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ABSTRA CT. In this paper we give a new proof for the classi cation result in [3]. We show that isopara-
metric hypersurfaces with four distinct principal curvatures in spheresare of Cliord type provided that
the multiplicities m;,m+ of the principal curvatures satisfy ms>2m;—1. This inequalit y is satis ed for all
but v epossible pairs (mi,ms2) with m;<ms. Our proof implies that for (mi,m2)#(1,1) the Cliord system
may be chosenin such a way that the asscciated quadratic forms vanish on the higher-dimensional of the
two focal manifolds. For the remaining v e possible pairs (mi,mz2) with m;<mo (see [13], [1] and [15])
this stronger form of our result is incorrect: for the three pairs (3,4), (6,9), and (7,8) there are examples of
Cliord type such that the assciated quadratic forms necessarily vanish on the lower-dimensional of the
two focal manifolds, and for the two pairs (2,2) and (4,5) there exist homogeneous examples that are not
of Cliord type, cf. [5], 4.3, 4.4.

Mathematics Subject Classi cation:
primary subject: 53C40(Global submanifolds)
secondarysubjects: 15A66 (Cli ord algebras,spinors), 17A40 (T ernary compositions)

1. Introduction
In this paper we presert a new proof for the following classi cation result in [3].

1.1 Theorem. An isoparametric hypersurfacewith four distinct principal curvaturesin a
sphereis of Cli ord type provided that the multiplicities my; m, of the principal curvatures
satisfy the inequality mo  2m; 1.

An isoparametric hypersurface M in a sphereis a (compact, connected)smooth hypersur-
facein the unit sphereof the Euclidean vector spaceV = R™V sud that the principal
curvatures are the sameat ewvery point. By [12], Satz 1, the distinct principal curvatures
have at most two di erent multiplicities mq, ms. In the following we assumethat M has
four distinct principal curvatures. Then the only possiblepairs (mq; my) with m; = my
are (1;1) and (2; 2), see[13], [1]. For the possiblepairs (m{; my) with m; < my we have
(m1;my) = (4;5) or 2¢(™1=1) divides m; + my + 1, where :N! N is given by

(m)=fij1 i mandi 0;1;2;4(mod 8)g;
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see[15]. Theseresults imply that the inequality my  2m; 1in Theorem 1.1is satis ed
for all possiblepairs (my; m;) with m;  m, exceptfor the v e pairs (2; 2), (3;4), (4;5),
(6;9), and (7; 8).

In [5], Ferus, Karcher and Munzner intro duced (and classi ed) a classof isoparametric
hypersurfaceswith four distinct principal curvatures in spheresde ned by meansof real
represenations of Cliord algebrasor, equivalertly, Cliord systems. A Clior d system
consists of m + 1 symmetric matrices Py;:::;P,, with m 1 such that P? = E and

(21 2)-matriceswith | m 1> 0 sud that one of their two focal manifolds is given as
fx 2 S?=1jhP;x;xi = 0fori=0;:::;mg;

where h ; i denotesthe standard scalar product, see[5], Section 4, Satz (ii)). Families
of isoparametric hypersurfacesin spheresare completely determined by one of their focal
manifolds, see[12], Section6, or [11], Proposition 3.2. Hencethe above description of one of
the focal manifolds by meansof a Cliord systemcharacterizespreciselythe isoparametric
hypersurfacesof Cli ord type. For notions like focal manifolds or families of isoparametric
hypersurfaces,seeSection 2.

The proof of Theorem 1.1 in Sections3 and 4 shaws that for an isoparametric hyper-
surface (with four distinct principal curvatures in a sphere) with my 2m; 1 and
(my;my) 6 (1;1) the Cliord system may be chosenin sud a way that the higher-
dimensional of the two focal manifolds is described as above by the quadratic forms
assaiated with the the Cliord system. This statemert is in generalincorrect for the
isoparametric hypersurfacesof Cliord type with (m{;ms) = (3;4), (6;9), or (7;8), see
the remarks at the end of Section4. Moreover, for the two pairs (2; 2) and (4; 5) there are
homogeneousexamplesthat are not of Cliord type. Hencethe inequality my 2m; 1
is also a necessarycondition for this stronger version of Theorem 1.1.

