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Abstra ct. We prove that the zero locus of an admissiblenormal
function over an algebraic parameter spaceS is algebraic in the
casewhere S is a curve.

1. Intr oduction

Let S be a smooth, complexprojective variety. Following Morihiko
Saito [11], we de�ne an admissible normal function on S to be an
admissiblevariation of graded-polarizedmixed Hodgestructure [12][7]
V over a Zariski open subsetS� = S � D of S which is an extension
of the trivial variation Z(0) by a variation of pure (polarized) Hodge
structure H of weight w < 0.

Henceforth, we assumethat w = � 1. In this case,an admissible
normal function correspondsto the usualnotion of a horizontal normal
function on S � D with moderate growth near D together with the
existenceof a suitable relative weight �ltration along each irreducible
component of D. In this article (Theorem 4.5), we settle the following
conjecture communicated to us by M. Green and P. Gri�ths in the
casewhereS is a curve.

Conjecture 1.1. Let � be an admissiblenormal function on S. Then
the zero locus Z of � is an algebraic subvarietyof S.

A rough outline of our proof is asfollows: Let U bean opensubsetof
the curve S in the analytic topology which doesnot intersectD. Then
the zero locus Z of � on U is complexanalytic sincethe restriction of
� to U is a holomorphic section of associated bundle of intermediate
Jacobians.Thus, in order to prove that the zerolocusof � is algebraic,
it is su�cien t to show that:

(� ) For each point p 2 D there exists an analytic open neighbor-
hood Up � S of p on which Z has only �nitely many compo-
nents.
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We verify (� ) using the orbit theoremsof the secondauthor and results
of P. Deligne.

The canonical real grading Y(s) (described below) of the mixed
Hodge structure Vs at a point s 2 S � D will play an important role
in our proof. The central idea is that � is 0 at s if and only if Y(s) is
integral. It is thereforecrucial to understand the asymptotics of Y(s)
as s tends to a point s0 2 D. In Theorem (3.9), we usethe SL2-orbit
theorem of [10] to show that Y z := lims! s0 Y(s) exists for s0 2 D.
Now, it is clear that � can only vanish in a neighborhood of s0 if Y z is
integral. Knowing that the limit existsallows us to concentrate on the
casewhereY z is integral. This casecan then be handled by a rather
explicit computation of the zero locus in the neighborhood of s0.

Ac knowledgmen ts. Wegratefully acknowledgehelpful conversations
with P. Deligne,M. Green,P. Gri�ths, J. Lewisand S.Usui. Wewould
also like to thank the Institute for AdvancedStudy in Princeton, New
Jerseyfor hosting us (in nearby o�ces) while most of this work was
done. Finally, we thank the refereefor many useful comments.

2. The Zer o Locus at a Smooth Point

As a preliminary step in our analysisof the zerolocusof � at in�nit y,
we derive the local de�ning equationsof Z at an interior point of S. To
this end, we begin with a review of mixed Hodgestructures and their
gradingsfollowing [2].

Gradings. Let V be a �nite dimensionalvector spaceover a �eld K
of characteristic zero. A grading of an increasing�ltration W of V is a
semisimpleendomorphismY of V with integral eigenvaluessuch that

Wk =
M

j � k

E j (Y)

whereE j (Y ) is the j -eigenspaceof Y. Conversely, given a direct sum
decomposition

V =
M

j 2 Z

Vj

one has an associated increasing �ltration Wk =
L

j � k Vj which is
gradedby the semisimpleendomorphismwhich acts as multiplication
by k on Vk . If V and W are de�ned over a subring R � K , then a
grading Y is said to be de�ned over R if Y 2 End(VR ).

Given an increasing�ltration W of V, the subgroupGL(V)W con-
sisting of all elements g 2 GL(V) which preserve W acts transitively
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upon the set Y(W) of all gradingsof W by the rule

(2.1) g:Y = Ad(g)Y:

The set Y(W) is also an a�ne spaceupon which the nilpotent Lie
algebra

Lie� 1(W) = f � 2 gl(V) j � (Wk) � Wk� 1 g
acts simply transitively upon via the rule (� ; Y) 7! Y + � . In the com-
putations below, we freely mix thesetwo points of view, as illustrated
in equation (2.13).

