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ABSTRA CT

We prove that every �nite split embedding problem is solvable over the �eld

K ((X 1; : : : ; X n )) of formal power seriesin n � 2 variables over an arbitrary �eld K , as

well as over the �eld Quot(A[[X 1; : : : ; X n ]]) of formal power seriesin n � 1 variables

over a Noetherian integrally closeddomain A. This generalizesa theorem of Harbater

and Stevenson,who settled the caseK ((X 1; X 2)).

In tro duction

A central problem in the study of absolute Galois groups is the solvabilit y of �nite

embedding problems. A su�cien t condition for all �nite embedding problems for a

given pro�nite group G to be solvable is that each Frattini embedding problem and each

�nite split embedding problem for G are solvable [FJ, Proposition 22.5.8], [Ma, p. 430].

The �rst condition is equivalent to G being projective. Thus, a natural question for an

arbitrary pro�nite group G is whether each split embedding problem for G is solvable.

Speci�cally , D�ebes and Deschamps made the following conjecture for absolute Galois

groups of Hilb ertian �elds.

Conjecture A [DD, x2.1.2]: If F is a Hilb ertian �eld, then every �nite split embed-

ding problem over F is solvable.

This research was conducted as a part of the author's Ph.D. thesis in Tel-Aviv university,
under the supervision of Dan Haran, and was supported by the Mink owski Center for
Geometry at Tel Aviv University, established by the Minerv a Foundation.
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Note that Conjecture A implies a positive answer to the InverseGalois Problem

{ is every �nite group realizable over Q ?

In this work we prove Conjecture A for a large classof Hilb ertian �elds. Indeed

we prove the conjecture when F is the quotient �eld of a Noetherian integrally closed

domain A of dimension at least 2 which is complete in somebroad sense.

Following [HS] we abbreviate "�nite split embedding problem" by FSEP . An

FSEP for a �eld F is an epimorphism � : G o � ! � of �nite groups, where � =

Gal(F 0=F) is the Galois group of a Galois extensionF 0=F, G is a �nite group on which

� acts, G o � is the corresponding semidirect product, and � is the projection on �.

A solution of the problem is a Galois extension L of F which contains F 0 and an

isomorphism 
 : Gal(L=F ) ! G o � such that � � 
 = resE .

Our result follows a route paved for the �rst time more than twenty yearsago by

Harbater in [Ha1]. In that paper Harbater intro duced the conceptof "formal patching"

and used it to prove that if F is the quotient �eld of a complete local ring, then every

Realization Problem over the �eld F (x) of rational functions over F is solvable. One

can view Realization Problems as FSEPs where the group � is trivial. Later Harbater

[Ha2] usedformal patching to reduceAbhyankar's generalizedconjecture to the special

casesettled by Raynaud [Ra].

Harbater's proof [Ha1] is phrased in the language of formal geometry. It was

later translated to the languageof Rigid Analytic Geometry by Liu [Li] and Serre[Se].

Haran{V•olklein [HV] gave a self contained algebraicproof of this result, intro ducing the

concept of "algebraic patching".

The next step is due to Pop [Po], who used methods of rigid analytic geometry

to prove that if F is a complete valued �eld (and more generally, if F is an ample

�eld), then every constan t �nite split embedding problem over F is regularly solvable.

That is, given a Galois extension F 0 of F with group � which acts on a �nite group

G, there exists a Galois extension L of F 0(x) (where x is transcendental over F 0) and

an isomorphism  : Gal(L=F (x)) ! G o � such that L=F is regular and � �  = resE

(where � is the canonical projection).

Haran{Jarden [HJ1] extended algebraic patching to give a self contained (along
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with [HV]) algebraic proof of that result.

Using formal patching, Lefcourt [Le] showed that if F is the quotient �eld of a

completedomain with respect to a prime ideal, then every realization problem is solvable

over F (x). Extending the method of algebraic patching from complete based�elds to

complete domains, [Pa] givesa self-contained algebraic proof to Lefcourt's result.

If F is a Hilb ertian �eld, then onecan specializeeach solution over F (x) and solve

FSEPs over F . Thus, by [Po] and [HJ1] every FSEP is solvable over a Hilb ertian ample

�eld, and by [Le] every realization problem is solvable over a Hilb ertian �eld which is

the quotient �eld of a complete domain.

Harbater and Stevenson [HS] took the next step and proved that every FSEP

is solvable over the �eld K ((X 1; X 2)) of formal power seriesin two variables over an

arbitrary �eld K . They showed that every FSEP over this �eld arisesfrom an FSEP over

K ((X 1))( X 2), and the latter problem hasa solution that can be lifted to the solution of

the original FSEP. Note that the �eld K ((X 1; X 2)) is the quotient �eld of the complete

local ring K [[X 1; X 2]], and it is Hilb ertian by a theorem of Weissauer.

Our goal is to generalizethe results of Pop and Haran-Jarden on the one hand,

and those of Lefcourt and Harbater-Stevensonon the other hand.

