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In tro duction

Let E beanelliptic curve over Q of conductorN, andlet f bethe normalised
cuspform of weight 2on o(N) attachedto E. Supposethat thereis an odd
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prime pjN of multiplicativ e reduction for E, and let K be a real quadratic
eld satisfying the following modi ed Heegnerhypothesis:

1. the prime pisinert in K;
2. all the primesdividing M := N=pare split in K.

Fix an embedding of K and its p-adic completionK into C, := Bp, and let
Hp= C, Qp denotethe p-adic upper half plane. Note that sincep is inert
in K, the setH,\ K is non-empt.

The rst section of this paper briey recalls the main construction of
[Dar01], which asswiatesto the cuspform f andto any 2 H,\ K a so-
called Stark-Hesgner point P 2 E(K,). Conjecture 5.9 of [Dar01] predicts
that someinteger multiple of this point is de ned over a ring class eld
of K depending on , and gives an explicit description, analogousto the
Shimura reciprocity law, for the action of Gal(K 2°=K) on the collection of
Stark-Heegnerpoints attachedto K .

The main result of the presen article (Theorem 1) givessomeevidencefor
Conjecture5.9of [Dar01] by shaving that certainintegral linear conmbinations
of Stark-Heegnerpoints are global points on E de ned over the expected
abelian extensionof K. The non-vanishing of thesepoints is alsorelated to
the rst derivative at s = 1 of the Hasse-Wil L-seriesof E=K in the spirit
of the Gross-Zagierformula, lending support for Conjecture 5.15 of [Dar01].

Before stating Theorem 1 precisely somefurther notations are required.
Let M,(Z[1=p]) denotethe ring of 2 2 matriceswith ertries in Z[1=p]|, and let
R  My(Z[1=p)) denotethe subring of matrices which are upper-triangular
modulo M. The order asseiatedto 2 H,\ K is de ned to be

ab

O = c d 2Rsuhthata +b=c?+d K:

wherethe inclusion on the right sendsthe matrix i 3 to the elemen

c + d. Via this inclusion, O isidentied with a Z[1=p]-order of K. Let D
be the discriminant of a (not necessarilymaximal) order of K, and let Op
denotethe Z[1=p]-order of K of that discriminart. Set

Hp =f 2Hp\ K suhthat O = Opg:
The group
= 2R sudithat det( )=1 (1)
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actson H, by Mebius transformations, and preser\eng’ forany D.

Let Gp := Pic" (Op) denotethe Picard group of oriented Op-modules,
or equivalertly, the group of SL,(Z)-equivalenceclassef primitiv e integral
binary quadratic forms of discriminant D equipped with the group law given
by Gaussiancomposition. Class eld theory de nes an isomorphism

rec: Gp ! Gal(Hp=K);

whereHp is the so-callednarrow ring class eld attachedto Op. The fact
that p is inert in K implies that the prime ideal pOk splits completely in
Hp =K. Choosea prime of Hp above p. This choicedeterminesan extension
to Hp of the chosenenbeddingK ! C,.

The quotient an’ is equipped with a natural action of Gp whosede -
nition is recalledin Section1.4, and which is written (g; ) 7! 9, forg2 Gp
and 2 nHpD.

Conjecture 5.9 of [Dar0]] predicts that some xed multiple of P is a
global point in E(Hp), soP belongsto E(Hp) Q, and that

Po=rec@) (P) forallg2 Gp: (2)

(Note that this compatibility doesnot depend on the choice of enbedding of
Hp into C, that was made.)

Supposenow that D is the discriminant of K. A genuscharacter of K
is a quadratic unrami ed character of Gal(K =K). Sud a gerus character
cuts out a biquadratic (or quadratic, in the special casewhere is the trivial
character) extensionof Q, denotedH :

p_—p_—
H =Q( Di; Dj); whereD = D;Dy:

Let 1, pzﬁnd Kplﬁthe Dirichlet characters assaiated to the quadratic
elds Q(' D,), Q( D,), and K respectively. Notethat ; , = k. The
gerus charactersare in bijection with the factorisationsof D into a product
of two relatively prime fundamerial discriminarts, or, equivalertly, with the
unorderedpairs of primitiv e quadratic Dirichlet characters( 1; ) of coprime
conductorssatisfying 1 » = . (The trivial character correspndsto the
factorisationD = 1 D.) Let E(H ) denotethe submadule of the Mordell-
Weil group E(H ) on which Gal(Hp=K) acts via the character
De ne the point

X
P = (9P ¢ 2 E(Kp):
92Gp



Equation (2) implies that an integer multiple of P belongsto E(H ) , and
Conjecture 5.15 of [Dar0]] predicts that this point is of in nite order if and
only if LYE=K; ; 1)6 O.

Let g2 pZ, be the Tate period attached to E, and write

Tate - Kp :qZ ! E(Kp)

for the Tate uniformisation (which is de ned sincepisinert in K andE there-
fore acquiressplit multiplicativ e reduction over Kp). Let log, : K, ! K,
denotethe branch of the p-adic logarithm satisfying log,(d) = O, and de ne
a homomorphism

loge : E(Kp) ! Kp

by the rule
loge (P) = log,( T;Lte(P)):

For each mjN with gcd(m; N=m) = 1, let w,, denotethe sign of the Fricke
involution at m acting on f. Note that the modi ed Heegnerhypothesis
impliesthat «( M) = 1, and therefore ( M) = ,( M). The main
result of this article is

Theorem 1. Let be the genuscharacter attachel to the pair of Dirichlet
characters ; and ,. Supmsethat E hasat leasttwo primes of multiplicative
reduction, andthat ( M) = wy.

1. Thereis aglolal point P 2 E(H ) andt2 Q suchthat
loge (P ) = tloge (P ): 3

2. The point P is of in nite order if and only if LYE=K; ; 1) 6 0.

Remark 2. Theorem1 showvsthat P coincideswith the image of a global
point in E(Kp) Q. This implies that a suitable integer multiple of P
belongsto the natural imageof E(H ) in E(K)).