Our proof of Theorem 1.1 makes use of the theory of isoparametric triple systems
deweloped by Dorfmeister and Neher in [4] and further papers. We need, howewer, only
the most elemenary parts of this theory. Sinceour notion of isoparametric triple systems
is slightly dierent from that in [4], we will presen a short introduction to this theory
in the next section. Based on the triple system structure derived from the isoparametric
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hypersurfaceM in the unit sphereof the Euclidean vector spaceV = R?!, we will introduce
in Section3 a linear operator de ned on the vector spaceS,;(R) of real, symmetric (21 2I)-
matrices. By means of this linear operator we will show that for m, 2m; 1 with
(my;ms) 6 (1;1) the higher-dimensional of the two focal manifolds may be described
by meansof quadratic forms asin the Cliord case. These quadratic forms are actually
accunulation points of sequence®btained by repeated application of this operator asin a
dynamical system. In the last sectionwe will prove that thesequadratic forms are in fact
derived from a Cliord system. For (m;m5) = (1;1), even both focal manifolds can be
described by meansof quadratic forms, but only one of them arisesfrom a Cli ord system,
seethe remarks at the end of this paper.

Ac knowledgemen ts. Some of the ideas in this paper are inspired by discussionson
isoparametric hypersurfaceswith Gerhard Huisken in 2004. The decisionto tackle the
classi cation problem was motivated by an interesting discussionwith Linus Kramer on
the occasionof Reiner Salzmann's 75th birthday. | would like to thank Gerhard Huisken
and Linus Kramer for thesestimulating cornversations. Furthermore, | would like to thank
Reiner Salzmann and Elena Selivanova for their support during the work on this paper.
Finally, | would like to thank Allianz Lebens\ersicherungs-AG, and in particular Markus
Faulhaber, for providing excellert working conditions.

2. Isoparametric Triple Systems

The generalreferencefor the subsequenh results on isoparametric hypersurfacesin spheres
is Meinzner's paper [12], in particular Section 6. For further information on this topic, see
[2], [5], [13], [17] or [6], [7]. The theory of isoparametric triple systemswas intro duced
in Dorfmeister's and Neher's paper [4]. They wrote a whole seriesof papers on this

subject. For the relation between this theory and geometric properties of isoparametric
hypersurfaces,we refer the readerto [7], [8], [9], and [10]. In this section we only presen

the parts of the theory of isoparametric triple systemsthat are relevant for this paper.

Let M denote an isoparametric hypersurfacewith four distinct principal curvatures
in the unit sphereS*~1 of the Euclidean vector spaceV = R2. Then the hypersurfaces
parallel to M (in S?*~1) are also isoparametric, and S*~! is foliated by this family of
isoparametric hypersurfaces and the two focal manifolds M and M_. Choosep 2 M,
and let p’ 2 S*~! be a vector normal to the tangert spaceT,M, in T,S*~! (where
tangernt spacesare consideredas subspace®of R?)). Then the great circle S through p and
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p’ intersectsthe hypersurfacesparallel to M and the two focal manifolds orthogonally at
ead intersection point. The points of S\ M, are precisely the four points p; p/, and
S\ M_ consistsof the four points (1= 2)(p p'). Forq2 M_ insteadof p2 M, an
analogousstatemert holds. Sud a great circle S will be called a normal circle throughout
this paper. For every point x 2 S?~In(M_ [ M_) there exists precisely one normal circle
through x, see[12], in particular Section 6, for theseresults.

By [12], Satz 2, there is a homogeneougolynomial function F of degree4 sud that
M = F~I(d)\ S*~! for somed 2 ( 1;1). This Cartan-Munzner polynomial F satis es
the two partial di erential equations

hgradF (x); gradF (x)i = 16hx; xi 3;
F(x) = 8(my; my)hx; Xi:

By interchanging the multiplicites m; and m, we seethat the polynomial F is also
a Cartan-Munzner polynomial. The polynomial F takesits maximum 1 (minimum 1)
on S?'~1 on the two focal manifolds. For a xed Cartan-Munzner polynomial F, let
M . always denote the focal manifold on which F takesits maximum 1. Then we have
M, = F ')\ S 1Tand M_ = F~I( 1)\ $~! wheredmM, = m; + 2m, and
dimM_ = 2m; + my, see[12], proof of Satz 4.