By a theoremof Deligne[4, Lemme1.2.8],a mixed Hodgestructure
(F; W) inducesa unique functorial bigrading

(2.2) VC =
M

p;q

I p;q

of the underlying complexvector spaceVC such that
(1) F p =

L
a� p I a;b;

(2) Wk =
L

a+ b� k I a;b;
(3) �I p;q � I q;p mod

L
r <q ;s<p I r ;s.

As such, a mixed Hodge structure (F; W) inducesa grading of W via
the semisimpleendomorphism

(2.3) Y(F;W ) : VC ! VC

which actsasmultiplication by (p+ q) on I p;q. We will call this grading
Deligne's grading.

Remark 2.4. A mixed Hodge structure (F; W) on V inducesa mixed
Hodgestructure on gl(V) with associated bigrading

(2.5) gl(VC)r ;s = f � 2 gl(VC) j � (I p;q) � I r + p;s+ q g:

Clearly, each summandgl(VC)r ;s of gl(VC) is closedunder the action of
adY whereY = Y(F;W ) .

A mixed Hodgestructure (F; W) is split over R if

Y (F;W ) = Y(F;W ):

In this case,Y(F;W ) may be characterizedas the unique real grading of
W which preservesF , furthermore [2]:

(2.6) I p;q = F p \ F
q

\ Wp+ q:

By Proposition (2:20) of [2], given a mixed Hodge structure (F; W)
there exists a unique real element

(2.7) � 2 � � 1;� 1 =
M

r ;s< 0

gl(V)r ;s



4 PATRICK BROSNAN AND GREGORY J. PEARLSTEIN

such that (F̂ ; W) := (e� i� :F; W) is split over R. Moreover, � commutes
with every (r; r )-morphism of (F; W).

Normal functions. Returning now to the normal function setting,
let S be a smooth, projective complex variety of dimensionn. Then,
an admissiblenormal function � on S corresponds to an extension

(2.8) 0 ! H ! V ! Z(0) ! 0

in the categoryof admissiblevariations of mixed Hodge structure de-
�ned on a Zariski open subsetS � D of S where H is a variation of
pure Hodgestructure of weight � 1.

Let p 2 S � D and (s1; : : : ; sn ) be local holomorphic coordinateson
a polydisk � n � S � D which vanish at p. Then, since� n is simply
connected,we can parallel translate the data of V back the reference
�b er V = Vp. The Hodge �ltration F of V then corresponds to a
holomorphic, horizontal decreasing�ltration F (s) of VC. The weight
�ltration W of V corresponds to a constant �ltration W of VZ with
weight graded-quotients

GrW
0 (VZ) = Z(0); GrW

� 1(VZ) = HZ

and GrW
k = 0 for k 6= 0; � 1. Similarly, the graded-polarizations of W

correspond to constant polarizations of GrW .
On account of the short length of W, (F (s); W) is split over R and

henceDeligne'sgrading

(2.9) Y(s) = Y(F (s);W )

is the unique real grading of W which preserves F (s). If YZ is any
integral grading of W then the image of 1 2 Gr W

0 (VZ) = Z(0) under
the induced map

Y(s) � YZ : Z(0) ! HR=HZ

givesthe point in the Gri�ths intermediate Jacobiancorresponding to
the �b er of the extension(2.8) at s via the isomorphism

HR=HZ
�=

HC

F 0(s) + HZ

Accordingly, p belongsto Z if and only if Y(p) is an integral grading
of W.

Supposenow that p 2 Z . Then, sinceY(s) is real analytic in s and
the set of integral gradingsof W is a discretesubsetof the a�ne space
of R-gradings of W, there exists a neighborhood of p on which Z is
given by the equation

Y(s) = Y(p):
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The �ltration F (s) takes its values in a classifying space M of
graded-polarizedmixed Hodgestructure[9][13]. Let GC denotethe Lie
group consistingof all automorphismsof VC which preserve W and act
by complex isometrieson GrW . Then, for each point F 2 M there
exists a neighborhood UC of zero in the Lie algebra gC such that the
map

(2.10) u 7! eu:F

is a holomorphicsubmersionfrom UC onto a neighborhood of F in M .
Notation: If g 2 GC and F is a �ltration of V then g:F is the �ltration
of V de�ned by (g:F )p = g(F p).

As in (2.5), each point F 2 M induces a mixed Hodge structure
(F � gC; W� gC) on gC with associated bigrading

(2.11) gC =
M

r + s� 0

gr ;s

de�ned by gr ;s = gl(V)r ;s \ gC. Accordingly, the nilpotent subalgebra

qF =
M

r < 0;r + s� 0

gr ;s

is a vector spacecomplement to the isotopy algebra gF
C of F in gC.