Main Theorem: Let F be the quotient �eld of an integral domain A satisfying the

following conditions:

(a) A is a Noetherian integrally closeddomain.

(b) A has a proper non-zero ideal p such that vp(x) = max(n j x 2 pn ) extends to

discrete valuation of Quot(A), and A is complete with respect to vp.

Then every constant FSEP over F (x) is regularly solvable.

As mentioned above, if F is Hilb ertian, then onecanspecializethe regular solution

of constant FSEPs, thus solving FSEPs over F .

Theorem B: Let F = Quot(A) be a Hilb ertian �eld, where A satis�es conditions (a)

and (b) above, then every FSEP over F is solvable.

The conditions of Theorem B hold for a large spectrum of �elds:
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Cor ollar y C: Every FSEP over F is solvable in the following cases:

(a) F = K ((X 1; : : : ; X n )) = Quot(K [[X 1; : : : ; X n ]]) is the �eld of formal power series

over an arbitrary �eld K in n � 2 variables.

(b) F = Quot(A[[X 1; : : : ; X n ]]) is the �eld of formal power in n � 1 variables series

over a Noetherian integrally closeddomain which is not a �eld (e.g. A = Z or more

generally, A is a Dedekind domain).

Note that [HS] proves that there are "many" such solutions for every FSEP over

K ((X 1; X 2)) { that is, the cardinalit y of the set of solutions is equal to the cardinalit y

of F . We do not prove this much in the generalcasegiven by Corollary C.

Corollary C would follow from the result of Haran-Jarden-Pop if the �elds F

involved in the theorems were ample. However this is unknown and one suspects that

they are not.

To prove the Main Theorem, we generalizethe fundamental ideas of algebraic

patching intro duced in [HV] and [HJ1]. The basic framework for algebraic patching of

groups over complete domains was intro duced in [Pa]. In this paper we recall these

generalizedideas,and adapt them to the solution of FSEPs.

Our general strategy is similar to that of [HJ1]. The basic step is to realize all

cyclic subgroups of G as Galois extensionsof F 0(x), and embed these realizations in

suitable 'analytic' rings. In order to construct theserings, we �rst construct a complete

ring whosequotient �eld is the given extensionF 0 of F . The naive approach is to choose

that ring asthe integral closureB of A in F 0. However B may be rami�ed over A, which

createsa severe technical di�cult y in the following construction of the analytic rings.

We therefore choose D = B [ 1
f ], where f is the discriminant of a suitable primitiv e

element of F 0=F. The ring D neednot be complete with respect to the absolute value

that corresponds to vp (which extendsto an absolute value of F 0). So, we settle for less

and instead construct a complete norm for D which neednot be an absolute value.

This norm is good enoughfor the construction of our 'analytic' rings (which were

�elds in [HJ1]). They are quotient rings of rings of convergent power seriesin several

dependent variables over D . The properties of power seriesover a normed ring are not

as nice as the properties of power seriesover a valued �eld (which were used in [HV]
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and [HJ1]). To overcomethis di�cult y we embed our rings of convergent power series

over D in rings of convergent power seriesover the completion F̂ 0 of F 0 with respect

to vp. The strong properties of the latter rings are transferred, in a weaker form, to

our rings. This is where the assumption that vp is a valuation is used{ this seemingly

technical assumption allows this embedding (otherwise, we could not extend vp from A

to F and to F 0, sowe could not de�ne the completion F̂ 0), which allows us to indirectly

exploit the nice properties of rings of convergent power seriesover a complete �eld.

Having done that, we are able to patch the realizations of the cyclic subgroupsof

G to a realization L of G asa Galois group over F 0(x). We then de�ne a suitable action

of � on theserings, and useit to prove that L is a solution of the given FSEP.

The author wishes to acknowledge the work of D. Haran, H. V•olklein and M.

Jarden, who developed algebraicpatching in [HV],[HJ1],[HJ2],[HJ3]. The results of this

paper were obtained by generalizingtheir wonderful ideas.

The author wishesto expresshis gratitude to Dan Haran for his guidanceand help

while working on this paper. He also wishesto thank Moshe Jarden for many helpful

discussions,and the referee,for his/her comments.

1. Algebraic Patc hing

In [Pa, x1] a generalsetup for the patching of Galois groups is presented. We recall the

de�nitions and basic properties, and extend this setup for the solution of FSEPs.

De�nition 1.1: Let I be a �nite set with jI j � 2. A generalized patc hing data

(1) E = (E ; Fi ; Qi ; 
; Gi ; G) i 2 I

consistsof �elds E � Fi � 
, integral domains Qi contained in the �eld 
, and �nite

groups Gi � G, i 2 I , satisfying the following conditions:

(2a) Fi =E is a Galois extension with Galois group Gi , i 2 I .

(2b) Fi � Q0
i , where Q0

i =
T

j 6= i Qj , i 2 I .

(2c) Fi \ Quot(Qi ) = E , i 2 I .

(2d) G = hGi j i 2 I i .
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(2e)
T

i 2 I Qi = E.