By way of providing a cortext for the proof of Theorem 1, we note the
analogy betweenthe approad that it follows and Kroneder's \solution to
Pell's equation™ in terms of special valuesof the Dedekind eta-function. (See
Chapter IX of [We] for a historical accourt, and Chapter 11.1 of [Sid for a
more detailed treatment.) In the classicalsetting consideredby Kroneder,
the fundamertal discriminant D is taken to be negative and correspnds
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to an imaginary quadratic sub eld K of C. The p-adic upper half plane is
replacedby its archimedean courterpart H, and HP is given the obvious
meaning (with M = 1). This setis presened under the action of SL,(Z)
by Mebius transformations, and the quotient SL,(Z)nHP is equipped with a
natural action of the classgroup Gp of K. A quadratic character of Gp |
assumedto be non-trivial, although the trivial character requiresno special
considerationin the setting of Stark-Heegnerpoints|corresp ondsto a pair
of Dirichlet characters ; and , which areewenand odd respectively, cutting
out quadratic extensionsK ; and K, of Q. Let ; > 1 bethe fundamertal unit
of the real quadratic eld K, denoteby h; (for j = 1;2) the classnumber of
K;, and write w, for the number of roots of unity in K,. After setting

o 14P — :
():=iDj ¥ 2y ()i%
Kroneder shavs (cf. Theorem6 of Chapter I1.1 of [Sig]) that forany 2 HP,

X
()og ( )= 20

log( 1): (4)

2Gp

This expressesa solution to the Pell equation x2 Diy? = 1 in terms of
the function  ewaluated at suitable quadratic imaginary argumeris. Kro-
neder's proof is obtained by combining the following three ingredierts:

1. The Kroneker limit formula, which gxpresseskhe left hand side of (4)
in terms of the L-series (K; ; s)= , (a)N(a) °, wherethe sumis
taken over all the idealsa of K :

(Yog ()= o (K o’ @

2Gp

2. A factorisation of (K; ; s) asa product of the Dirichlet L-seriesat-
tachedto ; and »:

(K; 5 8)=L( 1;9L( 29): (6)

3. Dirichlet's classnumber formula which assertsthat

LY 1:0)= hylog( 1); L( »;0)= Zth: (7)
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Kronedker's idertity (4) is a direct consequencef (5), (6) and (7). It can
alsobe understood in the framework of the theory of complexmultiplication,
which relates the individual quartities ( ) to elliptic units de ned over
Hp. Kroneder's approad is noteworthy in that it makesno useof the theory
of complex multiplication. This represets an advantage in the setting of
Stark-Heegnerpoints attached to real quadratic elds, whereno analogueof
the theory of complexmultiplication is known, and wherethe algebraicity of
the individual quartities P remainsconjectural.

The proof of Theorem 1 is explainedin Section4. At this stagewe limit
ourselesto somegeneralremarks on the courterparts to steps1l, 2, and 3
above in our approad.

1. The role of Kronedker's limit formula is played by Theorem4.1, which
relates the Stark-Heegnerpoint P to the leading term of a Hida p-
adic L-function Ly(f1 =K; ; k) attachedto the datum of a Hida family
ff, ginterpolating f in weight two. The relation that emergedetween
periods of Hida families and Stark-Heegnerpoints represets a new
insight that was suggestedyy combining the calculationsin [Das] and
[DD] with the main result of [BD98]. It is hoped that Theorem 4.1
may be of someindependernt interest beyond its role in the proof of
Theorem 1.

2. The Hida L-function L,(f; =K; ; k) interpolates the certral critical
valuesL (fx=K; ; k=2) of the weight k specialisationsof f; . This in-
terpolation property is a direct consequencef a formula of Popa [Po]
expressingthese valuesin terms of certain \geodesic cycle integrals”
attachedto f and K, ala Shintani. This interpolation property is the
key to expressingL ,(f =K; ; k) as a product of two Mazur-Kitagawa
p-adic L-functions Ly(f1 ; ;k;s) attachedto ff; g and the Dirichlet
characters 1 and », restricted to the certral critical line s = k=2.

3. Oneis nally reducedto expressingthe leadingterm in a neighbour-
hood of k = 2 of Ly(f1 ; ;;k;k=2) in terms of rational quartities and
logarithms of global points. This last ingrediert is supplied by Theo-
rem 5.4 of [BDO5|], whosepreciseformulation is recalledin Section4,
and whoseproof relies on a p-adic analytic construction of (classical)
Heegnerpoints coming from Shimura curve parametrisations, via the
Cerednik-Drinfeld theory of p-adic uniformisation of these curves. It
is this reliance on parametrisations by Shimura curves over Q which
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forcesthe assumptionin Theorem1 that E hasat leasttwo primes of
multiplicativ e reduction.

1 A review of Stark-Heegner points

This sectionreviewsthe de nition of Stark-Heegnerpoints that is givenin
[Dar01], preseting it in a way that is adapted to the subsequeh proof of
Theorem 1.

1.1 Mo dular symbols

Let g 2 Sk( o(N)) be a normalised cusp form of even weight k 2 on
o(N), and let K4 denotethe nite extensionof Q generatedby its Fourier
coecients a,(g) (N 1). Weview K4 asa sub eld both of C and C, by
xing complexand p-adic embeddingsof K 4.
Let F bea eld, andlet P, (F) denotethe spaceof homogenougolyno-
mials in two variablesof degreek 2 with coe cients in F. It is equipped
with aright action of GL ,(Q) given by the rule

(Pj )(x;y) := P(ax+ by,cx+ dy); for = (8)

ab
cd
Let Vk(F) denotethe F-linear dual of Py (F).
A modular symiml with valuesin an abelian group G is a function

| :P1(Q) Pi(Q) ! G; denoted(r;s) 7! Ifr ! sg;
satisfying
Ifr! sg+ I1fs! tg=1fr! tg; forallr;s;t2 Py(Q):

The group GL ,(Q) acts on the spaceof Vi (C)-valued modular symbols
by the rule
(1j)fr! sg(P):=1f r! sg(Pj 1):

The periods of the form g are encaled in sud a modular synbol, denoted
'y and de ned by
Z

gfr! sg(P):=2i sg(z)P(z; 1)dz:
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This symbol is invariant under o(N).

The matrix ¢ = é 01 normalises o(N) and henceinducesan invo-

lution on the spaceM S(V,(C)) °N) of ((N)-invariant V,(C)-valued modu-
lar symbols. Let Iy and I'; denotethe plus and minus eigencomjnerts of

Iy for this involution.

Prop osition 1.1. There exist complexperiods § and , with the property
that the modular symiwls
lg = ( g) 'Tg: lg = (¢) Ty
belongto M S(Vk(Ky))). Theseperiods can be chosento satisfy
¢ ¢ = hgigi; €)

wheee hg; gi is the Peterssonsalar product of g with itself.

