PENTAGON AND HEXAGON EQUATIONS

HIDEKAZU FURUSHO

Abstract. The author will prove that Drinfel'd's pentagon equation im plies
his two hexagon equations in the Lie algebra, pro-unipotent , pro-I and pro-
nilpotent contexts.
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0. Introduction

In his celebrated papers on quantum groups [Dr86, Dr90, Dr9lLDrinfel'd came
to the notion of quasitriangular quasi-Hopf quantized universal enveloping algebra.
It is a topological algebra which di ers from a topological Hopf algebra in the sense
that the coassociativity axiom and the cocommutativity axi om is twisted by an
associator and an R-matrix satisfying a pentagon axiom and wo hexagon axioms.
One of the main theorems in [Dr91] is that any quasitriangula quasi-Hopf quantized
universal enveloping algebra modulo twists (in other wordsgauge transformations
[K]) is obtained as a quantization of a pair (called its classcal limit) of a Lie algebra
and its symmetric invariant 2-tensor. Quantizations are canstructed by universal
associators. The set of group-like universal associatorsfms a pro-algebraic variety,
denoted M . Its non-emptiness is another of his main theorem (reprovedn [B]).
Our rst theorem is on the de ning equations of M.

Let us x notation and conventions: Let k be a eld of characteristic 0, k its
algebraic closure andUF, = khtX;Y ii a non-commutative formal power series ring
with two variables X and Y. Its element' = ' (X;Y) is called group-like if it
satises ( ')=" " with ( X)=X 1+1 Xand (Y)=Y 1+1 Y
and its constant term is equal to 1. Its coe cient of XY is denoted by c,(' ).
For any k-algebra homomorphism : UF, ! S the image (') 2 S is denoted by
"((X); (Y)). Let a4 be the completion (with respect to the natural grading) of the
Lie algebra overk with generatorst; (16 i;j 6 4) and de ning relations t; = 0,
ty = i, [ty ;tic + ty ] =0 (i,j,k: all distinct) and [t ;t] =0 (i,j,k,I: all distinct).

Theorem 1. Let' = ' (X;Y) be a group-like element ofUF,. Suppose that'
satis es Drinfel'd's pentagon equation:

(1) " (tizstoz+ toa)" (tz + to3;taa) = ' (t23;tas)' (ti2 + tiz;tos + ta4)' (to2;t23):
1
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Then there exists an element (unique up to signature) 2 k such that the pair
(;' ) satis es his two hexagon equations:

(t1z + t23)

) expff " (tis; tlz)eXPf—g (t1a;t23) 1expf g (tizitea);
3)
tio + t
ex pfw ' (toz;t13) lexpf —2g (tiz; t13)expf—g (tizitas) *:

Actually this is equal to (24c,(' ))Z.

It should be noted that we need to use an (actually quadratic) extension of a
eld k in order to obtain the hexagon equations from the pentagon egation. The
associator setM is the pro-algebraic variety whose set ok-valued points consists
of pairs (;' ) satisfying (1), (2) and (3) and M s its open subvariety de ned by

6 0. The theorem says that the pentagon equation is essentidy a single de ning
equation of the associator set. The Drinfel'd associator xz 2 RhIX;Yii is a
group-like series constru&ted by solutions of KZ-equatior[Dr91]. It satis es (1),
(2) and 3) with = 1. Its coe cients are expressed by multiple zeta values
[LM] (and also [FO3]). The theorem also says that the two hexgon equations do
not provide any new relations under the pentagon equation.

The category of representations of a quasitriangular quasHopf quantized uni-
versal enveloping algebra forms a quasitensored categor{pf91], in other words,
a braided tensor category [JS]; its associativity constrait and its commutativ-
ity constraint are subject to one pentagon axiom and two hexgon axioms. The
Grothendieck-Teichmuller pro-algebraic group GT is introduced in [Dr91] as a group
of deformations of the category which change its associatity constraint and its
commutativity constraint keeping all three axioms. It is al so conjecturally related
to the motivic Galois group of Z (explained in [A]). Relating to the absolute Galois
group Gal(Q=Q) of Q its pro nite group version 6T is discussed in [1, S]. Our
second theorem is on de ning equations of5T.