De�nition 1.1 generalizesDe�nition 1.1 of [HJ]. Note that our condition (2c) has

no parallel in De�nition 1.1 of [HJ]. This condition is important in order to construct

Galois extensionsof the rings Qi , in the following sense:

De�nition 1.2: Let Q � P beintegral domainsand Aut( P) the group of automorphisms

of P. De�ne Aut( P=Q) := f � 2 Aut( P) j � x = x for all x 2 Qg. We say that P=Q is a

�nite Galois domain extension , if P = Q[a] and f = irr (a; Quot(Q)) satis�es:

(a) f 2 Q[X ], so that P �= Q[X ]=hf i .

(b) f factors in P[X ] into a product of distinct linear monic polynomials.

We call Gal(P=Q) = Aut( P=Q) the Galois group of P=Q.

Fix a generalizedpatching data E = (E ; F i ; Qi ; 
; Gi ; G) i 2 I . We extend E by

more rings and algebras. For each i 2 I let Pi = Qi Fi be the compositum of Qi and

Fi in 
. By condition (2c) Quot(Qi ) \ Fi = E. By [Pa, Lemma 1.3, Lemma 1.4]

Pi =Qi is a Galois domain extension, the Galois group of Pi =Qi is isomorphic (via the

restriction of automorphisms) to Gi = Gal(Fi =E), Pi is a free Qi -module of rank jGi j,

and PGal (P i =Q i )
i = Qi . Identify Gal(Pi =Qi ) with Gi via this isomorphism.

Consider the algebra N = IndG
1 
 =

n P
� 2 G a� � j a� 2 


o
of dimension jGj over


. Addition and multiplication are de�ned in N component-wise { thus 1 =
P

� 2 G � ,


 is embeddeddiagonally in N , and G acts on N by

� X

� 2 G

a� �
� �

=
X

� 2 G

a� � � 1� =
X

� 2 G

a� � � ; � 2 G:

The action of G commutes with the addition and the multiplication in N .

For each i 2 I consider the following Qi -subalgebraof N :

(3) N i = IndG
G i

Pi =
n X

� 2 G

a� � 2 N j a� 2 Pi ; a�
� = a� � for all � 2 G; � 2 Gi

o
:

By [Pa, Lemma 1.5], F =
T

i 2 I N i is an E-algebra which is G-invariant. We call

F the pre-comp ound of the generalizedpatching data E.
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Pr oposition 1.3 [Pa, Pr oposition 1.8]: Assumethat:

(COM) There is a linear basis of N over 
 that is also a basis of N i over Qi for all

i 2 I .

Then F =
T

N i is a �eld and F=E is a Galois extension with group G.

For the rest of this section assumethat E is a �nite Galois extension of a �eld

E0 with group �. In order to solve FSEPs de�ned by an action of � on G we needthe

following notion:

De�nition 1.4: A prop er action of � on the generalizedpatching data E is a triple

that consistsof an action of � on the group G, an action of � on the �eld 
, and an

action of � on the set I such that the following conditions hold:

(4a) The action of � on 
 extends the action of � on E .

(4b) F 

i = Fi 
 , Q


i = Qi 
 , and G

i = Gi 
 , for all i 2 I and 
 2 �.

(4c) (a� ) 
 = (a
 ) � 

for all a 2 Fi , � 2 Gi , i 2 I , and 
 2 �.

The action of � on G de�nes a semidirect product G o � such that � 
 = 
 � 1� 
 for all

� 2 G and 
 2 �. Let � : G o � ! � be the canonical projection.

The proof of the next Proposition is verbally the sameasof [HJ1, Proposition 1.5]

(replacing Q there with 
 here).

Pr oposition 1.5: Suppose that � properly acts on the patching data E and that

E satis�es (COM). Then F=E0 is Galois and there is an isomorphism  : G o � !

Gal(F=E0) such that resE �  = � .

De�nition 1.6: Consider the 
-algebras homomorphism ' : N ! 
 given by
P

a� � 7!

a1. Then ' jF is a monomorphism. Since E is invariant under ' , ' (F ) is a Galois

extension of E with group isomorphic to G. We call F 0 = ' (F ) the comp ound of

E. Then by Proposition 1.5 F 0=E0 is Galois and there is an isomorphism  0: G o � !

Gal(F 0=E0) such that resE �  0 = � .

2. Rings of convergen t power series

The rings Qi that we use in this work for the patching data will be localizations of

complete rings under a norm.
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De�nition 2.1: Normed ring. Let R be an associative ring with 1. A norm on R is a

function j � j: R ! R that satis�es the following conditions for all a; b2 R:

(a) jaj � 0, and jaj = 0 if and only if a = 0; further j1j = j � 1j = 1.

(b) ja + bj � max(jaj; jbj).

(c) jabj � jaj � jbj.

If j � j satis�es the following stronger condition:

(c0) jabj = jaj � jbj.

We say that j � j is an absolute value on R.