Consequently, the map (2.10) restricts to a biholomorphism from a
neighborhood of zero in qF onto a neighborhood of F in M . Fur-
thermore, by remark (2.4), gr ;s is stable under the action of adY(F;W ).
Hence,qF is alsostable under this action.

Letting F = F (p), it then follows by the remarks of the previous
paragraphsthat near p we can write

F (s) = e�( s) :F

relative to a uniqueholomorphic function �( s) with valuesin qF which
vanishesat p. Let Y = Y(p) and

�( s) = � 0(s) + � � 1(s)

denote the decomposition of �( s) into qF -valued functions according
to the eigenvaluesof adY.

Lemma 2.12. Let n � gl(VC) be a nilpotent Lie algebra and I � n be
an ideal suchthat [I ; I ] = 0. Let 	( t) =

P
n� 0 tn=(n+ 1)! be the Taylor

seriesof (et � 1)=t. Let u 2 n and v 2 I . Then, eu+ ve� u = e	(ad u)v .

Proof. The Campbell{Baker{Hausdor� formula implies that

ex+ ye� x = e�( y;(ad x)y;(ad x)2y;::: )
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for someuniversal Lie power series�( t0; t1; : : : ) with constant term 0.
(Seex4 of [1, Chapter 2].) Therefore,

�( y; (adx)y; (adx)2y; : : : ) =
X

j > 0

� j (y; (adx)y; (adx)2y; : : : )

where� j (y; (adx)y; (adx)2y; : : : ) is homogeneousof degreej in y. Set
x = u and y = v. Then, �( y; (adx)y; (adx)2y; : : : ) convergesby
the nilpotenceof n. Furthermore, since I is an ideal and [I ; I ] = 0,
� j (y; (adx)y; (adx)2y; : : : ) = 0 for j > 1. As such,

eu+ ve� u = e�( v;(ad u)v;(ad u)2v;::: ) = e� 1 (v;(ad u)v;(ad u)2v;::: )

It then follows from Proposition (5.5) of [1, Chapter 2] that

� 1(v; (adu)v; (adu)2v; : : : ) = 	(ad u)v:

�

Setting n = qF , I = Lie � 1(W), u = � 0(s) and v = � � 1(s) it then
follows from the previousLemma that

(2.13)
e�( s) :Y = e� 0 (s)+� � 1 (s)e� � 0(s)e� 0 (s) :Y

= e	(ad � 0(s))� � 1 (s) :Y = Y + 	(ad � 0(s))� � 1(s)

is a holomorphic grading of the weight �ltration (over C) which pre-
serves F (s). Therefore, there exists a real analytic section � (s) of
gF (s)

C \ Lie� 1(W) such that

Y(s) = Y + 	(ad � 0(s))� � 1(s) + � (s)

and hencethe equation Y(s) = Y(p) is equivalent to

(2.14) 	(ad � 0(s))� � 1(s) + � (s) = 0:

Accordingly, near p

(2.15) 	(ad � 0(s))� � 1(s) 2 gF (s)
C \ Lie� 1(W)

on Z . Conversely, whenever equation (2.15) holds, Y = Y(p) is a
real grading of W which preservesF (s). Becausethesetwo properties
specify Y(s) uniquely, it then follows that whenever equation (2.15)
holds, Y(s) = Y(p). Thus, on a neighborhood of p, Z is given by
equation (2.15).

Applying e� ad �( s) to both sidesof (2.15), it then follows that the
equation for Z near p is

(2.16) e� ad �( s) 	(ad � 0(s))� � 1(s) 2 gF
C \ Lie� 1(W):
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To simplify this equation, note that the left hand side (2.16) is a qF -
valued function since�( s), � 0(s) and � � 1(s) take valuesin qF . Conse-
quently,

(2.17) e� ad �( s) 	(ad � 0(s))� � 1(s) = 0

is an equation for Z sincegF
C \ qF = 0.

Theorem 2.18. Near p, the zero locus of � is given by the equation
� � 1(s) = 0.