Theorem 2. Let F,(k) be the the free pro-unipotent algebraic group with two vari-
ablesx and y. Suppose that its elemenf = f (x;y) satis es Drinfel'd's pentagon
equation:

(4)  f(X12;X23X24)F (X13X23;X34) = f (X23; X34)F (X12X13; X24X34)f (X12; X23)

in K4(k). Then there exists an element (unique up to signature) 2 k such that
the pair (;f ) satis es his hexagon equations (3- and 2-cycle relation):

(5) f(z;x)z™f (y; 2)y™f (x;y)x™ =1 with xyz=1 and m = Tl;

(6) fOcy)f(y;x) =1
Actually this is equal to (24c,(f )+ 1) z where c,(f ) stands for c,(f (eX;€")).

Here K 4(k) stands for the unipotent completion of the pure braid group K4 =
kerfBs ! S4g of 4 strings (B4: the Artin braid group and S4: the symmetric
group) with standard generatorsx; (16 i;j 6 4).

It should be noted again that we need to use an (actually quadatic) exten-
sion of a eld k in order to obtain the hexagon equations from the pentagon
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equation. The set of pairs (;f ) satisfying (4), (5) and (6) determines a pro-
algebraic variety GT and GT is its open subvariety de ned by 6 0. The product

structure on GT (k) is given by ( 1;f1) ( 2;f2) = (;f )with = ; , and

f(x;y) = fa(fax 2f, 1.y 2)f,. The theorem says that the pentagon equation is
essentially a single de ning equation ofGT.

The construction of the paper is as follows: x1 is a crucial part of the paper.
The implication of the pentagon equation is proved for Lie seies. In x2 we give a
proof of theorem 1 by using Drinfel'd's gadgets.x3 gives a proof of theorem 2 and
its analogue in the prod group and pro-nilpotent group setting.

1. Lie algebra case

In this section we prove the Lie algebra version of Theorem 1n a rather combi-
natorial argument.

Let F, be the set of Lie-like elements in UF, (ie. ( ')=" 1+1 ").

Theorem 3. Let' be a commutator Lie-like element® with c;(" ) = 0. Suppose
that ' satis es the pentagon equation (5-cycle relation):

(7) " (X12;X23) + " (X34;Xg5) + ' (X1, X12) + ' (X23; X34) + " (X45;X51) =0
in P's. Then it also satis es the hexagon equations (3- and 2-cycleslation):
(8) OGY )+ (Y2)+ (2, X)=0 with X +Y + Z=0;

9) COGY )+ (YX)=0

Here B's stands for the completion (with respect to the natural grading) of the
pure sphere braid Lie algebraP 5 [I] with 5 strings; the Lﬁp algebra generated byXj
(16 i;j 6 5) with clear relations X; =0, Xj = Xji, j=1 Xij =0 (161i;] 65)
and [Xj ; Xu]=0if fi;j g\f k;lg= ;. Itis a quotient of a, (cf. x2).

Proof . There is a projection from F's to the completed free Lie algebraF, gen-
erated by X and Y by putting Xijs =0, X132 = X and X,3 = Y. The image of
5-cycle relation gives 2-cycle relation.