Proof. The proof is explained, for example,in Section1.1 of [KZ]. (Seein
particular the rst corollary and the third theoremin that section). O

Remark 1.2. Note that the periods , are only well-de ned up to mul-
tiplication by a non-zeroscalarin K. This ambiguity seemsunavoidable,
becauseno obvious choice of ; imposesitself naturally, even though the

product §  is uniquely de ned by (9).

Choosea \sign at in nit y* w; 2 f+1; 1g, and set
= g fwo=sL I ifwy = 4L
9 g If Wy = 11 9 Ig |f W, = 1:
Note that the modular synmbol | ; canbe viewed asan elemen of M S(V,(C,))
thanks to the chosenenbedding of K4 into C,,.

1.2 Double integrals

In the casewheref is a modular form of weight 2 on o(N) with rational
Fourier coe cien ts, the modular synmbol I; = 1{(1) is Q-valued, and can
even berescaledsothat it takesvaluesin Z. Assumethat this hasbeendone
from now on.



A measureon P1(Q,) is an elemen of the cortinuous Qp-linear dual of
the spaceof cortinuous Q,-valued functions on P,1(Q;), equipped with the
topology of uniform corvergence.Given a measure , and a compactopen
subsetU of P1(Qp), set (U) := ( u), where  denotesthe characteristic
function of U. The function U 7! (U) is a bounded, nitely additive Qp-
valued function on the set of compact open subsetsof P1(Q,). Conversely
any sud function givesriseto a Qp-valued measureon P1(Q,). The measure

is said to be integral, or Z-valua, if (U) belongsto Z for all compact
openU  P1(Qp).

Recallthe group of equation (1) in the introduction. Fix a subsetP of
P:(Q) onwhich acts transitively by Mebius transformations.

The following elemenary proposition is key to the de nition of Stark-
Heegnerpoints attached to real quadratic elds.

Prop osition 1.3. There exists a unique systemof Z-valuel measures on
P1(Qp), indexal by r;s2 P and denotel (fr ! sg, satisfying the following
properties.

1. Forallr;s2 P,
tfr 1 sg(Pi(Qp)) = 0; tfr1 sg(Zp) = l¢fr! sg:
2. Forall 2 ,andall compactopenU  P1(Qy),

¢frt sg( Uy= fr! sg(U):

Proof. The proof of this proposition is idertical to that of Proposition 2.6
of [DD], which consideredthe casewherethe newformf is replacedby the
logarithmic derivative of a modular unit, a weight two Eisensteinseries.The
main property of this Eisenstein seriesthat is usedis the fact that it is
xed by the Hede operator Ug. Sincethis is also true of f, the proof of
Proposition 2.6 can be adapted to the setting at hand with essetially no
modi cations. O

Remark 1.4. We have chosento considermodular symbolsde ned onP P,
largely for corvenience: for example, this will guarartee the uniquenessof
the \inde nite integral" of Proposition 1.5.



The measures ¢ canbe usedto de ne a\double multiplicativ e integral”
attachedto ; 2 H, andr;s 2 P asin equation(71) of [Dar01], by setting
z z
QZ S t 5
Iy = dfr! sg(t): (20)
Lo PuQ) U1

The \m ultiplicativ e integral" notation appearing on the right indicates that
a limit of Riemann products is being taken, rather than a limit of Riemann
sums,i.e., that the integration is relative to the multiplicativ e structure on
C,. Sud a de nition is made possibleby the fact that for ead r;s 2 P,
the measure ¢fr ! sgis Z-valued, and that the integrand is a cortinu-
ous K, -valued function on P;(Qp) relative to the natural topology on K , .
(For a more detailed discussionof this multiplicativ e integral, and its basic
properties, seethe discussionfollowing Lemma 1.10in [Dar01].)

Recallthe Tate period q2 pZ, attachedto E=Q,, and the branch log, of
the p-adic logarithm sendingq to 0. De ne

Z 7 Z 7
'+ == log, Ly (11)

1T 1T

Note that the de nition of this \additiv e integral” di ers somewhatfrom the
de nition that is given in [Dar01], where the Iwasava branch of the p-adic
logarithm satisfying log(p) = 0 is used. (Cf. equation (73) of [Dar01].)

1.3 Inde nite integrals

The following result justi es the choice of branch of p-adic logarithm that
was madein (11).

Prop osition 1.5. Thereis a uniquefunction fromH, P P to C,, denotel
ZZ,
(i) 7! e

satisfying

1. Forall 2 |, 7 7
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2. Forall {; 2 H,

3. Forallr;s;t2 P,

Proof. The proof of this proposition is explainedin Section 3.1 of [Dar01],
whereit is reducedto the exceptional zero conjecture of Mazur, Tate and
Teitelbaum proved by Greerberg and Stewens. (In the notations of Section
3.1 of [Dar0]], and in particular of equation (162), we have

ZZ,

Le = logy( ¢; fr! sg):)
r
A more direct proof, albeit one whosemain idea can still be traced to the
calculations of Greerberg and Stewens, can be obtained by specialisingthe
approad descriked in [BDI] to weight 2 modular forms. O

The function which is characterisedindirectly in Proposition 1.5is called
the inde nite integral attachedto f . The articles [DG] and [DP] explain how
Proposition 1.5 can be usedto producee cien t algorithms for the numerical
ewvaluation of the inde nite integral. Section2.3 givesa direct formula for it
in terms of the periods of the Hida family interpolating f, which is better
adaptedto the generalcalculationsof this paper.

Remark 1.6. It isthe existene of the inde nite integral that reliescrucially
on the branch of p-adic logarithm chosenin (11). Its uniquenesghen follows

by noting that the di erence
ZZ ZZ

S S

fr1 sg:= @ 1 @

r r
of any two functions satisfying properties 1, 2 and 3 of Proposition 1.5 is
independert of the choice of , and hencede nes a -in variant Cy-valued
modular symbol on P P. Since acts transitively on P, sud a synbol is
determined by the homomorphism' : ! C, de ned by choosing a base
point r 2 P andsetting' () = fr! rg. But this homomorphismis
necessarilytrivial, since has nite abelianisationand C,, is torsion-free.
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Remark 1.7. Proposition 1.5 can bere ned (cf. Theorem5.2 of [BDG], or
Theorem 3.3 of [Das?) to yield the existenceof a lattice Q  C, which is
commensurablewith ¢, and an \inde nite multiplicativ e integral”
VAVAR
r I+ 2 C,=Q
satisfying the obvious multiplicativ e analoguesof the properties listed in
Proposition 1.5. (Cf. equations (163)-(165) of [Dar01].) Roughly speak-
ing, the lattice Q appears as the obstruction to splitting a two-cacycle in
H2( ; C,) constructedin terms of the double multiplicativ e integral. Note
that log,(Q) = 0, and that we canwrite
Z 7, Z7Z,
Iy = |qu I¢

r r

1.4 Stark-Heegner points

Given 2 Hy\ K, let 2 g denote the unique generatorfor the
stabiliserof in satisfying
c +d> 1 (12)