We sometimesprefer to use the additiv e notation for a norm v(a) = � log(a). That is,

instead of j � j we shall have a map v: R ! R [ f1g such that following conditions hold:

(a) v(a) = 1 if and only if a = 0; further v(1) = v(� 1) = 0.

(b) v(a + b) � min(v(a); v(b)).

(c) v(ab) � v(a) + v(b).

The equivalenceof these two de�nitions is standard. If j � j is an absolute value, then

v is a rank-1 valuation. We say that R is complete if every Cauchy sequencein R

converges.

In this section we study rings of convergent power seriesover a complete normed

domain D. These rings have been studied in [Pa, x2, x3, x4]. However, some of the

properties proven in [Pa] required the norm of D to be an absolute value. Here we

replacethis assumptionby a weaker one{ we will assumethat D is equipped with both

a norm and an absolute value, with some compatibilit y condition between the two.

However, D is assumedto be complete only with respect to the norm. This technique

enablesus to embed rings of convergent (with respect to the norm) power seriesover D

in rings of convergent (with respect to the absolutevalue) power seriesover K̂ , whereK̂

is the completion of K with respect to its absolute value. We usethe strong properties

of the latter rings to gain information about the former rings.

Fix a domain D, complete with respect to a non-trivial norm j � j and let I be a

�nite set. For each i 2 I let r; ci 2 D such that r; ci � cj 2 D � if i 6= j . We assumethat

(5) j
r

ci � cj
j � 1 for all i 6= j:
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Let K = Quot(D) and let E = K (x) be the �eld of rational functions over K .

For each i 2 I let wi = r
x � ci

2 K (x).

Consider the subset R0 =
P

i 2 I D[wi ] of the �eld E = K (x). By [Pa, x4] this

is a ring and each element of R0 has a unique presentation a0 +
P

i 2 I

P
n � 1 ain wn

i ,

where ain 2 D are almost all zero. Moreover, we can de�ne a norm on R0 by jja0 +
P

i 2 I

P
n � 1 ain wn

i jj = maxi;n fj a0j; jain jg. Let R = Df wi j i 2 I g be the completion of

R0 with respect to jj � jj , and extend jj � jj to R. By [Pa, Lemma 4.2] we have:

Lemma 2.2: Each element f of R hasa unique presentation asa multiple power series:

(6) f = a0 +
X

i 2 I

1X

n =1

ain wn
i ;

where a0; ain 2 D, and jain j ! 0 as n ! 1 . Moreover, jj f jj = maxi;n fj a0j; jain jg.

We call the partial sum
P 1

n =1 ain wn
i in (6) the i -comp onen t of f .

For each J � I we denote the completion RJ of D [wj j j 2 J ] by Df wj j j 2 J g.

By the preceding lemma RJ is contained in RI . By [Pa, Proposition 4.7] we have:

Pr oposition 2.3: Suppose D = K and j � j is an absolute value. Then the ring

R = K f wi j i 2 I g is a principal ideal domain.

For the rest of this section assumethat, in addition to the norm j � j, D is also

equipped with a non-trivial absolute value j � j0, such that jaj0 � jaj for each a 2 D

(but D neednot be complete with respect to j � j0). We extend the absolute value j � j0

to the quotient �eld K . Let K̂ be the completion of K with respect to j � j0. Then,
�
�
� r

ci � cj

�
�
�
0
� 1 for all i 6= j . Thus we may considerthe ring K̂ f wi j i 2 I g, and its subrings

K̂ f wi j i 2 J g; J � I .

Remark 2.4: Embedding of R in K̂ f wi j i 2 I g.

We distinguish betweentwo typesof in�nite sums. One with respect to the norm

j � j, and one with respect to j � j0. We denote the �rst type by
P

(as we have done so

far) and the latter by
P 0. The assumption jxj0 � jxj implies that whenever a sum

P
ai

is well de�ned, then so is
P 0ai and we have

P
ai =

P 0ai . Therefore, we may consider
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the ring

R = f a0 +
X

i 2 I

1X

n =1

ain wn
i j ain 2 D; jain j ! 0 for each i 2 I g

as a subring of

K̂ f wi j i 2 I g = f a0 +
X

i 2 I

1X

n =1

0ain wn
i j ain 2 K̂ ; jain j0 ! 0 for each i 2 I g:

Moreover, the inclusion of R with the j � j-topology into K̂ f wi j i 2 I g with the

j � j0-topology is continuous.

By Proposition 2.3, K̂ f wi j i 2 I g is an integral domain, henceso is R. Denote

the quotient ring of R by 
. For each J � I consider the rings OJ = D[wi j i 2 J ] and

QJ = (OJ r f 0g) � 1RJ =
� f

a j f 2 RJ ; a 2 OJ r f 0g
	

.

In the rest of this section we describe crucial properties of these rings. The fol-

lowing claims generalizeLemma 4.8, Proposition 4.9, Corollary 4.10, Lemma 6.4 and

Lemma 6.5 of [Pa], respectively. Note that [Pa] assumesstronger assumptionson the

ring D (namely, that j � j itself is an absolute value), yet the proofs remain verbally the

same,and we omit them.