Proof. Applying ead �( s) to (2.17) implies that the zerolocusis given by
the equation

(2.19) 	(ad � 0(s))� � 1(s) = 0

By 2.12,

	( u)v = v +
X

j > 0

(ad u) j v
(j + 1)!

and hence

(2.20) 	(ad � 0)� � 1 = � � 1 +
X

j > 0

(ad � 0) j � � 1

(j + 1)!
:

Consequently, if

� 0 =
X

k> 0

� � k;k ; � � 1 =
X

`> 0

� � `;` � 1

denotethe decomposition of � 0 and � � 1 into Hodgecomponents with
respect to the bigrading (2.11) then

	(ad � 0)� � 1 � � � 1;0 mod
M

r � 2

g� r ;r � 1:

As such, equation (2.19) then implies that � � 1;0 = 0. Proceedingby
induction, assumethat � � `;` � 1 = 0 for ` < n. Then,

	(ad � 0)� � 1 � � � n;n � 1 mod
M

r � n+1

g� r ;r � 1

and henceequation (2.19) implies � � n;n � 1 = 0. Thus, � � 1 = 0 is the
local de�ning equation for Z . �
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3. Limiting Grading

In this section, we prove that when S is a curve, the grading (2.9)
has a well de�ned limit Y z as s approachesa puncture p 2 S. Simple
examplesshow that in higher dimensions,the limiting value of (2.9)
depends not only on the point in the boundary divisor but also the
direction of approach.

Let � � S be a disk containing the puncture p. By passingto a
�nite cover if necessary, we can assumethat the local monodromy of
the restriction of V to the punctured disk � � = � � f pg is unipotent.
Let s be a local coordinate on � which vanishesat p, let A be an
angular sector of � � and so be a point in A. Then, over A, we can
parallel translate the Hodge �ltration of V back to a single valued
�ltration F (s) on V = Vso . Analytic continuation of F (s) to all of � �

then givesthe period map

' : � � ! � nM

of V. By local liftabilit y, there exists a holomorphic, horizontal lifting
of ' to a map ~F from the upper half-planeU into M which makesthe
following diagram commute.

U
~F //

s= e2� iz

��

M

��
� �

' //� nM

Furthermore, upon picking a branch of log(s) on A and letting

z = x + iy =
1

2� i
log(s);

there is unique lifting ~F (z) such that, for s 2 A, ~F (z) = F (s). By
unipotent monodromy, we have ~F (z + 1) = eN : ~F (z) and hence

~' (z) = e� zN : ~F (z)

drops to a map ~' from � � to the \compact dual" �M �= GC=GFo
C of M

whereFo 2 M is an arbitrary basepoint (cf. [9]). The admissibility of
V then assertsthat:

(a) F1 = lims! 0 ~' (s) exists;
(b) The relative weight �ltration M of W and N exists.

From theseproperties, together with Schmid's orbit theorems,Deligne
then deduces[12] that the pair (F1 ; M ) is a mixed Hodge structure
relative to which N is a (� 1; � 1)-morphism.
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Remark 3.1. The de�nition of an admissiblevariation of mixed Hodge
structure over a curve wasformulated by Steenbrink and Zucker in [12].
In place of the existenceof the limiting value of the period map ~' ,
they require the extendability of the Hodge bundles with respect to
Deligne's canonicalextensionof V. The de�nition of admissibility in
several variablesvia a curve test was given by Kashiwara in [7].

In analogywith x2, the limit mixed Hodgestructure (F1 ; M ) induces
a mixed Hodgestructure on gC with Delignebigrading

(3.2) gC =
M

r ;s

gr ;s:

Likewise,the nilpotent subalgebra

q1 =
M

r < 0

gr ;s

is a vector spacecomplement to the isotopy algebragF1
C . Reasoningas

in x2 (cf. [9]), it then follows that near the puncture s = 0 we canwrite
~' (s) = e�( s) :F1 relative to a unique holomorphic function �( s) which
takesvaluesin q1 and vanishesat s = 0. Untwisting the de�nition of
~' , it then follows that

(3.3) F (s) = e
1

2� i log(s)N e�( s) :F1

over the angular sectorA.
To determinethe asymptotic behavior of the grading

Y(s) = Y(F (s);W )

on A we shall useequation (3.3) together with the SL 2-orbit theorem
of [10] and a result of Deligne which constructs a grading Y of the
weight �ltration W which is well adapted to both N and the limiting
mixed Hodgestructure (F1 ; M ).