(Where in this inequality, we have made use of the xed real embedding of
K.) Asscciateto a multiplicativ e and additive period by choosingany base
point r 2 P and setting
zZ7Z . zZ7Z .
J = e 2K, =Q; J =log,(J )= Iy (13)

r r
Since ta4¢(Q) is cortained in E(Kp)wrs, the imageofJ under 14 is well-
dened in E(K,) Q, and is called the Stark-Hesgner point attached to
andf:

P = qtae(J ); henceloge (P ) = J : (14)

Let D be the discriminant of K. The modi ed Heegnerhypothesisimposed
on K in the rst paragraph of the introduction implies the existenceof an
elemen 2 Z=MZ satisfying

2 D (modM):
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Fix such a onceand for all. Let FP denote the set of primitiv e binary
quadratic forms Ax2 + Bxy + Cy? of discriminant D satisfying

MjA; B (mod M):

The set FP is presened under the natural action of (M) de ned by (8).
Recall the classgroup Gp of SL,(Z)-equivalenceclasseof primitiv e binary
guadratic forms of discriminant D. The natural map

o(M)NFP 1 Gp

obtained by sendingthe classof the quadratic form Q to its correspnd-
ing SL,(Z)-equivalence classis readily seento be a bijection, and hence

o(M)nFP is endoved with the stucture of a principal homogenousspace
under Gp. If Q(x;y) belongsto o(M)nFP, and to Gp, write Q for the
imageof Q by . Let Hp denotethe narrow Hilbert class eld of K, whose
Galoisgroupiis identied with Gp, and let

rec: Gp ! Gal(Hp=K)

denotethe isomorphismarising from the reciprocity law of global class eld

theory.
GivenQ = Ax?2+ Bxy + Cy?2 o(M)nFP, let
p_
B+ D
= 1
Q oA (15)

be a xed root of the quadratic polynomial Q(x; 1). Note that o belongs
(via the xed p-adic embedding of K) to HD, and that its imagein nHp
is well-de ned. Given 2 Gp, write 2 Hg’ for the root of any quadratic
form in the o(M)-equivalenceclassof Q . This de nition givesa precise
meaningto the conjectural equation (2) of the Introduction.

Since the de nition of Stark-Heegnerpoints is purely p-adic analytic,
little can be said about the action of Gal(Hp=K) on these points indepen-
dertly of assertion(2) in the introduction. Howewer, somethingunconditional
can be assertedabout the action of the Frobenius elemen at p, denoted

p 2 Gal(Hp=Q). Sincethe prime p is inert in K, the elemen , which is
only de ned up to conjugation, correspndsto a re ection in the generalised
dihedral group Gal(Hp=Q). This re ection correspndsto the involution in
Gal(K,=Q,) after xing anenbeddingHp ! Ky, i.e., a prime of Hp above
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p. Proposition 5.10 of [Dar01] assertsthe existenceof an elemenn  in Gp
satisfying
p(J)= wud ; o(P)=wyP (16)

Note the signdi erence in the two equations,which arisesfrom the fact that
p doesnot comnute with 14 in general,but rather satis es

p Tate p— 9 Tate = Wp Tate:

The elemen  is denotedby in Proposition 5.10of [Dar01], but we have
denotedit hereby  to emphasizdts dependenceon . Indeed,replacing
by ,forsome 2 Gp, onecanseethat

= 2: (17)

This idertit y is a consequencef the fact that |, doesnot commnute with the
elemens of Gp, but rather satis es

o = 'y, foral 2Gp:
Equation (17) shows that the imageof in Gp=Gj is independen of 2
nHE. Denotethis elemen by , in keepingwith the notations of Proposition
5.100of [Dar01].

It will be necessaryto have a precisedescription of . To do this, we
give a formula for (), as runs over the characters of Gp=G3. These
characters are precisely the gerus characters attached to the discriminant
D, and correspnd to pairs ( 1; ») of primitiv e quadratic Dirichlet charac-
ters of coprime conductor satisfying 1 , = k. (Cf. the discussionin the
Introduction preceedingthe statemert of Theorem 1.) The unordered pair
( 1; ») is characterisedby the properties

(frob )= (frob) = 1) = 2(); (18)
(froby) = 2( 1= 2( 1)
for any rational prime ~ which splits completelyasa product * = of prime

idealsof K of norm . (Here, frob; denotesthe conjugacyclassof complex
conjugationin Gp.)

Prop osition 1.8. For any genuscharacter attachal to the discriminant
D, correspnding to the pair ( 1; ,) of quadatic Dirichlet characters,

()= 1( M)

14



Proof. We will show that the element  correspndsto the classin Gp=G3
of the elemen 1 % & 2 Pic* (0); where

1. 1 standsfor the classof a principal ideal generatedby an elemen
x 2 K of negative norm for which ord,(x) is even, and correspndsto
complexconjugationin Gp=G3;

2. M =3 P isthe factorisation of M into a product of distinct prime
powers,and ; is someideal of K above ;.

To seethis, we rst recall the description of the action of Gp on nHE given
in Section2.4 of [DD]. If belongsto HS, onemay choosea represetative
elemen (denoted again by abuseof notation) in its -orbit in sud a way
that both ;= h;1li and ,= hM ;1 arefractional idealsof O with >
and ord,( ) even. Theratio = 1= , is a cyclic integral O-ideal of
norm M. Using the bijection _ descrited in Section2.4 of [DD], the elemen
Wy ()= 1M ) correspndsto the pair of fractional ideals

9=h x;Mx i; S=h Mx;Mx i:
Now a direct calculation shaws that
(% D=c (1 2
where
c=(X) ( 1= 1)
The fractional ideal ( ;= ;) = -1, represets the trivial elemen in Gp=G3 .
1
It followsthat is represeted by the classof (x) in Gp=G3, aswasto be

shawn.
Proposition 1.8 now follows from (18). O

2 Hida theory

The de nition of Stark-Heegnerpoints given in Section 1.4 is ill-suited for
theoretical calculations, becauseof the indirect nature of the de nition of
the inde nite integral of Proposition 1.5. The presen chapter givesa useful
de nition of the the inde nite integral and of Stark-Heegnerpoints in terms
of periods attached to Hida families.
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2.1 Hida families