Lemma 2.5: Let J be a non-empty subsetof I . Then:

(a) E = Quot(OJ ).

(b) The ring QJ is the compositum of E and RJ in 
 .

(c) If j 2 J then QJ = (Of j g r f 0g) � 1RJ .

For each J � I , we denote the integral closure of QJ inside its quotient �eld by

C(QJ ). View C(QJ ) as contained in 
.

Theorem 2.6: Let J; J 0 be non-empty subsetsof I .

(a) If J \ J 0 6= ; , then QJ \ QJ 0 = QJ \ J 0.

(b) If J \ J 0 = ; , then QJ \ C(QJ 0) = E .

For each i 2 I , let Qi = QI r f i g; Q0
i = Qf i g. Note that by this notation, Qi 6= Qf i g.

Cor ollar y 2.7:
T

i 2 I Qi = E.

For simplicit y, assumeI = f 1; 2; : : : ; kg.
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Lemma 2.8: Let c be an element of D such that c � ci 2 D � ; j r
c� ci

j � 1 for each

1 � i � k. Consider the evaluation homomorphism ' c: R ! D given by w1 7!
r

c� c1
; : : : ; wk 7! r

c� ck
. Denote p = w1 � r

c� c1
2 R. Then:

(a) Ker(' c) is a principal ideal of R, generatedby p.

(b) The localization Rp = f a
b 2 
 j a 2 R; b 2 R r pRg is a valuation ring of 
 .

Lemma 2.9: Let f Fi gi 2 I be �elds, and let G; f Gi gi 2 I be groups such that

E = (E ; Fi ; Qi ; 
; Gi ; G) i 2 I is a generalizedpatching data (De�nition 1.1). Assumethat

for each i 2 I we have Fi = E(� i ), where � i and its conjugatesover E are in R, and

discrE (irr (� i ; E )) 2 R � . Then:

(a) Condition (COM) of x1 holds for E.

(b) Supposethat there is an element c 2 D such that c � ci 2 D � and j r
c� ci

j � 1 for

each i 2 I . Then the compound F 0 of E has a K -rational place.

3. Galois covers of complete domains

Let A be an integral domain with quotient �eld K 0. Let K be a �nite Galois extension

of K 0, and let z be a primitiv e element of K =K0 that is integral over A. Denote

f = discr(irr (z; K 0)). Supposef is not invertible in A, and let a be the ideal generated

by f . SupposeA is complete and Hausdor� with respect to the a-adic topology.

Let j � j f be the norm corresponding to a. That is, jxj f = min(e� i j x 2 ai ) for

each x 2 A, where e is the baseof the natural logarithms. In particular, since f is not

invertible, f k 2 ak r ak+1 , so jf k j f = e� k for each k 2 N. This norm need not be an

absolute value, so we may not be able to extend it to a norm of K 0. However, let A f

be the localization A[f � 1]. Then:

Lemma 3.1: Every element of A f can be uniquely presented as f n g; n 2 Z; g 2 A r a,

and j � j f extends to a norm on A f by jf n gj f = e� n .

Proof: The only non-trivial part in proving the �rst assertionis to show that a non-zero

element cannot be divided by f in�nitely many times. This follows sinceA is Hausdor�

with respect to a, so
T 1

i =1 ai =
T 1

i =1 hf i i =
T 1

i =1 hf i i = 0.

We de�ne jf n gj f = e� n . Then jf n g1 + f m g2j f � max(e� n ; e� m ) and
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j(f n g1) � (f m g2)j f � e� n � e� m for all g1; g2 2 A.

Pr oposition 3.2: The ring A f is complete with respect to j � j f .

Proof: Let f gi g1
i =1 be a Cauchy sequencein A f . Then either jgi j f ! 0 or for each

su�cien tly large index i we have jgi j f = jgi +1 j f = jgi +2 j f = : : :. In the latter casethere

exists m 2 N with gi f m 2 A for all i . Then f gi f m g is a Cauchy sequencein A, hence

f gi f m g convergesin A, since A is complete with respect to j � j f . Consequently , f gi g

also convergesin A f .

Denote the ring A f [z] by B .

Pr oposition 3.3: The norm j � j f extends to a norm j � j f on the ring B , and B is

complete with respect to this norm.

Proof: The ring B is a free A f -module with basis 1; z; : : : ; zd� 1 (d = [K : K 0]).

De�ne j
P d� 1

i =0 ai zi j f = maxi jai j f for a0; : : : ; ad� 1 2 A f . We show that this de�nes a

norm on B . The only non-trivial part is to prove that jabj f � jaj f � jbj f . Let a =
P d� 1

i =0 ai zi ; b =
P d� 1

i =0 bi zi ; ai ; bi 2 A f . Denote ab =
P d� 1

i =0 ci zi . Since the coe�cien ts

of the minimal polynomial of z belong to A, each ci is a sum of elements of the form

�
P

i + j = l ai bj for somel � 0 and � 2 A. For each such summand,we have j� j f � 1, and

so j�
P

i + j = l ai bj j f � j� j f � j
P

i + j = l ai bj j f � j
P

i + j = l ai bj j f � maxi (jai j f � jbl � i j f ) �

maxi jai j f � maxi jbi j f = jaj f � jbj f . It follows by the norm properties that jci j f � jaj f � jbj f

for each i , hencejabj f � jaj f � jbj f .