SinceF is a homogeneougolynomial of degree4, there exists a symmetric, trilinear
mapf;;g:V V VI V,satisfying hfx;y;zg;,wi = hx; fy;z;wgi for all x;y;z;w 2
V, sud that F(x) = (1=3)hfx; x; xg;xi. We call (V;h; i;f ; ; g) an isoparametric triple
system In [4], p. 191, isoparametric triple systemswere de ned by F(x) = 3hx; xi?
(2=3)hfx; x; xg; xi. This is the only di erence betweenthe de nition of triple systemsin
[4] and our de nition. Hencethe proofs of the following results are completely analogous
to the proofsin [4]. The description of the focal manifolds by meansof the polynomial F
implies that

M,=fp2S'"jfpp;pg=3pgandM_=fq2 S’ ' jfqgag= 3qg;

cf. [4], Lemma 2.1. For x;y 2 V we de ne self-adjoint linear mapsT(x;y):V! V :z 7!
fx;y;zgand T(x) = T(x; x). Let be an eigervalue of T(x). Then the eigenspaceV,,(x)
is called a Peirce space. Forp2 M, g2 M _ we have orthogonal Peirce decompositions

V =spanfpg V_3(p) Vi(p) = sparfqg Vs(a) V-_i(0)
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with dimV_3(p) = m; + 1, dimVy(p) = m; + 2my, dimV3(g) = my + 1, and dim V_,(q) =
2m; + mo, cf. [4], Theorem 2.2. These Peirce spaceshave a geometric meaning that we
are now going to explain. By dierentiating the mapV ! V :x 7! fx;x;xg 3x, which
vanishesidentically on M., we seethat T,M = V;(p) and, dually, T,M_ = V_;(0).
Thus V_3(p) is the normal spaceof T,M in T,S*~!, cf. [6], Corollary 3.3. Hence for
every point p’ 2 S?'~1\ V_3(p) there exists a normal circle through p and p’. In particular,
we have S?~1\ V_3(p) M, and, dually, S*~*\ V3(q) M _, cf. [4], Equations 2.6 and
2.13, or [8], Section 2.

By [8], Theorem 2.1, we have the following structure theorem for isoparametric triple
systems,cf. main result of [4].

2.1 Theorem. Let S be a normal circle that intersects M . at the four points p; p
and M _ at the four points g, ¢. Then V decomposesas an orthogonal sum

V =span(S) V/;(p) V() Vi@ Vi(d);

where the subspacesV’;(p), V/5(p'), V4(q), V4(q) are dened by V_3(p) = V/5(p)
sparf p'g, V_3(p') = V. 3(p') sparfpg, Vs(d) = V5(9) sparfgg, and Vs(d) = Vs(d)
sparf qg.

Let p, q,é)’, and ¢ in the theorem above be chosenin suc away that p = (1:IO 2)(q )
and p’ = (1= 2)(q+ ). The linear map T(p;p’) = (1=2)T(q d;q+ ) = (1=2) T(9)
T(d) then acts as 2idyy,) on Vs(a), as  2idyo,e on Vs((), and vanisheson VZ;(p)
VZ;(p'). Dually, the linear map T(q; () acts as 2idyo_¢,) on V5(p), as  2idyo_(,0) on
V/,(p’), and vanisheson V4(q) Vs(d), cf. also [8], proof of Theorem 2.1. In this paper
we needthis linear map only in the proof of Theorem 1.1 for the casem, = 2m; 1, see
Section 4.