Let
T= L2, = Zell(A+ pZp)
denotethe usual lIwasava algebras,and let

X =hom(Z,;Z,)" Z=(p 1)Z Z,

be the spaceof cortinuousp-adic charactersof Z , , equipped with its natural
topology Elemerts of X canalsobe viewed in a natural way as cortinuous
algebrahomomorphismsfrom ~ to Z,. The spaceX cortains Z asa dense
subsetby sendingk 2 Z to the character ,(x) := x¥ 2. Note the shift by two
in our corvertion, which meansthat k = 2 correspndsto the augmenation
map on 7

Following the discussionthat is madein Section1.2 of [BD05], we asso-
ciate to f a so-calledHida family

b
f1 = an (K)q":

n=1
This is a formal g-expansionwith coe cients in the ring A(U) of p-adic
analytic functions on U, whereU is an appropriate neighbourhood of 22 X.
Assumefor simplicity that U is cortained in the residuedisc of 2 modulo
p 1, and let Z ? denote the set of integerswhich are 2. The formal
g-expansionf; is characterisedby the following properties:

1. If k belongsto U\ Z 2, the g-expansion
b3
fi = an (K) '
n=1
is a normalised eigenformof weight k on o(N). For this reasonit is
referredto asthe weightk specialisation of f; .

2. f2 =f.
Note in particular that the eld K;, generatedby the Fourier coe cien ts of
the normalisedeigenformf is a nite extensionof Q. Foreah k 2 U\ Z 2,
we x the Shimura periods | := { and | =  asin Proposition 1.1.
This choice of periods allows us to talk about the V,(Cp)-valued modular
symbols I{ and I assaiated to ead f,. The modular symbol I+, will be
takento bel{ orl; dependingon the choiceof w; that wasmade.
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2.2 Periods attac hed to Hida families

Let L := Z; denotethe standard Z-lattice in Q3, and let L° denoteits set
of primitive vectors, i.e., the vectorsin L which are not divisible by p. Let
D denote the spaceof compactly supported Q,-valued measureson W :=
Q2 f0g, andlet D denotethe subspaceof measureghat are supported on
L®. The action of the group Z, on W and LO givenby (x;y) = (X; y)
givesriseto ~and module structureson D and D . The module D is also
equipped with aright =linear action of GL »(Qp) de ned by the rule
Z Z
Fd(j)= (Fj Hd; (19)
w w
where GL »(Q,) operateson the cortinuous functions on W by the rule ex-
tending (8)
V(e ) = : _ ab |
(Fj )(x;y) = F(ax+ by,cx+ dy); for = c d - (20)
Denote by o(pZ,) the group of matrices in GL »(Z,) which are upper
triangular modulo p. Our interest in the spaceD liesin the fact that it is
equipped, for all k 2 Z 2, with a o(pZp)-equivariant homomorphism

k.D 1V

de ned by 7
()(P) = P(xy)d (x;y):
Zy Z,
(Note that  doesnot respectthe full action of GL »(Z), becausehe domain
of integration that appearsin its de nition isonly presenedby (pZ,).) The
homomorphism | givesriseto a homomorphism,denotedby the sameletter
by abuseof notation:

K - MS o(M)(D ) I MS o(N)(Vk(Cp)):

The spaceM S ;m)(D ) is equipped with a natural action of the Hede
operators, and of the operator U, in particular. Let M Sogd(M)(D ) denotethe
ordinary subspce of MS  (u)(D ).

Proposition (6.1) of [GS]assertsthat this module is freeand of nite rank
over .
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The Iwasava algebra is idertied in the usual way with a subring
of the ring of analytic functions on X. Let Y denotethe larger ring of C,-
valuedfunctions on X which canbe represeted by a corvergen power series
expansionin someneighbourhood of 22 X, and set

DY:=D Y MS%, (D) = MS (D)

Similar notations are adopted, with the obvious meanings,when D is re-
placedby D. If = , ;+ + ¢, wWith 2 Yand ; 2 D, is ary
elemen of DY, then there exists a neigbourhood U of 2 2 X on which all
the ; are de ned. Call sut a region a neighlwurhood of regularity for
Givenk 2 Z, afunction F on W is said to be homayen@us of degree Kk if
F(x; y)= KF(xy) forall 2 Z, Obsenethat foranyk 2 U \ Z 2
and any homogenoudunction F(x;y) of degreek 2, one can integrate F
against on any compactopenregionX W by the rule

Z Z Z

Fd = (k) Fd + + k) Fdyg
X X X

The following result of Greerberg and Stewens plays a key role in the con-
structions of this section.

Theorem 2.1. There existsa DY-valued modular symlwl 2 M SOL%M)(D )Y
suchthat

Lo )= 1
2. Forallk2 U \ Z 2 there existsa sa@lar (k) 2 C, suchthat

k()= (Klt,:

Proof. This is Theorem 1.5 of [BDO05], which follows from Theorem (5.13) of
[GS] and whoseproof is explainedin Section6 of that paper. Seealso[BDI]
where extensionsof this result to modular forms that are not necessarily
ordinary are discussed. O

Remark 2.2. Note that the scalar (k) dependson the choice of complex
period usedto de ne I, . Sinceno attempt wasmadeto choosethesecomplex
periods\coherertly" ask varies,(and in fact, the authorsignorewhethersud
a choice can meaningfully be made a priori) the function k 7! (k) cannot
be expectedto extend to a cortinuous function on U

18



SinceR actstransitively on the setof Z,-lattices in QZ, and the stabiliser
of L for this action is precisely o(M), we may de ne a collection of DY-
valuedmodular symbols | indexedby the Z,-lattices in Qg asin Proposition
1.8 of [BDO5], by imposingthe rules:

Z Z

L= (Fj bd fr! sg= Fd fr! sg
X X

forall 2 , for all lattices L s and all compactopenregionsX W.
Let
Uu=U =U,

denotea region of regularity for the measures . The measures fr ! sg
are supported on the compactsubsetsL®of W, and they satisfy the following

property:

Lemma 2.3. Supmsethat L, L; is a sublattiee of indexp in L;. For all
k2 U\ Z 2, for all homayenouspolynomialsP (x;y) of degree k 2, and for
all r;s 2 P, we have
Z Z
Pd ,fr! sg= ay,(k) Pd [, fr! sg

LA LS LA LS
Proof. SeeLemma 1.100f [BDO5]. O

The basicproperty of the measures fr ! sggivenin Theorem2.1can

be re-written as
Z

P(x;y)d frl sgixiy)= (Kl fr! sg(P); (21)

Zy Zp

for all P 2 P¢(Q), and for all r;s 2 P. It will be usefulto understandthe
value of the the integral appearing on the left in (21), when the region of
integration is taken to be the full L° = (Z7)°instead of the subsetZ, Z,.