By de�nition, a sequencein B is Cauchy if and only if it is Cauchy coe�cien t-wise.

SinceA f is complete, so is B .

In [Pa, x6] a ring D is said to be large , if it satis�es the following condition:

(Large) For each n 2 N there exist b1; : : : ; bn 2 D such that bi � bj 2 D � for all i 6= j .

It follows from the following proposition that the ring B is large in this sense.

This will be neededin the proof of our main result in the next section.

Pr oposition 3.4: There exists a bounded (with respect to j � j) seriesc1; c2; : : : 2 B

such that c�
i � c�

j 2 B � for all distinct (i; � ); (j; � ) 2 N � Gal(K =K 0).

12



Proof: The primitiv e element z satis�es z� � z" 2 B � for all distinct � ; " 2 Gal(K =K0),

sincethe discriminant f of irr (z; K 0) is invertible in A f � B .

Let m = max� 6= � (1; log j(z� � z� ) � 1j f ). For each i 2 N let � i = f m +1 + f m +2 +

: : : + f m + i . If 1 � i < j , then

� j � � i = f m + i +1 + f m + i +2 + � � � + f m + j = f m + i +1 (1 + f + : : : + f j � i � 1);

so j� j � � i j f < e� m . Moreover, � j � � i 2 A �
f , becauseA f is complete with respect

to j � j f (Proposition 3.2) and jf + : : : + f j � i � 1j f < 1 (so (1 + f + : : : + f j � i � 1) � 1 =
P 1

l=0 (� f � : : : � f j � i � 1) l ). De�ne ci = z + � i . Then for each � 2 Gal(K =K0) we have

c�
i � c�

j = � i � � j 2 B � . If � 6= " , then j � j � � i

z � � z " j f � j� j � � i j f � j(z� � z" ) � 1j f < 1, hence

1 + � j � � i

z � � z " is invertible in B , therefore so is (z� � z" ) + (� j � � i ) = c�
j � c"

i . Note that

the seriesfj ci jg1
i =1 is bounded by maxfj zj; 1g.

Pr oposition 3.5: Suppose that Gal(K =K0) acts on B , i.e. B � = B for each � 2

Gal(K =K0). Then the action is continuous with respect to j � j f .

Proof: Let f x i g1
i =0 be a convergent sequencein B , and let x be its limit (with respect

to j � j f ). We must prove that for each � 2 Gal(K =K 0) the sequencex �
i convergesto

x � . Without lossof generality we may assumethat x = 0, and prove that x �
i converges

to 0. Let x i =
P d� 1

j =0 aij zj with aij 2 A f . Then jx i j f = maxj jaij j f ! 0 as i ! 1 , so

for all 0 � j � d � 1 we have jaij j f ! 0 as i ! 1 . Now, jx �
i j f = j

P d� 1
j =0 aij (z� ) j j f �

maxj jaij (z� ) j j f � maxj (jaij j f � jz� j jf ). Sincejaij j f ! 0 as i ! 1 , also jaij j � jz� j jf ! 0

as i ! 1 , for all 0 � j � d � 1. Thus jx �
i j f ! 0 as i ! 1 .

Pr oposition 3.6: Let p be an ideal of A which contains f . For each x 2 A let

jxj = minf e� i j x 2 pi g. Supposethat j � j extends to an absolute value on K 0. Extend

j � j arbitrarily to an absolute value on K . Then for each x 2 B we have jxj � jxj f .

Proof: Since f 2 p, we have jf j � e� 1. Each 0 6= x 2 B may be written as f k a,

with a 2 A[z]; jaj f = 1; k 2 Z. Indeed, let x =
P d� 1

i =0 ai zi with ai 2 A f . Let k =

maxi (� log(jai j f )), a = f � k x. Then x = f k a, a 2 A[z] and jaj f = 1. SinceA[z] is an

integral extensionof A, jaj � 1, and so jxj = jf jk � jaj � e� k � 1 = e� k = jxj f .

13



4. Solution of split embedding problems

Let A be a Noetherian integrally closeddomain and let 0 6= p � A be a proper ideal of

A, such that A is completewith respect to the p-adic topology. Moreover, supposethat

the order function of p extends to a discrete valuation of K 0 = Quot(A). Equivalently ,

the map A ! R given by jxj0 = minf e� i j x 2 pi g extends to an absolute value on K 0.

Let K be a �nite Galois extension of K 0.

Theorem 4.1: Let x be a free variable over K , and put E0 = K 0(x); E = K (x).

Supposethat � = Gal(K =K0) acts (from the right) on a �nite group G. Let G o � be

the corresponding semidirect product and let � : Go � ! � be the canonicalprojection.

