

This information can b e read o� from Goresky's tables [Go81 ] b y letting x = zw0 , where z is

elemen t n um b er 377 of C4 (i.e., x = 1 2 4 3 and z = 1 243 in signed one-line notation). Since

@2(11) = 5 6� 4, this is not an M -sequence.

7 Pro of of Theorem F

Let [u; v] b e a Bruhat in terv al. The elemen ts of [u; v] of length `(u) + 1 are its atoms . W e let

f u;v
` (u)+1 denote the n um b er of atoms in [u; v].

It has b een sho wn b y Dy er [Dy91 ] that (up to isomorphism) only �nitely man y p osets of eac h

giv en length r o ccur as in terv als in the Bruhat order on �nite Co xeter groups. Therefore, the

follo wing function is w ell-de�ned,

M (r ) := max [u;v ] f f u;v
` (u)+1 j `(v) � `(u) � r g:

That is, M (r ) denotes the maxim um n um b er of atoms of a Bruhat in terv al of length at most r
o ccurring in an y �nite Co xeter group.

As usual, denote b y w0 the elemen t of maximal length in an y giv en �nite group W . It follo ws

from the classi�cation of irreducible �nite Co xeter groups that the follo wing n um b er-theoretic

function is w ell-de�ned for s 6= 2 ,

Q(s) := max (W;S ) f `(w0) j card(W ) < 1 ; card(S) = sg;
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where the maxim um is tak en o v er all irreducible �nite Co xeter groups of rank s, of whic h there

are only �nitely man y . The classi�cation sho ws that Q(s) = s2
for s � 9 (the maxim um o ccurring

in t yp e B), whereas there are irregularities o ccurring for s � 8 due to the exceptional groups.

Lemma 7.1 Let (W; S) b e a �nite irreducible Co xeter group, and w 2 W . W e ha v e that

`(w) > Q (j ) ) f w
` (w ) � 1 > j:

Pr oof : Supp ose that f w
` (w ) � 1 � j . By Theorem A w e ha v e that f w

1 � f w
` (w ) � 1 . [Remark:

Theorem A do es not co v er the groups H3 and H4 . They can easily b e dealt with directly , since

f w
1 � 3 resp. f w

1 � 4 for all w 2 H3; H4 . Or, one can giv e a separate argumen t based on

the relation � 1 = f w
` (w ) � 1 � f w

1 (cf. Theorem D (c)) together with the nonnegativit y of � 1 , the

co e�cien t of q in Kazhdan-Lusztig p olynomials. See e.g. Exercise 5.38 and the reference there

to Dy er and T aga w a in [BB05 ].]

Hence, f w
1 � j , whic h means that there is a set J � S of cardinalit y jJ j � j (the set of atoms

of [e; w]) suc h that ev ery reduced expression for w uses letters only from the set J (b y the sub w ord

prop ert y of Bruhat order [Hu90 , Thm. 5.10]). In particular, w 2 WJ , so `(w) � `(w0(J )) � Q(j ) ,

where w0(J ) denotes the elemen t of maximal length in the parab olic subgroup WJ .

Pr oof of Theorem F : Assume that W is irreducible. The easy extension of the pro of to

the general case is left to the reader. F or giv en k � 1, put

Nk := Q( M (k) � 1) + k;

and let n := `(w) � Nk . W e are going to consider the bipartite graphs induced b et w een adjacen t

rank lev els in Bruhat order near the top of the in terv al [e; w].

F or r suc h that 1 � r � k let Vn � r := f x 2 [e; w] j `(x) = n � rg. Consider the bipartite graph

with v ertices Vn � r [ Vn � r +1 and edges Er = f (x; y) 2 Vn � r � Vn � r +1 j x < y g. If (x; y) 2 Er

then

deg(x) � M (r ) � M (k);

where deg(x) denotes the n um b er of edges adjacen t to x in Er . Similarly , b y Lemma 7.1 and the

c hoice of Nk ,

deg(y) � M (k):

Th us,

jVn � r j � M (k) � j Er j � j Vn � r +1 j � M (k)

and hence

f w
` (w ) � r = jVn � r j � j Vn � r +1 j = f w

` (w ) � r +1 :

In closing w e w ould lik e to raise the question: Do es there exist � < 1 suc h that

f w
b� �` (w )c � � � � � f w

` (w )

for all w 2 W ?

8 App endix: Con tracting Gm -actions

As w as men tioned in Section 4, w e ha v e deferred to here some general algebraic-geometric ma-

terial needed for the pro of of Theorem 4.2. The �rst result is a criterion for when a G m -action

is con tracting (whic h certainly is standard but for whic h w e ha v en't found an appropriate refer-

ence).

Supp ose that X = Spec R is an a�ne v ariet y with a G m -action. The action immediately

translates to a grading R =
L

i 2 Z Ri so that � 2 k � = G m (k) acts as � � r = � i r for r 2 Ri . The
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condition that the action b e con tracting is then equiv alen t to Ri = 0 for i < 0. This implies that

if x 2 X (k) is a k -p oin t, then the linear action of G m on the cotangen t space mx =m2
x has the

prop ert y that only non-negativ e w eigh ts o ccur. (Recall that a linear represen tation of G m is a

direct sum of 1-dimensional represen tations of the form � 7! � n
, and that n is the w eigh t of that

subrepresen tation.) It turns out that there is a con v erse to this result (where w e for simplicit y ,

and b ecause it is the only case w e shall use, consider only the irreducible case).

Prop osition 8.1 Let X b e an irreducible v ariet y with a G m -action, and let Z b e a closed

sub v ariet y of �xed p oin ts suc h that for eac h closed p oin t of Z the action of G m on its cotangen t

space has only non-negativ e w eigh ts. Then the action of G m is con tracting on the union of the

op en G m -in v arian t a�ne subsets that meet Z .