3. Quadratic forms vanishing on a focal manifold

Let M be an isoparametric hypersurfacewith four distinct principal curvaturesin the unit
sphereS?~1 of the Euclidean vector spaceV = R?. Let denotethe linear operator on
the vector spaceS;;(R) of real, symmetric (21 2l)-matrices that assignsto ead matrix
D 2 Sy(R) the symmetric matrix assaiated with the quadratic form R? | R : v 7!
tr (T(v)D), where T(v) is de ned as in the preceding section. For D 2 Sy;(R) and a
subspaceU V we denote by tr (Djy) the trace of the restriction of the quadratic form
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R2'1 R:v 7 hv;Dvito U, ie.tr(Djy) is the sum of the values of the quadratic form
assaiated with D on an arbitrary orthonormal basisof U.

3.1 Lemma. LetD 2 S;(R),p2 M, andq2 M_. Then we have

tp; (D)pi
hg; (D)ai

2p;Dpi 4tr (Djy ,(p) + tr(D);
2hg;Dai + 4tr (Djy, ) tr(D):

Proof. For reasonsof duality it suces to prove the rst statemert. We choose or-
thonormal basesof V_3(p) and Vi(p). Together with p, the vectors in these basesyield
an orthonormal basisof V. With respect to this basis, the linear map T(p) is given by a
diagonal matrix, seethe precedingsection. Hencewe get

hp; (D)pi = r(T(p)D) = 3p;Dpi 3tr (Djy ;) + tr (Djvyp)):
Then the claim follows becauseof hp;Dpi + tr (Djy () + tr (Djv, () = tr (D).
Motiv ated by the previous lemma we set
+:Su(R)! Sy(R):D7 1 (D) 2D tr(D)E ;

where E denotesthe identity matrix. Then we haveforp2 M, andgq2 M _

hp; (D)pi
o, (D)ai

tr (Djv 4(p);
ho; Dagi tr (Djy,(q) + 3tr (D):

3.2 Lemma. Let p;q2 M_ be orthogonal points on a normal circle,d 2 M_,r 2 M,
D 2 S;(R), and n 2 N. Then we have

(i) h; pP(D)ri (my + 1)" max,ecn, X DXi ;

(i) hp; P(D)pi + hgy (D)ai 2(my + 1)" maxgenr, hX;DXi ;

(i) p; PO ho; (D)i 2(ma+ 2)"max,en hyiDYi ;

(v) tp; (D) (Mi+ 1)"maxeers, DX + (Mo+ 2)"Max,enr hy;Dyi:

Proof. Becauseof tr; L (D)ri = tr(Djy ,¢) With dimV_s(r) = m; + 1 and S*~1\
V_3(r) M, weget

hr; L (D)ri (my+ 1) max hx;Dxi :
$€M+



Then (i) follows by induction. Sincep and g are orthogonal points on a normal circle, we
havery = (1= 2)(p q) 2 M (seethe beginning of Section 2) and hence

m; -f(D)pl + m; J_L(D)CII tr( f(D)jspan{p,q})
= by, M(D)ryi+hr_; M(D)r_i

2(m; + 1) max hx; Dxi
I€M+

by (). Becauseofhp; (D)pi = hp;Dpi tr(Djy,)+ (1=2)tr (D), the analogousequation
with p replacedby o, dim V3(p) = dim V5() = my+ 1 and S*~1\ V5(p), 21\ Vi(q)
M _ we get

i (D)pi hy; .(D)di  MiDpi RYiDdi + tr(Djvyg) tr (Divye)

(ms+ 2) max hy;Dyi tg;Dzi :
y,ze€M

By induction we obtain

hp; (D)pi  hof; P(D)qi  (ma+ 2" max ly;Dyi Dz

2(my + 2)" max hy;Dyi :
yeM

Finally, (i) and (iii) yield

hp; (D)pi 5 hp; (D)pi + hg; [(D)gi + 5 hp; (D)pi hg, [(D)ai

(my+ 1)" max hx;Dxi + (mo+ 2)" max hy;Dyi :
I€M+ yeM

3.3 Lemma. Let p;q2 M_ be orthogonal points on a normal circle, D 2 S;/(R), dg
max,cn, hX; Dxi , andlet (d,), be the sequencede ned by

di= hp; (D)pi hg; (D) ;
dn+1 = (m2 + 2)dn 4m2(m1 + 1)nd0:
forn 1. Then we have
p; 7(D)pi hg P(D)d d,

foreveryn 1.