More precisely, supposethat Gr W
k = 0 for k 6= 0, � 1 and YM is a

grading of M which preservesW and satis�es

[YM ; N ] = � 2N:

Then, Deligne[5][6, Appendix] shows that there exists a unique, func-
torial grading

(3.4) Y 0 = Y 0(N; YM )

of W such that Y 0 commutes with both N and YM . Furthermore,

(a) If YM is de�ned over R then so is Y 0;
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(b) If (F; M ) is a mixed Hodgefor which N is a (� 1; � 1)-morphism
and inducessubmixed Hodgestructureson W then the grading
Y 0 produced from N and the grading of M by the I p;q's of
(F; M ) preservesF .

Lemma 3.5. Let (F; M ) be the limiting mixed Hodgestructure of an
admissiblevariation V ! � � as above. Let YM = Y(F;M ) and Y 0 be the
grading of W de�ned by application of Deligne's construction to the
pair (N; YM ). Then, each summandgr ;s of (3.2) { and therefore q1 {
is closed under the action of adY 0.

Proof. Supposethat (F; M ) is split over R. Then, sinceY 0 is de�ned
over R by part (a) of Deligne's result and preserves F by part (b),
it follows by (2.6) that Y 0 preserves the I p;q's of (F; M ) and hence
adY 0 preserves the summandsof (3.2). The general case(cf. [10])
follows usingDeligne'ssplitting (2.7) and the functorialit y of Deligne's
construction. �

To show the existenceof lims! 0 Y(s) we now recall the following
SL2-orbit theorem of the secondauthor:

Theorem 3.6 ([10, Theorem4.2]). Let (F̂ ; M ) = (e� i� :F1 ; M ) denote
Deligne'ssplitting (2.7) of the limiting mixed Hodgestructure of V and

� � 1;� 1 =
M

r ;s< 0

gr ;s
(F̂ ;M )

:

De�ne GR = GC \ GL(VR) and let gR denote the Lie algebra of GR.
Then, there existsa distinguished, real analytic function

g : (a;1 ) ! GR

and element
� 2 gR \ ker(ad N ) \ � � 1;� 1

suchthat
(a) eiy N :F1 = g(y)eiy N :F̂ ;
(b) g(y) and g� 1(y) haveconvergent seriesexpansionsabout 1 of

the form

g(y) = e� (1 + g1y� 1 + g2y� 2 + � � � )

g� 1(y) = (1 + f 1y� 1 + f 2y� 2 + � � � )e� �

with gk , f k 2 ker(adN )k+1 ;
(c) � , � and the coe�cients gk are related by the formula

ei� = e�

 

1 +
X

k> 0

1
k!

(� i )k(ad N0)k gk

!

:
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Remark 3.7. A several variable version of the SL 2-orbit theorem has
beenrecently obtained by Kato, Nakayama and Usui in [8].

Combining the SL2-orbit theoremwith equation(3.3), we obtain the
following asymptotic formula for F (s) over the angular sectorA:

F (s) = ezN e�( s) :F1 = exN e� 1 (s)eiy N :F1

= exN e� 1 (s)g(y)eiy N :F̂ = exN g(y)e� 2(s)eiy N :F̂

where� 1(s) = Ad(eiy N )�( s) and � 2(s) = Ad(g� 1(y))� 1(s).
Let ŶM = Y(F̂ ;M ) and Ŷ be the grading of W producedby the appli-

cation of Deligne'sconstruction to the pair (N; ŶM ). Then [10],

H = ŶM � Ŷ

belongsto gR and satis�es [H; N ] = � 2N . Furthermore, sinceŶM and
Ŷ preserve F̂ , sodoesH . Therefore,

eiy N :F̂ = y� 1
2 H :Fo

where Fo = eiN :F̂ . By the SL2-orbit theorem [2], Fo belongsto M .
Consequently,

F (s) = exN g(y)e� 2(s)y� 1
2 H :Fo = exN g(y)y� 1

2 H e� 3(s) :Fo

where

� 3(s) = Ad(y
1
2 H )� 2(s) = Ad(y

1
2 H g(y)eiy N )�( s):

To continue, observe that since, y = � 1
2� logjsj and H has only

�nitely many eigenvalues (all of which are integral), the action of
Ad(y

1
2 H ) on gC is boundedby an integral power of y

1
2 . Similarly, since

g(y) is boundedass ! 0, so is the action of Ad(g(y)). Likewise,since
N is nilpotent, the action of Ad(eiy N ) on gC is boundedby a power of y.
Therefore,since�( s) is a holomorphic function of s which vanishesat
s = 0, � 3(s) is a real analytic function on A which satis�es the growth
condition