Pr oof : An extension of the G m -action to an A 1
-action is unique if it exists, as G m is dense in

A 1
. Hence it is enough to sho w that the action extends to an y op en G m -in v arian t a�ne subset

that meets Z . W e ma y therefore assume that X = Spec R and the G m -action then corresp onds

to a grading R =
L

i Ri . W e ma y further assume that Z con tains the closed p oin t z . What w e

w an t to sho w is that Ri = 0 for i < 0.

No w, as Z is irreducible w e ha v e that R em b eds in the lo cal ring Rmz , and b y a theorem of

Krull w e ha v e that \ n mn
z = 0 in Rmz . Hence it will b e enough to sho w that Ri � mn

z for i < 0
and ev ery n . W e do this b y induction on n , where the case n = 1 is true as z is a �xed p oin t so

that G m acts trivially on R=mz . The case n = 2 is then true as the map Ri ! mz=m2
z is a map

from a G m -represen tation, consisting only of negativ e w eigh t represen tations, to a represen tation

that b y assumption con tains only non-negativ e w eigh t represen tations. Multiplication in R no w

giv es a surjectiv e G m -equiv arian t map Sn (mz=m2
z) ! mn

z =mn +1
z , whic h implies that mn

z =mn +1
z

consists only of non-negativ e w eigh t represen tations. By the induction assumption w e ha v e an

induced map Ri ! mn
z =mn +1

z , whic h therefore also is the zero map.

Remark : The case of the action of G m on P2
giv en b y (x : y : z) 7! (x : �y : � 2z) is instructiv e.

The p oin t (1 : 0 : 0) is then a �xed p oin t whose cotangen t space has w eigh ts 1 and 2. The only

in v arian t a�ne op en subset that con tains (1 : 0 : 0) is f x 6= 0 g, and on it the action visibly

extends to a A 1
-action; (1 : y : z) 7! (1 : �y : � 2z) mak es sense also for � = 0 .

This prop osition has the follo wing corollary whic h is the only consequence that w e shall

actually use.

Corollary 8.2 Assume that T is an algebraic torus (i.e., isomorphic to G n
m for some n > 0)

and let � b e its group of c haracters (i.e., the group of algebraic homomorphisms T ! G m ). Let

X b e a v ariet y with an action of T suc h that there exists an ample line bundle on X with a

compatible T -action. Supp ose z 2 X is a T -�xed p oin t suc h that the cone generated b y the

c haracters that app ear in the cotangen t space of z do es not con tain a line (or equiv alen tly no

non-zero elemen t and its in v erse). Then there is an algebraic group homomorphism G m ! T
suc h that X T = X G m

, and suc h that there exists an a�ne T -in v arian t neigh b ourho o d of z for

whic h the action is con tracting.

Pr oof : Let � �
b e the group of co c haracters of T (i.e., algebraic group homomorphisms G m !

T ), whic h is iden ti�ed with the dual of � b y pairing � : G m ! T and ' : T ! G m using the

in teger n for whic h the comp osite ' � � is of the form � 7! � n
. W e w an t to apply Prop osition 8.1,

so what w e are lo oking for is an elemen t � 2 � �
suc h that its �xed p oin t set is equal to that of T

and suc h that its w eigh ts on the cotangen t space of z are all non-negativ e. F or the �rst condition

it is w ell-kno wn that there is a �nite set of h yp erplanes in � �
suc h that if � is not con tained

in an y of them, then it has the same �xed p oin t set as T . F or the second condition it is clear

that w e are lo oking for a � with non-negativ e v alues on eac h c haracter of T that app ears in the

cotangen t space of z . By the assumption on the cone generated b y them (and the fact that � �

is the dual of � ) there is suc h a � outside of an y �nite n um b er of h yp erplanes, so that w e ma y

sim ultaneously ful�ll b oth conditions. No w, b y the assumption that X admits a T -linearised
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ample line bundle w e ma y �nd a T -in v arian t a�ne neigh b ourho o d of z , and then Prop osition 8.1

is applicable.

W e are no w left with establishing that the in tersection complex is a G m -complex. Ho w ev er,

w e shall need the corresp onding results for other actions so w e put ourselv es in a somewhat more

general situation. It w ould b e p ossible to refer to the general results of [BL94 ]. Unfortunately

the discussion there is form ulated in a top ological rather than étale con text. It is true that

enough of their results are v alid (with essen tially the same pro of ) for the étale case but rather

than lea ving the task of c hec king that to the reader w e mak e the follo wing ad ho c construction.

Th us, if G is an algebraic group acting on a v ariet y X , w e sa y that a complex C of ` -adic shea v es

is a G -c omplex if the t w o complexes p�
2C and m� C are isomorphic in the deriv ed category , where

p2; m : G � X ! X is the pro jection and G -action map resp ectiv ely .

Prop osition 8.3 Let X b e a v ariet y on whic h the algebraic group G acts. Then the in tersection

complex of X is a G -complex.

Pr oof : W e start b y noticing that m is the comp osite of p2 and the automorphism

t : G � X ! G � X
(g; x) 7! (g; gx)

so that it will b e enough to sho w that t � C is isomorphic to C , where C is the pullbac k b y p2 of

the in tersection complex on X . W e shall sho w this b y sho wing that C is the in tersection complex

of G � X and then that the in tersection complex is in v arian t under automorphisms. The last

prop ert y follo ws directly from the c haracterisation [GM83 , Thm 4.1], and that c haracterisation

is also in v arian t (with the degree con v en tions of [BBD82 ]) under smo oth pullbac ks, whic h implies

that C is indeed the in tersection complex on G � X .
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