Then the constan t split embedding problem � : G o � ! � = Gal(E=E0) has a

rational (henceregular ) solution . That is, there is an extension F of E such that:

(a) F=E0 is Galois.

(b) there is an isomorphism  : Gal(F=E0) ! G o � such that � �  = resE .

(c) F has a K -rational place (henceF=K is regular).

Proof: We attach a generalizedpatching data E to the embedding problem and de�ne

a proper action of � on E. Then by Proposition 1.5 we concludethat the pre-compound

F of E givesa solution to the embedding problem. Our proof is similar to that of [HJ1,

Proposition 5.2], however here we must use a generalizedpatching data de�ned over

a suitable subring of K , instead of the patching data of [HJ1] that is de�ned over a

complete �eld.

Fix a �nite set I on which � acts from the right and a system of generators

T = f � i j i 2 I g of G such that for each i 2 I

(7a) f 
 2 � j i 
 = ig = f 1g.

(7b) � 

i = � i 
 , for every 
 2 �.

(7c) jI j � 2.

(E.g. assuming G 6= 1, let I = G � �, let � act on I by (� ; 
 ) � = (� ; 
 � ), and let

� ( � ;
 ) = � 
 .) Let Gi be the subgroupgeneratedby � i . Then G

i = Gi 
 for all 
 2 � and

G = hGi j i 2 I i . This establishesCondition (2d) of De�nition 1.1. Choosea system

of representativ esJ for the �-orbits of I . Then every i 2 I can be uniquely written as

14



i = j 
 with j 2 J and 
 2 �.

Let w be a primitiv e element w for K =K0 which is integral over A, and take an

arbitrary element 0 6= � 2 p. Then z = �w is a primitiv e element for K =K 0 which is

integral over A, and f = discr(irr( z; K 0)) = � d(d� 1) discr(irr( w; K 0)) 2 p.

Since A is integrally closed,so is A f = A[f � 1]. Let D be the integral closure of

A f in K . Sincef is in (A f ) � , D = A f [z], by [FJ, Lemma 6.1.2].

The ring A is completewith respect to the p-adic topology, and sinceit Noetherian,

it is also Hausdor� with respect to this topology. By [ZS2, Theorem VI I I.5.14], A is

complete and Hausdor� in the b-adic topology for every ideal b contained in p. In

particular, for b = hf i . Thus D is complete with respect to the non-trivial norm j � j

that corresponds to f , given by Proposition 3.3. Extend j � j0 (the absolute value that p

de�nes on K 0) arbitrarily to an absolute value on K . By Proposition 3.6, jxj0 � jxj for

each x 2 D.

Constr uction A: Choice of (dependent) variables.

We choosethe variables wi that are usedto de�ne the rings in our patching data.

Proposition 3.4 givesan element c 2 D and a subset f cj j j 2 J g � D such that

c � c�
j 2 D � and c�

i � c

j 2 D � for all distinct (i; � ); (j; 
 ) 2 J � �. For each i = j � 2 I

we de�ne ci = c�
j . Then c�

i = ci � for all i 2 I ; � 2 � and c � ci ; ci � cj 2 D � if i 6= j .

Sincef 2 p, we have jf j < 1, so we may choosea positive integer t with j f t

ci � cj
j � 1 and

j f t

c� ci
j � 1 for i 6= j . Let r = f t and de�ne wi = r

x � ci
for all i 2 I . Then condition (5)

of x2 is satis�ed.

Constr uction B: Construction of the rings Qi .

By Remark 2.4, R = Df wi j i 2 I g is an integral domain. Let 
 be its quotient

�eld. For each i 2 I let

Qi = QI r f i g = (D [wj j j 6= i ] r f 0g) � 1RI r f i g and Q0
i = Qf i g

(we usethe notation of x2). By Corollary 2.7,
T

i 2 I Qi = E, which establishesCondition

(2e) of De�nition 1.1. Moreover, by Theorem 2.6(a), Q0
i =

T
j 6= i Qj , for all i 2 I .

The group � = Gal(K =K0) leavesD = A f [z] invariant, becauseD is the integral

closure of A f in K . By Proposition 3.5, � acts continuously on D with respect to the
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norm j � j. Moreover, � lifts isomorphically to Gal(E=E0). For all 
 2 � and i 2 I

we have w

i = wi 
 (by Construction A). Hence, � acts continuously on D[wi j i 2 I ].

Therefore, � lifts to a group of automorphisms of the completion R = Df wi j i 2 I g of

D [wi j i 2 I ] with respect to j � j. Finally , � extends to a group of automorphisms of


 = Quot(R). Under this action, Q

i = Qi 
 and (Q0

i )

 = Q0

i 
 for all 
 2 � and i 2 I .

For each j 2 J , [Pa, Proposition 6.1] gives a cyclic extension F j =E with group

Gj = h� j i such that Fj =K hasa prime divisor of degree1. Moreover, F j is an unrami�ed

extension of E .