Proof. We prove this lemma by induction. For n = 1, the statemert above is true by
de nition. Now assumethat

p; PD)pi hg, (D)G d

forsomen 1. Letd 2 S?*~!\ Vsi(p). Then p;d 2 M _ are orthogonal points on a normal
circle. Hencewe have

ho; P(D)pi + i I(D)i  2(my + 1)"dg

by Lemma 3.2 (ii). Sinceq 2 V3(p) with dim V3(p) = my + 1 we conclude that

tr( “(D)ivagy) ho (D)di + my 2(my+ 1)°dy  hp; P(D)pi :
Hencewe obtain
hp; PFHD)pi = hp; F(D)pi tr( P(D)ivap) + 3tr (D)
(mo+ Dhp; (D)pi by, (D)gi + itr (D) ()
2m2(m1 + 1)nd0:
Analogously, for p’ 2 S*~1\ V5(q) we get
hp'; [(D)pi + g, [(D)ai 2(my + 1)"do
by Lemma 3.2 (i) and hence
tr( (Divs) i H(D)pi my 2(my + 1)"do + by, *(D)ai
As above, we concludethat
g YTY(D)di (my+ Dhg; [(D)di W [(D)pi+ st (D)
+ 2m2(m1 + 1)nd0:
Subtracting this inequality from inequality ( ) we obtain that
;I O)pi b PTYD)GE (Mot 2) tp; (D)pi hg [(D)di
4m2(m1 + 1)nd0:
Also the analogousinequality with p and g interchangedis satis ed. Thus we get
hp; 1(D)pi  hgp PTY(D)Gi (mp+ 2)hp; (D)pi hg; /(D)
4m2(m1 + l)nd()
(mz + 2)d, 4my(my + 1)"do
= dn—l—l:
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3.4 Lemma. Let p;q2 M_ be orthogonal points on a normal circle and assumethat
my  2m; 1. Then there exists a symmetric matrix D 2 Sy(R) and a positive constart
d sud that

1

mm; L(D)pi g *(D)g >d

foreveryn 1.

Proof. We chooseD 2 S;;(R) asthe symmetric matrix assaiated with the self-adjoint
linear map on V = R? that acts asthe identity idy,(p) ON V3(p), as idy,(,) on Vs(q), and
vanisheson the orthogonal complemen of Vs3(p) Vs(q) in V. Let x 2 M, and denote
by u; v the orthogonal projections of x onto V3(p) and Vs3(q), respectively. Then we have
hx; Dxi = hu;ui - hv;vi. By [9], Lemma 3.1, oréll], Proposition 3.2, the scalar product of
a point of M, and a point of M _ is at most 1= 2. If u 6 0 then we have (1=kuk)u 2 M _

and hence
D E
huui = hui = x4 kuk L kuk:

[ul] V2
In any casewe get kuk 1=p§ and hencehx; Dxi = hu;ui  hv;vi  1=2. Analogously
we seethat hx; Dxi 1=2. We setd, = 1=2. Then we havedy  max,cy, hx;Dxi ,
and we may de ne a sequence(d,,),, asin Lemma 3.3. Sincep 2 V3(g), 9 2 V3(p), and
dim V3(p) = dim V3(g) = m, + 1 we have

d = hp; ((D)pi hg (D)di = 2(my+ 2)

and hence
1
d, = 2;
my + 2 !
1 1 m;+ 1
= d 2my——m—;
(mg + 2)2 2T mg+ 2! m2(m2+ 2)?
1 1 (my + 1)»

dy,

—dn = - —_ - 7
(Mg + 2)n 1T (my + 2)n 2(my + 2)ntl
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forn 1. Thuswe get

1 X (my + 1)+
——d, 2 2 —
(my+ 2ttt =2 A i, )i

m;+1 xe m1+li
(m2+ 2)2 o my + 2

\Y

2 2msy

m;+1 ]
(m2 + 2)(m2 my + 1)

2 2ms

We denote the term in the last line by d. Then d > 0 is equivalent to
(Mg + 2)(my  my + 1) > my(my + 1)

Weputf :R! R:s7!s? as awith a= 2(m; 1). The latter inequality is equivalent
to f(my) > 0. Sincef(a)= a Oandf(a+ 1) = 1we seethat this inequality is indeed
satised for m; 2(m; 1)+ 1. By Lemma 3.3, we concludethat for my 2m; 1 we

have
1

(mg + 2)n
foreveryn 1.