� 3(s) = O((log jsj)bs)

for somehalf integral power b. In particular, near s = 0,

Y(e� 3 ( s) :Fo ;W ) = Y(Fo ;W ) + 
 4(s)

for somereal analytic function 
 4(s) which is again of order (log jsj)bs.
By [5][6, Appendix],

Y(Fo ;W ) = Ŷ :
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Therefore,

Y(s) = exN g(y)y� 1
2 H :Y(e� 3 ( s) :Fo ;W ) = exN g(y)y� 1

2 H :(Y(Fo ;W ) + 
 4(s))

= exN g(y):(Ŷ + 
 5(s))

where
 5(s) = Ad(y� 1
2 H )
 4(s) is again of order logjsjb

0
s for somehalf-

integral power b0.
De�ne

~g(s) = exN g(y)e� xN

= e�

 

1 +
X

k> 0

(Ad( exN gk))y� k

!

:

Then, sincex = 1
2� Arg(s) is boundedon the angular sectorA,

lim
s! 0

~g(s) = e� :

Consequently, becauseN commutes with Ŷ ,

(3.8) Y(s) = ~g(s):(Ŷ + Ad(exN )
 5(s)) :

Therefore, since 
 5(s) is order (log(s))b0
s, we can take the limit of

equation (3.8) to obtain:

Theorem 3.9.

(3.10) Y z := lim
s! 0

Y(s) = e� :Ŷ :

Remark 3.11. Sincethe right hand side of (3.10) dependsonly on the
triple (F1 ; W; N ), Y z is independent of choice of angular sector A.
Likewise,a changeof local coordinate s changesF1 to e�N :F1 . There-
fore, due to the functorial nature of Deligne'sconstruction of the grad-
ing Y 0 and the fact that [Y 0; N ] = 0, the right hand side of (3.10) is
independent of the choice of coordinate s. Likewise, since the right
hand sideof (3.10) commutes with N , it is well de�ned independent of
the choiceof reference�b er.

4. Zer o Locus at Infinity

To verify Conjecture (1.1) in the casewhere S is a curve, we now
note that the �niteness condition (� ) in x1 is preserved under passage
to �nite covers. Therefore,we may assumeasin x3 that the associated
variation of mixed Hodgestructure V hasunipotent monodromy about
each point p 2 D. The requirement that the zero locus of � has only
�nitely many components on a neighborhood of p 2 D is then equiva-
lent to the existenceof a disk � � S such that � \ D = f pg on which
the zero locusof � is either:
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(a) The empty set;
(b) All of �, in which caseV is the trivial extensionof Z(0) by H.

Applying Deligne's construction (3.4) to the limiting mixed Hodge
structure (F1 ; M ), we get a grading Y1 of W which preserves F1 .
Therefore,

Y1 (s) = e
1

2� i log(s)N e�( s) :Y1

is a (complex) grading of W which preserves the Hodge �ltration of
F (s) near s = 0 over the angular sector A. By Lemma (3.5), q1 is
closedunder the action of adY1 . Therefore, �( s) decomposesinto a
sum

�( s) = � 0(s) + � � 1(s)

of q1 -valued functions accordingto the eigenvaluesof adY1 . Conse-
quently,

Y1 (s) = e
1

2� i log(s)N e	(ad � 0 (s))� � 1 (s) :Y1(4.1)

= e
1

2� i log(s)N :(Y1 + 	(ad � 0(s))� � 1(s))

= Y1 + e
1

2� i log(s) ad N 	(ad � 0(s))� � 1(s):

As in x2, we then have

(4.2) Y(s) = Y1 (s) + � (s)

for somesection� (s) of gF (s)
C \ Lie� 1(W). In principle, � (s) may have

singularities at s = 0. To seethat this is not the case,observe that
since�( s) is holomorphic and vanishesat s = 0 and N is nilpotent,

(4.3) lim
s! 0

e
1

2� i log(s) ad N 	(ad � 0(s))� � 1(s) = 0:

Therefore,sincethe limit

Y z = lim
s! 0

Y(s)

exists by Theorem (3.9), equations (4.1), (4.2) and (4.3) imply that
� (s) alsohasa continuousextensionto 0 in the angular sectorA.