For our convenience we denoté (Xj ;X ) (1 6 i;j;k 6 5) by ' jx . Then the
5-cycle relation can be read as

"1203F " 345t ' 512F 234+ ' 451 =0:

We denote LHS byP. Put ; (16 i 6 4) to be elements ofSs de ned as follows:
1(12345) = (12345), ,(12345) = (54231), 3(12345) = (13425) and 4(12345) =
(43125). Then

X 4
- i(P)= 123F 345+ 512t 234t 451
+ 52t 231t 154t a3t 315
+ 134+ 45+ "s13F "3t 281
+ 431+ " 125+ " 543t 310+ ' osal
Lin this paper we call aseries ' = ' (X;Y ) commutator Lie-like ifitis Lie-like and its coe cient

of X and Y are both 0, in other words ' 2 F3 :=[F2;Fa].
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By the 2-cycle relation, ' jx = ' i (16 i;j;k 6 5). This gives
X 4

- i(P)= ("123+ " 231+ " 312)+( 522+ " 125+ ' 251)

+(" 234+ "3a2+ " 423) (' sazt a5+ 2ma):

By [X23; X12+ X3+ X31] = [ X31; X12+ X23+ X31] = [ X12; X 12+ X23+ X31] =0
and' 2 FJ," 231 ="' (X23;X31) = ' (X23; X1z Xzg)and' gio = ' (X313 X12) =
(X2 X23;X12).

By [X51; X124 Xos+ X51] = [ X12; X120+ Xos+ X51] = [ X25; X 12+ X5+ X51] = 0
and' 2F9,"s12="(Xs1;X12) = ' ( X12 Xos;X12)and ' 251 = ' (X25; X51) =
" (X5, X122 Xos).

By [X23; Xa2+ X3+ X34] = [ X34; Xa2+ X3+ Xaa] = [X42; Xa2+ Xoz+ X34] =0
and' 2 FJ," 231 ="' (X23;X34) = ' (X23; Xaz Xzz)and' gsr = ' (X34;Xa2) =
"( Xaz X237 X42).

By [X54; Xa2+ X5+ X5a] = [ Xa2; Xao+ Xos+ Xisa] = [X25; Xa2+ Xos+ Xsa] =0
and' 2 F9, " ss2 =" (Xs4;Xa2) = ' ( Xaz Xazs;Xa2)and ' 254 = ' (X25; Xs4) =
"(X2s; Xa2  Xos).

Put ROCGY)= " OGY)+ ' (Y: X Y)+'( X Y:X). Then
- i(P)= R(X21;X23) + R(X21;X25) + R(X24; X23) + R(X24; X 25):

The elements X1, X23, X24 and X o5 generate a completed Lie subalgebrds
of B's which is free of rank,3 and whose set of relations is given b, + Xo3 +
Xos+ X5 = 0. It contains i4:1 i(P). Let op : F3! F3 be the projection sending
Xo1 7V X, X3 7Y and Xog 7! X. Then

X
an |41 (P) = ROGY)+ R(X: 2X  Y)+ R(XY)+ R(: 2X Y):

SinceP =0, we have R(X; 2X Y)= R(X;Y). Let @ : F3 ! F; be the
projection sending X,; 7! X, X3 7! X and X4 7! Y. Then
X

o 41 (P) = ROGX )+ R(X: 2X Y)+ R(Y:X)+ R(Y: 2X  Y):
By ' 2 F9, R(X;X) = 0. By denition, R(Y; 2X Y) = R(2X;Y). Since
P =0, R(X;Y)+ R(Y;X)+ R(Y;2X)=0. The 2-cycle relation givesR(X;Y ) =

R(Y;X). Therefore 2R(X;Y ) = R(2X;Y ). Expanding this equation in terms
f a linear basis, say the Hall basis, we see thaR(X;Y ) must be of the form

rln:1 am(adY)™ (X)) with a, 2 k. Since it satises R(X;Y) = R(Y;X), we
havea; = a3 = a4 = a5 = = 0. By our assumption c;(* ) = 0, a; must be 0
also. ThereforeR(X;Y ) =0, which is the 3-cycle relation.

We note that the assumption c;(* ) = 0 is necessary: e.g. the element =[X;Y ]
satis es the 5-cycle relation but it does not satisfy the 3-g/cle relation.