To write down sud aformula, we rst remarkthat for ead integerk > 2,
the form f isold at p, and thereis aunique normalisedeigenformfﬂ( of weight
k on (M) satisfying

fu(z) = flz) P tap(k) *fi(p2):
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(By corwvertion, we setf% = 0.) Let Ifi be the modular synmbol attached to

fll via the choice of complexperiod . This modular symbol satis es the
relation

s fr ! sg(P)= Ififr! sg(P) p" 2ap(k) 1Ififr=p! s=(P (X; y=p):

Prop osition 2.4. For all k 2 U\ Z 2, for all P 2 P4(C,) and for all
r;s2 P,

Z
PO;y)d fri sgixy)= (K@ ap(k) 2 ?)Igfr! sg(P):
(z3)°
Proof. This proposition is inspired from Lemma 4.17 of [DD] which treats
the caseof the Hida family of Eisensteinseries.The proof given herefollows
the argumert of [DD] closely (The essetial, comparatively minor di erence
is that onehas (k) = a,(k)?2 = 1in the corntext of Lemma 4.17 of [DD].)
Let L andL; denotethe lattices

L =25 Li=2Z, pZy

Note that

(22)

1
L\ LY) =2z, pz, Lo\ [—)L‘l’ =Zy Z,:

Let 2 R beany matrix of determinart p satisfying

(L)=Ls; (Li)=pL; hence (Z, pZy)=p(Z, Z,): (23)

Obsenethat L° canbe written asa disjoint union of the two regionsappear-
ing in (22). Hencewe may write
Z
P(x;y)d fr! sg(x;y)=J1+ Jy;

(z5)°
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where

Z
Ji = Pd ¢frt sg= (Kl fr! sg(P);
ZZP ZP
J2 = Pd ffr! Sg
Zzp pr
- (Pj Hd ,fr! sg
P(Zp7Zp )
= P2 (P Hda,fr! sg
Zp Zp 7 "
= ay(k) p* 2 (Pj Hd o fr! sg
Zy Zp

= ap(k) 1pk 2 (k)lfkf r! Sg(Pj l)'

and the penultimate equality follows from Lemma 2.3. To ewaluate the con-
tributions J; and J, in terms of the form fll, note that, for any choice of
satisfying (23),

f(2) = i@ P ap(k) *(Fii )(2):
A direct calculation, using a changeof variables, then shows that

Iy fr! sg(P):pllfif r! sgPj b:

(fii)
Hence
b= (K Iyfr! sg(P) p* tap(k) Hpiyfr! sg(P)
= (k) Iyfrt! sg(P) p* 2a,(K) 1|fif rt sgPj b ;
while
Joo = (Kap(k) Tp* 2 Ipf rt sg(Pj )

p* 2a,(K) 1Ifif 2r1 2g5g(Pj ?)

Note that 2 = p , for some 2 o(N). Sin(:elfky is  o(N)-invariant, it
follows that

I f 2r1 25g(Pj H=p k+2Ififr! sg(P);
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and therefore
Ji+ Jo= (K@ ayk) % 2)Ififr! sg(P):

The proposition follows. O

2.3 Indenite integrals revisited

Recall the inde nite integral that was de ned in Section1.3. The relevance
of Hida families to Stark-Heegnerpoints can be explained by the fact that
the systemof distribution-valued modular symbols fr ! sgthat wasin-
troducedin Section2.2canbe usedto give a direct formula for this inde nite
integral.

We cortent oursehes with doing this when belongsto H,\ K, and
henceis de ned over a quadratic unrami ed extensionof Q,. In that case,
the function

xy)7tx oy
iderti es QF with K. Let L be the Z,-lattice in Qf de ned by

L =f(x;y) sudhthat x y belongsto Ox Zy0:
The following theoremis a direct generalisationof Proposition 4.7 of [DD].

Theorem 2.5. Forall 2 H,\ K, andfor all r;s2 P,
Z2Z, Z
o= logx  y)d ( fr! o sg(xy);
r Lo

wheelog: K, ! K, is any branch of the p-adic logarithm.

Proof. Note that the expression(x y) belongsto (Ox  Zp) for any
(x;y) 2 L9, and hencethe integrand on the right is independent of the branch
of the p-adic logarithm that was chosento de ne it. To prove Theorem 2.5,
it su ces to ched that the three de ning properties of the inde nite integral
listed in Proposition 1.5aresatis ed by the expressiorappearingon the right
in Theorem?2.5. The invarianceunder stated asproperty 1is a consequence
of Proposition 4.6 of [BDI]. As for property 2, it follows from Proposition
4.7 of [BDI], which holds for any branch of the p-adic logarithm, including
log, for which the extra term appearingin Proposition 4.7 of [BDI] vanishes.
Finally, property 3 is a direct consequencef the de nitions. O
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Corollary 2.6. The Stark-Hesgner point P asseiated to Q 2 (M )nFP
satis es

loge P =J = log(x y)d fr! ro(x;y):

Proof. This follows from (14) and Theorem 2.5, after noting that L = Zg
when = 4 andQ is anelemen of FP. O

3 p-adic L-functions

3.1 The Mazur-Kitaga wa p-adic L-function

Let :(Z=mz) !'f 1g be a primitive quadratic Dirichlet character of
conductorm with (1) = w; , and let

xn .
()= (@&
a=1
denotethe Gausssumattachedto . Foreahk2 U\ Z ?,and1 | k 1
with | odd, the expression

(NG
T 20ty
belongsto Ky, ; it is calledthe algebaic part of the special value L(f; ; j).
Recall that the period ¢ that appearsin the de nition of L (fy; ; j) was
chosenat the end of Section2.1 and dependson the signw; that was xed
in that section,and therefore on the parity of

Onedenes L (f|1i ; ]) similarly, by replacingfy by fﬂ( in the de nition
above. Note that

L(fo:i)=@Q (Pagk) P HL (F) ) (25)

The measures fr ! sgcanbeusedto de ne the Mazur-Kitagawa two-
variable p-adic L-function of (k;s) 2 U X by the rule:
z
xn 1 n 0
e e — pa ° k s 1 pa- .
Lo(f1s s kis) = (pa) x —y y'°d 11—
PU 1 20 7, m m