By continuity, if Y z is not an integral grading of W then there is a
neighborhood of zeroin angular sectorA on which Y(s) is not integral,
and hence� has no zeroson this neighborhood. Thus, it remains to
considerthe casewhereY z is integral. By the functorialit y of Deligne's
construction (cf. [10]),

Ŷ = e� i� :Y1

and henceby (3.10)

Y z = e� :Ŷ = e� e� i� :Y1 :
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By the Campbell{Baker{Hausdor� formula,

e� e� i� = e�

for some(unique)
� 2 ker(ad N ) \ � � 1;� 1

(F̂ ;M )

sinceboth � and � belongto the Lie subalgebraker(adN ) \ � � 1;� 1
(F̂ ;M )

.
To continue, note that

gr ;s
(F1 ;M ) = ei ad � (gr ;s

(F̂ ;M )
)

and hence
� � 1;� 1

(F1 ;M ) = ei ad � � � 1;� 1
(F̂ ;M )

= � � 1;� 1
(F̂ ;M )

since� � 1;� 1
(F̂ ;M )

is closedunder ad� . As such

� 2 ker(ad N ) \ � � 1;� 1
(F̂ ;M )

= ker(ad N ) \ � � 1;� 1
(F1 ;M ) :

Consequently, upon decomposing � = � 0 + � � 1 relative to adY1 , we
have

Y z = e� :Y1 = Y1 + 	(ad � 0)� � 1:
Furthermore, sinceY1 commutes with N and preserveseach gr ;s

(F1 ;M ) ,

� 0; � � 1 2 ker(ad N ) \ � � 1;� 1
(F1 ;M ) � q1 :

Returning now to equations(4.1) and (4.2), it then follows that

Y(s) = Y z � 	(ad � 0)� � 1 + e
1

2� i log(s) ad N 	(ad � 0(s))� � 1(s) + � (s)

where� (s) is a real analytic sectionof gF (s)
C \ Lie� 1(W). In particular,

since
lim
s! 0

Y(s) = Y z

is integral, it then follows from the continuity of Y(s) that near s = 0
the zerosof � occur where

� 	(ad � 0)� � 1 + e
1

2� i log(s) ad N 	(ad � 0(s))� � 1(s) + � (s) = 0:

Equivalently,

Ad(e
1

2� i log(s)N e�( s) )� 1
�

	(ad � 0)� � 1 � e
1

2� i log(s) ad N 	(ad � 0(s))� � 1(s)
�(4.4)

= Ad(e
1

2� i log(s)N e�( s) )� 1� (s):

BecauseN , �( s), � 0(s), � � 1(s), � 0 and � � 1 take valuesin the subal-
gebraq1 , so doesthe left hand sideof equation (4.4). Likewise,since
� (s) takes values in gF (s)

C \ Lie � 1(W) and F (s) = e
1

2� i log(s)N e�( s)F1 ,
the right hand side of equation (4.4) takes values in gF1

C . Therefore,
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sinceq1 \ gF1
C = 0, it then follows that the zerosof � occur exactly

where
e

1
2� i log(s) ad N 	(ad � 0(s))� � 1(s) = 	(ad � 0)� � 1:

Since 	(ad � 0)� � 1 2 ker(ad N ), this last equation can be further re-
ducedto just

	(ad � 0(s))� � 1(s) = 	(ad � 0)� � 1:
Since �( s) is a holomorphic function which vanishesat zero, so is
	(ad � 0(s))� � 1(s). Hence� = 0 hassolutionsnear s = 0 only if

	(ad � 0)� � 1 = 0

(i.e. Y z = Y1 ). In this case,the local equation for Z is just

	(ad � 0(s))� � 1(s) = 0:

Again, because�( s) is holomorphic at s = 0, the solutions to the
previousequation are either isolated or all of A.

Thus, we have obtained the following.

Theorem 4.5. Let � be an admissiblenormal function on a complex,
projective curve S smooth outsideof a �nite set D � S. Then the zero
locus Z of � is an algebraic subsetof S � D.

Remark 4.6. The theoremwaspreviouslyknown in the following special
case:Assumethat for all s 2 D

(1) the monodromy T of H about s satis�es (T � id)2 = 0;
(2) the vanishing cycle group of H at s is a direct sum of Q(0) as

a rational Hodgestructure.
In this casethe theorem follows from [11, Corollary 2.9]. In the case
wherethe normal function arisesfrom a family of null-homologouscy-
cles(the geometriccase),the theorem also follows from the results of
H. Clemens'paper [3]. In Clemens'paper, (1) is listed as restriction
(1.9) and (2) as restriction (1.11).
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