Remark 4. There is partially a geometric picture in the proof: We have ade
Rham fundamental groupoid [De] (see also [FO7]) of the modulM o.n = f(Xy:

Xn) 2 (PHY"jxi 6 x;(j 6 j)g=PGL(2) for n > 4, its central extension given by the
normal bundle of M o, 1 inside its stable compacti cation M o, and maps between
them. An automorphism of the system is determined by consideng what happens
to the canonical de Rham path from "0' to "1' (loc.cit.) in M ¢.4 = Pnf0; 1;1g .
Equation (7) re ects the necessary condition that such an adomorphism must
keep the property that the image of the composite of the path,the boundaries



PENTAGON AND HEXAGON EQUATIONS 5

of the fundamental pentagonBs [I] formed by the divisors x; = Xj«1 (i 2 Z=52Z)
in M o.5(R), must be a trivial loop. Each ;(Bs) &1 6 i 6 4)is a connected
component of M ¢.5(R). The sum of four 5-cycles i4:1 i(P) corresponds to a
path following the (oriented) boundaries of the four real pentagonal regions ;(Bs)
of M ¢.5(R). The four 3-cycles correspond to four loops around the fouboundary
divisors X4 = Xs, X3 = X4, X5 = X1 and X1 = X3 in M ¢.5(R). The author expects
that the geometric interpretation might help to adapt our pr oof to the pro- nite

context (cf. question 14).

The equations (7),(8) and (9) are de ning equations of Ihards stable derivation
(Lie-)algebra [I]. Its Lie bracket is given by <' 1;" 2 >:=["1;" 2]+ D', (' 1)
D, (" 2) whereD- is the derivation of F, givenbyD: (X)=["X ]JandD- (B) =0.
We note that its completion with respect to degree is equal tathe graded Lie algebra
grt, of the Grothendieck-Teichmuller group GT in [Dr91]. Our theorem says that
the pentagon equation is its single de ning equation and twohexagon equations
are needless for its de nition when ded > 3.

2. Proof of Theorem 1

This section is devoted to a proof of Theorem 1.
Between the Lie algebraa, in theorem 1 and P in theorem 3 there is a natural
surjegion ray! P sendingt; to X (16 i;j 6 4). Its kernel is generated by
= 161 64ti - We also denote its induced morphismUa, ! UFs by . On
the pentagon equation we have

Lemma 5. Let' be a group-like element. Giving the pentagon equatiofl) for '
is equivalent to giving that' is commutator group-like? and ' satis es the 5-cycle
relation in UP's:

(10) " (X12:X23)" (X345 X45)" (X515 X12)" (X23;X34)" (X45;X51) =1

Proof . Assume (1). Denote the abelianization of (X;Y ) 2 khtX;Y ii by ' a 2
K[[X;Y]]. The series' is group-like, so' 2 is also, i.e. (') = 'a rab
Therefore ' 2 must be of the form exd X + Y gwith ; 2 k. The equation
(1) gives X 12+ X 34 =0. Hence = =0 which means that ' is commutator
group-like. Therefore

"(X12;X51) = ' (X12; X211 Xs2) = ' (X12; X3 + X24)
by [X12; Xs1 + Xo1 + Xs2] = [X51; X51 + X21 + X52] =0,

"(Xa5;X3a) = " ( Xaz  Xs3;X3a) = ' (X133 + Xo3; X3a)
by [X4s5; X5 + X3+ X53] = [X34; X5 + Xg3+ Xs53] =0 and

"(Xa5;Xs51) = ' ( X1a Xi5;Xs1) = " ( X1a Xis; X1a Xags) = ' (X2 +
X13; X4 + X3a)
by [X4s5;X45 + X14 + Xs51] = [X51;X45 + X14 + X51] = 0 and [X14 + X15; X51 +
Xi1a+ Xygs] = [Xs1; X510+ X14 + Xy5] = 0. (N.B. If ' is commutator group-like,
"(A+CB)="(AB+C)="(A;B)with[A;C]=[B;C]=0.) So the image of
(1) by is

(11) " (X12; X51)" (Xas; X34) = ' (X23;X34)" (Xas; X51)" (X125 X23):
The following lemma below gives (10).