L (f; 5 1) (fi; 5 1) (24)

a=1

This function satis es the following interpolation property with respect to
special valuesof the classicalL-functionsL (fg; ; j)-
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Theorem 3.1. Supmsethatk 2 U\ Z 2, andthatl j k 1satises
( 1)=( 1Y *w;. Then

Lo(f1;: ki) = (K@ (Pap(k) P YL (Fe; s j):
Proof. SeeTheorem1.12of [BDO9]. O

It will be usefulto have a formula expressingL(f1 ; ; k;j) in terms of
the special value L (fi; ; ]). Theorem 3.1 and equation (25) imply that

Lo(f1;; kij) =
K@ (Pak) P HEL  (Pagk) P )

In particular, specialisingat j = k=2 one obtains
Corollary 3.2. Supmsethat satis es
(D= ( 12w
Thenfor allk2 U\ Z 2,
Lp(fes i kik=2)= (KL (Pap(k) "p2 ML (Fli 5 k=2):

Note that the Euler factor appearing in this last expressionis a perfect
square.

3.2 p-adic L-functions attac hed to real quadratic elds

GivenQ = Ax?+ Bxy + Cy?in FP,let = o and be the roots of the
guadratic polynomial Q(x; 1), orderedasin (15). Thesebelongto K, and
can be viewed as elemers of C, via the chosenenbedding of K into C,.

The quadratic form Q has a stabiliserin ¢(M) of rank one, generated
by the elemen 2 (M) normalisedasin (12). Let = ¢ + d denotethe
correspnding fundamertal unit of K. By analogywith the de nition of the
Mazur-Kitagawa p-adic L-function, it is tempting to asseiateto f; and Q
a \t wo-variable p-adic L-function" by the rule:

z
Lo(f1iQikis) = AZ L (x  y)f%x  y)* st fri rgxy):

(z§)°
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Note that this expressiondependson the choice of basepoint r in a crucial
way: replacingr by r°2 P hasthe e ect of modifying L,(f1 ; Q;k;s) by the
term

Z

Az YL KB (x oy ix y)k st frior%xy):

(z)°

It follows that the restriction of L(f, ;Q;k;s) to the central critical line
s = k=2 is independen of the choice of r. This motivates the following
de nitions.

De nition 3.3. Letr 2 P be any basepoint. The partial squae root p-adic
L-function attachedto f; and Q is the function of k 2 U de ned by
z
Lo(f1;Qk) = Qeiy)zd fri  rg(xy):

(Z§)°

Let bea xed gerus character of Gp. This characteris saidto be even
(resp.odd) if it cuts out atotally real, resp.imaginary, quadratic extensionof
K. If isewen (resp.odd), then the assaiated Dirichlet characters ; and

> are both even (resp. odd). Recallthe signat in nit y w; that was chosen
in de ning the modular symbols I, and in choosingthe Shimura period .

De nition 3.4. Let be a gerus character. Assumethat w; = 1if is
ewen,andthat w; = 1if isodd.

1. The squae root p-adic L- function attachedto f; and isthe function
of k 2 U de ned by

X
Lo(f1 =K; 5 K) := ( Lp(f1;Q ;K):

2Gp

2. The p-adic L-function attachedto f; and is the function of k 2 U
de ned by
Lo(f1 =K; 5 k) := Lp(f1 =K; ; K)*

We now prove the interpolation property for L(f1 =K; ; k) which justi-
es its designationas a p-adic L-function.
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Theorem 3.5. Forallk2 U\ Z 2,
Lo(f1 =K; ; K) = (K)%(1  ap(k) 2p* 92D 7L (f)=K; ; k=2);

whee p_
] 5 V¥ D
k

Proof. By de nition, we have:
z

QU;y)2d fri  org(xy)

(z5)°

()L ap(k) P Alfr! org(Q=);

wherethe last equality follows from Proposition 2.4. Hence

Lo(f1 =K;Q; k)

Lo(f1 =K; ; k)

x k 2 ' 2

= (K21 ap(k) A2 (Mafr!t org Q)7
2Gp

= (021 ap(k) P D%2 )7 AL (27)

where « Z .
L = ()  fl@Q &z 7dz
2Gp 20

The crucial ingrediert in the proof of Theorem3.5is Theorem 6.3.1 of [Po],
which assertsthat

L =Dz (2) K k—22 PL(Fl=K; ; k=2): (28)
It follows readily from (27) and (28) that
Lo(f1 =K; 5 k) = (K21 ap(k) 2p 2)ZDKTZL (fll:K; ; k=2);

aswasto be shown. I
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3.3 A factorisation form ula

We cometo the following factorisation relating the Mazur-Kitagawa p-adic
L-functions (more precisely their restrictions to the certral critical line) with
the p-adic L-functions attached to the real quadratic eld K in the previous
section.

Theorem 3.6. For all k 2 U,
Lo(f1 =K; ; k) = DszLp(fl ;1K K=2)Lo(f1 5 20k k=2):

Proof. By comparingthe Euler product expansionon both sides(and noting
that Indg‘s( )= 1 ) weseethat

L(Fl=K; ; k=2)= L(f}; 1k=2L(f); 2k=2): (29)

Gauss'sclassicalcalculation of quadratic Gausssums,in the caseof funda-
mertal discriminants, shows that

p __
()= Dy i=12 (30)
Combining (29) and (30) with de nitions (24) and (26), we seethat
L (fl=K;; k=2)= L (f}; 1;k=2)L (f}; 2k=2):

Also, becausep is inert in K, the Dirichlet characters ; and , satisfy

1(p) = 2(p), and hencethe product of the Euler factors at p appearing
in Corollary 3.2with  replacedby ; and , is equalto the Euler factor
appearingin Theorem3.5. HenceTheorem 3.5 and Corollary 3.2imply that
forallk2 U\ Z 2,

Lo(f1 =K; ; k) = DkTZLp(fl ; kK k=2)Ly(f1; 2,k k=2): (32)

SinceU\ Z ?is densein U, and the two sidesof (31) are cortinuouson U,
they necessarilyagreeon this region. O

4 Pro of of the main result

We beginby noting the following connectionbetweenthe Stark-Heegneipoint
P and the leadingterm of the p-adic L-function that wasintroducedin Sec-
tion 3.2. This relation can be viewed as a somewhatexotic p-adic variant of
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the Gross-Zagierformula sinceit relates Stark-Heegnerpoints to derivatives
of p-adic L-series.It is even more closelyin the spirit of the main Theorem
of [BD98] and its extensionto Hida families stated in Theorem4.9 of [BDO05].
Recall rst from De nition 3.3that, for all Q 2 FP,
Z

Lo(f1 =K;Q;2) = d frtrgxy)= ¢frt rg(P(Qp)) = O:

(23)°
It followsthat L,(f; =K; ; 2)= 0 for all characters of Gp.