, ) 1
tp; (D)pi  hg; (D)ai mdn> d>0

3.5 Lemma. SetA(My) = fA 2 S;(R) j x; Axi = Ofor every x 2 M g and assume
that my 2m; 1. Then we have

M, =fx2 S 1 jh; Axi = 0for every A 2 A(M_)g:

Proof. For B 2 S;(R) we set kBk = max,car,un X Bxi . If kBk = 0 then the
quadratic form R?'1 R :v 7! hv; Bvi vanisheson ead normal circle S at the eight points
of S\ (M [ M_). Thereforeit vanishesertirely on ead normal circle and henceon V.
This shows that B = 0, and hencek k isindeeda norm on Sy (R).

In the sequelwe always assumethat p;g2 M_ and D 2 S;(R) are chosenas in
Lemma 3.4. By Lemma 3.2 (i) and (iv), the sequence
1
- ™D
(my + 2)» #(B) n
is bounded with respect to the norm de ned above. Let A 2 S, (R) be an accunulation
point of this sequence.By Lemma 3.2 (i) we have

n

. ) m{+ 1 .
hr; Ari lim ! max hx;Dxi =0
n—oo Mo+ 2  zeMy
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for everyr 2 M. Thusthe quadratic form R?' ! R :v 7! hv; Avi vanishesertirely on M .
Sincep;q 2 M _ are orthogonal points on a normal circle we obtain hp;Api + hg; Aqgi = 0.
Furthermore, by Lemma 3.4 we have hp;Api hg; Aqi d > 0. Hencewe get hp; Api 6 0.

Choosep’ 2 S?~'nM . arbitrarily . Let S’ be a normal circle through p’ and let ¢ be
one of the four points of S’\ M _. The previous argumerts shaw that there exists a matrix
A2 A(M ) such that h; A'd'i 8 0. Then the quadratic form assaiated with A’ vanishes
on S’ precisely at the four points of S’\ M. In particular, we have hp’; A’p’i 6 0. Thus
we get

fx2 Sl jhx Axi = Oforevery A2 A(M,y)g M.

Sincethe other inclusion is trivial, the claim follows.

4. End of Proof
Basedon Lemma 3.5 we complete our proof of Theorem 1.1 by meansof the following

4.1 Lemma. Let M be an isoparametric hypersurfacewith four distinct principal curva-
tures in the unit sphereS?~! of the Euclidean vector spaceR? and assumethat

M, =fx2S*1jh Axi = 0for every A 2 A(M_)g;

where A(M ) is de ned asin Lemma 3.5. Then M is an isoparametric hypersurface of
Cliord type provided that the multiplicities my; m, of the principal curvatures satisfy the
inequality mo  2m; 1.

We treat the casesm, 2m; and m; = 2m; 1 separately becauseof the essetially
di erent proofs for thesetwo cases.Whereasthe proof in the rst caseis basedon results
of [8], the proof in the secondcaseinvolvesin addition represemation theory of Cli ord
algebras. For more information on the special case(my; msy) = (1;1), seethe remarks at
the end of this section.

Proof of Lemma4.1 (casem, 2m;). For every matrix A 2 A(M ;) we have a well de ned
linearmap' 4 : AMy) ! AM,) : B 7! ABA, see[8], Proposition 3.1 (). We rst
want to show that ' 4 is injective for every A 2 A(M_)nf0Og. Without loss of generality
we may assumethat A = (a;;);; is a diagonal matrix with a;; = 0 for i > t, where't
denotesthe rank of A. Assumethat there exists a matrix B = (b;;);; 2 ker(' 4)nf0Og.
Then we havet < 2l and b;; = 0 for 1 (o t. Hence the non-zero ertries of B
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lie in the two blocks givenby t+ 1 i 2l and 1 i t,t+1 | 2l. By [8],
Proposition 3.1 (i), we havet 2(m, + 1) and hencethe rank of both blocks is bounded
by2l t 2(m;y+my+ 1) 2(my+ 1)= 2m;. Thusthe rank of B is at most 4m; and,
again by [8], Proposition 3.1 (ii), at least2(m, + 1). We concludethat 2m; ms+ 1in
contradiction to my  2my. Hence' 4 is a bijection.