2In this paper we call a series ' = ' (X;Y ) commutator group-like if it is group-like and its
coecient of X and Y are both 0.
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Conversely assume (10) and the commutator group-likenesof ' . The lemma
below gives the above equality (11). Whence we say (1) modulker . That is, the
quotient of LHS of (1) by RHS of (1) is expressed as exp for some 2 k. Since
both hand sides of (1) are commutator group-like, exp must be also. Therefore

must be 0, which gives (1).

Lemma 6. Let' be a group-like element. If' is commutator group-like and it
satis es the 5-cycle relation (10), it also satis es the 2-cycle relation:

(12) "OGY) (Y X) =1
And if ' satis es the pentagon equation(1), it also satis es (12).

Proof . There is a projection UP; ! UF, by putting Xijs =0 (1 6 i 6 5),
X112 = X and X,3 = Y. The image of (10) is (12) by the commutator group-
likeness.

As was shown in the previous lemma, the equation (1) for in Uas implies its
commutator group-likeness and (11) inUP's. The image of (11) by the projection
gives (12).

In [IM] they showed the equivalence between (1) and (10) assuing the commu-
tatativity and the 2-cycle relation in the pro- nite group s etting. But by the above
argument the latter assumption can be excluded.

As for the hexagon equations we also have

Lemma 7. Let' be a group-like element. Giving two hexagon equation@) and
(3) for ' is equivalent to giving the 2-cycle relation(12) and the 3-cycle relation:

(13) e (Z:X)eT (Y:Z)e T (X;Y)=1 withX +Y +Z =0:

Proof . We review the proof in [Dr91]. The Lie subalgebra generated ¥ t12, t13

and t,3 is the direct sum of its center, generated byt;,+ to3+ t13, and the free Lie al-
gebra generated byX = ti;; andY = t,3. The projections of (2) and (3) to the rst
component are both tautologies but the projections to the seond component are

%' (Z;X)e7' (Z;Y) ez (X;Y)=1land ez (Z;X)eZ' (Z;Y) ez (Y;X) =
1. They are equivalent to (12) and (13).

The followings are keys to prove theorem 1.

Lemma 8. Let'; and ', be commutator group-like elements. Put 3 = ',
XY )= ot X 11;Y) ' 1. Assume that' ; satis es (10), (12) and
(14) "(ZX) (Y;Z2) (XY )=1 with X +Y +Z=0:

Then ' , satises (10) if and only if ' 3 satis es (10).

Proof . By the arguments in [Sk1.2, ' ; determines an automorphism ofUP ¢
sendingX 12 7! X12, X23 7! " 1(X12;X23) X 23" 1(X12; X 23), X34 7! " 1(X 345 X 45)
X34 1(X34;Xas5) 1, Xas 7! Xgs @and Xsg 7! ' 1(X12; X23) ' 1(X 453 X51) X1

" 1(X45; X51)" 1(X12;X23). The direct calculation shows that LHS of (10) for ' »
maps to LHS of (10) for' 3(X;Y ). This gives the claim.

Lemma 9. Let' be a commutator group-like element withc,(* ) = 0. Suppose
that ' satis es (10). Then it also satis es (14).
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Proof . The proof is given by induction. Suppose that we have (14) moddegn.
The element’ satis es the commutator group-likeness, (10), (12) and (14 mod degn,

in other words, it is an element of algebraic groquRTl(”)(k) [Dro91]x5. De-

note its corresponding Lie element by . It is an elenlyant of the Lie algebra
grti” (k) (loc.cit), that means, it is expressed by = =~ M.t () 2 khix;Yii
where () is a homogeneous Lie element with deg!) = i and satises (7),

(8) and (9). The Lie algebra grt;(k) = lim grt(ln)(k) is graded by degree and
also determines an element (denoted by the same symbol) of grt;(k). Let
Exp : grty(K) ! GRT1(k) = lim GRTl(”)(k) be the exponential morphism. Put