Theorem 4.1. For all genuscharacters of Gp,

Lo =K Ko = 5 (L 2( M)Wy loge (P )

Proof. By de nition foreadhh Q 2 (M )nFP with ass@iatedroots and |,
we have 5

d 1
&Lp(fl ; Qi K)k=2

> (Z)O(Iog(x y)+log(x y)d fr! rg
ZP
1

S0+ o)
1
= E(J Wm J ),
where the last equality is a consequencef equation (16). It follows from

Proposition 1.8 that
!

d 1 X

—Lp(f1 =K;; K2 = (1 1( M)wy) ()J ;

dk 2 v
aswasto be proved. O
Corollary 4.2. For all genuscharacters of Gp,

d? o _ 2logg(P) if 1( M)= wy

gie el =G5 e = T T L M) = w:

We are now ready to prove Theorem1 of the introduction.

Theorem 4.3. Let bethe genuscharacter attached to the pair of Dirichlet
characters ; and ,. Supmsethat E hasat leasttwo primes of multiplicative
reduction, andthat ( M) = wy.
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1. Thereisapoint P 2 E(H ) andt2 Q suchthat
loge (P ) = tloge (P ):

2. The point P is of in nite order if and only if LYE=K; ; 1) 6 0.

Proof. The proof proceedsin three stages,which are parallel to Kronedker's
\solution to Pell's equation” described in the last paragraphof the introduc-
tion.

1. Corollary 4.2 expresseshe logarithm of the Stark-Heegnerpoint P in
terms of special valuesof L-series:

1d?
logz (P ) = EWLp(fl =K; 5 K)k=2: (32)

2. Theorem 3.6 assertsthat
Lo(f1 =K; ; k) = DszLp(fl ; ki k=2)Ly(f1; 2kik=2): (33)

Hencewe are now reducedto understandingthe leading terms of the
Mazur-Kitagawa p-adic L-functions attachedto ; and , in a neigh-
bourhood of k = 2.

3. Let
signE; ;)= wy j( N)

denote the sign in the functional equation for the complex L-series
L(E; j;s). Since 1( N) 2( N) = x( N) = 1,it follows that
sign(E; :) and sign(E; ,) are opposite. Order ; and , in sud a

way that
signE; 1) = 1, signE; ,) =1 (34)
Then 1( N) = wy, andtherunning hypothesisthat ( M) = wy
implies that
()= wp = ap (35)

Thereforethe Mazur-Kitagawa p-adic L-function Ly(f; 1;k;s) hasan
exceptionalzeroat (k;s) = (2;1). Conditions (34) and (35) imply that
we are in the situation where Theorem5.4 of [BD05] can be applied to
Lo(f; 1,k;k=2). Hence,this p-adic analytic function vanishesto order
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2 at k = 2, and there is a global point P | 2 E(Q(p D,)) and a
rational number ; 2 Q satisfying the following three properties:

A.
dd—;Lp(fl 1K K=2)=2 = “1log?(P )): (36)
B. The point P , is of in nite order if and only if LYE; 1;1)6 0.
C. The rational number "; satis es
1o L(f; ;1) (mod (Q)?); (37)

for any primitiv e quadratic Dirichlet character for which L(f; ;1) 6
0 and sud that

()= () for "jM; = 1(p):

On the other hand, the quartity
Lo(f1; 2,21)=2L (E; 21)= 2 (38)

is a rational number, which is non-zeroif and only of L(E; »;1) does not
vanish. Note that in this case ; , is a rational squareby (37). Choose
t2 Q in sud away that

{2 = 12 If 7,6 0;
1 otherwise,
and let
p = P if LYE=K; ; 1)= LYE; 1;1)L(E; 2 1)6 0

0 otherwise,

Equations (32), (33), (36) and (38) imply Theorem 4.3, after possibly ad-
justing the sign of t. O

Remark 4.4. The condition ( M) = wy that is imposedin Theo-
rem 4.3 is neededboth in the rst and third stepsof the argumert. When

1( M) = wy, the signsin the functional equationsfor both Ly(fx; 1;5)
and Ly(fx; 2;s) are 1.
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1. In the caseof Ly(f«; 1;s), this arisesfrom the fact that the signin the
classicalfunctional equation for L(fy; 1;s) is 1, while Ly(fx; 1;9)
doesnot have an exceptionalzero,because 1(p) = W, =  &,.

2. For Ly(f1; 2:k;s), the classicalL-function L(fy; »2;s) vanishesto
ewven order, but its p-adic courterpart has an exceptional zero and
therefore vanishesto odd order at the certral critical point. (This
latter situation is preciselythe onethat was studied by Greerbergand
Stewvens in [GS], where the vanishing of L,(f1; 2;k;s) on the cen-
tral critical line wasusedto prove the \exceptional zeroconjecture” of
Mazur, Tate and Teitelbaum.)

Thus, in the setting where ;( M) = wy, equation (33) implies that the
p-adic L-function L,(f, =K; ; k) vanishesidertically. Henceno arithmetic
information is to be extracted from this function, and a proof of Theorem
1 would seemto require a di erent approad. (An ewertual extension of
equation (36) to the setting of Hilbert modular forms attached to the real
guadratic eld K seemsa promising averue.)

Remark 4.5. In the casewhere is not quadratic, the crucial factorisa-
tion (33) ceasedo be available. This re ects the presenceof a seriousob-
stacle, and the ideasexploredin his paper appear to shedno light on the

algebraicity of the individual Stark-Heegnerpoints P when Gy is not of
exponert 2. Indeed, the reader will have noted that no \genuinely new"

Stark-Heegnerpoints are producedin this article. Rather, it is shavn that

wherethe classicaltheory of Heegnerpoints and the theory of Stark-Heegner
points intersectjnamely , gerus elds|the Stark-Heegnerpoints can be ex-
pressedin terms of Heegnerpoints. To go beyond gerus characters, one
would probably needto dewlop a theory of \real multiplication” yielding an
independen construction of Stark-Heegnerpoints and an \explicit class eld

theory" for real quadratic elds.
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