The only non-zeroertries of a matrix C = (c;;); ; in the imageof ' 4 lie in the block
givenby 1 i;j; t. Thusewery matrix in A(M ), consideredasa self-adjoirt linear map
on R?!, vanisheson the kernel of A. We want to show that ker(A) = f0g. Otherwise there
exists a point g2 S**~!'\ ker(A). For every C 2 A(M_) we have hy; Cqi = 0. Hencewe
getg2 M. Let S be a normal circle through g and choosep 2 S with hp;gi = 0. Then
we havep2 M and hp;Cpi = hp;Cqi = hg; Cai = O for every C 2 A(M ). This implies
that S M, acontradiction. SinceA 2 A(M )nf0g was chosenarbitrarily we conclude
that every matrix in A(M_)nf0g is regular. HenceM is an isoparametric hypersurfaceof
Cliord type, see[8], Theorem 4.1. Note that the inequality I m 1> 0is satis ed by
[5], Section 4, Satz (i).

Proof of Lemma 4.1 (casemy = 2m; 1). We use the notation of the proof above. If
the linear map ' 4 is injective for every A 2 A(M,)nfOg, then we seeprecisely as in
the preceding proof that M is an isoparametric hypersurfaceof Cliord type. Thus we
may assumethat there exists a matrix A 2 A(M_)nfOg such that ' 4 is not injective.
The argumerts used above to prove that ' 4 is always injective for A 2 A(M )nf0Og for
m,  2m; then show that for my; = 2m; 1 the rank t of A must be equalto 2(ms + 1).

Without loss of generality we may assumethat the quadratic form R? | R :v 7!
hv; Avi takesthe maximum 1 on S*~1. For p 2 S~ with hp;Api = 1 we then have
Ap = pand p 2 M_ by [8], Proposition 3.1 (ii). By the sametheorem the minimum of
this quadratic form on S?*~! is equalto 1. For an aribtrary point g2 S*~1\ Vs(p) we
gethg;Agi = h p;Api = 1 sincep;q2 M _ are orthogonal points on a normal circle S
and the quadratic form assaiated with A vanishesat the four points of S\ M. This
shows that the matrix A actsas idy,(, on Vs(p) and, by an analogousargumert, asthe
identity idy, ) on V3(g). Sincet = 2(my + 1) and dim V3(p) = dimV3(q) = my + 1 we
concludethat A vanisheson the orthogonal complemert W of V5(p)  Vs(qg) in R%.

For every x 2 S*~1\ V;(p) we seeas above that A acts as the identity idy, ) on
V3(x). Hencewe get V3(x) = Vs(q) for every x 2 S?*=1\ V5(p). Thus the self-adjoint map
T (p;x) leavesthe subspaceW invariant, and T (p;X)jw hasthe eigervalues 2, seethe end
of Section 2. Denote by (W) the vector spaceof self-adjoirt linear mapson W. Then we
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have a well de ned linear map
tVa(p) ! S(W) i x 7 3T (piX)jw

with the property that (x)? = idy for every x 2 S?='\ Vs(p). In particular, the linear
map s injective, and if we identify the Euclidean vector spaceW with R?™ we see
as in [8], proof of Theorem 4.1, that the image of is generatedby a Cliord system
Qo; 5 Qm, Of (2m;  2my)-matrices. Sincemy = 2m; 1, this yields a cortradiction to
the represenation theory of Cliord algebrasexcept for the case(m;my) = (1;1), see
[5], Section 3.5. For this special casethere exists up to isometry precisely one family of
isoparametric hypersurfaces,see[16]. This family is (homogeneousand) of Cli ord type.