"1 = Exp . It is commutator group-like and it satis es (10), (12), (14) and
' "1 mod degn (loc.cit). Let ' , be a seriesdened by’ ="', 'i. Then',
is commutator group-like and it satis es (10) by lemma 8. By ' "1 mod degn,

"5 1 mod degn. Denote the degreen-partof ' , by ("), Because , 1+ (™
mod degn + 1, (10) for ' , yields (7) for (™ and the group-likeness for' , yields
the Lie-likeness for (M. By theorem 3, (") satises (8) and (9), which means
(M 2 grt, (k). Since Exp (M 2 GRTy(k)and', Exp (™ mod degn+1, ',
belongs to GRTl(n+1) (k). Since' ; also determines an element oGRTl(n+1) k),
must belong to GRTl(””) (k). This means that' satis es (14) mod degn +1.

Theorem 10. Let' be a commutator group-like element. Suppose that satis es
the 5-cycle relation (10). Then there exists an element (unique up to signature)
2 k such that the pair (;' ) satis es the 3-cycle relation (13). Actually this is

equal to (24cy( ))%.

Proof. We may assumec,(' ) 6 0 by the previous lemma. Let be a solution of
x?2=24c(' )ink . Put M° (resp. M [Dr91]) to be the pro-a ne algebraic variety
whosek-valued points are commutator group-like series in khtX;Y ii satisfying
(10)andc () = £ (resp. (10), (12) and (13)) for (;" ). By calculating the coe -

cient of XY in (13) for ( ;' ), we get X2(" ) ?2 =0. Thus M is a pro-subvariety

of M9 To prove M® = M , it suces to show this for = 1 because we have a
replacement’ (A;B) by ' (2;£). In a similar way to [FO6]x6 the regular function
ring O(M?) (resp. O(M})) is encoded the weight Itration W = fW,O(M 9gn2z
(resp. fW,O(M1)gn2z): the algebra O(M?) (resp. O(M})) is generated by Xy 's
(W: word 3) and de ned by the commutgtor group-likeness, (10) andc(' ) = %
(resp. (10), (12) and (13)) for' =1+ |, xwW. Put degxw = degW. Each
W,O(M9) (resp. W,O(M1)) is the vector space generated by polynomials whose
total degree is less than or equal ton.

The inclusion M3 ! M ? gives a projection O(MJ) O(M 1) which is strictly
compatible with the Itrations. Itinduces a projection p:GrYOM?)  Gr'WO(M,)
between their associated graded quotients. The graded quint Gr'™W O(M,) is
isomorphic to O(GRT;) by [FO6] theorem 6.2.2. It is the algebra generated by
Xw 8 and de ned by the commutator group-likeness, (10), (12) aad (14) for ' =
1+, Xw W. On the other hand the graded quotientGr"Y O(M ) is generated by
Xw's. These generatogs especially satisfy the commutator grgp-likeness, (10) and
c(")=0for ' =1+ , Xw W among others. By the previous lemmas, must

3A word means a monic monomial element but 1 in khiX; Y i .
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also satisfy (12) and (14). Thereforep should be an isomorphism. This implies
M ](_) =M 1.

The combination of this theorem with the previous lemmas conpletes the proof
of theorem 1.

3. Proof of Theorem 2

In this section we deduce theorem 2 from the previous theorerand also show its
pro-I group analogue (corollary 12) and its pro-nilpotent group analogue (corollary
13).

Proof of theorem 2. Let f be an element of F,(k) satisfying (4). Let
be a solution of X2241 = c(f). Let 2 k and' 2 khiA;Bii be a pair such
that ' is commutator group-like and (;' ) satis es (10), (12) and (13). Put ' 9=
f(e X' L&Y ) ' 2khW;Bii. Inthe proof of [Dr91] proposition 5.1 it is shown
that giving (4) for f is equivalent to giving (1) for ' & Hence' © satis es (10)
by lemma 5. Put °= . The equation (13) for (;' ) givesc (') = %. So
('Y= o(')+ 2c(f) = %. Since' © satis es (10), our previous theorem gives
(13) for ( %' 9. Consider the group isomorphism fromF, (k) to the set of group-like
elements of UF, which sendsx to eX andyto e zX' (Y;X)eY ' (Y;X) lezX.
Consequently z goes to' (Z;X)e? ' (Z;X) ! by (12) and (13) for (;' ). The
direct calculation shows that LHS of (5) maps to LHS of (13). Therefore giving
(5) for (;f ) is equivalent to giving (13) for ( %' 9. This completes the proof of
theorem 2.