By [Pa, Remark 4.3(a)] the map wj 7! x extends to a K -isomorphism of K ((wj ))

onto K ((x)) which maps Rf j g onto Df xg. By Proposition 3.4, D satis�es Condition

(Large) preceding [Pa, Lemma 6.3]. Hence,by [Pa, Lemma 6.3] we may replaceF j =E

by an isomorphic extension such that Fj = E(� j ), where � j and its conjugatesover E

belong to Rf j g, and discrE (irr (� j ; E )) 2 R �
f j g. In particular, Fj � Q0

j .

For an arbitrary i 2 I there exist unique j 2 J and 
 2 � such that i = j 
 (by

(7a)). Let Fi = F 

j = E(� 


j ). Since 
 acts on 
 and leavesE invariant, F i is a Galois

extension of E and Fi � Q0
i . This establishesCondition (2b) of De�nition 1.1.

Constr uction C: The action of � on the rings Qi .

The isomorphism 
 : Fj ! Fi gives an isomorphism Gal(Fj =E) �= Gal(Fi =E)

which mapseach � 2 Gal(Fj =E) onto 
 � 1 � � � 
 2 Gal(Fi =E) (notice that the elements

of the Galois groups act from the right). In particular, it maps � j onto 
 � 1 � � j � 
 . We

can therefore identify Gi with Gal(Fi =E) such that � i coincideswith 
 � 1 � � j � 
 . This

meansthat (a� ) 
 = (a
 ) � 

for all a 2 Fj and � 2 Gj .

It follows that for all i 2 I and 
 2 � we have F 

i = Fi 
 . Moreover, (a� ) 
 = (a
 ) � 


for all a 2 Fi and � 2 Gi .

Constr uction D: A generalizedpatching data.

Fix j 2 J , 
 2 �, and let i = j 
 , � i = � 

j . Then Fi = E(� i ). Consider an element

� 2 Gi . There exists � 2 Gj with � = 
 � 1� 
 and � �
i = (� 


j ) 
 � 1 � 
 = (� �
j ) 
 2 (Rf j g) 
 =

Rf i g. Similarly, discr(irr( � i ; E )) = (discr(irr( � j ; E ))) � , so discr(irr (� i ; E )) 2 R �
f i g.

If y 2 Quot(Qi ) \ Q0
i is algebraic over E , then y is integral over Qi . Hence, by
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Theorem 2.6(b), y 2 E . It follows that Fi \ Quot(Qi ) = E , for all i 2 I . This proves

Condition (2c) of De�nition 1.1.

Thus, E = (E ; Fi ; Qi ; 
; Gi ; G) i 2 I is a generalizedpatching data (De�nition 1.1)

and � acts properly on E (De�nition 1.4). By Lemma 2.9(a) E satis�es Condition

(COM). By Proposition 1.5, the pre-compound F of E satis�es assertions(a) and (b).

De�nition 1.6 givesan E-isomorphismof F onto the compound F 0 of the patching

data, which then also satis�es (a) and (b). The element c chosen in Construction A

enablesus to useLemma 2.9(b), which proves(c).

Theorem 4.2: SupposeK 0 = Quot(A) is Hilb ertian. Then every �nite split embedding

problem over K 0 is solvable.

Proof: Given an FSEP over K 0, we can solve the problem over K 0(x), by Theorem

4.1, and specializethe solution to a solution over K 0, by [FJ, Lemma 16.4.2].

Theorem 4.3: Let L be an arbitrary �eld, and n � 2 an integer. Then:

(a) Every constant �nite split embedding problem over L ((X 1; : : : ; X n ))( x) hasa ratio-

nal solution.

(b) Every �nite split embedding problem over L ((X 1; : : : ; X n )) is solvable.

Proof: The ring L [[X 1; : : : ; X n ]] is an integrally closedNoetherian domain [ZS2,VI I.x1].

The order function of p = hX 1; : : : ; X n i extends to a discrete valuation on the quotient

�eld L ((X 1; : : : ; X n )), and L [[X 1; : : : ; X n ]] is complete with respect to this valuation

[ZS2, VI I.x1]. By a theorem of WeissauerL ((X 1; : : : ; X n )) is Hilb ertian ([FJ, Example

15.5.2]). We concludefrom Theorem 4.2 that (a) and (b) hold.

Theorem 4.2 also enablesus to solve FSEPs over the �eld Quot(Z[[X 1; : : : ; X n ]]),

where n � 1. More generally:

Theorem 4.4: Let B be a Noetherian integrally closeddomain which is not a �eld,

and let n � 1 an integer. Then:

(a) Every constant �nite split embedding problem over Quot(B [[X 1; : : : ; X n ]])(x) has

a rational solution.

(b) Every �nite split embedding problem over Quot(B [[X 1; : : : ; X n ]]) is solvable.
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Proof: The ring B is a Krull domain, by [Na, Proposition 33.4], so the quotient �eld

of B [[X 1; : : : ; X n ]] is Hilb ertian, again by Weissauer[FJ, Example 15.5.3]. The rest of

the proof is identical to that of Theorem 4.3.
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