Remarks. (i) In the proof above we referred the reader for the case(m; ms) = (1;1)
to [16]. Let us now have a closerlook at this particular case. By Lemma 3.5, both focal
manifolds may be described by meansof quadratic forms. In order to seethis, it su ces
to interchange the focal manifolds M, and M _. Note that this argumert doesnot work
for (my;m3) 6 (1;1). If we interchange M, and M _ we also have to interchange the
multiplicities m; and m, since we required in Section 2 that M and M _ are given by
F-1(1)\ S*-1 and F~!( 1)\ S*~!, respectively, where F denotesa Cartan-Menzner
polynomial. Hence both of the inequalites m,  2m; 1 and m; 2ms 1 must be
satis ed in order to concludefrom Lemma 3.5 that both focal manifolds may be described
by meansof the vanishing of quadratic forms. This is only possiblefor (my; ms) = (1; 1).

Based on this obsenation, the proof of Lemma 4.1 can also be completed indepen-
dertly of [16] for this case. It turns out that one of the focal manifolds, say M ., can be
described by meansof a Cli ord systemasin the introduction, but there doesnot exist any
guadratic form assaiated with a regular symmetric matrix that vanishesertirely on the
other focal manifold M _. Nevertheless,for every point p 2 M, there exists a symmetric
matrix of rank 4 sud that the assaiated quadratic form takesits maximum at p and
vanishesidentically on M _. These statemerts may be proved by means of calculations
basedon orthonormal basesin accordancewith Theorem 2.1.

(i) As we have seenin the introduction, the inequality m, 2m; 1 s satis ed for all but
v e possiblepairs (my; ms) with m;  my. For (my; ms) = (2;2) or (4;5) the only known
examplesare two homogeneoudamilies of isoparametric hypersurfacescf. [5], Section4.4.
In the rst case,the exampleis unique, see[14]. Note that it is an immediate consequence
of the represeniation theory of Cliord algebrasthat there doesnot exist any example of
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Cliord typewith thesemultiplicities, seg[5], Section3.5. For an overview of isoparametric
hypersurfacesof Cli ord type with small multiplicities, we refer the readerto [5], Section
4.3. In the sequelwe want to give someinformation on the three remaining cases(3; 4),
(6;9) and (7; 8).

By [5], Sections5.2,5.8,6.1,and, in particular, 6.5,there are (up to isometry) precisely
two isoparametric families of Cliord type with (my; ms) = (3;4). One of thesefamilies is
inhomogeneousand has the property that even both focal manifolds can be described by
meansof a Cliord systemasin the introduction. The other family is homogeneousand
only the lower-dimensional of the two focal manifolds may be described in this way.

Also for (my; my) = (6;9) there are up to isometry precisely one inhomogenousand
one homogeneoudsoparametric family of Cliord type, see[5], Section 5.4 and 6.3. For
the inhomogenousfamily, only the higher-dimensional of the two focal manifolds may be
described be meansof a Cliord system as in the proof above. In cortrast to that, for
the homogeneousfamily only the lower-dimensional of the two focal manifolds may be
described by meansof the vanishing of quadratic forms assaiated with a Cliord system.

For (my;my) = (7;8) there are even three non-isometric isoparametric families of
Cliord type, all of which are inhomogeneoussee[5], Sections5.4, 5.5, and, in particular,
6.6. For one of theseexamples,only the higher-dimensionalof the two focal manifolds may
be described by meansof the vanishing of the quadratic forms assaiated with a Cli ord
system. In the other two cases,only the lower-dimensionalof the two focal manifolds may
be described in this way. For one of thesetwo families, even both focal manifolds (and not
only the isoparametric hypersurfaces)are inhomogeneouswhile for the other family only
the higher-dimensionalfocal manifold is inhomogeneous.

@ii) In (i) we have seenthat for (my;my) = (3;4) there exists an isoparametric family
of Cliord type suc that both focal manifolds can be described by meansof a Cli ord
system as in the proof above. The same property also occurs for the three pairs (1;2),
(1;6), and (2;5) (and doesnot occur for any other pair (mq; my) with m;  ms), see[5],
Section 4.3. Moreover, for ead of thesethree pairs there exists (up to isometry) precisely
oneisoparametric family of Cliord type. Thesethree examplesare homogeneoussee[5],
Section 6.1.
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