Remark 11. By the same argument as lemma 5, giving the pentagon equatio(¥)
for f is equivalent to giving that f (¢* ;e") is commutator group-like and f satis es
the 5-cycle relation in Ps(k):

f (X12; X23)f (X345 Xa5)f (X51; X12)F (X23; X34)f (X455 X51) = 1
Here Ps(k) means the unipotent completion of the pure sphere braid grap with 5
strings andx;; means its standard generator. Occasionally, in some of thétérature,

the formula is used directly instead of (4) in the de nition of the Grothendieck-
Teichmuller group.

As a corollary the following pro-l (I: a prime) group and pro-nilpotent group

version of theorem 2 are obtained by the natural embedding fom the pro- comple-
tion Fz('g?to F»(Q)) and itaassociated embedding from the pro-nilpotent compétion
Foil = Fi to | F2(Q)).

I:a prime

Corollary 12. Letf = f(x;y) be an element oﬂzz(') satisfying (4) in Kfl') (: the
pro-1 completion of K4). Then there exists such that the pair ( ;f ) satis es (5)
and (6). Actually this is equal to (24cy(f)+1) .

orollary 13. Let f = f(x;y) be an element ofFJ" satisfying (4) in K} =

| Kfl'). Then there exists such that the pair( ;f ) satis es (5) and (6). Actually
this is equal to (24c,(f)+1) .

It should be noted that though might lie on a quadratic extension the equation

(5) makes sense for such (f ). In the pro-unipotent context taking a quadratic
extension is necessary: the Drinfel'd associator xz 2 RhiX; Y ii satis es (2) and
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B)with = 2 P " 162R . In the pro-I context the author thinks that it might
also happen (24c,(f) +1) z 6%, .

We have a group theoretical de nition of c(f ) (cf. [LS] lemma 9): put Fz(') Q) :=
[Fz('); Fz(')] and Fz(')(Z) = [Fz(')(l); Fz(')(l)] where [; ] means the topological com-
mutator. The quotient group Fz“) (1)=F2(')(2) is cyclic generated by the commutator
(x;y). For f 2 F{P(1), co(f) 2 Z; is dened by (x;y)%2()  f in this quotient.
Posing the following question on a pro- nite group analogueof theorem 2 might be
particularly interesting:

Question 14. Let f = f(x;y) be an element of the pro- nite completion F, sat-

isfying (4) (hence (6)) in the pro- nite completion K's. Let c,(f ) be an element in

P de ned in a similar way to the above. Assume that there exists in P such that
2 =24c,(f)+ 1. Then does the pair (;f ) satisfy (5)?

Remark 15. Although the pentagon equation (4) implies the two hexagon gua-
tions (5) and (6) of GT, it does not mean that the pentagon axiom [Dr91](1.7)
implies two hexagon axioms, [Dr91](1.9a) and (1.9b), of braled tensor categories.
It is because that the pentagon equation (4) ofGT is a consequence of the three
axioms of braided tensor categoriesGT is interpreted as a group of deformations
of braided tensor categories by Drinfel'd in [Dr91k4. The equation (4) of GT is
read as a condition to keep the pentagon axiom. However it isdrmulated in terms
of the braid group K 4, where its generatorsx; 's are subject to the braid relations.
In his interpretation the relations are guaranteed by the dodecagon diagram (the
Yang-Baxter equation) (see [JS] proposition 2.1 and [K] therem XII1.1.3) which is
deduced from two hexagon axioms.
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